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Abstract: Conventional acoustic velocity-independent direction of arrival (DOA) estima-
tion models have limited measurement ranges and low degrees of freedom. This paper
proposes an omnidirectional DOA estimation model based on improved Toeplitz matrix
reconstruction to address these issues. The proposed method focuses on the Toeplitz matrix
reconstruction method for sparse arrays to enhance the degree of freedom of the arrays. The
method employs an expanding coprime array with a larger aperture, eliminating the acous-
tic velocity factor through geometric relationships and constructing a larger-size Toeplitz
matrix. In addition, the concept of “low-rank matrix reconstruction” is introduced to fill
the vacant terms in the Toeplitz matrix. Finally, the simulation experiments demonstrate
the effectiveness of the proposed algorithm in improving the estimation accuracy.

Keywords: underwater DOA estimation; velocity independent; expanded coprime array;
low-rank matrix reconstruction

1. Introduction
Underwater DOA estimation techniques have broad applications in marine detection,

sonar localization, and underwater communication systems [1]. As acoustic waves prop-
agate with lower attenuation than electromagnetic waves in underwater environments,
acoustic signals are primarily used in underwater DOA estimation. The speed of sound
in the ocean is typically between 1450 m/s and 1550 m/s [2]. Traditional DOA estimation
methods assume a fixed speed of sound, which introduces inevitable system bias. Therefore,
eliminating the impact of acoustic velocity errors is crucial.

Among the widely used DOA estimation techniques, the MUSIC algorithm [3] is
known for its high-resolution performance, but suffers from a high computational complex-
ity. To address this, numerous algorithms based on the ESPRIT algorithm [4] have been
developed, including TLS-ESPRIT [5], Unitary ESPRIT [6], and MI-ESPRIT [7]. However,
these algorithms treat the acoustic velocity as a constant, considering that the velocity
is constantly changing in the underwater environment, using a fixed value instead of
the real-time sound speed will lead to a large error. To address this issue, some velocity-
independent algorithms have been proposed. The VI-MUSIC algorithm [8] uses the MUSIC
spectrum from two uniform linear arrays (ULAs) to complete the estimation. The algorithm
searches for acoustic velocity values within the 1450–1550 m/s range to minimize the dif-
ference between the two sets of estimates, thereby improving the DOA estimation accuracy.
The VI-LC-ESPRIT algorithm [9] is based on the cross-linear array and utilizes the geometric
properties of the rotation factors of the two line arrays to eliminate the acoustic velocity
factor and estimate the DOA. Nishimura et al. [10] employed a non-uniform sensor array to
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simultaneously estimate the DOA and acoustic velocity through constrained nonlinear op-
timization. These algorithms are effective when the acoustic velocity is unknown, but they
tend to suffer from larger estimation errors and narrow detection angles. The TVI-ESPRIT
algorithm [11], which replaces the uniform array with a nested array and the covariance
matrix with a large Toeplitz matrix, improves the estimation accuracy while maintaining
the advantages of acoustic velocity independence and omnidirectional estimation.

Recently, sparse arrays have gained widespread attention. Sparse arrays offer notable
advantages over ULA in terms of degrees of freedom, mutual coupling between elements,
and redundancy. With the same number of physical array elements, sparse arrays achieve
larger apertures and higher degrees of freedom, enabling the estimation of more signal
sources, improving accuracy, and enhancing angular resolution. Typical sparse arrays
include Minimum Redundancy Array (MRA) [12], Minimum Hole Array (MHA) [13],
Nested Array (NA) [14], and Coprime Array (CA) [15]. These typical sparse arrays have
inspired numerous new array design ideas [16–18], focusing on higher degrees of freedom
and lower mutual coupling to improve the DOA estimation performance.

To address the issues faced by current underwater acoustic velocity-independent
algorithms, such as estimation error and limitations in the detection angle, this paper
proposes an underwater acoustic velocity-independent DOA estimation model based on
an improved Toeplitz matrix reconstruction, referred to as the ECC-TVI-ESPRIT method.
The proposed model builds upon the omnidirectional DOA estimation framework of TVI-
ESPRIT, utilizing an expanded coprime array (ECA) with a larger array aperture and
constructing a larger Toeplitz matrix. The concept of “low-rank matrix reconstruction” is
introduced to fill in the vacant terms of the Toeplitz matrix. Finally, the ESPRIT algorithm
is used to carry out the DOA estimation.

2. Models and Methods
2.1. Signal Model

As shown in Figure 1, assume that the signal receiving array consists of two identical
expanded coprime arrays, with a crossing angle denoted as δ. Each coprime array is
composed of two subarrays, with M and N elements in each subarray, respectively.

Assume that there are K mutually uncorrelated far-field narrowband signals arriving at
the cross- array. The arrival angle of the kth signal with respect to the x-axis array is denoted
as θxk(k = 1, 2, . . . , K), and with respect to the y-axis array as θyk(k = 1, 2, . . . , K). Based on
the omnidirectional signal estimation model proposed inthe TVI-ESPRIT algorithm, their
relationship is expressed as follows:

sinθyk = sin(θxk + δ) k = 1, 2, . . . , K (1)

The signal matrix in the spatial domain is denoted as S, where L represents the
number of snapshots. The received signal matrices for the two arrays, X, Y ∈ C(M+N)×L

are given by:

X = AxS + Nx (2a)

Y = AyS + Ny (2b)

where Ax, Ay ∈ C(M+N)×K are the manifold matrices of the two line arrays and
Nx, Ny ∈ C(M+N)×L are the Gaussian Noise matrices with a mean of 0 and variance σ2

n .
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Figure 1. Arbitrary cross-expanded coprime array structure.

The covariance matrices of the arrays are then computed as follows:

Rx = E{XXH} = AxRsAH
x + σ2

nIn (3a)

Ry = E{YYH} = AyRsAH
y + σ2

nIn (3b)

By vectorizing the matrices, we obtain the following:

rx = vec{Rx} = (A∗
x ⊙ Ax)p + σ2

n1n (4a)

ry = vec{Ry} = (A∗
y ⊙ Ay)p + σ2

n1n (4b)

where ⊙ represents the Khatri–Rao product, p = [σ2
1 , σ2

2 , . . . , σ2
K]

T ∈ CK×1 is the power
vector of the signal, and 1n is the vectorized identity matrix.

For convenience, M is used to represent the number of elements in one array, instead
of (M + N) above. At this point, the vectors rx, ry ∈ CM2×1 can be regarded as the array
signal of a single snapshot, and the corresponding virtual array element positions are the
difference of the actual array element positions, as follows:

S = {li − lj : li, lj ∈ L} (5)

where L is the actual element position distribution of the array.
Obviously, the arrangement of S has two main issues: the distribution of array ele-

ments is disordered and not in ascending order, and redundant signals exist across multiple
elements. Therefore, a linear transformation matrix is required to perform sorting and
eliminate redundancy, denoted as Fr ∈ Cdof×M2

, with dof representing the degrees of
freedom of the differential array after processing. The mapping matrix Fr is in one-to-one
correspondence with the sparse array arrangement. The signal values at some positions are
missing and need to be interpolated and completed using techniques such as “low-rank
matrix reconstruction”.



Sensors 2025, 25, 1965 4 of 12

2.2. Low-Rank Matrix Reconstruction

To map the signals of a single snapshot zx, zy ∈ Cdof×1 to a ULA, the first step is
to insert zeros at the positions of the “signal holes”. This requires constructing a new
0–1 transformation matrix H ∈ C(2Mtp−1)×dof, as follows:

zlx = Hzx (6a)

zly = Hzy (6b)

where zlx, zly ∈ C(2Mtp−1)×1 are the single snapshot signals after zero padding.
Then, using the single snapshot vectors zlx, zly, the Mtp × Mtp Toeplitz matrix

Rxt, Ryt ∈ CMtp×Mtp is constructed:

Rxt =


zlx(Mtp) zlx(Mtp − 1) · · · zlx(1)

zlx(Mtp + 1) zlx(Mtp) · · · zlx(2)
...

...
. . .

...
zlx(2Mtp − 1) zlx(2Mtp − 2) · · · zlx(Mtp)

 (7a)

Ryt =


zly(Mtp) zly(Mtp − 1) · · · zly(1)

zly(Mtp + 1) zly(Mtp) · · · zly(2)
...

...
. . .

...
zly(2Mtp − 1) zly(2Mtp − 2) · · · zly(Mtp)

 (7b)

The corresponding holes in the Toeplitz matrix are filled with zeros, which requires
performing a “matrix completion” operation.

The aperture of the uniform array mapped by this Toeplitz matrix is Mtp. With K
incoherent signals in the spatial domain, the rank of the matrices Rxt, Ryt should be K,
with dimensions of Mtp. Based on the basic assumptions of the DOA estimation model,
the following relationship holds:

Mtp − 1 ≥ K (8)

Therefore, Rxt, Ryt satisfy the definition of the low-rank matrix.
Let the completed Toeplitz matrices be denoted as Tx, Ty ∈ CMtp×Mtp . As the power

σ2
s1, σ2

s2, . . . , σ2
sK of the signal in the spatial domain is always greater than or equal to 0,

Tx, Ty are positive semi-definite Hermitian Toeplitz matrices.

Tx ⪰ 0 (9a)

Ty ⪰ 0 (9b)

Under this condition, it is necessary to find a feasible completion strategy that mini-
mizes the rank of the Toeplitz matrix.

min
Tx

rank{Tx} (10a)

min
Ty

rank{Ty} (10b)

Minimizing the rank of a matrix is an NP-hard and non-convex problem, which is
difficult to solve. Therefore, it is often solved by convex relaxation to the trace of the matrix.
For Tx ∈ CMtp×Mtp , as it is a Hermitian Toeplitz matrix with rank r = rank{Tx} < Mtp, it
has a unique Vandermonde decomposition:

Tx =
r

∑
k=1

pka(θk)a
H(θk) = A(θ)PAH(θ) (11)
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where A is the Vandermonde matrix and P is the diagonal matrix. Taking the trace of this
matrix yields the following:

Tr{Tx} = Mtp

r

∑
k=1

pk (12)

This is similar to the ℓ1 atomic norm:

||zlx||A,1 =
r

∑
k=1

pk = Tr{Tx}/Mtp (13)

where the vector zlx ∈ CMtp is spanned by the space {a(θk)} and the corresponding set of
coefficients {pk}, k = 1, 2, . . . , r is unique. Thus, the inf{·} operation can be ignored and
the ℓ1 atomic norm is the sum of this set of coefficients.

Thus, the convex optimization problem becomes:

min
Tx

Tr{Tx} (14a)

s.t. Tx ⪰ 0 (14b)

Additionally, it is necessary to define binary matrices Gx, Gy ∈ CMtp×Mtp to indicate
the positions of the observations. The positions where Tx is not a value of 0 are set to 1 and
the remaining positions are set to 0:

Gx(i, j) =

1, Rxt(i, j) ̸= 0

0, Rxt(i, j) = 0
(15)

Furthermore, the magnitude of the change in the original observation during the
matrix interpolation is measured by the Frobenius norm, denoted as the F-norm, which is a
commonly used convex function. It is often necessary to limit the fitting error:

||Tx ◦ G − Rxt||2F ≤ η (16)

where ◦ denotes the Hadamard product. It can also be incorporated as part of the objective
function, using a regularization parameter µ to balance the atomic norm and the fitting
error. Modify the optimization problem Equation (14a,b) as:

min
Tx

||Tx ◦ G − Rxt||2F + µTr{Tx} (17a)

s.t. Tx ⪰ 0 (17b)

By solving the above convex optimization problems, two completed Toeplitz matrices
T∗

x, T∗
y ∈ CMtp×Mtp with larger degrees of freedom are obtained to replace the original

covariance matrices.

2.3. Proposed Method

After the reconstruction of the Toeplitz matrix, the ESPRIT algorithm is separately
applied to the two arrays. The process is summarized as follows. Eigenvalue decompo-
sition is performed on T∗

x, T∗
y to obtain the eigenvectors corresponding to the K largest

eigenvalues. The signal subspaces Usx, Usy ∈ CMtp×K are then constructed and divided
into two submatrices:
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Usx1 = Usx(1 : Mtp − 1, :)

Usx2 = Usx(2 : Mtp, :)
(18a)

Usy1 = Usy(1 : Mtp − 1, :)

Usy2 = Usy(2 : Mtp, :)
(18b)

Then, the phase rotation matrices Ψx, Ψy ∈ CK×K for the two linear arrays
are calculated:

Ψx = U†
sx1Usx2 = Y−1

x ΦxYx (19a)

Ψy = U†
sy1Usy2 = Y−1

y ΦyYy (19b)

where Yx, Yy ∈ CK×K are unitary matrices, and Φx, Φy ∈ CK×K are diagonal matrices
with diagonal elements representing the rotation factors of different signals between the
array elements.

The eigenvalue decomposition of Equation (19a,b) yields the rotation factors {Φ̂xk}
and {Φ̂yk}, k = 1, 2, . . . , K of the two arrays in turn. According to the expression of the
rotation factors, we have: arg(Φ̂xk) =

2π f0dsinθ̂xk
ck

arg(Φ̂yk) =
2π f0dsinθ̂yk

ck

(20)

From this, we can obtain:
arg(Φ̂yk)

arg(Φ̂xk)
=

sinθ̂yk

sinθ̂xk
(21)

It is evident from the above steps that the acoustic velocity factor is eliminated, thus
removing the estimation errors caused by acoustic velocity. Finally, the DOA estimation of
the kth signal is obtained by substituting Equation (1) into Equation (21):

θ̂k =


arccot

(
arg(Φ̂yk)

arg(Φ̂xk)sinδ
− cotδ

)
, arg(Φ̂xk) > 0

arccot
(

arg(Φ̂yk)

arg(Φ̂xk)sinδ
− cotδ

)
− π, arg(Φ̂xk) < 0

0, arg(Φ̂xk) = 0

(22)

where the value domain of the arccot(·) operation is [0, π], which corresponds to the
incident region { 1⃝, 2⃝, 7⃝, 8⃝} in Figure 1.

For the multi-source scenario, both sets of rotation factors {Φ̂xk} and {Φ̂yk} each con-
tain K values, and a matching operation must be performed between them. The principle of
minimizing the variance of the acoustic velocity estimation, i.e., assuming that the acoustic
velocity difference between different array elements for a single signal is small. According
to Equation (20), the estimate of the kth acoustic velocity can be obtained as follows:

ĉk =
2π f0dsinδ√

arg2(Φ̂xk) + arg2(Φ̂yk)− 2arg(Φ̂xk)arg(Φ̂yk)cosδ
(23)

Finding the set of matches that minimize the variance:

min
i

var({ĉk}i), i = 1, 2, . . . , K! (24)
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As the proposed velocity-independent algorithm is based on the Expanded Coprime
Cross (ECC) array and uses Semidefinite Program (SDP) optimization to modify the Toeplitz
matrix reconstruction, it is named ECC-TVI-ESPRIT method. The procedure is summarized
in Algorithm 1.

Algorithm 1 Framework of ECC-TVI-ESPRIT Algorithm

Input:
A cross-expanded coprime array with a crossing angle of δ, where each array consists
of M elements.
The received signal matrices X, Y ∈ CM×L.

Output:
1: Calculate the covariance matrices Rx and Ry of the two coprime arrays by Equa-

tion (3a,b), and vectorize them according to Equation (4a,b) to obtain rx and ry.

2: Sort and eliminate redundancy in the vectorized signals to obtain zx and zy.
3: Fill the signal holes with zeros using Equation (6a,b), and construct the Toeplitz matrix

according to Equation (7a,b).
4: Construct the binary matrices Gx, Gy using Equation (15), and solve the SDP opti-

mization problem as Equation (17a,b) for two axes to obtain the solutions T∗
x, T∗

y.

5: Perform eigenvalue decomposition on T∗
x, T∗

y to obtain the signal subspace, then calculate
the similar matrices Ψx and Ψy for the rotation factors by Equations (18a,b) and (19a,b).

6: Estimate the acoustic velocity for each pairing by Equation (23) and identify the match
set with the smallest variance.

7: Compute the DOA estimation using Equations (22) and (24).
8: return DOAs: θ̂1, θ̂2, . . . , θ̂K.

In addition, taking the cross-array illustrated in Figure 1 as an example, assume that
the number of elements along the x-axis is Mx, and the number of elements along the y-axis
is My. The coordinates of the elements on the x-axis are denoted as xm(m = 1, 2, . . . , Mx),
while those on the y-axis are ym(m = 1, 2, . . . , My). The Cramér–Rao Bound (CRB) of DOA
estimation using the cross-array can be derived as:

CRB(θk) =
180◦

π

√√√√ c2

ω2Lγ

[
cos2θk

Mx

∑
m=2

x2
m + cos2(θk + δ)

My

∑
m=2

y2
m

]−1

(25)

where ω = 2π f0 and γ represents the signal-to-noise ratio (SNR). The overall CRB for
one-dimensional spatial signal estimation is given by:

CRB =

√√√√ 1
K

K

∑
k=1

CRB2(θk) (26)

Based on Equations (25) and (26), it can be concluded that the CRB of 1D DOA estima-
tion decreases as the SNR or the number of snapshots increases. Moreover, the crossing
angle δ, the number of elements and their spatial configuration significantly impact the
CRB. The optimal array configuration occurs when δ = 90◦ and Mx = My, where Mx is
the total number of elements in an array composed of two coprime subarrays. If the two
subarrays contain M and N elements, respectively, the CRB reaches its minimum value
when they satisfy the conditions for forming a coprime array.
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2.4. Computational Complexity Analysis

Assume that the number of array elements is M, the number of snapshots is L, the num-
ber of signal sources is K, the size of the reconstructed Toeplitz matrix is Mtp, and the
number of iterations for solving the SDP optimization problem is W.

For the TVI-ESPRIT algorithm, the complexity analysis is as follows: the complexity
of obtaining the covariance matrix of the received signal is O(2M2L), vectorizing the
matrix is O(2M2), sorting and eliminating redundancy is O(2(2Mtp − 1)M2), constructing
the Toeplitz matrix is O(2M2

tp), the eigenvalue decomposition of the Toeplitz matrix is
O(2M3

tp), constructing the signal subspace and matrix division is O(8(Mtp − 1)K + 2MtpK),
computing the rotation matrix is O(4MtpK2), the eigenvalue decomposition of the rotation
matrix is O(2K3), and matching the rotation factors is O(K · K!). Therefore, the overall
complexity of the TVI-ESPRIT algorithm is O(2M2L+ 4Mtp M2 + 2M2

tp + 2M3
tp + 10MtpK +

4MtpK2 + 2K3 + K · K!).
For the ECC-TVI-ESPRIT algorithm, two additional complexity components are in-

troduced: constructing the binary matrix G with a complexity of O(2M2
tp) and solving the

optimization problem (17) with a complexity of O(6WM2
tp). Thus, the complexity of the

ECC-TVI-ESPRIT algorithm is O(2M2L + 4Mtp M2 + 4M2
tp + 6WM2

tp + 2M3
tp + 10MtpK +

4MtpK2 + 2K3 + K · K!).

3. Results and Discussion
This section evaluates the performance of the proposed ECC-TVI-ESPRIT algorithm

by comparing it with TVI-ESPRIT, VI-ESPRIT, and Toeplitz-ESPRIT algorithms [14]. Specif-
ically, the TVI-ESPRIT algorithm uses cross-nested arrays, the ECC-TVI-ESPRIT algorithm
uses cross-expanded coprime array, the Toeplitz-ESPRIT algorithm uses nested linear
arrays, and the VI-ESPRIT algorithm uses uniform cross-arrays.

To ensure the fairness of the experiments, the number of array elements is M = 19 for
all arrays. In addition, the crossing angle of the crossed arrays is set to δ = 90◦. The carrier
frequency of all sources is f0 = 10 kHz, the sampling frequency is fs = 25 kHz, and the
number of snapshots is L = 200. Each experiment is repeated with W = 1000 Monte Carlo
trials. Unless otherwise specified, the environment has an SNR of 0 dB with Gaussian
white noise, and the incident angle are θ = 30◦ and 60◦. The expected acoustic velocity is
c0 = 1500 m/s, and the unit spacing between the array elements is set to half of the expected
signal wavelength. Let ∆c = cr − c0, where cr is the true sound speed. The theoretical
expression of the systematic error caused by inaccurate acoustic velocity is given by:

Errorc =

∣∣∣∣θ − arcsin
(

c0sinθ

cr

)∣∣∣∣ (27)

As indicated by the above equation, when considering the acoustic velocity factor,
the systematic error in DOA estimation increases as the acoustic velocity error grows.

3.1. Algorithm Validity Test

This set of experiments is designed to validate the DOA estimation performance of
the ECC-TVI-ESPRIT algorithm. The ECC-TVI-ESPRIT and TVI-ESPRIT algorithms use
the omnidirectional DOA estimation model, while the VI-ESPRIT and Toeplitz-ESPRIT
algorithms use the traditional unidirectional DOA estimation model.

Three incoherent signals with a center frequency of 10 kHz are set, and their DOAs are
θ = {−75◦, 60◦, 165◦}. The actual underwater acoustic velocity is set to 1480 m/s, while
the expected acoustic velocity is 1500 m/s, the SNR is 10 dB, and the number of snapshots
is 200.
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Figure 2 shows that the estimates of TVI-ESPRIT and ECC-TVI-ESPRIT algorithms are
consistent with the target directions, while other algorithms can only efficiently estimate
the signal directions at 60◦ and −75◦, which reflects the advantage of TVI-ESPRIT and
ECC-TVI-ESPRIT algorithms in the omnidirectional DOA estimation. On the other hand,
the estimates from the Toeplitz-ESPRIT algorithm show significant deviation from the target
directions, especially at −75◦, while other velocity-independent algorithms accurately
estimate the directions, which demonstrates that the cross-array have the advantage of
acoustic velocity-independence.

Figure 2. Omnidirectional DOA estimation.

3.2. Performance Comparison Under Different SNR

In this set of experiments, the performance of the proposed ECC-TVI-ESPRIT algo-
rithm is compared with other algorithms at different SNR. The root mean square error
(RMSE) is used as a measure of accuracy. For each DOA estimation algorithm, W indepen-
dent Monte Carlo simulations are conducted. The angle estimate of the kth signal in the wth
(w = 1, . . . , W) simulation is denoted as θ̂k,w. The RMSE for the algorithm is defined as:

RMSE =

√√√√ 1
WK

K

∑
k=1

W

∑
w=1

(
θ̂k,w − θk

)2
(28)

By comparing the two simulation results shown in Figure 3, it is evident that the
RMSE curves of the VI-ESPRIT, TVI-ESPRIT, and ECC-TVI-ESPRIT algorithms show little
variation, while the RMSE curve of the Toeplitz-ESPRIT algorithm experiences a large shift,
and it almost coincides with the theoretical error curve caused by the acoustic velocity error
when SNR is large. This indicates that the acoustic velocity errors significantly affect the
estimation accuracy of the Toeplitz-ESPRIT algorithm, whereas the VI-ESPRIT, TVI-ESPRIT,
and ECC-TVI-ESPRIT algorithms are less impacted. The ECC-TVI-ESPRIT algorithm
outperforms the other three algorithms in environments with inaccurate acoustic velocity,
which proves the effectiveness of the proposed algorithm in improving the performance.
Meanwhile, the estimation accuracy of the ECC-TVI-ESPRIT algorithm is higher than
the TVI-ESPRIT algorithm, which proves the effectiveness of the low-rank matrix filling
technique in interpolating the missing values in the Toeplitz matrix. In addition, it can
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be observed that at low SNR levels, the RMSE curve is not parallel to CRB, indicating the
presence of bias in the estimation.

(a) (b)

Figure 3. RMSE under different SNR: (a) ∆c = 5 m/s. (b) ∆c = 20 m/s.

3.3. Performance Comparison Under Different Number of Snapshots

This experiment presents the relationship between the RMSE and the number of snap-
shots for the Toeplitz-ESPRIT, VI-ESPRIT, TVI-ESPRIT, and ECC-TVI-ESPRIT algorithms.

Comparing Figure 4a,b, the RMSE curves of the Toeplitz-ESPRIT algorithm are greatly
shifted, while the curves of the other three velocity-independent algorithms do not change
significantly. This demonstrates that the ECC-TVI-ESPRIT algorithm has the advantage of
acoustic velocity-independence. Moreover, as the number of snapshots increases, the esti-
mation accuracy of the Toeplitz-ESPRIT algorithm does not improve and almost coincides
with the theoretical error curve, which indicates that the impact of acoustic velocity error is
the main source of error in this algorithm. The estimation accuracy of the ECC-TVI-ESPRIT
algorithm is better than the TVI-ESPRIT algorithm regardless of the snapshot conditions
and the presence of the acoustic velocity error. This further confirms the high-precision
advantage of the ECC-TVI-ESPRIT algorithm and the effectiveness of the “low-rank matrix
filling” method in filling the “signal holes” of the differential array.

(a) (b)

Figure 4. RMSE under different number of snapshots: (a) ∆c = 5 m/s. (b) ∆c = 20 m/s.
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3.4. Performance Comparison Under Different Acoustic Velocity Errors

In this experiment, the RMSE versus sound speed error relationship is plotted for
the four algorithms. The range of sound speed error is set from −20 m/s to 20 m/s, with
an interval of 5 m/s.

The experimental results in Figure 5 show that the RMSE curves of the VI-ESPRIT, TVI-
ESPRIT, and ECC-TVI-ESPRIT algorithms are close to straight lines, which indicates that
their performance is almost unaffected by the acoustic velocity error. However, the RMSE
curve of the Toeplitz-ESPRIT algorithm increases as the magnitude of acoustic velocity error
|∆c| grows, which indicates that the Toeplitz-ESPRIT algorithm based on the linear array is
greatly affected by the accuracy of the acoustic velocity. Finally, the estimation accuracy
of the ECC-TVI-ESPRIT algorithm is further improved compared with the TVI-ESPRIT
algorithm, which shows that the ECC-TVI-ESPRIT algorithm is effective in filling the vacant
terms of the Toeplitz matrix and contributes to the improvement in estimation accuracy.

(a) (b)

Figure 5. RMSE under different acoustic velocity errors: (a) SNR = 0 dB. (b) SNR = 10 dB.

4. Conclusions
In this paper, an underwater velocity-independent DOA estimation algorithm based

on improved Toeplitz matrix reconstruction is proposed. The algorithm uses two cross-
expanded coprime arrays to eliminate the acoustic velocity factor. On the one hand, it
possesses the advantages of acoustic velocity-independent and omnidirectional estimation
compared to other ESPRIT algorithms (e.g., Toeplitz-ESPRIT). On the other hand, compared
with other velocity-independent algorithms (e.g., VI-ESPRIT and TVI-ESPRIT), the pro-
posed algorithm uses the low-rank matrix filling technique to generate data for the “signal
holes”, which provides more degrees of freedom and further improves the accuracy of the
DOA estimation. Finally, the simulation results verify the effectiveness of the proposed
algorithm and its superiority over other algorithms. This study does not account for mutual
coupling effects between sensors. Although mutual coupling may introduce perturbations
in practical implementations, previous research [19] has developed effective compensa-
tion algorithms. Integrating mutual coupling mitigation into our framework could be an
interesting direction for future work.
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