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Abstract: This paper proposes a hierarchical framework-based solution to address the
challenges of vehicle state estimation and lateral stability control in four-wheel independent
drive electric vehicles. First, based on a three-degrees-of-freedom four-wheel vehicle model
combined with the Magic Formula Tire model (MF-T), a hierarchical estimation method is
designed. The upper layer employs the Kalman Filter (KF) and Extended Kalman Filter
(EKF) to estimate the vertical load of the wheels, while the lower layer utilizes EKF in
conjunction with the upper-layer results to further estimate the lateral forces, longitudinal
velocity, and lateral velocity, achieving accurate vehicle state estimation. On this basis, a
hierarchical lateral stability control system is developed. The upper controller determines
stability requirements based on driver inputs and vehicle states, switches between handling
assistance mode and stability control mode, and generates yaw moment and speed control
torques transmitted to the lower controller. The lower controller optimally distributes
these torques to the four wheels. Through closed-loop Double Lane Change (DLC) tests
under low-, medium-, and high-road-adhesion conditions, the results demonstrate that
the proposed hierarchical estimation method offers high computational efficiency and
superior estimation accuracy. The hierarchical control system significantly enhances vehicle
handling and stability under low and medium road adhesion conditions.

Keywords: state estimation; stability criterion; control allocation

1. Introduction
Four-wheel independent drive electric vehicles, characterized by independently con-

trollable wheels, provide high flexibility and precise control, making them a key focus in
the research and development of vehicle lateral stability control systems [1–3]. The lateral
stability control system enhances vehicle handling performance and stability capability by
continuously tracking the difference between the vehicle’s real-time operating state and a
desired reference model, generating the required yaw moment, and implementing control
strategies such as torque distribution adjustments across the four wheels [4,5]. Although
the vehicle lateral stability control system plays a critical role in improving active safety, it
is constrained by cost considerations and relies on a limited number of essential sensors to
obtain data such as yaw rate, vehicle acceleration, and speed. However, key parameters
that represent the vehicle’s operating state, such as the sideslip angle, and critical factors
in control strategies, such as the normal forces and lateral forces on the wheels, cannot be
directly measured by existing onboard sensors. These parameters are typically estimated
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indirectly using other measurable state information. The accuracy of this estimation is
directly related to the effectiveness of the vehicle lateral stability control system [1,2,6–10].

A considerable amount of research has been conducted by vehicle dynamics scholars
worldwide on estimating vehicle states such as the sideslip angle, wheel normal forces,
and lateral forces. The estimation methods are generally divided into two main categories:
state observer methods based on vehicle dynamics or kinematics models, and neural
network-based methods trained on experimental data [1,6,8,10].

In the context of vehicle sideslip angle estimation, reference [9] proposes a state ob-
server based on a discrete-time Linear Parameter-Varying (LPV) lateral vehicle dynamics
model. This observer demonstrates both effective and robust estimation performance.
Similarly, reference [11] utilizes an Unscented Kalman Filter (UKF) to design an observer
integrating both kinematics and dynamics. A fuzzy logic controller is employed to adap-
tively allocate the proportional weights between the two observers, resulting in enhanced
estimation accuracy. Furthermore, reference [12] proposes a method for estimating the ve-
hicle sideslip angle using a dual neural network structure. By training the proposed neural
network with a large dataset, the results indicate that this method can effectively achieve
real-time estimation of the vehicle sideslip angle. In addition, reference [13] presents a
sideslip angle estimation method based on a Recurrent Artificial Neural Network (RANN).
Real vehicle experimental data were collected and used for training under road condi-
tions with varying adhesion coefficients. The findings reveal that this method can adapt
to changes in road adhesion coefficients while maintaining accurate sideslip angle esti-
mation. Finally, reference [14] introduces a hybrid framework for vehicle sideslip angle
estimation, combining an Unscented Kalman Filter (UKF) with a Convolutional Neural
Network (CNN). The UKF leverages physical model constraints, while the CNN utilizes
data-driven capabilities, achieving adaptive estimation of pseudo-measurements and their
uncertainty through end-to-end training. The method dynamically adjusts process noise
parameters to address model uncertainties, enhancing robustness and accuracy under
nonlinear conditions.

In terms of wheel vertical loads and lateral forces, reference [15] employs a robust
Proportional Multiple Integral (PMI) observer based on an LPV model. The Particle
Swarm Optimization (PSO) algorithm is applied to identify the optimal solution, achieving
favorable results. Reference [16] utilizes the Flat-Trac tire testing platform to collect real
tire forces and accelerations along the x, y, and z axes under various testing scenarios.
Through machine learning, this method can accurately estimate the tire forces in all three
directions based on the input acceleration data. Reference [17] constructs a database
consisting of vehicle speed, steering wheel angle, road adhesion coefficient, tire lateral
forces, and longitudinal forces. Using a Long Short-Term Memory (LSTM) network for
training, it achieves promising estimation results under high-adhesion road conditions
during DLC tests. Reference [18] employs a three-degrees-of-freedom four-wheel vehicle
model and an Adaptive Sliding Mode Observer (ASMO) to estimate the lateral forces of all
four wheels. Finally, reference [19] proposes a tire force estimation method based on an
Extended Kalman Filter (EKF) and a double-track vehicle model. This method considers
factors such as wheel dynamics, suspension elasto-kinematics, and tire–road interactions,
utilizing the Magic Formula Tire model to calculate longitudinal and lateral forces. By
incorporating inputs from accelerometers, steering angle sensors, and wheel speed sensors,
it achieves accurate estimation of vehicle motion states. The method emphasizes the effects
of road slope and banking, as well as the adaptive updating of dynamic parameters, to
enhance the accuracy and robustness of the model.

The above-mentioned large amount of research provides valuable references for this
paper. References [12,13,16,17] achieve promising results in estimating vehicle sideslip
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angle, wheel lateral forces, and vertical loads using neural networks and machine learning
methods based on databases. However, these methods heavily rely on experimental sample
data, and their underlying principles are difficult to explain mathematically. Reference [11]
employs a fuzzy logic controller to adaptively assign weight coefficients, fusing the two
estimation values from EKF to obtain more accurate estimates. However, this method
involves high computational complexity and places significant demands on the vehicle’s
ECU. References [19–21] consider the impact of varying wheel loads under different vehicle
conditions (such as passenger load, acceleration/deceleration, and turning) on the interac-
tion forces between the wheels and the road surface, which, in turn, affect vehicle stability
control. These studies estimate the vertical loads on all four wheels and subsequently
estimate the wheel lateral forces and vehicle centroid sideslip angle, providing valuable
insights for this work.

The primary contributions of this study are as follows:

1. A hierarchical estimation method. The upper layer uses KF and EKF observers
to estimate the vertical loads on all four wheels based on data collected by low-
cost onboard sensors. The lower layer focuses on a three-degrees-of-freedom four-
wheel vehicle model combined with the nonlinear MF-T, utilizing an EKF observer to
estimate the lateral forces on all four wheels and the vehicle centroid sideslip angle.

2. A layered architecture for vehicle lateral stability control. When the vehicle is stable,
the control system provides additional yaw moments to enhance the vehicle handling
performance. In contrast, when the vehicle becomes unstable, the control system
generates additional yaw moments to restore stability.

The remainder of the paper is organized as follows: Section 2 details the driver
model and the four-wheel vehicle dynamics model, which capture the vehicle’s dynamic
characteristics, along with the linear two-degrees-of-freedom vehicle dynamics model
used as a reference for controller design and the nonlinear MF-T. Section 3 presents the
methodology and results of vehicle state estimation. Section 4 emphasizes the controller
design, focusing on the stability criterion approach and the lower-level controller’s control
allocation strategy. Section 5 discusses the experimental setup and simulation results.
Finally, Section 6 provides the conclusions of the study.

2. Driver Model and Vehicle Dynamics Model
The driver model can simulate real driver behaviors such as steering and acceleration,

serving as the foundation for studying vehicle lateral stability control [22]. In this study,
the built-in driver model of CarSim 2023 was utilized for path-following tasks. An accurate
vehicle dynamics model is key to reliably describing the vehicle’s dynamic performance.
In our study, a four-wheel, three-degrees-of-freedom vehicle dynamics model integrated
with the nonlinear MF-T was developed to represent the vehicle’s dynamic characteristics.
A two-degrees-of-freedom single-track vehicle model was adopted as the reference model
in the design of the vehicle controller.

2.1. Driver Model

In this study, the CarSim built-in driver model was utilized for path following based
on geometric path tracking and a single preview point to achieve stable tracking of the
target path by the vehicle. As shown in Figure 1, the dark green dashed line represents
the target path, the blue solid line represents the reference path, the red coordinate system
corresponds to the local vehicle coordinates, and the magenta coordinate system represents
the global coordinate system. The initial vehicle position was set at the origin of the local
coordinate system, with the yaw angle Ψ indicating the vehicle’s orientation relative to the
global coordinate system.
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Figure 1. Driver model.

The reference path is defined as a continuous planar curve composed of the path
distance s along the route and the corresponding lateral offset Ltarg(s). This ensures that
the target path avoids sharp corners, thereby preventing abrupt vehicle turns. When the
vehicle’s speed is vx and the preview time is Tp, the reference point S0 is defined as the
nearest point on the reference path to the vehicle’s current position. The preview point
lies further along the reference path at a distance ∆s = Tp·vx, with a lateral offset of
Ltarg(∆s), and its endpoint serves as the target point. The driver model calculates the global
coordinates of the target point, (Xtarg, Ytarg), using the Application Programming Interface
(API) for coordinate transformations. These global coordinates are further transformed into
the local vehicle coordinates (Xveh, Yveh) using Equations (1) and (2). Finally, the steering
angle δ required for the vehicle to follow the target path is obtained using Equation (3):

Xveh = Xtarg·cos(Ψ) + Ytarg·sin(Ψ) (1)

Yveh = Xtarg·sin(Ψ) + Ytarg·cos(Ψ) (2)

δ = tan−1
(

Xveh
Xveh

)
(3)

2.2. Vehicle Dynamics Model

To accurately capture the dynamic characteristics of the vehicle, this study employed
a four-wheel, three-degrees-of-freedom vehicle dynamics model integrated with the non-
linear MF-T. For the controller design, a linear two-degrees-of-freedom single-track vehicle
model, which offers lower computational complexity while effectively reflecting vehicle
stability and handling performance, was adopted as the reference model.

2.2.1. Magic Formula Tire Model

When a vehicle turns, due to the characteristics of the tires, the direction of wheel
travel does not align with the plane of the wheel, as shown in Figure 2. The angle between
them is referred to as the tire slip angle α. The lateral force Fy exerted on the vehicle is
closely related to α. When α is small and within a certain range, they are proportional.
However, when α exceeds a certain threshold, the relationship becomes nonlinear [23].
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Figure 2. Tire slip angle α.

To fully capture the nonlinear characteristics of tires, this study adopted the nonlinear
MF-T, with its expression provided in (4) and (5). By fitting the model to experimental
tire data from CarSim for tires of size 215/55R17, the resulting longitudinal and lateral
force curves are shown in Figure 3, and the corresponding parameters in the formula are
listed in Table 1. It is evident that the tire vertical load significantly affects both lateral and
longitudinal forces, with both increasing as the load rises.

Fx = Dxsin
{

Cxtan−1
[

Bxλ − Ex

(
Bxλ − tan−1(Bxλ)

)]}
(4)

Fy = Dysin
{

Cytan−1
[

Byα − Ey

(
Byα − tan−1(Byα

))]}
+ Sv (5)

where the parameters are defined as follows: λ represents the tire slip ratio, and α represents
the tire sideslip angle. The parameters are further expressed as follows: Dx/y = a1F2

z + a2Fz,

Ex/y = a6F2
z + a7Fz + a8, Bx =

(a3F2
z +a4Fz)e−a5Fz

Cx Dx
, By =

a3sin[a4tan−1(a5Fz)]
CyDy

. The effects of the
camber angle are ignored, and therefore, Sv = 0.
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Figure 3. The fitted tire longitudinal force and lateral force curves.

Table 1. Fitted parameters of the MF-T.

F a1 a2 a3 a4 a5 a6 a7 a8 C

Fx −9.105 1017 969.3 3.206× 104 0.04033 1.094 × 10−17 −1.198 × 10−16 0.55 1.4
Fy −9.089 1017 9730 0.3505 0.09514 1.317 × 10−19 −1.1941 × 10−18 −0.2752 1.413

This study focuses on the vehicle’s lateral stability. Assuming a constant vehicle speed,
the vehicle’s lateral force Fy is expressed in (6).

Fy = f (µ, Fz, α) (6)
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2.2.2. Four-Wheel Vehicle Dynamics Model

Assuming a flat road surface and neglecting the effects of suspension and vehicle
pitch motion, a four-wheel vehicle dynamics model is established as shown in Figure 4.
The model includes longitudinal, lateral, and yaw motions of the vehicle. The governing
equations are presented in Equations (7)–(9), where m represents the vehicle mass.
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Where v represents the velocity at the vehicle’s center of gravity (CG), r is the yaw
rate of the vehicle, Iz denotes the yaw moment of inertia, and δ is the steering angle of
the front wheels. vx and vy are the longitudinal and lateral velocities, respectively. l f and
lr are the distances from the CG to the front and rear axles, respectively. Fx,ij and Fy,ij

represent the longitudinal and lateral forces acting on each wheel, respectively, while αij

denotes the slip angle of each wheel (where subscripts f l, f r, rl and rr refer to the front-left,
front-right, rear-left, and rear-right wheels, respectively). Additionally, β is the sideslip
angle of the vehicle body, l is the wheelbase, and tf and tr are the front and rear track
widths, respectively.

.
γ =

1
Iz

l f

[(
Fy f l + Fy f r

)
cos δ + Fx f sin δ

]
− lr

(
Fyrl + Fyrr

)
+

E
2

[(
Fy f l − Fy f r

)
sin δ +

(
Fx f r − Fx f l

)
cos δ

]  (7)

.
vx = vyγ +

1
m

[
Fx f cosδ −

(
Fy f l + Fy f r

)
sinδ

]
(8)

.
vy = −vxγ +

1
m

[
Fx f sinδ +

(
Fy f l + Fy f r

)
cosδ + Fyrl + Fyrr

]
(9)

Since the lateral velocity of the vehicle is much smaller than the longitudinal velocity
during operation, the vehicle sideslip angle β can be approximated using (10). The sideslip
angles of the four wheels are expressed in (11)–(14).

β = tan−1 vy

vx
≈

vy

vx
(10)

α f l = δ − tan−1
( vy + l f γ

vx − 0.5·Eγ

)
(11)

α f r = δ − tan−1
( vy + l f γ

vx + 0.5·Eγ

)
(12)
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αrl = −tan−1
( vy − l f γ

vx − 0.5·Eγ

)
(13)

αrr = −tan−1
( vy − l f γ

vx + 0.5·Eγ

)
(14)

2.2.3. Linear Two-Degrees-of-Freedom Vehicle Dynamics Model

Assuming the front-wheel steering angle δ is small, the relationship between tire slip
angle and cornering stiffness can be approximated as linear, as shown in (15) and (16) [23].
By combining the left and right wheels on both the front and rear axles in Figure 4 and using
small-angle approximations, a simplified reference model representing vehicle stability
capability and handling performance was derived. This reference model, required for the
controller, is illustrated in Figure 5. Here, Cα f and Cαr represent the cornering stiffness of
the front and rear wheels, respectively, and α f and αr denote the slip angles of the front
and rear wheels, respectively, as shown in (17) and (18). Through dynamic analysis, the
state-space equations for this reference model were obtained, as expressed in (19).

Fy f = Cα f × α f (15)

Fyr = Cαr × αr (16)

α f = δ − β −
l f r
vx

(17)

αr = β − lrr
vx

(18)

.
x = Ax + Bu + Gw (19)

where x =

[
β

r

]
, u = Mz, w = δ, A =

[
a11 a12

a21 a22

]
=

− (Cα f +Cαr)
mvx

lrCαr−l f Cα f
mvx2 − 1

lrCαr−l f Cα f
Iz

−

(
l2

f C
α f
+l2

r Cαr

)
Izvx

,

B =

[
b1

b2

]
=

[
0
1
Iz

]
, G =

[
g1

g2

]
=

[ Cα f
mvx

l f Cα f
Iz

]
.
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3. Vehicle State Estimation
To enable the estimation of vehicle states, it is assumed that the road adhesion coeffi-

cient µ is known. The onboard Inertial Measurement Unit (IMU) measures the vehicle’s
longitudinal acceleration ax, lateral acceleration ay, yaw rate γ, and roll rate

.
θ. Suspension

deflection sensors measure the suspension deflection ∆sij, and wheel speed sensors mea-
sure the angular velocities of the four wheels ωij. Based on the method proposed in [21], a
hierarchical estimator is developed. In the upper layer, a state equation and a measurement
equation are established based on data measured by existing low-cost onboard sensors. The
Kalman Filter (KF) and Extended Kalman Filter (EKF) observers are employed to estimate
the wheel normal force Fzij. In the lower layer, a three-degrees-of-freedom, four-wheel
vehicle model and the nonlinear MF-T model are used as the research objects. Combined
with signals measured by wheel speed sensors, the IMU, and other sensors, the system’s
state equation and measurement equation are constructed. The EKF observer is then uti-
lized to estimate the wheel lateral force Fyij, longitudinal velocity vx, lateral velocity vy,
and ultimately the vehicle’s centroid sideslip angle β.

3.1. Vehicle Vertical Load Fzij Estimation

During vehicle operation, the loads on the four wheels vary due to driving condi-
tions such as acceleration or deceleration (load transfer between the front and rear axles)
and cornering (load transfer from the inner to the outer wheels). These load variations
significantly affect the lateral forces on the tires, which in turn influence the vehicle’s
lateral stability. Typically, by neglecting the effects of suspension and vehicle pitch, the
vertical loads on each wheel are calculated based on the vehicle’s static load distribution
and considering load transfer, as shown in (20)–(23), where hc represents the height of the
vehicle’s CG. This method is referred to as open-loop estimation. However, since open-loop
estimation assumes a fixed CG position during load transfer and neglects the coupling
between longitudinal and lateral motions, it cannot accurately and dynamically represent
the vertical loads on each wheel during vehicle operation.

Fz f l =
mlr
2l

g − mhc

2l
ax −

mlrhc

lt f
ay (20)

Fzr =
mlr
2l

g − mhc

2l
ax +

mlrhc

lt f
ay (21)

Fzrl =
ml f

2l
g +

mhc

2l
ax −

ml f hc

ltr
ay (22)

Fzrr =
ml f

2l
g +

mhc

2l
ax +

ml f hc

ltr
ay (23)

To improve the estimation of vertical loads on the wheels, this study utilizes KF and
EKF to estimate the vertical loads Fzij on the wheels. First, based on the lateral acceleration
ay measured by the onboard IMU sensors and the suspension deflection ∆sij measured by
the suspension deflection sensors, the transient lateral load transfer ∆Fzlt and the vehicle
roll angle θ are calculated using (24)–(26). Next, linear state equations and measurement
equations, as shown in (27), are established to estimate the lateral load transfer ∆Fzl using
the KF. Finally, considering the coupling relationship between the vehicle’s longitudinal
and lateral motions, the nonlinear state equations and measurement equations, as shown in
(30), are developed. Using the EKF, the vertical loads Fzij on all four wheels are calculated.

Ixx
..
θ + CR

.
θ + KRθ = mayhc + mhcgsin(θ) (24)
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∆Fzl = −2

(
k f

t f
+

kr

tr

)
θ − 2ms

ay

l

(
lrh f

t f
+

l f hr

tr

)
(25)

θ =

(
∆s f l − ∆s f r + ∆srl − ∆srr

)
2E

(26)

X1,k = A1X1,k−1 + w1,k

Y1,k = H1X1,k + v1,k
(27)

where k and k − 1 represent the sampling time steps. The state variable X1 is defined as

the follows: X1 =
(

x11 x12 · · · x15

)T
=
[
∆Fzl , ay,

.
ay, θ,

.
θ
]T

, the state transition matrix
is represented as (28), te represents the sampling time, and KR and CR denote the total
spring stiffness and total damping coefficient during vehicle roll, respectively. Ixx is the roll
moment of inertia of the sprung mass about the x-axis, while k f and kr represent the roll
stiffness of the front and rear axles, respectively. The measurement variable is defined as

Y1 =
(

y11 y12 y13 y14

)T
=
[

ay, θ,
.
θ, ∆Fzl

]T
, and the observation matrix H1 is expressed

as (29). w1,k and v1,k denote the process and measurement noise, respectively. Both have a
mean value of zero, with covariance matrices labeled as Q1 and R1.

A1 =


1 0

−2tem(lrh f +l f hr)
lE 0

−2te(k f +kr)
E

0 1 te 0 0
0 0 1 0 0
0 0 0 1 te

0 temhc
Ixx

0 te(mghc−KR)
Ixx

1 + te(−CR)
Ixx

 (28)

H1 =


0 1 g 0
0 0 1 0
0 0 0 1
1 0 0 0

 (29)

X2,k = f2,k−1(X2,k−1) + w2,k

Y2,k = h2(X 2,k

)
+ v2,k

(30)

Here, the state variable X2 =
(

x21 x22 · · · x28

)T
= [Fz f l , Fz f r, Fzrl , Fzrr, ax,

.
ax, ay,

.
ay]T. The nonlinear state transition function f2(X2), describing the relationship be-
tween the state at sampling time k and the previous time k − 1, is expressed in (31).
The corresponding state transition matrix A2,k−1 is derived in (32) and n1 = mhcte

2l ,

n2 = mlrhcte
El , n3 = mh2

c te
Elg , n4 =

mhc l f te
El . The measured values Y2 =

(
y21 y22 · · · y25

)T
=[

∆Fzl , (F z f l+Fz f r

)
, ax, ay, mg

]T
. The measurement function h2(X2) is expressed in (33),

and its corresponding observation matrix H2 is derived in (34). The process noise w2,k and
measurement noise v2,k are both zero-mean and have covariances Q2 and R2, respectively.

x21,k = x21,k−1 − n1x26,k−1 − n2x28,k−1 + n3(x25,k−1x28,k−1 + x26,k−1x27,k−1)

x22,k = x22,k−1 − n1x26,k−1 + n2x28,k−1 − n3(x25,k−1x28,k−1 + x26,k−1x27,k−1)

x23,k = x23,k−1 + n1x26,k−1 − n4x28,k−1 − n3(x25,k−1x28,k−1 + x26,k−1x27,k−1)

x24,k = x24,k−1 + n1x26,k−1 + n4x28,k−1 + n3(x25,k−1x28,k−1 + x26,k−1x27,k−1)

x25,k = x25,k−1 + tex26,k−1

x26,k = x26,k−1

x27,k = x27,k−1 + tex28,k−1

x28,k = x28,k−1

(31)
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A2,k−1 =
∂ f2(X2,k−1)

∂X2
(32)

y21,k = x21,k − x22,k + x23,k − x24,k

y22,k = x21,k + x22,k

y23,k = x25,k

y24,k = x27,k

y25,k = x21,k + x22,k + x23,k + x24,k

(33)

H2 =
∂h2(X2,k)

∂X2
(34)

3.2. Vehicle Lateral Force and Sideslip Angle Estimation

The lateral forces Fyij on the four wheels can be calculated from (35)–(40), which is
referred to as open-loop estimation [21]. However, during vehicle operation, the position
of the CG changes with driving conditions. Additionally, ay and

.
γ measured by the IMU

are inevitably affected by external noise, leading to inaccuracies in the estimated lateral
forces. To address this issue, this paper employs an EKF to estimate Fyij, as well as vx and
vy of the vehicle, thereby estimating the sideslip angle β.

Fy f =
maylr − Iz

.
γ

lcos δ
(35)

Fyr =
mayl f + Iz

.
γ

l
(36)

Fy f l =
Fz, f l

Fz, f l + Fz, f r
Fy f (37)

Fy f r =
Fz, f r

Fz, f l + Fz, f r
Fy f (38)

Fyrl =
Fz,rl

Fz,rl + Fz,rr
Fyr (39)

Fyrr =
Fz,rr

Fz,rl + Fz,rr
Fyr (40)

The angular velocities ωij of the four wheels are measured by the wheel speed sensors,
and the vehicle’s longitudinal velocity v̂x is calculated using (41) and R represents the wheel
radius. Combined with the vertical loads Fzij estimated by the upper layer, the nonlinear
state and measurement equations are derived based on the four-wheel vehicle dynamics
model and the MF-T, as described in (6)–(9). These equations are expressed in (42). The
EKF is then employed to estimate the lateral forces Fyij, longitudinal velocity vx, and lateral
velocity vy. Finally, the vehicle’s sideslip angle β is determined through (43).

v̂x =

(
ω f l + ω f r + ωrl + ωrr

)
4

R (41)

X3,k = f3,k−1(X3,k−1, U3,k−1) + w3,k

Y3,k = h3(X 3,k

)
+ v3,k

(42)

β = tan−1
(

vy

vx

)
(43)



Sensors 2025, 25, 474 11 of 30

Here, the state variables X3 =
(

x31 x32 · · · x38

)T
= [γ, vx, vy, Fy f l , Fy f r, Fyrl ,

Fyrr, Fx f ]
T, with the control input variables U3 =

(
u31 u32 · · · u35

)T
= [δ, Fz f l , Fz f r,

Fzrl , Fzrr]T. The nonlinear state transition function f3(X3), which describes the relationship
between the state at sampling time k and the previous time k − 1, is expressed in (44). Since
(44) includes Fyij,k−1, the corresponding state transition matrix A3,k−1 is derived using (6),
(11) and the vertical loads Fzij estimated in the upper layer. This derivation is carried out us-
ing MATLAB’s symbolic computation tools, such as syms and jacobian. The measurement

vector is Y3 =
(

y31 y32 y33 y34

)T
=
[
γ, v̂x, ax, ay

]T , with the measurement function
h3(X3) provided in (45). Its corresponding observation matrix H3 is derived in (46). The
process noise w3,k and measurement noise v3,k both have a mean value of zero, and their
covariance matrices are denoted as Q3 and R3, respectively.

x31,k = x31,k−1 +
te
Iz


l f [cos(u31,k)(x34,k−1 ++x35,k−1) + sin(u31,k)x38,k−1]−
lr(x36,k−1 + x37,k−1) +

E
2 sin(u31,k)(x34,k−1 − x35,k−1)+

E
2 [cos(u31,k)x38,k−1(u33,k−1 − u31,k−1)/(u33,k−1 + u31,k−1)]


x32,k = x32,k−1 + tex31,k−1x33,k−1 +

te
m

[
x38,k−1cos(u31,k)

−(x34,k−1 + x35,k−1)sin(u31,k)

]

x33,k = x33,k−1 +
te
m

 x38,k−1sin(u31,k)+

(x34,k−1 + x35,k−1)cos(u31,k)+

x36,k−1 + x37,k−1

− tex31,k−1x32,k−1

x34,k = x34,k−1 + tex32,k−1

(
−x34,k−1 + Fy f l,k−1

)
x35,k = x35,k−1 + tex32,k−1

(
−x35,k−1 + Fy f r,k−1

)
x36,k = x36,k−1 + tex32,k−1

(
−x36,k−1 + Fyrl,k−1

)
x37,k = x37,k−1 + tex32,k−1

(
−x37,k−1 + Fyrr,k−1

)
x38,k = x38,k−1

(44)
y31,k = x31,k

y32,k = x32,k

y33,k =
[−(x34,k+x35,k)sin (u31,k)+x38,kcos(u31,k)]

m

y34,k =
[(x34,k+x35,k)cos(u31,k)+(x36,k+x37,k)+x36,ksin(u31,k)]

m

(45)

H3,k =
∂h3(X3,k)

∂X3
(46)

3.3. Cornering Stiffness Estimation

As noted in Section 2.2.3, when α is small, the slip angle and cornering stiffness exhibit
a linear relationship. However, during vehicle operation, due to varying driving conditions,
the vertical load on the wheels changes dynamically, leading to fluctuations in the vehicle’s
cornering stiffness. To achieve the real-time estimation of cornering stiffness and lay the
foundation for subsequent research on vehicle stability, this study utilizes the Fyij and β

obtained in Section 3.2. A KF is employed for the estimation process. Based on (15)–(18),
the corresponding state-space and observation equations are derived as follows:

Xk = AXk−1 + wk

Yk = CXk−1 + vk
(47)
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Here, the state variable is X =
(

Cα f Cαr

)T
, and the measurement variable is Y =(

Fy f Fyr

)T
=
((

Fy f l + Fy f r

) (
Fyrl + Fyrr

))T
, The state transition matrix A = I2 (identity

matrix of size 2), and the observation matrix C, as shown in (48), is derived from (16)
and (17). The process noise wk and measurement noise vk are both zero-mean, and their
covariance matrices are denoted as Q and R, respectively.

C =

[
α f 0
0 αr

]
(48)

3.4. Estimation Results

To verify the accuracy and reliability of the proposed method for estimating Fzij and
Fyij, and β, as well as the reliability of cornering stiffness estimation, we conducted DLC
tests under three different road adhesion conditions (low, medium, and high). The tests
were performed using co-simulation between CarSim, MATLAB (2023b), and Simulink,
with a C-class hatchback vehicle equipped with four in-wheel motors, each providing
power to an individual wheel. The driver’s preview time was 0.58 s, and the block diagram
of the overall estimator structure is shown in Figure 6. The main parameters of the vehicle
are listed in Table 2. In the tests, the open-loop estimation method is denoted as O-Est, the
proposed method using EK and EKF is denoted as Est, and the direct outputs from CarSim,
serving as the ground truth, are denoted as Carsim.

Sensors 2025, 25, x FOR PEER REVIEW 13 of 32 
 

 

3.4. Estimation Results 

To verify the accuracy and reliability of the proposed method for estimating 𝐹𝑧𝑖𝑗 and 

𝐹𝑦𝑖𝑗, and 𝛽, as well as the reliability of cornering stiffness estimation, we conducted DLC 

tests under three different road adhesion conditions (low, medium, and high). The tests 

were performed using co-simulation between CarSim, MATLAB (2023b), and Simulink, 

with a C-class hatchback vehicle equipped with four in-wheel motors, each providing 

power to an individual wheel. The driver’s preview time was 0.58 s, and the block dia-

gram of the overall estimator structure is shown in Figure 6. The main parameters of the 

vehicle are listed in Table 2. In the tests, the open-loop estimation method is denoted as 

O-Est, the proposed method using EK and EKF is denoted as Est, and the direct outputs 

from CarSim, serving as the ground truth, are denoted as Carsim. 

 

Figure 6. Block diagram of the estimation. 

Table 2. Main parameter values of C-class hatchback. 

Parameter Value 

Total vehicle weight 𝑚 (kg) 1592.00 

Sprung mass 𝑚𝑠 (kg) 1230.00 

Vehicle track width 𝐸 (mm) 1675.00 

Wheelbase 𝑙 (mm) 2600.00 

Distance from the CG to the front axle 𝑙𝑓 (mm) 1065.00 

Distance from the CG to the rear axle 𝑙𝑟 (mm) 1535.00 

Height of the CG above the ground ℎ (mm) 540.00 

Yaw moment of inertia 𝐼𝑧 (kg ∙ m2) 1520.00 

3.4.1. Estimation Results of 𝐹𝑧𝑖𝑗 

In Figure 7, the lateral load transfer ∆𝐹𝑧𝑙 estimated by the upper layer of the pro-

posed hierarchical estimator, is labeled as “Est”, while the results directly calculated by 

CarSim are labeled as “Carsim”. From the figure, it can be observed that the ∆𝐹𝑧𝑙 esti-

mated using the “Est” method closely aligns with the true values output by CarSim under 

most operating conditions, demonstrating its reliability as an input for the lower-layer 

estimator. Referring to Table 3, under low road adhesion coefficients, due to vehicle insta-

bility in the later stages, the estimated results show a significant deviation from the true 

values, with a maximum absolute error (ME) of 534.431 N and a root mean square error 

(RMSE) of 145.243 N. Under medium and high road adhesion coefficients, the ∆𝐹𝑧𝑙 esti-

mated using the “Est” method closely follows the true values. However, when the vehi-

cle’s lateral acceleration 𝑎𝑦 > 0 3 g due to sharp steering maneuvers, the error increases. 

The ME reaches 297.750 N and 285.897 N, respectively, while the RMSE is 150.768 N and 

126.757 N, respectively. 

               

                                        

      

  d         
      

    

                        

                        

                      

           

                 

             

             

          

Figure 6. Block diagram of the estimation.

Table 2. Main parameter values of C-class hatchback.

Parameter Value

Total vehicle weight m (kg) 1592.00
Sprung mass ms (kg) 1230.00

Vehicle track width E (mm) 1675.00
Wheelbase l (mm) 2600.00

Distance from the CG to the front axle l f (mm) 1065.00
Distance from the CG to the rear axle lr (mm) 1535.00
Height of the CG above the ground h (mm) 540.00

Yaw moment of inertia Iz
(
kg·m2) 1520.00

3.4.1. Estimation Results of Fzij

In Figure 7, the lateral load transfer ∆Fzl estimated by the upper layer of the proposed
hierarchical estimator, is labeled as “Est”, while the results directly calculated by CarSim are
labeled as “Carsim”. From the figure, it can be observed that the ∆Fzl estimated using the
“Est” method closely aligns with the true values output by CarSim under most operating
conditions, demonstrating its reliability as an input for the lower-layer estimator. Referring
to Table 3, under low road adhesion coefficients, due to vehicle instability in the later stages,
the estimated results show a significant deviation from the true values, with a maximum
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absolute error (ME) of 534.431 N and a root mean square error (RMSE) of 145.243 N. Under
medium and high road adhesion coefficients, the ∆Fzl estimated using the “Est” method
closely follows the true values. However, when the vehicle’s lateral acceleration ay > 0.3 g
due to sharp steering maneuvers, the error increases. The ME reaches 297.750 N and
285.897 N, respectively, while the RMSE is 150.768 N and 126.757 N, respectively.
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Table 3. Estimation error of ∆Fzl in DLC test.

µ MAE (N) ME (N) RMSE (N)

0.3 124.535 534.431 145.243
0.5 106.282 297.750 150.768

0.85 92.349 285.897 126.757

From Figure 8, it can be observed that under low-, medium-, and high-road-adhesion
conditions, both the O-Est and Est methods estimate Fzij well and closely follow the true
values output by CarSim in most scenarios. However, under certain extreme conditions,
the O-Est method shows significant deviation from the true values. Combined with the
analysis of Figure 9, it can be seen that under low-adhesion conditions (µ = 0.3), when the
vehicle’s lateral acceleration ay approaches µg (indicating the onset of vehicle sliding), the
deviation of the O-Est method increases significantly, while the Est method continues to
closely track the true values. On medium- and high-adhesion roads (µ = 0.5 and µ = 0.85),
when the vehicle’s lateral acceleration ay > 0.3 g, the O-Est method begins to deviate from
the true values output by CarSim, whereas the Est method consistently follows the true
values accurately. Analysis indicates that this is primarily due to the change in the vehicle’s
center of mass position during intense motion, as well as the O-Est method’s inherent
neglect of the coupling effect between lateral and longitudinal accelerations. Consequently,
the O-Est method shows deviations under intense vehicle motion, whereas the Est method,
leveraging EKF estimation, effectively tracks the true values across all conditions.
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Figure 9. Lateral acceleration ay under diffident µ in the DLC test at vx = 80 km/h.

From the error data for Fzij estimation presented in Table 4, it is evident that the Est
method provides more accurate estimations of Fzij compared to the O-Est method. This
is particularly notable under low-adhesion conditions (µ = 0.3), where the Est method
improves the estimation results in terms of mean absolute error (MAE), ME, and RMSE
by 59.34%, 44.59%, and 52.52%, respectively, compared to the O-Est method. Using the
Profile tool in MATLAB (2023b) to analyze execution times, both methods complete their
computations within 0.1 s. During runtime, the estimator is called 1606 times, with each
estimation taking 6 × 10−5 s, which is significantly shorter than the typical control cycle
time of 5 × 10−3 s for mainstream controllers. Therefore, the Est method demonstrates
higher computational accuracy and reliable performance.

Table 4. Estimation error of Fzij under DLC test.

µ Case MAE (N) ME (N) RMSE (N) Total Time (s)

0.3
O-Est 163.28 372.66 184.70 0.042

Est 66.40 206.51 87.69 0.095

0.5
O-Est 72.27 324.86 102.88 0.044

Est 49.15 166.73 61.68 0.096

0.85
O-Est 56.69 280.15 101.41 0.042

Est 36.98 112.91 50.23 0.096

3.4.2. Estimation Results of Fyij and β

From the estimation results shown in Figure 10, under low-road-adhesion conditions,
both estimation methods exhibit deviations from the true values in the later stages of the
test, with the O-Est method showing overall larger deviations compared to the Est method.
Under medium- and high-road-adhesion conditions, both the O-Est and Est methods
can generally estimate Fyij accurately, closely following the true values in most scenarios.
However, significant deviations in the O-Est method occur at 0.8 s and 4 s. By analyzing
the lateral acceleration shown in Figure 9, it can be observed that under low-adhesion
conditions (µ = 0.3), when the vehicle’s lateral acceleration ay > µg, indicating the onset of
sliding and intense motion, the vehicle’s center of mass position changes significantly. This
leads to larger deviations in the Fyij estimated by the O-Est method. In contrast, although
the Est method relies on the vertical load Fzij values estimated by the upper layer, which
may have larger errors, the use of EKF improves the accuracy of Fyij estimation to some
extent. Under medium- and high-road-adhesion conditions, during periods of intense
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vehicle motion, significant changes in the center of mass position also occur. This results in
larger deviations in the Fyij estimated by the O-Est method at 0.8 s and 4 s.
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From the data in Table 5, it is clear that the Est method provides more accurate Fyij

estimations compared to the O-Est method. Under low-adhesion conditions (µ = 0.3), the
Est method significantly outperformed the O-Est method in terms of estimation accuracy.
The MAEs for the two methods are 70.56 N and 143.03 N, respectively; the MEs are 512.96 N
and 1282.69 N, respectively; and the RMSEs are 109.94 N and 274.26 N, respectively. The
Est method improved the estimation accuracy compared to O-Est by 50.67%, 60.01%,
and 59.91% in terms of the MAE, ME and RMSE, respectively. Using the Profile tool
to analyze execution times, both methods completed their computations within 0.19 s.
During the runtime, the estimator was called 1606 times, with each estimation taking
1.18 × 10−4 s, which is shorter than the typical control cycle time of 5 × 10−3 s for
mainstream controllers. Therefore, the Est method demonstrates higher computational
accuracy and reliable performance.

Table 5. Estimation error of Fyij in DLC test.

µ Case MAE (N) ME (N) RMSE (N) Total Time (s)

0.3
O-Est 143.03 1282.69 274.26 0.069

Est 70.56 512.96 109.94 0.188

0.5
O-Est 163.31 1019.84 262.42 0.073

Est 62.17 349.07 95.92 0.187

0.85
O-Est 172.31 784.44 251.82 0.068

Est 57.06 199.02 78.60 0.189

To investigate the impact of the accuracy of Fzij in the upper-layer estimator on the
estimation of Fyij in the lower-layer estimator, this study designed two comparative schemes
and conducted DLC tests on low-, medium-, and high-friction road surfaces. In the first
scheme, Fzij obtained from open-loop estimation was input into the lower-layer estimator
to estimate Fyij, referred to as O-Eest. In the second scheme, Fzij derived from the upper-
layer estimator was input into the lower-layer estimator to estimate Fyij, using the method
described previously and referred to as E-est. The results are shown in Table 6 and Figure 11
where Fyij estimated by E-est is closer to the true values output by CarSim compared to
O-Eest. Specifically, as shown in the data from Table 6, E-est achieves significantly higher
accuracy than O-Eest, particularly on low-friction road surfaces. The corresponding MAE,
ME, and RMSE values are improved by 46.67%, 40.21%, and 48.64%, respectively. It can be
concluded that the accurate estimation of Fzij has a significant impact on the estimation of
Fyij, especially under low-friction conditions (µ = 0.3).

Table 6. Estimation error of Fyij by different methods under DLC test.

µ Case MAE (N) ME (N) RMSE (N) Total Time (s)

0.3
O-est 132.317 857.882 214.054 0.135
E-est 70.564 512.962 109.938 0.188

0.5
O-est 88.625 387.789 130.725 0.137
E-est 62.170 349.067 95.924 0.187

0.85
O-est 60.040 223.918 82.959 0.135
E-est 57.061 199.022 78.601 0.189

As shown in Figure 12 and Table 7, the proposed method can accurately estimate the β

under low-, medium-, and high-road-adhesion conditions. Even on surfaces with µ = 0.3,
where the vehicle is in an unstable state, the proposed method still effectively estimates β.
This demonstrates that the method used has reliable accuracy.
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Figure 11. Estimation of Fyij by different methods in the DLC test with vx = 80 km/h. (a) µ = 0.3;
(b) µ = 0.5; (c) µ = 0.85.

Table 7. Estimation error of β in DLC test.

µ MAE (deg) ME (deg) RMSE (deg) Total Time (s)

0.3 6.99 × 10−2 0.28 10.09 × 10−2 0.188
0.5 1.68 × 10−2 0.06 2.34 × 10−2 0.187

0.85 1.31 × 10−2 0.05 1.79 × 10−2 0.189
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Figure 12. Estimation of β in the DLC test with vx = 80 km/h. (a) µ = 0.3; (b) µ = 0.5; (c) µ = 0.85.

3.4.3. Estimation Results of Cornering Stiffness

The cornering stiffness estimation results are shown in Figure 13. From the three
subplots, it can be observed that the vehicle’s cornering stiffness varies under different
road conditions. During the period from 0 to 0.86 s, the vehicle is in straight-line driving,
with no lateral force or slip angle, and the cornering stiffness values of the front and rear
axles remain at their initial assigned values. At 0.86 s, the vehicle begins to steer, and
the cornering stiffness changes due to factors such as mass transfer induced by steering.
Combining Figures 9 and 10, under low-adhesion conditions (µ = 0.3), the insufficient
lateral force provided by the road causes the vehicle to skid and lose stability, resulting
in a decrease in the estimated cornering stiffness. On medium- and high-adhesion roads
(µ = 0.5 and µ = 0.85), the vehicle remains in a stable state. The cornering stiffness of the
front and rear axles changes with the actual lateral load transfer between the left and right
sides of the vehicle and the maximum lateral force provided by the road. When the lateral
load transfer on a given axle increases, the corresponding cornering stiffness decreases;
conversely, when the load transfer decreases, the cornering stiffness increases. Similarly,
the greater the maximum lateral force provided by the road, the larger the corresponding
cornering stiffness; conversely, the smaller the maximum lateral force, the smaller the
cornering stiffness.
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4. Controller Design
Figure 14 shows a block diagram of the overall system. The control framework

consists of an upper-level controller and a lower-level controller. The upper-layer controller
generates the torques required to maintain vehicle stability or enhance handling, as well
as the torques necessary for vehicle speed tracking. The lower-layer controller distributes
the transmitted torques and forces to the four wheels. This study focuses on the design
of a vehicle stability criterion method and the lower-layer allocation controller. Other
components, such as the handling assistance controller, stability controller, and speed-
following controller, are implemented based on the methods in [24].

4.1. Stability Criterion Method

This study refers to [25] and utilizes the understeer coefficient to determine vehicle
stability. The understeer coefficient Kus is expressed as shown in (49). Here, Cα f and Cαr

are estimated using the method described in Section 3.3.

Kus =
m
(

lrCαr − l f Cα f

)
lCα f Cαr

(49)
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When a vehicle is turning, its steering response characteristics can be classified into
three types: Neutral Steer, Understeer, and Oversteer. The corresponding understeer
coefficient Kus exhibits the following properties for each type:

Kus


> 0, Understeer
= 0, NeutralSteer
< 0, Oversteer
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Figure 14. Block diagram of the overall control system.

For regular drivers, the ideal steering characteristic of a vehicle is neutral steer with
a slight understeer tendency to ensure better handling and control. Referring to [25], this
study uses Kus to evaluate vehicle stability, with the absolute value of Kus_upper set to twice
the absolute value of Kus_low. This threshold can be adjusted based on individual driving
preferences to meet different needs. Based on this, the upper-level controller determines
the stability control weighting coefficient W, which is used to calculate the proportion
of torque generated by the handling assist controller and the stability controller in the
total torque output of the upper-level controller, as shown in (51). For different driving
conditions, a lookup table is established, as shown in Figure 15, to set the critical values
of Kus for stability determination. When W = 0, it indicates that the vehicle is stable, and
additional torque is applied to improve handling. When W = 1, the vehicle is unstable or
experiencing severe understeer (front axle skidding), requiring torque to maintain stability.
The required torque is applied to ensure the vehicle’s stability.

Mz,total = (1 − W)·Mz,hand+W·Mz,stab (51)

Here, Mz,total represents the total torque transmitted from the upper-layer controller
to the lower-layer controller. Mz,hand is the additional torque generated by the handling
assistance controller to improve vehicle handling, while Mz,stab is the additional torque
generated by the stability controller to maintain stable vehicle operation.



Sensors 2025, 25, 474 22 of 30
Sensors 2025, 25, x FOR PEER REVIEW 24 of 32 
 

 

 

Figure 15. Vehicle stability control weight coefficient 𝑊  

4.2. Control Allocation 

In order to effectively distribute the additional yaw moment 𝑀𝑧,𝑡𝑜𝑡𝑎𝑙 generated by 

the upper-level controller and the torque 𝑇𝑣𝑥 required to maintain vehicle speed to the 

four wheels, the relationship is derived as shown in (52). Since (52) corresponds to an 

over-actuated system, optimal torque distribution to the four wheels is achieved using 

control allocation (CA). In this study, Quadratic Programming (QP) is employed, aiming 

to minimize the utilization of road adhesion by the four wheels. The optimal torque values 

allocated to each wheel are obtained by solving this optimization problem. 

{
𝑀𝑧,𝑡𝑜𝑡𝑎𝑙 =

𝑇𝑓𝑙

𝑅
(−

𝑡𝑓

2
𝑐𝑜𝑠𝛿 + 𝑙𝑓sin𝛿) +

𝑇𝑓𝑟

𝑅
(
𝑡𝑓

2
𝑐𝑜𝑠𝛿 + 𝑙𝑓𝑠𝑖𝑛𝛿) −

𝑇𝑟𝑙𝑡𝑟
2R

+
𝑇𝑟𝑟𝑡𝑟
2R

𝑇𝑣𝑥 = 𝑇𝑓𝑙𝑐𝑜𝑠𝛿 + 𝑇𝑓𝑟𝑐𝑜𝑠𝛿 + 𝑇𝑟𝑙 + 𝑇𝑟𝑟                                                          
 (52) 

where 𝑇𝑖𝑗 represents the torque applied to the corresponding wheel of the vehicle, 𝑅 de-

notes the wheel’s radius. 

√(
𝑇𝑥,𝑖𝑗
𝑅
)

2

+ (𝐹𝑦𝑖𝑗)
2
≤ 𝜇𝑖𝑗𝐹𝑧𝑖𝑗 (53) 

The forces acting on the wheels are constrained by the traction limit circle, as ex-

pressed in (53). Here, 𝜇𝑖𝑗 represents the friction coefficient between the wheel and the 

road, while 𝐹𝑦𝑖𝑗 and 𝐹𝑧𝑖𝑗 denote the lateral and vertical forces on the wheel, respectively. 

Since (53) is a nonlinear inequality and challenging to solve directly, this study simplifies 

the traction limit circle into a linear octagon, as shown by the red octagon in Figure 16. In 

the figure, 𝑅𝐹 = 𝜇 ∙ 𝐹𝑧𝑖𝑗, and the red octagon is inscribed within the blue traction limit cir-

cle. This simplification converts the nonlinear inequality in (53) into a linear inequality 

constraint problem, represented in (54). 

Figure 15. Vehicle stability control weight coefficient W.

4.2. Control Allocation

In order to effectively distribute the additional yaw moment Mz,total generated by
the upper-level controller and the torque Tvx required to maintain vehicle speed to the
four wheels, the relationship is derived as shown in (52). Since (52) corresponds to an
over-actuated system, optimal torque distribution to the four wheels is achieved using
control allocation (CA). In this study, Quadratic Programming (QP) is employed, aiming to
minimize the utilization of road adhesion by the four wheels. The optimal torque values
allocated to each wheel are obtained by solving this optimization problem.{

Mz,total =
Tf l
R

(
− t f

2 cosδ + l f sinδ
)
+

Tf r
R

( t f
2 cosδ + l f sinδ

)
− Trl tr

2R + Trrtr
2R

Tvx = Tf lcosδ + Tf rcosδ + Trl + Trr
(52)

where Tij represents the torque applied to the corresponding wheel of the vehicle, R denotes
the wheel’s radius. √(Tx,ij

R

)2

+
(

Fyij
)2 ≤ µijFzij (53)

The forces acting on the wheels are constrained by the traction limit circle, as expressed
in (53). Here, µij represents the friction coefficient between the wheel and the road, while
Fyij and Fzij denote the lateral and vertical forces on the wheel, respectively. Since (53) is
a nonlinear inequality and challenging to solve directly, this study simplifies the traction
limit circle into a linear octagon, as shown by the red octagon in Figure 16. In the figure,
RF = µ·Fzij, and the red octagon is inscribed within the blue traction limit circle. This
simplification converts the nonlinear inequality in (53) into a linear inequality constraint
problem, represented in (54).

−
√

2 × cos
(
22.5

◦)× µ·Fzij − Fyij ≤ F
xij

≤
√

2 × cos
(
22.5

◦)× µ·Fzij − Fyij

−cos
(
22.5

◦)× µ·Fzij ≤ F
xij

≤ cos
(
22.5

◦)× µ·Fzij
(54)

Assuming the adhesion coefficient for all four wheels is µ, the objective function can
be expressed as shown in (55). Due to the coupling effects among the tire’s longitudinal,
lateral, and vertical forces, to reduce computational complexity, this study focuses only on
the optimization of the tire’s longitudinal forces. Consequently, the objective function is
simplified to (56).
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(
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𝒃1
𝒃2
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𝑨1 =
1

𝑅
×

[
 
 
 
 
 
 
 
1 0 0 0
−1 0 0 0
0 1 0 0
0 −1 0 0
1 0 0 0
−1 0 0 0
1 0 0 0
−1 0 0 0]
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J = min∑
1(

µ·Fzij

)2

[(
Fxij
)2

+
(

Fyij
)2
]

(55)

J = min∑
1(

µ·Fzij

)2

[(
Fxij
)2
]

(56)

The quadratic objective function of the optimization problem can be formulated based
on (52), (54), and (56), as expressed in (57):

min
1
2

TT
x HTx, subject to

{
Aeq·Tx = beq

A·Tx ≤ b
(57)

where Aeq is the control matrix that describes the relationship between the command
vector beq and the input vector Tx and Matrix A describes the linear inequality constraint
relationship between the input vector Tx and the command vector b.

Aeq =

[
1
R

(
− t f

2 cosδ + l f sinδ
)

1
R

( t f
2 cosδ + l f sinδ

)
− tr

2R
tr
2R

cosδ cosδ 1 1

]
, beq =

[
Mz,total

Tvx

]

Tx =
[

Tf l Tf r Trl Trr

]T
, A =

[
A1
A2

]
, b =

[
b1
b2

]

A1 =
1
R
×



1 0 0 0
−1 0 0 0
0 1 0 0
0 −1 0 0
1 0 0 0
−1 0 0 0
1 0 0 0
−1 0 0 0


, A2 =

1
R
×



1 0 0 0
−1 0 0 0
0 1 0 0
0 −1 0 0
1 0 0 0
−1 0 0 0
1 0 0 0
−1 0 0 0


, b1 =

1
R
×



cos(22.5)µ·Fz f l

cos(22.5)µ·Fz f l

cos(22.5)µ·Fz f r

cos(22.5)µ·Fz f r

cos(22.5)µ·Fzrl
cos(22.5)µ·Fzrl
cos(22.5)µ·Fzrr
cos(22.5)µ·Fzrr


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b2 =
1
R
×



√
2cos(22.5)µ·Fz f l − Fy f l√
2cos(22.5)µ·Fz f l − Fy f l√
2cos(22.5)µ·Fz f r − Fy f r√
2cos(22.5)µ·Fz f r − Fy f r√
2cos(22.5)µ·Fzrl − Fyrl√
2cos(22.5)µ·Fzrl − Fyrl√
2cos(22.5)µ·Fzrr − Fyrr√
2cos(22.5)µ·Fzrr − Fyrr


, H =

1

(µR)2



1
(Fz f l)

2 0 0 0

0 1
(Fzlr)

2 0 0

0 0 1
(Fzrl)

2 0

0 0 0 1
(Fzrr)

2



5. Results
The designed controller was built in MATLAB and Simulink (version 2023b) and

co-simulated with CarSim to conduct DLC tests.
The DLC test is a closed-loop testing method configured according to the ISO 3888-1

international standard [26], as shown in Figure 17. In the test, the driver model provided
by CarSim was utilized with a preview time of 0.58 s, and simulations were carried out
at a vehicle speed of vx = 100 km/h under low (µ = 0.3) and medium (µ = 0.5) road
adhesion conditions. The lateral forces Fyij and vertical loads Fzij estimated using the
open-loop method were compared with the results obtained from the estimator designed
in this study. The open-loop estimation is denoted as O-Est, the estimator designed in this
study is denoted as Est, and the direct outputs from CarSim are referred to as Carsim. A
comparative analysis of the results was performed.
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0.25; Wv is the vehicle width.

The results of the test under low-adhesion conditions (µ = 0.3) are shown in Figure 18.
From the driving trajectory in Figure 18a and the lateral acceleration in Figure 18b, it
can be observed that under the controller’s operation, all three test scenarios successfully
completed the lane change stably, with lateral accelerations remaining below the maximum
values provided by the road surface, indicating no vehicle instability. However, due to the
high-speed lane change on a low-adhesion surface and the limited lateral force provided
by the road, all three test scenarios showed some deviation from the target path. The
O-Est group exhibited larger deviations from the target path compared to the Est and
Carsim groups and took longer to return to stable driving after completing the lane change.
From Figures 19 and 20, it is evident that the O-Est group introduced significant errors
in estimating Fyij and Fzij, especially during intense vehicle motion. These errors resulted
in inaccuracies when the controller calculated the torque distribution to the four wheels,
causing the total torque generated by the lower-layer wheels to deviate from the required
torque provided by the upper layer. This led to greater deviations in the vehicle’s trajectory.
Table 8 provides an intuitive explanation for why the O-Est group performed worse in
following the target path compared to the other two groups. The larger deviation from
the target path in the O-Est group caused higher maximum values of β and γ compared
to the other groups. This required larger additional torques to maintain vehicle stability
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and handling, resulting in higher torque distribution to the four wheels. Consequently,
the slip ratio of the wheels increased, reducing the vehicle’s lateral stability reserve. To
compensate and guide the vehicle back to the target path, the driver model applied a larger
steering angle input δhand, with a maximum value reaching 215.21 degrees. The total time
for three test groups was obtained using the Profile tool. Among them, the Carsim group
had the shortest runtime of 7.446 s, while the Est group was slightly longer at 7.726 s. All
three test execution times were less than 8 s. During the execution, a total of 96,013 calls
were made, with each call taking less than 8.332 × 10−5 s, which is significantly shorter
than the computation cycle of mainstream controllers (5 × 10−3 s). Therefore, the designed
controller operates stably and reliably, meeting the requirements for real-time control.
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Figure 20. Results of the DLC test with vx = 100 km/h and µ = 0.3. (a) The torque curve; (b) the slip
ratio curve.

Table 8. Comparison of control metrics and input parameters in DLC test (vx = 100 km/h, µ = 0.3).

Case βmax(deg) rmax(deg/s) Tmax(Nm) λmax(−) δhandmax(deg) Total Time (s)

O-Est 2.07 11.64 170.93 3.55% 215.21 7.554
Est 1.98 11.28 149.68 2.92% 190.91 7.726

Carsim 1.96 11.22 145.25 2.72% 183.61 7.446

Under medium-adhesion conditions (µ = 0.5), the test results are shown in Figure 21.
From the trajectory diagram in Figure 21a and the lateral acceleration in Figure 21b, it
can be observed that, under the controller’s operation, all three test scenarios stably and
closely followed the target path during the lane change, with lateral accelerations remaining
below the maximum values provided by the road surface, indicating no vehicle skidding
or instability. At 2 s and 4 s, Figure 21b–d show that the O-Est group exhibits larger
lateral acceleration, yaw rate, and sideslip angle compared to the Est and Carsim groups.
Combining Figures 22 and 23, it is evident that when the vehicle’s lateral acceleration
exceeds 0.3 g, the vehicle enters a state of intense motion. The O-Est group introduces
errors in estimating Fyij and Fzij, leading to inaccuracies when the controller calculates the
torque distribution to the four wheels. This results in a mismatch between the total torque
generated by the lower-layer wheels and the required torque from the upper layer, causing
larger deviations in the vehicle’s trajectory. Table 9 provides an intuitive explanation for
the O-Est group’s deviation from the target path compared to the other two groups. During
intense vehicle motion, the O-Est group shows larger maximum values of β and γ than the
other two groups. This necessitates higher additional torques to maintain vehicle stability
and handling, resulting in higher torque distribution to the four wheels. Consequently,
the slip ratio of the wheels increases, reducing the vehicle’s lateral stability reserve. To
compensate and guide the vehicle back to the target path, the driver model applied a
larger steering angle input δhand, with a maximum value reaching 61.83 degrees. The
total time for three test groups on medium-adhesion road surfaces was obtained using
the Profile tool. Among them, the Carsim group had the shortest runtime of 7.443 s,
while the Est group was slightly longer at 7.726 s. All three test execution times were less
than 8 s. During the execution, a total of 96,013 calls were made, with each call taking
less than 8.332 × 10−5 s, which is significantly shorter than the computation cycle of
mainstream controllers (5 × 10−3 s). Therefore, the designed controller operates stably
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and reliably, meeting the real-time control requirements on both medium- and low-road-
adhesion surfaces.
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acceleration response; (c) yaw rate response; (d) sideslip angle response.
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Table 9. Comparison of control metrics and input parameters in DLC test (vx = 100 km/h, µ = 0.5).

Case βmax(deg) rmax(deg/s) Tmax(Nm) λmax(−) δhandmax(deg) Total Time (s)

O-Est 2.13 17.09 233.34 1.29% 61.83 7.554
Est 2.06 16.14 206.63 1.18% 57.9 7.726

Carsim 2.05 15.81 203.56 1.09% 56.77 7.443
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6. Conclusions
This study obtained the following key findings:
A hierarchical estimator was designed. Based on data collected from commonly used

onboard sensors, a vehicle state estimation equation was established using a 3-DOF four-
wheel vehicle model combined with the Magic Formula Tire model to estimate vehicle
states in real time. Closed-loop DLC simulations were conducted under low-, medium-,
and high-road-adhesion conditions. The results demonstrate that the proposed hierarchical
estimation method is more time-efficient and achieves higher accuracy.

A hierarchical control system for lateral stability was designed. The upper layer
determines stability requirements based on driver inputs and vehicle states, dynamically
switching between handling assistance mode and stability control mode. It generates
the required yaw moment and speed control torque, which are transmitted to the lower
layer. The lower layer linearizes the nonlinear constraints and employs control allocation
methods, utilizing Quadratic Programming (QP) to achieve optimal torque distribution to
the four wheels.

The hierarchical estimator proposed in this paper was executed on a laboratory com-
puter, and its runtime performance on an in-vehicle computer remains to be further verified
through real vehicle testing. Additionally, the road adhesion coefficient is another critical
research area in vehicle stability controller design. The testing scenarios in this study were
conducted under known road adhesion conditions, lacking an estimation of the road adhe-
sion coefficient. Future research on the controller should focus on accurately estimating the
road adhesion coefficient in real time.
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