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Abstract

The minimal parameter set is fundamental to robot dynamic identification, enabling effi-
cient and identifiable modeling for control and simulation. In this paper, the Newton-Euler
method is employed to formulate the robot dynamics. By leveraging screw theory, the
model is expressed in a matrix form that is linear with respect to the robot’s inertial pa-
rameters. The Kronecker product is then applied to transform the matrix equation into an
equivalent vector-matrix representation. Subsequently, full-rank decomposition is used
to reduce the dimensionality of the parameter vector, resulting in the minimal dynamic
parameter set of the robot. Following this, excitation signals are sequentially applied to each
joint, starting from the end-effector and progressing toward the base, enabling a stepwise
identification of the minimal parameter set using the least-squares method. The identified
minimal parameters are then incorporated into the mass matrix of the dynamic model,
enabling the implementation of forward dynamic simulation. Experimental validation is
conducted on a planar 3R robot. The results demonstrate that the sequential excitation
strategy accurately identifies dynamic parameters while ensuring the robot’s safety. Fur-
thermore, the forward dynamic simulation closely replicates the kinematic behavior of the
actual robot.

Keywords: robot dynamic; parameter identification; screw theory; linear matrix equation;
least squares method

1. Introduction

The dynamic model of a robot system plays a crucial role in both simulation and high-
precision control [1]. For serial robotic systems, the identification of dynamic parameters
fundamentally hinges on determining the minimal parameter set, which encapsulates all
identifiable inertial and friction parameters required to predict joint torques [2—4]. The need
for such a minimal set arises from the intrinsic kinematic and dynamic constraints inherent
in the robot’s mechanical structure. These constraints lead to linear dependencies among
the inertial parameters in the dynamic equations of motion, resulting in a rank-deficient
regressor matrix during the formulation of the identification problem. Moreover, the mini-
mal parameter set cannot be directly applied to forward dynamics, which limits its utility
in simulation applications. Recently, reinforcement learning (RL) has shown great potential
in robotic control. However, training agents through direct interaction with real robots is
time-consuming and potentially unsafe [5-7]. By leveraging forward dynamics to simulate
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the real robot, the entire RL training process can be conducted in a simulated environment,
enabling the agent to perform extensive trial-and-error learning. This approach enables the
simulation of robot motion and dynamic response under various complex operating con-
ditions, effectively avoiding risks associated with physical interactions, reducing training
costs and time, and accelerating model iteration and optimization.

Dynamic models of robotic systems can be formulated using either the Lagrangian
or Newton—Euler method, both of which are mathematically equivalent. However, the
recursive structure of the Newton-Euler formulation is more suitable for numerical imple-
mentation. By employing screw theory, the dynamics of each link can be expressed as a
matrix form, thereby transforming the overall dynamic model into a linear matrix equation
with respect to the spatial inertia matrices [8-11]. Fu et al. [10] proposed a method that
employs the Kronecker product to convert such linear matrix equations into equivalent
vector-matrix forms. By extracting linearly independent columns from the coefficient ma-
trix, the dimensionality of the parameter vector is reduced, yielding the minimal dynamic
parameter set. It is worth noting that the Kronecker product and vectorization techniques
are applicable to a wide range of linear matrix equations, including but not limited to
AXB + CXD = E and AXB = C [12-15]. The vector-matrix and matrix formulations are
mathematically equivalent and yield identical solutions.

In the context of forward dynamics, the mass matrix itself can also be expressed as a
linear matrix equation with respect to the spatial inertia matrices. Therefore, the vectoriza-
tion technique is equally applicable for computing the mass matrix. With the identified
minimal parameter set, the mass matrix can be reconstructed and used in conjunction with
the inverse dynamics vector-matrix equation to establish a forward dynamic model. In
this way, both forward and inverse dynamic models can be derived from the minimal
parameter set, thereby extending the applicability of the identified dynamic model beyond
torque prediction.

In robotic dynamic parameter identification, excitation signals must be simple, re-
producible, and continuously differentiable [16]. Consequently, finite Fourier series have
been widely adopted in robotic parameter identification tasks [17-20]. By minimizing the
condition number of the regressor matrix while incorporating constraints on joint posi-
tions and velocities, the sensitivity of parameter estimation to measurement noise can be
reduced. Tika et al. [19] employed a memetic algorithm to optimize the excitation trajectory,
achieving a low condition number and small standard deviations in parameter estimates.
Qin et al. [21] used a genetic algorithm to optimize the condition number excitation de-
riving Fourier series-based excitation trajectories for parameter identification. Nonlinear
optimization methods can also be utilized to improve the condition number and generate
optimal excitation trajectories. However, the choice of constraints significantly affects the
optimization outcome, and these constraints vary across different experimental setups.

In summary, methods that aim to minimize the condition number of the regressor
matrix to generate optimal excitation trajectories require numerical optimization, which
can be computationally expensive and exhibit variable convergence behavior across tri-
als. Furthermore, the condition number is highly sensitive to joint positions, velocities,
and accelerations, and trajectories that minimize it may involve aggressive motions that
compromise operational safety. To ensure safety and practical implementation, sinusoidal
functions are adopted as excitation trajectories, with only one joint actuated at a time,
enabling a single-input multiple-output (SIMO) identification scheme. By sequentially
exciting joints from the end-effector toward the base, the complete minimal parameter set
is identified in a structured and reliable manner.

The remainder of this paper is organized as follows. Section 2 introduces the founda-
tional materials and methods, including the homogeneous transformation of twists and
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wrenches based on screw theory, and presents the robot dynamic modeling framework
using the Newton-Euler method. Section 3 focuses on the derivation of the minimal
dynamic parameter set: it first reformulates the recursive dynamics into a block matrix
representation, then applies Kronecker product-based linearization to transform the matrix
equation into a vector form, and finally extracts the minimal parameter set via full-rank
decomposition. The section concludes with the application of the identified parameters
in forward dynamics modeling. Section 4 details the sequential excitation strategy, de-
signed to ensure operational safety and persistent excitation by actuating one joint at a
time. Experimental validation and parameter identification results on a planar 3R robot are
presented in Section 5, demonstrating the accuracy and effectiveness of the proposed ap-
proach. Finally, Section 6 provides concluding remarks and discusses potential extensions
to higher-degree-of-freedom robotic systems.

2. Modeling and Methodology
2.1. Homogeneous Transformation of Twists and Wrenches

A velocity twist is a six-dimensional vector composed of angular velocity w and linear

T T

T
velocity v, defined as V = |w' v } . As illustrated in Figure 1, the transformation of the

velocity twist from link frame i to frame i — 1 is given by:
Vi = Adr, Vi, 1)

where V; and V;_; denote the velocity twists expressed in link frames i and i — 1, respec-
tively; Ady,_,. € R®* is the adjoint transformation matrix associated with the homoge-
neous transformation matrix T;_; ;, which represents the transformation from frame i to
frame i — 1.

Figure 1. Homogeneous transformation of velocity twists and wrenches.

For an arbitrary homogeneous transformation matrix T, the adjoint transformation
matrix is defined as:
R 0

Ady =
"7 |1R R

, 2

where R is the rotational part of T, and [t| denotes the skew-symmetric matrix correspond-
ing to the translation vector .
When a link is subjected to a force f and a torque #, the wrench is defined for power

T
computation purposes as F = {nT fT} . The transformation of the wrench from frame i
to frame i — 1 is expressed as:

T
F = <AdT1 ) F, 3)
1,i
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where F; and F,_; are the wrenches expressed in link frames i and i — 1, respectively;

T
(AdTl > denotes the transpose of the adjoint transformation matrix corresponding to

the inverse transformation T;_ ;.

The above-defined twists and wrenches are vector representations of elements in
the Lie algebra se¢(3). Twists can also undergo the Lie bracket operation, which can be
interpreted as a generalized cross product in the six-dimensional space:

[wo] 0

[vo]  [wol “ @

Vz = advo Vl =

where Vj, V1, and V; are all velocity twists; ady, € R6%6 is the matrix representation of the
Lie bracket operator; [wy] and [vg] denote the skew-symmetric matrices corresponding to
the angular velocity wy and linear velocity v, respectively.

2.2. Dynamic Modeling of Robots Using the Newton—Euler Method

The Newton-Euler method involves two recursive steps: first, propagating the veloci-
ties and accelerations from the robot base to the end-effector; second, computing the forces
and torques in reverse from the end-effector back to the base. In both steps, link-fixed
coordinate frames must be defined to ensure consistent interpretation of physical quantities.

Most studies [10,11,22,23] begin by explicitly defining the homogeneous transforma-
tion between adjacent link frames. However, when using the product-of-exponentials (PoE)
formula to formulate the kinematic model, such transformations are not required. Instead,
we adopt the same coordinate frame convention used in the PoE-based kinematic modeling,
where each link frame is naturally determined by the joint screw axes and the origin vectors
defined in the fixed base frame. This approach ensures consistency with the geometric
structure of the PoE formulation and avoids the need for additional frame assignments.

As shown in Figure 2, the z-axis of the link-fixed frame, expressed in the fixed
frame, is denoted by vector s. To align this axis with the fixed frame’s z-axis, denoted by

5z
Is![z]

T
z = |0 0 1| ,arotation about the screw axis | = s x z by an angle 6 = arccos(
required. Using Rodrigues’ formula, the rotation matrix that maps the link-fixed frame to

) is
the fixed frame is given by:

R=1+1[l]sin6+ [I][I](1 - cosb), 5)

Sp+1

Figure 2. Definition of link frames and fixed frame.
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The translational component of the homogeneous transformation is simply the origin
vector p. The corresponding homogeneous transformation matrices mapping each link-
fixed frame to the fixed frame are denoted as My ;. The homogeneous transformation matrix
between adjacent link-fixed frames is then given by:

M 1= (Mg;1)" M, (6)

The homogeneous transformation matrix between adjacent link-fixed frames after
robot motion becomes:
Ti1; = M;_q el 7)

where T;_ ; denotes the homogeneous transformation matrix between adjacent link-fixed
frames at an arbitrary time instant; el%/% represents the matrix exponential of the Lie algebra
element [¢;]0;, where 6 is the joint rotation angle, and [¢;] is the matrix representation of
2] zo

0 0 € R**4, In the i-th link-fixed frame, the z-axis is axis

the screw coordinate [&;] = [

T
of rotation, & = |27 zI| =10,0,1,0,0,0]".
With the link-fixed coordinate frames defined, the velocity and acceleration screws of
each link can be computed recursively.

Vi=Ad; 1 Viig + 60,6
1

. L ., ®)
Vi= AdT,-__ll,;V"’l —ad, . Vi +0;C;

where V;_; and V; denote the spatial velocity twists of link i — 1 and link i, respectively,
expressed in their respective link-fixed coordinate frames. The term 0;%i represents the
velocity twist generated by the joint i.

The force analysis of each link starts from the end-effector and proceeds backward to
the base. The force of link and joint torque are:

{ Fi = GiVi — ad}l;,Gz‘/z + Ad;l:il Fi+l (9)

i,i+1
_ T
T = Fi gi

where G; € R*® is the spatial inertia matrix of link i expressed in its own coordinate frame:

Gi=

I[i m; [rci]] , (10)

—mi[re] mil3x3

Here, I; € R3*3 is the inertia tensor of link i, m; is its mass, rei € R3 is the vector from
the origin to the center of mass in the link-fixed frame, and I3.3 is the 3 x 3 identity matrix.
Since we have defined the link-fixed coordinate frames in advance, the spatial inertia
matrix of each link remains constant in its own frame. For link i, there are 10 indepen-
dent inertial parameters in its own coordinate frame: six related to the inertia tensor—
Loxir Lyyis Lozis Liyis Lyzis Lizi, three related to the center of mass—m;rcy;, mircyi, mirc,i, and
one for the total mass ;. These are collected into a parameter vector A; € R1?*!. Using the
vectorization operator, the columns of the spatial inertia matrix G; are stacked into a single
vector, denoted as vec(G;) € R3*1. There exists a matrix K € R¥**19 composed solely of
0s,1s,and —1 s such that:
vec(G;) = KA;. (11)
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3. Minimal Parameter Set Extraction and Forward Dynamics
3.1. Block Matrix Representation of Recursive Dynamics

For the entire robotic system, the recursive formulations reflect the dynamic coupling
between adjacent links. This recursive relationship can be expressed in a block matrix form,
which facilitates both computational implementation and further analytical treatment; see
details in [8,10].

V=T(A6+W, VO)

. . . , (12)
V =T (—[ad, ]V +Ad + wovo)
where Vy = [0, 0,0, 0, 0, O]T is the twist of the robot base. V, € R6%! denotes the
acceleration screw of the robot base. Since the base frame is fixed in the inertial frame and
gravity acts along the negative z-axis, we have Vo =10,0,0,0,0, —9.8}T. Detailed symbol
representations can be found in Appendix A.

The matrix equation for the overall wrench vector F and joint torques becomes:

, (13)

F=1" (— lady]TGV + GV + Wn+1Fn+1)
T=ATF

wheret = [17, &, ..., Tn]T e R<1,
Substituting Equations (12) and (13) into each other yields the final expression for the
joint torque vector:

7 =A"TTGrA0 — A'T"[ady]"GI A — ATFTGF[adéé]FAé +ATTTGIW, Vo + ATT™W, 1 F, 1. (14)

3.2. Equivalent Transformation of Linear Matrix Equations and Calculation of the Minimal Inertial
Parameter Set

When the robot is not subjected to any external wrench F, 1, Equation (14) can be
simplified and combined into:

v~ (A"T")G(rAé -1 {adéé} TA® +TWoVo) + (-A"T"[ady]")G(TAS),  (15)

Let us define the following matrices:

A= ATTT c Rnxénl
B = TAO — I‘[adé }FAé £ TW,V, € Ro"<1,

(16)
C= —ATFT[adV}% € Rmxon,
D =TA6 € RO,
The joint torque vector of the entire robotic system is then expressed as:
T = AGB + CGD. (17)

In numerical analysis, linear matrix equations of the form AXB + CXD = E can be
equivalently transformed into a vector-matrix equation using the Kronecker product and
the vectorization operator [10,12,13,24]:

(IB%T®A+]DJT ®<c)vec(c;) =T (18)

However, in practice, joint friction significantly affects the accuracy of dynamic model-
ing. Although various friction models have been proposed for robotic systems, the most
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commonly used are the viscous and Coulomb friction components [22,25]. Therefore, the
dynamic model is modified to include these effects:

(IB%T®A+]D>T®C)Vec(G) +£,0 +fsgn(0) = T, (19)

where f, and f. denote the diagonal matrices of viscous and Coulomb friction coeffi-
cients, respectively.

Since G is a block-diagonal matrix, we can simplify the above formulation by following
the method outlined in [10]. Partitioning the coefficient matrices accordingly, let A;; € R1x6,
B; € RO*1 Cij e R1x6, D; € R®*1 and define:

Yij = B]T ® Al] + ]D);F & Cl] € R1x36, (20)

Combining this with Equation (19), we obtain:

YA+ YoA = YA =T, 1)
where:
[y v yin| |K O 0
21 Y22 2 0 K 0
o Y= sy y‘” ) | € R0 K from Equation (11)
LYn1  Yn2 Yan| |0 O K
[0, sgn(f1) O 0 0 0
0 0 0, sen(f ... 0 0
[ ) Y2 = . . ‘2 g ( 2) ) . ) c RHXZH/
L0 0 0 0 0, sgn(6,)

e Y=MY,,
o A =[ATAT ... Al)T e RIOnx
o N=|[fufafofe. . fo fm]T c R x1

The coefficient matrix Y depends on the robot’s joint positions, velocities, and accel-
erations. For different robot configurations, both Y and 7 vary. A necessary condition for
the vector-matrix equation to admit a unique solution is that Y must be of full column
rank. Therefore, at least 12 sets of sampling data are required to potentially achieve full
column rank.

It is worth noting that the friction-related submatrix Y, is always of full column rank,
while Y1 may contain linearly dependent or zero columns. To address this, a full-rank
decomposition is applied to Y;.

By collecting m sets of sampling data, the matrix Y; is expanded into:

T
Hy= YT 2] . Y]] e rmon, (22)

The full-rank decomposition is performed as follows:

1.  Apply Gaussian elimination to transform H; into reduced row echelon form. The col-
umn indices corresponding to the pivot elements represent the linearly independent
columns of Hj.
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2. The non-zero rows of the resulting matrix form the right factor of the decomposi-
tion, while the corresponding independent column vectors from the original matrix
constitute the left factor.

This yields:
H; = HoK, (23)

where Hy € R"™*7 is of full column rank, and K € R"*19" is of full row rank.
Using this decomposition, Equation (21) can be rewritten as:

A
[HO Hz] l 0] —HAp =1, (24)
A2
where:
T
o H=[Y] ] .. I emme,
T
o T— |l{T 2;T mTT} c Rmnx1

e A, € R(+21)x1 jg the minimal parameter set,
e Ap = KA; € R™! is the reduced-order parameter vector.

All the above transformations are linear. For any sampled Hj, the full-rank decompo-
sition yields the same full-row-rank matrix K. Hence, the identified minimal parameter set
Am is uniquely determined. To determine whether Equation (24) admits a unique solution,
we compute the rank of the augmented matrix [H 7]. If the rank is equal to  + 211, a unique
solution exists. However, if the rank equals r +- 21 + 1, it indicates significant measurement
noise or error in the sampled joint torques, making parameter estimation unreliable.

3.3. Forward Dynamics

The identified dynamic parameters are only meaningful when they can be consis-
tently applied in both forward and inverse dynamics. While the recursive Newton—Euler
formulation inherently provides an inverse dynamic model, forward dynamics require
the computation of the mass matrix M(#). From Equation (14), the mass matrix can be
expressed as:

(25)

{ M(6) = ATTTGTA
vec(M) = (A® A)vec(G) ’

where the linearization technique for matrix equations of the form AXB = C is applied.
To incorporate the minimal inertial parameter set obtained earlier, this expression can
be further simplified as:
VeC(M) = ZK?\l = Zo)\o, (26)

where:

e vec(M) € R™*1 is the vectorized form of the inertia matrix M(6);

e Kis ablock-diagonal extension of the matrix K defined in Equation (11);

e  Zg consists of selected columns from ZK corresponding to the same column indices
used in the extraction of Hj.

Partitioning the matrix A into blocks such that each sub-block Aij € R1%6 we define
the elements of Z as:

ZW:AU(@AZ]-QRM%, m=ni+z—n, (27)

where i, j,z € {1,...,n}.
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Given the reduced-order parameter vector A, the vector vec(M) can be computed
using Equation (26), from which the full inertia matrix M(6) is reconstructed.
With the inertia matrix available, the forward dynamic equation is given by:

6= M1(6) (T —Y,(8,6,0)A° — Y2(6)7\2), (28)

where:

e Yo(6,6,0) denotes the regressor matrix Y, evaluated with zero joint accelerations, but
known joint positions and velocities;

e Y,(0) is the friction-related regressor matrix;

e A and A; are the reduced-order inertial and frictional parameter vectors, respectively.

This formulation enables real-time simulation and control of the robot system based
on the identified minimal parameter set.

4. Excitation Strategy

The vector-matrix equation given in Equation (24) can be solved using the least
squares method, where the estimation error mainly arises from two sources: the excitation
trajectory and the measurement noise in the joint torques. The excitation trajectory directly
affects the coefficient matrix H, and its condition number determines the sensitivity of the
solution to measurement errors [26]. In general, a larger condition number results in a
greater estimation error. This relationship can be bounded as:

AT
7
[idl

AN < cond(H) -

29
o]l = 29)

where:

e cond(H) denotes the condition number of the coefficient matrix H;
e A\ is the parameter estimation error vector;
e  Aris the joint torque measurement error vector.

Minimizing the condition number of H can therefore serve as an objective function for
optimizing the excitation trajectory. Although finite Fourier series can provide flexibility in
trajectory design, solving for the optimal trajectory is computationally intensive and may
only yield a local optimum.

An alternative approach is to perform single-joint excitation, which results in a sparse
structure in the coefficient matrix H. This structure allows further reduction of the parame-
ter vector through full-rank decomposition and facilitates minimization of the condition
number. Using sinusoidal functions for single-joint excitation ensures smooth start-up
and non-impulsive motion. Moreover, increasing the frequency of the sine wave generally
reduces the condition number.

The excitation trajectory for each joint is defined as:

0; = a;sin(w; - t), (30)

where, 6; is the angular position of joint i; g; is the amplitude of the sine wave; w; is the
angular frequency.

In this work, the following criteria are applied when designing the excitation strategy
for dynamic parameter identification:

1.  Sequential Joint Excitation: Start from the distal joints and excite one joint at a time
while keeping all other joints fixed at safe positions.
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2. Amplitude determination: The amplitude a; determines the range of motion for each
joint and is selected based on the physical constraints of the corresponding joint.

3. Frequency tuning: To ensure robot safety, the frequency w; is gradually increased
until the maximum joint velocity remains within the allowable limits. A relatively
high frequency is preferred to reduce the condition number.

During single-joint excitation, although only one joint is actively driven, the passive
joints still experience torque variations due to dynamic coupling effects. Therefore, joint
torques across all joints must be sampled simultaneously.

Joint position data are typically obtained from motor encoders. Joint velocities and
accelerations are estimated through first- and second-order numerical differentiation of the
encoder signals. In parameter identification, the actual sampled signals—rather than the
planned trajectory values—are used to construct the regressor matrix H. This is because
most robotic controllers employ PID (Proportional-Integral-Derivative) control, leading
to phase lag and tracking errors between the reference and actual joint positions. Using
measured joint states together with sampled torque data helps maintain consistency in
the identification process. However, such sampling-induced errors inevitably increase the
discrepancy between the identified parameters and their true values.

5. Parameter Identification and Experimental Validation

The experiments were conducted using a custom-designed horizontal lower-limb
rehabilitation robot developed in our laboratory. The first three joints of the robot form a
planar 3R mechanism, while the fourth joint operates in a plane perpendicular to that of the
first three joints. Furthermore, the end-effector has relatively low mass, and the fourth joint
exhibits negligible dynamic coupling with the first three joints. Therefore, for the purpose
of dynamic modeling and parameter identification, the system can be effectively treated as
a planar 3R manipulator.

As shown in Figure 3, the robotic system consists of an industrial personal computer,
a controller, servo drivers, servo motors, and the robot body. After designing the excitation
trajectories, motion programs are implemented, and feedback data are processed via
the upper-level computer. The real-time controller (LinksTech-II) executes the control
algorithms and records essential data during operation.

i
ij ”Servo Drive
i
Controller
=

IPC

A / Robot

Figure 3. Horizontal lower limb rehabilitation robot system.

Each axis motor is driven by a Yaskawa single-axis servo driver, which follows pulse
commands from the controller. The servo drivers also monitor the motor currents and
output estimated motor torque as analog voltage signals via the CN5 interface. The
multifunction I/O board PCI6259 in the controller acquires the joint torque data from these
analog signals.
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The motor encoder provides real-time angular position feedback. In the controller, the
actual joint angles are computed based on the known gear transmission ratios. Similarly,
the motor torques are converted into joint torques using the same transmission ratios. After
completing the robot motion, the recorded joint angle and torque data are exported from
the controller for dynamic parameter identification.

5.1. Minimal Parameter Set Identification and Excitation Trajectory Analysis

Establish the link coordinate frames at the joints of the robot used in the experiment,
as shown in Figure 4. The origin of the base frame (Frame 0) coincides with that of Link 1,
and its z-axis is oriented vertically upward. The x-axis of the base frame points in the
direction opposite to the z-axis of Frame 1.

Figure 4. Link frame of robot.

Based on this configuration, the joint axis direction vectors s; and the position vectors
of the frame origins p;, both expressed in the base frame, are obtained as listed in Table 1.

Table 1. Axis Direction Vectors and Frame Origin Vectors.

Frame Index Axis Direction Vector s;/m Frame Origin Vector p,/m
1 ss=[1 0 0" p=1[0 0 0]
2 s,=[1 0 0]" p2=1[012 0 036]"

3 s3=1[1 0 0" py=[02425 0 o0]"

Using the formulation derived in Sections 2 and 3, a symbolic computation program
was implemented in MATLAB (2023a) to automatically calculate the coefficient matrix Y in
Equation (24). A set of randomly generated joint positions 6, velocities 6, and accelerations
0 were used as input data to construct the extended regressor matrix Hj from the original
symbolic matrix Yj.

The MATLAB function ‘rref’ was employed to compute the reduced row echelon form
of Hj. This operation yielded a full-row-rank matrix K, where the rank was equal to the
number of non-zero rows. The column indices corresponding to the pivot columns of the
reduced matrix indicate the linearly independent columns of H.

For the robot under study, 12 sets of random input data were used. Through repeated
computations, it was observed that regardless of the input data variation, the resulting
reduced row echelon forms and the linearly independent column indices remained consis-
tent. This consistency confirms the structural uniqueness of the minimal parameter set for
this robotic system.
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The matrix formed by selecting these linearly independent columns, denoted Z,
was then used to extract the mass matrix M(6), which plays a central role in forward
dynamics modeling.

The amplitude of the excitation trajectory for each joint was determined based on its
allowable motion range, as summarized in Table 2. The frequency values were gradually
increased during experiments to ensure safety while minimizing the condition number of
the regressor matrix H. As expected, increasing the excitation frequency generally led to a
reduction in the condition number.

Table 2. Amplitude a; and Frequency w; of Excitation Trajectories.

Joint Index Amplitude a;/rad Frequency w;/rad/s
1 57/9 15
2 27/3 15
3 /2 14

The excitation was applied sequentially starting from the third joint. The resulting
condition numbers of H were 47.73, 52.95, and 54.34 for joints 3, 2, and 1, respectively.

Prior to parameter identification, the linearly independent column indices were used
to extract the corresponding columns from the symbolic matrix Y, forming a full-column-
rank symbolic matrix Yy. This matrix, together with the friction-related regressor matrix Y5,
was saved for use in subsequent identification tasks.

The inertial parameters Ag and the joint friction parameters A, were combined into a
single minimal parameter vector A;;, which fully characterizes the dynamic behavior of the
robot. The identified minimal parameter set is presented in Table 3.

Table 3. Identified Minimal Parameter Set A;,.

Symbol Value (SI Units) Symbol Value (SI Units)
L1 4+ 0.1296m; + 0.1296m3 5.888 matcy3 0.0016
m1tex1 + 0.36my + 0.36m3 5.199 fu1 —157.56
Mt eyl 0.0469 fe1 —40.402
mir ey 3.588 fo2 —46.302
Myt exy — 0.36m3 —1.284 fe2 —12.837
Mot ey 0.0381 fo3 —9.562
L3 0.111 fe3 —2.922
M3¥cx3 —0.287

The controller operated at a sampling frequency of 1000 Hz. During each excitation
trajectory, partial torque values for each joint were recorded, as shown in Figures 5-7.
Since the excitation trajectories were periodic, only one cycle of data was used for analysis.
Although the encoder readings for joint angles were relatively noise-free, the angular
velocities and accelerations—obtained via numerical differentiation—introduced significant
noise. To mitigate this, the Zero Phase Filtering method was applied to the velocity and
acceleration signals, preserving signal integrity without introducing phase lag.

Filtered joint angle, velocity, and acceleration data were substituted into the precom-
puted symbolic matrices Yy and Y;. Using the least-squares method on the regression
equation (Equation (24)), the unknown parameter vector A;; was estimated. Given that
only one joint was actively excited at a time, the identification results primarily reflected the
inertial parameters of the moving joint. Therefore, only the relevant subset of parameters
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was selected for updating in each trial. The complete minimal parameter set obtained
through this process is summarized in Table 3.

150

-=Joint 1 filter value —+Joint 2 filter value %Joil‘;nt 3 filter value

100

-50
-100
- 150 ‘ = ‘ ‘ ‘
0 0.5 1.0 1.5 2.0 2.5 3.0
Time(s)

Figure 5. All joint torque values and filtering values when exciting joint 3.

150 — Joint 1 measured value —Joint 2 measured value -—Joint 3 measured value |
-=-Joint 1 filter value -+Joint 2 filter value --Joint 3 filter value
100 - :l{\/ _

50 , |

Torque (N -m)
o

- 150 ‘ ‘
0

0.5 1.0 25 3.0

Figure 6. All joint torque values and filtering values when exciting joint 2.

300 -~-Joint 1 measured value - Joint 2 measured value ---Joint 3 measured value

-=Joint 1 filter value —~+Joint 2 filter value %Join,té 3ifilter value

Al
i

200 -

[N

o

o
I

Torque (N -m)
o

-100
- 200
i
_ 300 | | | |
0 0.5 1.0 1.5 2.0 2.5 3.0
Time(s)

Figure 7. All joint torque values and filtering values when exciting joint 1.
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5.2. Experimental Validation and Analysis

To validate the accuracy of the identified parameters, Fourier series were utilized to
generate smooth, periodic joint trajectories. These trajectories were executed on the physical
robot while recording motor current-based torque estimates and simultaneously fed into
the inverse dynamics model using the identified minimal parameter set A;;, to compute the
expected joint torques. Figures 8-10 illustrate the comparison between the measured torque
values and the estimated torque values derived from the inverse dynamics calculations
using the identified parameters.

Joint 1
300 ‘ !—Es‘timated value

=—-Measured value

200 |’

100 |

Torque (N -m)
o

-100
-200
— 300 | | | |
0 0.5 1.0 1.5 2.0 2.5
Time(s)

Figure 8. Measurement and estimation of joint 1 torque.

Joint 2
300 ‘
—Estimated value
----- Measured value
200
E
z 100
[0)
=)
o 0
K
-100
-200 : : :
0 0.5 1.0 1.5 2.0 2.5 3.0
Time(s)

Figure 9. Measurement and estimation of joint 2 torque.

Key observations:

e  Consistency in trend: The estimated torque values closely follow the trend of the
measured torque values, indicating that the identified parameters accurately capture
the dynamic characteristics of the robot.

e  Reflection of torque variations: The estimated torques not only match the overall trend
but also reflect detailed variations observed in the experimental data, demonstrating
the effectiveness of the parameter identification process.
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—Estimated value
44 ——Measured value

-60" I I I
0 0.5 1.0 1.5 2.0 2.5 3.0

Time(s)

Figure 10. Measurement and estimation of joint 3 torque.

Figure 11 illustrates the error distribution between the estimated and filtered measured
joint torques. The root mean square errors (RMSEs) for joints 1, 2, and 3 are 23.76 N-m,
17.09 N-m, and 3.55 N-m, respectively. For joint 1, 50% of the errors fall within —18.73 N-m
to 11.17 N-m, with maximum and minimum errors of 50.3 N-m and —86.59 N-m, respec-
tively, and there are 42 outliers. For Joint 2, 50% of the errors fall within —17.72 N-m to
4.83 N-m, with maximum and minimum errors of 36.37 N-m and —45.2 N-m, respectively.
For Joint 3, 50% of the errors fall within —1.18 N-m to 3.88 N-m, with maximum and
minimum errors of 7.6 N-m and —7.86 N-m, respectively.

—f— ‘ . Root-mean-square
40 : —_ error(N-m)
20 R .
0 ——

_

Joint torque error(N-m)
A
o O

! |
@ O
o O

3

Joint 1 Joint 2 Joint 3

Figure 11. Statistical analysis of the error between the filtered and estimated values of joint torque.

The primary sources of error include:

e Inaccuracies in model identification: Factors such as installation errors and poor
lubrication of gearboxes contribute to large friction parameter values.

e  Measurement accuracy: Joint torque measurements, derived from motor current
measurements by the actuator, introduce measurement noise and motor friction torque,
leading to significant errors at the joint level.

The minimal parameter set was further applied to forward dynamics, and joint ac-
celerations were computed using Equation (28), as shown in Figures 12-14. While there
were discrepancies between the estimated and measured joint accelerations, their temporal
trends are in good agreement. The estimation errors in the minimal parameter set clearly
influenced the forward dynamics estimates, the consistency in trends suggests that the
minimal parameter set can be effectively used for forward dynamics predictions.
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Joint 1
—Measured value —Estimated,value

Acceleration(rad/s)

—_ 2 1 1 L L | 1 1
0 1.0 2.0 3.0 4.0 5.0 0 1.0 2.0 3.0 4.0
Time(s)
Figure 12. Estimated and measured angular acceleration of joint 1.

Joint 2

T T T T
—Measured value -—Estimated value

i
i
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0 1.0 2.0 3.0 4.0 5.0 0 1.0 2.0 3.0 4.0
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Figure 13. Estimated and measured angular acceleration of joint 2.

Joint 3
' —Measured value —Estimated value

&
i

(rad/s)

Acceleration

_4 (. 1 L L L L | L 1 1 -
0 1.0 2.0 3.0 4.0 5.0 0 1.0 2.0 3.0 4.0

Time(s)
Figure 14. Estimated and measured angular acceleration of joint 3.

6. Conclusions

Screw theory provides a holistic framework for describing the velocity and force
transformations between robotic links, enabling a compact and coordinate-invariant formu-
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lation of the Newton—Euler dynamic equations [8]. Moreover, by employing the Kronecker
product to transform the linear matrix equation into an equivalent vector-matrix form, the
complexity of solving the dynamic model is significantly reduced. This transformation
facilitates the identification of inertial parameters in robot dynamics and makes the overall
process more computationally efficient [10]. However, only the minimal parameter set,
which consists of a unique and identifiable subset of all inertial and friction parameters,
can be practically estimated from experimental data. Utilizing this minimal set ensures that
the resulting identification is both meaningful and robust for real-world applications.
Main contributions:

1. Efficient extraction of the unique minimal parameter set via full-rank decomposition.
Once the link coordinate frames are defined, the linearized dynamic model yields
a regressor matrix Y. Despite being time-varying, this matrix exhibits an invariant
set of pivot columns across all motion states. By performing full-rank decomposition
on an extended version of the regressor matrix (denoted H), we consistently obtain
the same full row-rank matrix and the same set of linearly independent column
indices, regardless of the input trajectory. This property guarantees the uniqueness
and repeatability of the minimal parameter set extraction process.

2. Minimal parameter set application to forward dynamics modeling. The identified
minimal parameter set is not only suitable for inverse dynamics estimation but also
enables forward dynamics modeling. Specifically, the mass matrix—central to forward
dynamics—can be reconstructed using the Kronecker product-based vectorization
technique combined with the minimal parameter set. This allows us to derive the
forward dynamics model directly from the identified inverse dynamics model, pro-
viding a solid foundation for simulation, control design, and real-time prediction of
robotic motion behavior.

3. Sequential joint excitation strategy for safe and accurate identification. In our iden-
tification procedure, only one joint is actuated at a time, resulting in a single-input
multiple-output (SIMO) identification scheme. This sequential excitation strategy
ensures operational safety while allowing for targeted identification of joint-specific
inertial parameters. Additionally, by tuning the excitation frequency, the condition
number of the regressor matrix can be effectively reduced, thereby improving the
numerical stability and accuracy of the least-squares estimation.

The proposed method was validated on a planar 3R serial robot. Experimental results
confirm that the sequential joint excitation strategy enables safe and accurate identification
of the minimal parameter set, and the reconstructed forward dynamics model closely
replicates the actual robot’s dynamic response. Although the current study focuses on a low-
degree-of-freedom robot system, the methodology naturally extends to 6-DOF industrial
manipulators. The core principles—coordinate frame assignment, symbolic regressor
construction, full-rank decomposition, and sequential excitation—remain valid regardless
of the robot’s complexity.
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Appendix A
The recursive velocity equations are given as follows:
7AdT—1 W+ WV = 9151
0,1 i
—AdT—1V1 + Vo =608,
12 ‘ , (Al)
_AdTnifll n anl + Vn - éngn
This linear equations can be reformulated into a block matrix form:
—Ad. 1 Ige S EAA 0 & ... 0]]6, 0
he =1 T T ] e (a2)
0 ‘e _Adel I6><6 Vn 0 0 e gl’l 971 O
n—1n
Define the following composite variables:
T 6nx1
V:[VlT, VZT,...,VnT} e RO, (A3)
. . . 1T 1
6= b1, b5, ..., 6, €R™, (A4)
AdTO_,ll
0
W, = . c R6n><6, (A5)
0
-1
Isxs 0 . 0 Isxs 0 o 0
R I A | e | e romeen, (A6)
: e By 0 : 0
0 . _AdT;_lM Isxe Ade,nl e AdT;_an Isx6
¢t 0 ... 0
0 & ... 0
A=|. T | eRrRMm (A7)
0 0 ... &

Using these definitions, the overall twist vector V of the robot satisfies the following

matrix equation:
V= r(Aé 4 wovo).

(A8)

Similarly, based on the recursive formula for acceleration screws, the following block

matrix equation can be derived:
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Isxe 0 o 0 Vl adé1 & 0 . 0 v & 0 ... 0 é] AdTO*ll
—Ad 1 I6 6 Vz 0 d. V2 0 62 0 éz 0 .
T} lex _ ad, .. el T LT+ Ve (A9)
0 : .. .. 0 . . . . . .
0 e 7AdT71 Tsxe Vi 0 . 0 ad. Va 0 0 ce Cn On 0
n—1n 0nGn

Define the following composite variables:

. T .T .TT
V=V, vy, ..., V| €R™Y, (A10)
. . . . 1T nx1
6=y, by, ..., b €R™, (A11)
adélél 0
0 ad. :
[adgg] - 028 € ROmx6n, (A12)
: g ' 0
0 0 adénén

Then, the overall acceleration screw vector V satisfies the following matrix equation:

V= F(—[adég]V+A9+W0Vo>. (A13)
From the recursive wrench propagation formula, we obtain:

loxe  —Adl .0

T, adj, 0 0 .
h G 0 0 Vi [ .0 vy
0 Iex6 o _Fz _|o ad@z ' : 0 G2 0 V2 ) 0 Gy 0 vy
AL A T | I T - | IR I AT S | I
0 . 0 16X6T”71'” 0 w0 adpy (A14)
0
0
+ X FvH»l'
Mrn
Let: .
F=|F[, B, ..., Ff| eR", (A15)
0
0
Wi = : e RO"*6, (A16)
Ad..-
Tn,;Lrl
acl‘T/1 0 0
T 0 ady, e
[adv]” = ’ € RO, (A17)
. t. S 0
0 0 adTn
G 0 0
0 G ... 0
G=1. | eROmen, (A18)
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The matrix equation for the overall wrench vector F becomes:

F=1T (— lady]"GV + GV + WnHFnH). (A19)
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