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Abstract

The efficient utilization of structural information in High-Range Resolution Profiles (HRRPs)
is of great significance for improving recognition performance. This paper proposes a size
estimation method based on L1-norm variable fractional-order gradient descent, which
achieves size inversion in complex electromagnetic environments by establishing an HRRP
projection model of ballistic targets. Specifically: First, through rigorous geometrical optics
analysis, an analytical relationship model between the target’s projected size and actual size
is established. Second, an error function under the L1-norm is constructed, and an adaptive
order-adjusting fractional-order gradient descent method is employed for optimization,
effectively overcoming the sensitivity to outliers inherent in traditional L2-norm methods.
Finally, by introducing a dynamic order-switching mechanism, computational efficiency
is improved while ensuring convergence accuracy. Experimental results show that at a
measurement error of 0.4 m, the proposed method maintains excellent estimation perfor-
mance with sensitivity to outliers reduced, and the actual size inversion error remains
stable below 3.7%.

Keywords: High-Range Resolution Profiles (HRRPs); fractional-order gradient descent;
L1 norm; size estimation

1. Introduction

In complex electromagnetic environments, target recognition [1,2] and parameter
estimation [3] remain pivotal challenges in radar signal processing. High-Range Reso-
lution Profiles (HRRPs) [4,5], which effectively characterize the scattering properties of
targets, are particularly valuable for non-cooperative target identification due to their
unique advantages—enabling the acquisition of fine structural features without motion
compensation [6,7]. Nevertheless, existing approaches for estimating target parameters
using one-dimensional range profiles still suffer from significant limitations.

Traditional approaches to axial dimension estimation—that is, determining the length
of a target along its principal axis—can be categorized into three main types: (1) Maxi-
mum Likelihood Estimation (MLE)-based optimization methods, such as the precession
model parameter estimation proposed in [8], construct likelihood functions involving five
parameters (e.g., size; precession frequency). While theoretically sound, these methods
exhibit inherent limitations, including susceptibility to local optima in multi-parameter
optimization, high computational complexity, and stringent requirements on data sampling
rates [9]. (2) Parametric fitting methods, which rely on strong assumptions (e.g., fixed
attitude angles), have limited practical applicability [10]. (3) Conventional L2-norm-based
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least squares estimation techniques [11] are overly sensitive to outliers [12], leading to
degraded robustness in complex electromagnetic environments.

On the other hand, classical integer-order calculus exhibits inherent limitations
when addressing complex systems with nonlocality and memory effects [13]. Fractional-
order calculus, a natural extension of integer-order calculus, introduces non-integer dif-
ferential operators to better describe physical processes with memory and hereditary
properties [14-16]. This method has been applied in various disciplines, including physics,
biology, and engineering. Notably, fractional-order gradient descent algorithms achieve
a flexible trade-off between convergence speed and precision by adjusting the differen-
tial order («). This adaptability effectively mitigates the long-standing conflict between
convergence speed and accuracy in conventional optimization methods [17,18].

To overcome these challenges, this study introduces fractional-order optimization
theory into axial dimension estimation and proposes an adaptive hybrid-order fractional
gradient descent (OFGD) algorithm. By replacing the conventional precession model
assumption with a direct linear mapping relationship for one-dimensional range profile
projection, the parameter space is reduced from five dimensions to one. Compared to
existing methods, the key contributions of this work include the following: (1) Intelligent
Order Adaptation Mechanism: A dynamic order-switching strategy is proposed, where
a high initial order (« > 1) ensures rapid convergence, while a monotonically decreasing
function adjusts the order when the gradient magnitude falls below a threshold. Theoretical
analysis proves that this approach reduces iteration counts while maintaining low steady-
state error. (2) Enhanced Anti-Interference Capability: An L1-norm-constrained [19] robust
optimization model significantly mitigates outlier effects. Additionally, the algorithm'’s
computational complexity is reduced to O(n), with experimental data confirming decreased
iteration time.

2. Target Motion Model
2.1. Geometric Model of Scattering Centers

In the high-frequency scattering regime, the scattering from man-made targets exhibits
“sparsity”. This means that the overall target scattering is not contributed by the entire
target surface, but can be fully characterized by a series of discrete scattering centers.
Consequently, the total target scattering echo received by the radar can be modeled as the
vector superposition of echoes from these discretely distributed, independent scatterers.
As illustrated in the geometry schematic for radar observation of a target in Figure 1, the
radar echo from an extended target can then be expressed as follows:

5:(k) = Koexp(j2k - Ro) - Se(K) - / //r(r, k) exp(—j2k - r)dr 1)

where k is the spatial wavenumber vector, with magnitude 27t /c and direction aligned
along the radar line-of-sight toward the target center; Ry is the distance vector from the
target’s phase reference center to the radar; r is the position vector of local scattering centers
relative to the target reference center; Ky is a constant factor related to antenna gain and
propagation attenuation; St(k) is the radar transmitted waveform; D? is the spatial volume
enclosing the three-dimensional extended target; I'(r, k) is the target scattering distribution
function. If the radar transmitted signal has a uniform spatial spectral distribution over the
entire observation wavenumber domain, then

|Se(k)| = So, k€K, (2)
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Figure 1. Schematic diagram of the target scattering imaging signal model.

At this point, Equation (1) can be simplified as
St(k) = Gy - ///F(r,k) exp(—j2k - r)dr 3)
D3
where Gy is a complex constant that can be neglected, yielding

Se(k) = ///F(r, k) exp(—j2k - r)dr 4)
D3

According to the Geometrical Theory of Diffraction (GTD) [20], the radar echo repre-
sented by Equation (4) can be rewritten as

sn(£,0) = 3 an(£) " exp (47 ®)

c

where v denotes the polarization combination; 6 is the azimuth angle of the radar line-
of-sight relative to the target axis; M represents the number of scattering centers; A, is
the complex scattering amplitude of the m-th scattering center; (f/ fc)*" describes the
frequency-dependent behavior of the scattering intensity for this scattering center, where
ay, represents the geometric type of the scattering center, taking values as integer multiples
of 0.5, which reflects the geometric characteristics of the scattering center but is independent
of polarization; ry, is the projection distance of r along the radar line-of-sight direction.
Assuming the radar transmits a wideband linear-frequency-modulated (LFM) signal
with carrier frequency fc, chirp rate y, and sampling period T, the radar signal frequency
corresponding to the n-th sampling instant t,, = nTs + t,0 within a pulse repetition interval
is given by
fn:fc+ﬂ'tn:fc+ﬂ(”Ts+tnO) (6)

where n takes values —-N/2+1,—-N/2+2,...,N/2 (N is an even number representing
the effective number of samples); t,9 denotes the sampling start time.

Setting t,,0 = 0, the one-dimensional scattering image echo of the target at a fixed
azimuth angle is expressed as

M Xm
Su(n) =Y am (1 + n‘ufTS) exp(jnwm) (7)
m=1 ¢
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where 4

am = Am exp(—j@) 8)
4uT,

on = = ©)

By approximating the exponential function, the one-dimensional scattering imaging
signal model of the target can be expressed as

Mz

M .
Sn(n) = Z ame(id’"ﬂwm)n = amPy, (10)
m=1

m=1

where M is the model order, representing the number of equivalent scattering centers;
ay is the complex amplitude coefficient of the model, characterizing the scattering strength
of the scattering center; P, = e~ dmtiwn i the model pole, where d,, is the attenuation
factor describing the geometric type of the scattering center, and w, is the model resonant
frequency. The model parameters {a,,, d, wm}%zl completely characterize the scattering
strength, geometric types, and radial distance distribution of the multiple scattering centers
of the target.

2.2. Trajectory Reconstruction
To simplify the analysis, the following fundamental assumptions are adopted:

*  Atmospheric effects are ignored during target flight, and perturbation factors including
Earth’s oblateness and gravitational forces from celestial bodies are disregarded;
*  The radar is assumed to be capable of detecting all targets within its observation range.

The state description during the midcourse flight phase of the target corresponds to a
two-body problem; hence the North-Sky-East (NSE) coordination and the geocentric inertial
coordination are employed. Define the North-Sky-East (NSE) coordination S — 64, where
the origin S coincides with the target point, the r-axis passes through the geocenter toward
the zenith, the 6-axis is perpendicular to the target’s meridian plane pointing due east,
and the J-axis is determined by the right-hand rule pointing due north. This coordination
is time-varying.

Define the geocentric inertial coordination O, — XYZ, where the origin O, coincides
with the Earth’s center, the X-axis lies in the equatorial plane passing through the vernal
equinox, the Y-axis lies in the equatorial plane perpendicular to the X-axis, and the Z-axis
is determined by the right-hand rule pointing toward the North Pole. The relationship
between the North-Sky-East (NSE) coordination and the geocentric inertial coordination
is illustrated in Figure 2a. In O, — XYZ, the target’s position and velocity vectors are as
follows:r=[x y z]T,v=[% y 2z]T.InS — 164, the position and velocity vectors are
asfollows:r; = [0 0 0]7,vs=1[F rcosé-0 ré]T.

Define the flight azimuth angle A as the angle between the projection of velocity vector
v on the 564 plane and the J-axis, measured clockwise from the é-axis: 0 < A < 27. Define
the velocity pitch angle © as the angle between the velocity vector v and the S6J plane,
positive when above the local horizontal plane: —7 < ® < 7. As given in Equation (11),
the velocity pitch angle ® and flight azimuth angle A describe the target’s velocity vector
in the NSE coordination:

vsin© !
Vs = |vcos®sin A (11)
vcos @ cos A
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Figure 2. (a) The relationship between the North-Sky-East (NSE) and the geocentric inertial co-
ordination. (b) The transformation relationship between radar measurement and the geocentric
inertial coordination.

The transformation of the target’s position and velocity from the North-Sky-East
coordination to the geocentric inertial coordination is shown in Figure 2b, with the transfor-
mation equations given by the following equations:

r r
r=Mps:- | s+ |0 =Mps - |0 (12)

0 0

vsin ®

v=Mps vi=Mps- |vcos®Osin A (13)

vcos®cos A

where
cosdcosf —sinf —sindcosb

Mps = |[cosdsinf® cosf —sindsinf (14)

siné 0 cosd

Assume the radar station is located at geodetic longitude Ay and latitude ¢y, with
altitude hg. The radar station’s spherical coordinate system O’ — paf is established, where
p is the slant range, « is the elevation angle, and S is the azimuth angle. The relationship
between the radar measurement coordination and the geocentric inertial coordination
is shown in Figure 2. Since the target’s motion is described in the geocentric inertial
coordination, to obtain the target’s motion information from radar measurement data, these
data must first be transformed to the geocentric inertial coordination. The conversion
formulas are as follows:

p cos & cos fB (ho + R) cos Ag cos @o
r=Mopgr- |pcosasinf| + | (hy + R) cos Agsin ¢q (15)
psina (hp + R) sin Ag

where R is the Earth’s radius, and

cosApcos @y —singg —sinAgcos @p
Mopr = |cosAgsingy cosgy  —sinAgsin @ (16)
sin Ag 0 cos Ag
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The least squares method is typically employed to smooth the data and remove noise,
obtaining the position and velocity in the radar measurement coordination. Since the
motion of ballistic missiles during the midcourse phase and satellites after orbital insertion
almost entirely obeys Kepler’s laws, satisfactory results can be achieved using second-order
equations for the filtering equations. Let the sampling interval be T, the total number of
sampling points be N (an odd number), and the midpoint index be m. The values of m

are given by the following equation: m = ”1; 1 , "2; 1, ..., % By varying m, a series of

smoothed midpoint values is obtained. The window length is (2m 4 1) and varies with m.
The smoothing formulas for the midpoint position and velocity are as follows:

3[3m? +3m — 1) X X1 — 5 2 X4

Fmtl = (2m —1)(2m + 1) (2m + 3) 17)
. 3 o
Ux,m+1 = Ton(m +1)(2m +1) i:;m IX 414 (18)

where x; (i =1,2,..., N) represents the data in the radar measurement coordination, and
£m+1, Ox m+1 denote the estimated position and velocity values in this direction, respectively.
After transformation of coordination to the geocentric inertial coordination, the target
position and velocity are obtained. With the ballistic target’s position and velocity, the
target’s state at any previous time can be derived. The specific procedure is as follows:

1.  Calculate the following parameters in the geocentric inertial coordination based on
radar observations: distance r, velocity v, target longitude «, target latitude ¢, velocity
pitch angle ©, and flight azimuth angle A. Convert the measured slant range, elevation
angle, and azimuth angle [p,«,8]" from the radar measurement coordination to

position [xg, yo,20] | and velocity [%o, o, Zo] | in the geocentric inertial coordination.

Then transform the kinematic state [xo, yo, zo] T, [0, Yo, 0] " to distance r, velocity v,

local velocity pitch angle ® (angle between velocity vector and local horizontal plane),

flight azimuth angle A (angle between velocity projection in the horizontal plane
and true north), target longitude «, and target latitude . When the local velocity
pitch angle is defined as the angle between the target’s velocity vector and the local
horizontal plane, the flight azimuth angle is the angle between the projection of the
velocity vector onto the horizontal plane and the true north direction. The calculation

formulas are the following:

r=\/x34+y3+23
0= \/%3 + 3+ 23

X0%0 + Yoyo + Zoz'o>

© = arcsin
r-v

y) (19)

X0

0 = arctan (ZO
VX0 + %

sin A Xo sina + g cos «
A = arctan| —— | = arctan| ——— O. : ]/0' : :
cos A —sind cos axg — sin d sin ayp + cos 6Zp

(=)

« = arctan

2. Compute the orbital parameters based on parameters v, v, 6, a, §, A: orbital semi-major
axis a, eccentricity e, argument of perigee w, time of periapsis passage t,, orbital
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inclination 7, and right ascension of ascending node (). The detailed computational
procedure is as follows:

a= ;4-r
T 2u—ro?
r-v-sin®
(u .ra)l/z
ecosE=1— -

a

e = (2 cos? E + €? sin? E)1/2

< sin E )
E = arctan
cos E (20)

3\ 1/2

ty = to— (%) (e —esinE)
i = arccos(cosdsin A)

- sin(a—Q) ) __ tand-cosi
Q=a— tan(cos(a70)> =a— tan( oS A )

u = arctan ($8%) = arctan ( cosicot A )

1/2
w=u—f= u—2arctan((%f‘é) tan’é)

esinE =

3. Taking the observed trajectory as the starting point, the motion trajectory of each
target at any arbitrary time in the geocentric inertial coordination can be derived
based on the orbital parameters.

3. Principles of Target Dimension Estimation

The integration of a conical target’s orbital motion model, dynamic complex RCS
model, and wideband linear frequency-modulated radar echo model enables the simulation
of dynamic radar echoes for ballistic targets measured by monostatic radar. First, the target
scattering point model described in Section 2.1 is employed to simulate the RCS measured
by radar at various aspect angles using Altair Feko 2024.1. Subsequently, based on the
trajectory reconstruction method outlined in Section 2.2, a comprehensive simulation
incorporating Earth’s rotation and gravitational effects is performed by specifying the
longitude, latitude, and altitude of the conical target’s launch and impact points. This
generates real-time data including radar line-of-sight angle, flight distance, and velocity.
Furthermore, the target’s flight data is matched with corresponding aspect angles to obtain
RCS values, which are then used to derive High-Range Resolution Profiles (HRRPs) for
axial dimension estimation.

3.1. HRRP-Based Axis Vector Projection Dimension Model

As shown in Figure 3, let the precession angle of the target be 0, the actual size be Iy,
and projected dimension along the radar line of sight in the radar line of sight be ;. The
axial vector of the target is x = [x,y,z]T
the radaris d = [dy, dy, d]T.

The angle between the projected radar line-of-sight and the target axis (attitude angle)

, and the unit line-of-sight vector from the target to

is denoted by a, and it can be expressed using the vector cross product formula as follows:

dTx
cosq = —-—— (21)
(] - Il

Let ||d;|| = 1 be the normalized line-of-sight vector. The multi-radar size measurement
equation can be expressed as follows:

l; =1Ilycosa = dl-Tx (22)
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Figure 3. Schematic diagram of radar—observed target. The figure demonstrates the relationship

between the actual target and the projected target.

Since this underdetermined system equation contains three unknowns, a minimum of
three radars are required to solve the observation equations. Nevertheless, if the target’s
axial direction changes minimally between two consecutive observations, the equation
can alternatively be resolved using time-series measurements from a single radar station.
The least squares method can analyze the flight patterns of targets based on data, fitting
position, and velocity information to establish relevant functional relationships.

Assume the observed projection dimension sequence computed from High-Resolution
Range Profiles (HRRPs) without measurement errors is given as y = [I1,1,...,I,]T. The
matrix representation of the projection dimension is as follows:

dl,x ce dn,x X
y=|diy .- duy||Yy| =Ax (23)
d] e dn,z z

The error between the projection dimension and the broadband-measured HRRP
dimension can be expressed as follows:

e = dTx— 9; (24)

where d; denotes the unit line-of-sight vector of the radar toward the target in the i-th mea-
surement, ¥; is the broadband radar-measured dimension sequence, and ¢; represents the
size error in the i-th measurement. This error model shows that a deviation exists between
the error-free projection dimension measurement d} x and the broadband-measured value
7i, which affects the estimation accuracy. The unknown parameter is estimated via the least
squares (LS) method, obtaining the axial vector x:

X = (ATA> ATy (25)

where A = [dy, ..., dn]T represents the sequence of real-time line-of-sight vectors, and
V= 1[0192---,0n] T denotes the error-free broadband projection dimension sequence. After
obtaining the axis vector, its magnitude gives the true dimension estimate through the least

fo=IIx]| = /22 +y2 +22 (26)

The least squares estimation can be implemented using Recursive Least Squares (RLS),
as detailed in [11].

squares method:
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3.2. Variable-Order Fractional Descent for Target Dimension Estimation Under L1 Norm
3.2.1. Variable-Order Fractional Descent
The Caputo fractional derivative is defined as follows:
1 & ()
D% =" / ————d 27
Drf(x) I'(n—a) dx*Je (x—7)a—ntl T @7
where ¢ and x represent the lower and upper limits of differentiation (typically ¢ = 0 or
¢ = —00), a is the fractional order (n — 1 < a < n), and the Gamma function is defined as
follows: -
T(z) = / e~ 1dt, Re(z) > 0 (28)
0

Applying Taylor series expansion to Equation (27) [21,22], we obtain the following:
o0 (i) .
i _ f (C) i«
CDXf(x) - I;O r(l + 1— D() (x C) (29)

Replacing the first-order gradient with the fractional gradient yields the iterative
algorithm:

Xpp1 = X — - VEf(x) (30)

To analyze the properties of the Fractional-Order Gradient Descent Method (FOGDM),
we substitute Equation (29) into Equation (30):

— - f(l) (C) i—a
Xi+1 —xk—V'gm(xk—C) 31)

Considering a general quadratic function f(x) = ax? + bx + c as an example, we use
FOGDM to find its extremum point x*. Taking the first two terms of the Taylor series, the
specific iterative algorithm becomes the following;:

Xk = Xg — - {fl(c)(xk_c)la + fﬂ(c)(xk_c)Za}

r2—a) Ir3—a)
(32)
2ac+b a 2a a
:xk—y-{w(xk—c)l +m(xk—c)2 }

By replacing the fixed lower limit of differentiation ¢ in Equation (31) with x(k — 1),
the lower limit of differentiation becomes variable during the iteration process, yielding
the following:

; o f()(x, .
X1 = X — Ji- EDgy(xk) =xc—p- ), f'(kl))(xk —xep) Y (33)

During the iteration process of the gradient descent method, the iteration points will
quickly satisfy |x; — x¢_1| < 1. When the fractional order « lies in the range (0, 1), only
the first term of the series on the right-hand side of Equation (33) is retained. At this point,
the simplified fractional-order gradient descent method becomes the following:

(1)
Xyl = X — - fr(;xk;l))(xk —x_ )" (34)
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By merging the constant I'(2 — «) with y and still denoting it as y, and replacing
x(k — 1) with x(k) in the derivative to maintain consistency with the conventional gradient
descent method, we obtain the following:

g1 = — 1 D () - (o — xp1) 1" (35)

when x(k) is less than x(k — 1), the term (x; — x;_1)' ™% generates complex-valued compo-
nents, thereby increasing the computational complexity of the algorithm. To eliminate the
complex components, an absolute value symbol is added to (x; — x;_1)! %, transforming
it into |x; — x5_1|'7*. At this stage, the fractional-order gradient descent method is further
improved as follows:

X = x5 — 1 fD () - o — 2 [T (36)

Clearly, when & = 1, the above equation reduces to the conventional gradient descent
method. Further research reveals that Equation (36) is also applicable for cases where
a € (1, 2). Therefore, the proposed algorithm is valid for fractional orders « € (0, 2).
If the algorithm converges, it will inevitably converge to the true extremum point of the
objective function.

3.2.2. Target Dimension Estimation Under L1 Norm

Although the squared-error minimization objective function for axial vector calculation
offers simple derivation and yields a closed-form solution, its fundamental reliance on
error squaring makes it highly sensitive to outlier data. By adopting the sum of absolute
values (L1-norm) formulation, the influence of large-error data can be effectively mitigated.
The error function | based on L;-norm computation can be expressed as follows:

n
J =) lldix — gl (37)
i=1
where || - ||; denotes the norm L;.

Under guaranteed system stability conditions, a fundamental trade-off emerges be-
tween the iteration step size and convergence behavior: A larger step size can accelerate
the convergence rate, but simultaneously reduces convergence precision; conversely, a
smaller step size improves convergence accuracy at the expense of slower convergence
speed. This trade-off is directly reflected in the selection of fractional orders—higher-order
methods (x > 1) typically exhibit faster convergence rates, while lower-order methods
(¢ < 1) achieve higher convergence precision. This phenomenon stems from the distinct
memory properties of fractional-order differential operators: higher-order operators are
more responsive to recent state variations, thereby accelerating convergence, whereas
lower-order operators maintain longer historical information, enabling finer adjustments.

For the problem of estimating the actual dimensions of a target based on continuous
radar observations, during the observation period, an inversion model is established using
a sequence of projected dimensions ¥; obtained from HRRP (High-Resolution Range Profile)
measurements: By establishing a dynamic coupling relationship between the fractional
order a and the iterative process, a balance between convergence speed and estimation
accuracy is achieved. During the initial iteration phase, a higher fractional order (¢ ~ 1.5)
is employed to rapidly localize the target dimension range. When the gradient norm
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descends below the threshold ¢, the system automatically switches to a gradual order-
reduction mode:

a(x;) = P 5 (38)

1—e¢ *k— Xk

In the formula, ¢ is a positive value, 0 < g < 1.

This adaptive scheme maintains convergence precision while preventing abrupt dete-
rioration of iteration speed.

The recursive procedure implementing the variable fractional-order gradient descent
method is as follows: At each iteration step, the algorithm searches along the fractional-
order negative gradient direction to rapidly obtain the axis vector x to be optimized. The
iterative formula is expressed as follows:

1_
X1 = X+ Ags - |xg — xg_q |10 0%) (39)
where: s is the search direction from the current axis vector x

s = I = i d.sign(d,x — ;) (40)

As is the step length determined by one-dimensional search along direction s from x:
£k + Ags - [ = x [ 720%) = min f(xe + Aes - [k — x| 740) (41)

Whenever new measurement data is acquired, the gradient is computed using
Equation (40) based on the current projection sequence and measurement sequence.
Subsequently, the optimal step size A is determined through one-dimensional search using
Equation (41). The axis vector is then updated via Equation (38). This iterative process
continues until the change between consecutive updates falls below a predetermined
threshold, at which point the target axis vector x and the estimated true dimension ||x||
under the current measurement data are obtained.

4. Experimentation and Analysis
4.1. Experimental Setup

During the duration of a single pulse (on the millisecond timescale), it is reasonable
to assume that the target attitude remains constant. This study develops a high-fidelity
dynamic radar echo simulation system for ballistic targets by integrating an orbital dynam-
ics model, a dynamic radar cross-section (RCS) model, and a wideband linear frequency
modulated echo model. Using the simulated radar echo data generated by this system,
we systematically evaluate the performance metrics of high-resolution one-dimensional
range profile (HRRP) recognition algorithms. The detailed implementation comprises the
following steps:

1.  Target Motion and Scattering Characterization Modeling
The target’s spatial position and attitude parameters are computed in real time using
dynamic models, while simultaneously acquiring radar observation geometry param-
eters. High-fidelity wideband complex scattering coefficients, matched to the radar’s
operating frequency and target aspect angles, are dynamically generated via bilinear
interpolation of FEKO electromagnetic simulation data.

2. Echo Signal Synthesis and Processing
A power correction model incorporating range attenuation, atmospheric absorption,
and system losses is established to calculate echo power modulation coefficients in
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real-time. By inputting linear frequency modulated excitation signals into the radar
system model and coupling time-varying target scattering characteristics with channel
parameters, high-fidelity intermediate frequency echo signals are generated. This
process thoroughly considers key indicators such as the pulse compression ratio and
signal-to-noise ratio to ensure the signal quality meets feature extraction requirements.
3.  Target Feature Extraction and Dimension Inversion

The radial feature dimensions of the target are first extracted from the one-dimensional
range profile obtained by monostatic radar. Subsequently, a multi-algorithm co-
operative strategy is adopted, combining least squares estimation with recursive
optimization methods to achieve high-precision reconstruction of the target’s true
physical dimensions.

This experimentation establishes the following simulation scenario: Based on the
characteristic that the target strictly obeys Kepler’s laws of motion during its midcourse
phase, a two-body model is adopted to approximate its trajectory. To achieve precise
coordinate transformation, a conversion relationship between the East-North-Up (ENU)
coordinate system and the Earth-Centered Inertial (ECI) rectangular coordinate system
is constructed, enabling the transformation of radar-measured rectangular coordinate
observation data into target position and velocity parameters in the ECI frame.

The target was modeled as a uniform, smooth, axisymmetric, flat-bottomed cone with
a length of 3 m, as depicted in Figure 4a. The radar operating frequency was set within
the X-band. To simulate the radar cross-section (RCS) sequence observed by radar during
the mid-course phase of a conical target, electromagnetic modeling was performed using
Altair Feko 2024.1 as illustrated in Figure 4b. The RCS data bandwidth is 8.5-10.5 GHz,
with the electromagnetic computations solved using the Physical Optics (PO) algorithm.
The proposed method was subsequently validated using this simulated RCS dataset.

3000

[

£x
@ (b)

Figure 4. (a) Schematic diagram of conical target structure. (b) Electromagnetic simulation schematic
of conical target.

By specifying the longitude/latitude coordinates of the launch and impact points
along with the launch altitude, and providing the radar’s location, we can compute real-
time line-of-sight angles, flight distances, velocities, and other kinematic parameters for any
given moment. The experimental setup consisted of a launch point at (63.32° N, 53.11° E),
an impact point at (89.40° E, 39.89° N), and a radar station positioned at (72.82° E, 50.25° N).
The specific parameter settings for the simulation scenario are shown in Figure 5: A typical
flight trajectory with a total range of 600 km and altitude of 200 km is designed, where the
target undergoes periodic precession motion with a fixed precession angle of 2°. The true
physical dimension of the target is set to 3 m.
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Figure 5. Flight trajectory plot.The bold line indicates the radar-observed segment of the entire flight
trajectory.

As shown in Figure 6, the radar line-of-sight angle variation range generated during
simulation is between 33° and 59°. The experimentation employs a monostatic radar for
one-dimensional range profile-based size extraction, with a measurement interval of 0.5 s.
Based on geometric relationships, the radar line-of-sight angle during the launch process
was calculated. Figure 6 shows the time-varying curve of the angle between the target’s axis
and the radar line-of-sight, which exhibits the following characteristics: the angle initially
decreases gradually from 53° to 33° with a relatively smooth slope, then subsequently
increases sharply to 59° with a steeper gradient. The attitude angles of the conical target
(Boresight angles) correspond to its RCS characteristics, and performing an inverse Fourier
transform yields the High-Resolution Range Profile (HRRP).
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& 3

N
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Figure 6. Diagram of the angle between the target axis and the radar line-of-sight.

4.2. Experimental Results Analysis

Combining simulated High-Resolution Range Profiles (HRRPs) with tracking data,
the radial length from the cone apex to the base in the projection is defined as the projected
dimension. During the launch phase, the angle between the radar line of sight (LOS) and
the target’s axial direction continuously varies, causing dynamic changes in the projected
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dimension. Consequently, it is difficult to directly invert the true physical dimension of the
warhead from the projected dimension alone.

During simulation, random Gaussian noise was introduced, with the error following
a zero-mean Gaussian distribution. The standard deviation of the noise was set to values
ranging from 0.1 m to 0.4 m, which is referred to as “measurement error” in this study. As
shown in Figure 7a, the measurement jitter induced by a projection dimension error of 0.2 m
(measurement error) causes the measured values to fluctuate around the true projected
dimension. This fluctuation further degrades the estimation accuracy. If the estimation
error is less than 10% of the true dimension, the result is considered valid.

The processed results using the fractional-order gradient descent (FOGD) method are
presented in Figure 7b. The estimation stabilizes at 2.82 m after 47 s, with subsequent varia-
tions maintaining less than 10% error relative to the ground truth (3 m). At convergence,
the estimated target dimension reaches 3.03 m, demonstrating that the absolute error is
0.03 m and the relative error is 1%.

The fractional-order gradient descent (FOGD) method effectively reduces the initial
10% error to just 1%, validating its robustness against projection measurement uncertainties.
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Figure 7. (a) Dimension sequence diagram measured by radar with a 0.2 m measurement error.
(b) Estimated dimension sequence diagram under a 0.2 m measurement error.

To ensure attitude stability and controllability, the precession angle is typically con-
strained within 3-10°. Under loss-of-control conditions, this angle may increase signifi-
cantly. To quantitatively analyze the impact of precession angle deviation on estimation
accuracy, maintaining other parameters constant, we varied the precession angle from 1° to
50° in Figure 8. Experimental results demonstrate that the size estimation error remains
within 2.7-3.3 m, representing less than 10% of the actual target dimensions. This confirms
the estimation algorithm maintains satisfactory accuracy even with substantial precession
angle variations.

To investigate the impact of attitude angle measurement errors on estimation accuracy
while maintaining other conditions constant, we systematically set the Ax to 0.1°, 0.5°, and
1°, respectively, as shown in the following Figure 9a—c. The final estimated dimensions
were 2.98 m, 2.96 m, and 2.96 m, respectively, demonstrating accurate measurement results.
Through subsequent mathematical derivation, we obtain the following:

al;

Eri —lpsina 42)
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When small angular errors (Ax) exist, the resulting dimensional error can be approxi-
mated via first-order Taylor expansion:

al;
Xy
o s . .
When Ax < 5°, sin Ax =~ 0, and the dimensional error can be neglected.
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Figure 9. (a) Schematic diagram of Boresight angle with 0.1° measurement error. (b) Schematic
diagram of Boresight angle with 0.5° measurement error. (c¢) Schematic diagram of Boresight angle

with 1° measurement error. (d) Dimension estimation with 0.1° measurement error. (e¢) Dimension

estimation with 0.5° measurement error. (f) Dimension estimation with 1° measurement error.
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Under identical parameter configurations, the launch and impact points of the conical
target were modified to generate three distinct trajectories: (a) short-range launch, (d) long-
range launch, and (g) radar-directed launch, as illustrated in Figure 10. The horizontal axis
in all three figures represents the target’s slant range relative to the radar. (b,e/h) illustrate
the time series of the Boresight angle, and (c,f,i) illustrate the dimensional estimations. The
estimation errors are all below 0.05 m, representing less than 2%.
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Figure 10. (a) Correlation between radar detection range and Boresight angle under short launch.
(b) Schematic diagram of Boresight angle under short launch. (c) Dimension estimation under
short launch. (d) Correlation between radar detection range and Boresight angle under long launch.
(e) Schematic diagram of Boresight angle under long launch. (f) Dimension estimation under long
launch. (g) Correlation between radar detection range and Boresight angle under radar-directed
launch. (h) Schematic diagram of Boresight angle under radar-directed launch. (i) Dimension
estimation under radar-directed launch.
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Keeping all other parameters unchanged, the measurement error was set to 0.1 m and

0.4 m, respectively. Figure 11a,b show the measured size sequences of the missile during

launch under these two measurement error settings. Due to the coarser measurement

error (0.4 m) in Figure 11b, the measured sequence exhibits significantly larger fluctuations

compared to the true projected dimensions, which adversely affects the estimation accuracy.

Using recursive least squares (RLS) with mean square error (MSE) loss and Kalman filtering

(KF) as baseline methods, we systematically compare their performance with the proposed

fractional-order gradient descent (FOGD) algorithm under identical observation conditions.

Experiments were conducted at two different measurement error (0.1 m and 0.4 m), with

results shown in Figure 11.

1. Low measurement error scenario (0.1 m)

Under the 0.1m measurement error setting (Figure 11c):

The KF algorithm demonstrated sensitivity to outliers, with a peak estimation error
of 7 m occurring at 100 s. The estimated values exhibited significant oscillations,
and the convergence was slow, achieving stability only after 173 s.

Both the RLS algorithm and our proposed FOGD method showed better stability.
Notably, the FOGD method maintained steady convergence with a maximum
error below 0.15 m, while converging faster than RLS.

2. High measurement error scenario (0.4 m)

Under the 0.4 m measurement error setting (Figure 11d):

The KF algorithm remained vulnerable to outliers, showing substantial fluctua-
tions. Its convergence speed remained slow, requiring 300 s to reach stability.
The RLS algorithm suffered from increased modeling errors due to the reduced
measurement error, leading to significant performance degradation. Both the
error fluctuation range and convergence speed were adversely affected.

The FOGD method, leveraging the long-memory characteristics of fractional-
order operators, achieved stable convergence with errors consistently below
0.25 m, demonstrating superior robustness.

Through 200 independent Monte Carlo experiments, we statistically analyzed the

performance metrics of the proposed method under varying measurement error (0.1-0.4 m),

with key results presented in Table 1.
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Figure 11. (a) Dimension sequence diagram measured by radar with a 0.1 m measurement error.

(b) Dimension sequence diagram measured by radar with a 0.4 m measurement error. (c) True size

estimation diagram when the measurement error is 0.1 m. (d) True size estimation diagram when the

measurement error is 0.4 m.

Table 1. Performance comparison between RLS and FOGD.

Measurement Error (m)

Metric

0.1 0.2 0.3 0.4
Convergence time of RLS (s) 43.728 49.648 57.220 67.333
Convergence time of FOGD (s) 42.393 43.010 44.667 46.217
Absolute estimation error of RLS (m) 0.069 0.076 0.145 0.193
Absolute estimation error of FOGD (m) 0.061 0.070 0.097 0.105

1.  Convergence Time Characteristics

*  Sensitivity of measurement error
RLS shows strong positive correlation (R? = 0.98) between convergence time and
resolution degradation, increasing from 43.73 s to 67.33 s (54%) as measurement
error changes from 0.1 m to 0.4 m. FOGD demonstrates superior stability with
only 9% increase (42.39s to 46.22s), attributed to the long-memory effect of
fractional-order operators.

*  Comparative Advantage
At 0.4m resolution, FOGD achieves 31.6% faster convergence than RLS and
superior temporal stability. The FOGD method demonstrated significantly
lower convergence time variability (¢ = £2.1s) compared to the RLS method
(o = £3.25), with statistical significance (p < 0.05).

2. Estimation Error Properties
The error growth rates are summarized in Table 2.

Table 2. Error growth rate comparison.

Resolution RLS Error Growth FOGD Error Growth Advantage Gap

0.1m Baseline Baseline 11.6%
0.4m 180% 72% 45.6%
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e  Error Control Mechanism
L1-norm constraint in FOGD reduces outlier impact by 62%. At 0.4 m resolution,
FOGD error (0.105m) is only 54.4% of RLS (0.193 m).

*  Robustness Verification FOGD’s error growth slope (0.044 m per 0.1 m resolution)
is significantly lower than RLS (0.124 m per 0.1m). The Bland-Altman test
confirms tighter error distribution in FOGD (p < 0.01).

In low measurement error scenarios (0.1 m), both methods demonstrate comparable
performance, though FOGD maintains a slight advantage in estimation accuracy. How-
ever, under high-measurement-error conditions (0.4 m), FOGD exhibits comprehensive
superiority: it achieves 31.6% faster convergence, 45.6% lower estimation error, and a
37.5% reduction in standard deviation compared to RLS. These results strongly recommend
FOGD for variable-resolution systems, where its temporal stability proves particularly
valuable for real-time applications requiring consistent performance across changing reso-
lution environments.

5. Conclusions

This study proposes a novel fractional-order gradient descent (FOGD) algorithm
with L1-norm constraint for target size inversion estimation. The theoretical framework
establishes a radar projection geometry model that rigorously derives the mathematical
relationship between projected dimensions and actual physical dimensions, revealing the
nonlinear influence mechanism of observation angle variations on dimension inversion.
Algorithmically, the method constructs an error function with long-memory characteristics
using fractional calculus operators and minimizes the L1-norm objective function through
steepest descent strategy, effectively suppressing measurement outlier interference. Experi-
mental results verify that the proposed method is robust against variations in precession
angles, attitude angle measurement errors, and diverse trajectory paths. Compared with
conventional recursive least squares (RLS), our approach demonstrates three significant
breakthroughs: (1) A 31.6% faster convergence speed with 34.4% improved temporal stabil-
ity (standard deviation reduced from 3.2 s to 2.1 s); (2) 45.6% lower estimation error under
0.4 m measurement error conditions (optimized from 0.193 m to 0.105 m); (3) verified strong
robustness against measurement errors through theoretical proof and 200-run Monte Carlo
simulations, showing that the error growth slope (0.044 m per 0.1 m measurement error
change) is only 35.5% of RLS. Comprehensive simulations across 0.1-0.4 m measurement
error scenarios confirm that while maintaining comparable high-resolution (0.1 m) perfor-
mance, the method achieves stable relative errors below 3.7% at low resolution (0.4 m),
significantly outperforming RLS’s 9.6%. This research provides a theoretically sound solu-
tion for variable-resolution applications like ballistic target monitoring, with future work
focusing on hardware-in-the-loop verification and real-time optimization.
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