sensors

Article

Off-Grid Sparse Bayesian Learning for Channel Estimation and
Localization in RIS-Assisted MIMO-OFDM Under NLoS

Ural Mutlu !

check for
updates

Academic Editor: Di He

Received: 29 May 2025
Revised: 27 June 2025
Accepted: 29 June 2025
Published: 2 July 2025

Citation: Mutlu, U.; Kabaldi, Y.
Off-Grid Sparse Bayesian Learning for
Channel Estimation and Localization
in RIS-Assisted MIMO-OFDM Under
NLoS. Sensors 2025, 25,4140. https://
doi.org/10.3390/525134140

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

and Yasin Kabalci 2*

Bor Vocational School, Nigde Omer Halisdemir University, Nigde 51700, Turkey; umutlu@ohu.edu.tr
Department of Electrical and Electronics Engineering, Faculty of Engineering, Nigde Omer Halisdemir
University, Nigde 51240, Turkey

*  Correspondence: yasinkabalci@ohu.edu.tr; Tel.: +90-(388)-225-22-42

Abstract

Reconfigurable Intelligent Surfaces (RISs) are among the key technologies envisaged for
sixth-generation (6G) multiple-input multiple-output (MIMO)-orthogonal frequency di-
vision multiplexing (OFDM) wireless systems. However, their passive nature and the
frequent absence of a line-of-sight (LoS) path in dense urban environments make uplink
channel estimation and localization challenging tasks. Therefore, to achieve channel es-
timation and localization, this study models the RIS-mobile station (MS) channel as a
double-sparse angular structure and proposes a hybrid channel parameter estimation
framework for RIS-assisted MIMO-OFDM systems. In the hybrid framework, Simultane-
ous Orthogonal Matching Pursuit (SOMP) first estimates coarse angular supports. The
coarse estimates are refined by a novel refinement stage employing a Variational Bayesian
Expectation Maximization (VBEM)-based Off-Grid Sparse Bayesian Learning (OG-SBL)
algorithm, which jointly updates azimuth and elevation offsets via Newton-style iterations.
An Angle of Arrival (AoA)-Angle of Departure (AoD) matching algorithm is introduced to
associate angular components, followed by a 3D localization procedure based on non-LoS
(NLoS) multipath geometry. Simulation results show that the proposed framework achieves
high angular resolution; high localization accuracy, with 97% of the results within 0.01 m;
and a channel estimation error of 0.0046% at 40 dB signal-to-noise ratio (SNR).

Keywords: reconfigurable intelligent surface; Off-Grid Sparse Bayesian Learning; compressed
sensing: angle estimation; Orthogonal Matching Pursuit

1. Introduction

Reconfigurable Intelligent Surfaces (RISs) have emerged as a new paradigm and a
promising technology for enhancing wireless communication systems. Architecturally, an
RIS is composed of a large array of passive reflecting elements that can independently ma-
nipulate the phase and amplitude of incoming signals, thereby improving spatial resolution
and spectral efficiency in complex propagation environments [1,2]. In the sixth-generation
(6G) wireless networks, RIS is expected to become one of the key enablers, not only for wire-
less communication, but also for sensing applications such as localization and environment
mapping [3,4]. When integrated with massive multiple-input and multiple-output orthog-
onal frequency division multiplexing (MIMO-OFDM) and millimetre-wave (mmWave)
communications, RIS-assisted systems can achieve increased spatial diversity and finer
angular resolution to support high-precision localization [5-7].
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In contemporary wireless communication systems, localization algorithms can be clas-
sified in two main categories: geometry-driven estimation, based on multipath parameters
such as Angle of Arrival (AoA), Angle of Departure (AoD), and Time of Arrival (ToA) [8]
and data-driven localization, based on deep learning and having previous knowledge
of the environment [9]. The geometry-driven localization approach requires the estima-
tion of channel or multipath parameters through which localization computations can
be carried out. In traditional MIMO-mmWave communication systems with dominant
line-of-sight (LoS) transmission path scenarios, localization is relatively easy to estimate,
as the AoA-AoD and ToA parameters satisfy the conditions needed for estimating a di-
rectional vector and its distance. However, in dense urban environments, LoS paths are
frequently blocked, rendering traditional localization strategies based on LoS ineffective,
particularly in mmWave frequencies where the channels are often dominated by non-LoS
(NLoS) multipath components.

In the dense urban environment scenario, RISs have the potential to provide con-
trollable NLoS or Virtual LoS (VLoS) paths that facilitate localization where conventional
methods fail [10-12]. RIS systems can further improve localization by providing an alter-
native path to the MS and additional location reference points. Nevertheless, in dense
urban environments, even the RIS-MS VLoS path may be blocked, making it necessary
to rely on NLoS multipath components. In the NLoS scenarios, the accuracy of channel
estimation and localization depends on precise estimation of the AoA and AoD of the
dominant multipath components. At mmWave frequencies, the propagation environment
is typically characterized by angular sparsity due to high propagation loss and limited
scattering [5,13]. This inherent sparsity forms the basis for many high-resolution channel
estimation and localization techniques in mmWave systems. However, channel estimation
in RIS-assisted systems has its distinct challenges [8,14-16]. First, the propagation path is
divided into base station (BS)-RIS and RIS-mobile station (MS) channels, each requiring
independent modelling. Second, RIS elements are passive and not capable of transmitting
pilots, complicating parameter estimation. Third, the 2D structure of RIS, while enabling
3D beamforming, significantly increases the algorithmic complexity due to the enlarged
angular search space.

Given these observations, there remains a significant gap in RIS-assisted localization
under practical uplink NLoS scenarios, particularly for systems relying on passive RIS
elements and compressed angular measurements. Most existing studies simplify the prob-
lem by assuming downlink estimation, LoS paths, or active RIS architectures. This work
addresses this limitation by proposing a novel hybrid angular estimation and localization
method for RIS-assisted MIMO-OFDM systems operating under realistic NLoS uplink
conditions and utilizing the compressive structure of RIS.

1.1. Contributions of the Work

The main contributions of this work are as follows:

e  The study models the RIS-MS channel as a block-sparse structure, where the RIS-side
AoA induces row sparsity and the MS-side AoD induces column sparsity, with the
RIS acting as a compressive sensing matrix. Assuming a known BS-RIS channel, this
model enables uplink estimation of geometric parameters for NLoS paths.

e  Hybrid Estimation Framework: A hybrid algorithm combining Simultaneous Orthog-
onal Matching Pursuit (SOMP) and Variational Bayesian Expectation Maximization
(VBEM)-based Off-Grid Sparse Bayesian Learning (VB-OG-SBL) is proposed. SOMP
provides coarse support estimation using a discrete dictionary, while VB-OG-SBL
refines angular estimates. The hybrid protocol individually addresses the RIS-side
AoA and MS-side AoD estimations.
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o  Off-Grid Angular Refinement via VB-OG-SBL: To address the off-grid angular prob-
lem, a VBEM-based OG-SBL framework is developed. It jointly refines azimuth and
elevation offsets through second-order Newton-style updates within VBEM iterations,
enabling stable and high-resolution continuous domain estimation.

e  Ao0A-AoD Matching Strategy: A low-complexity matching algorithm is employed
to associate RIS-side AoA and MS-side AoD estimates, resolving the decoupling
ambiguity and enabling consistent path identification.

e 3D Localization from NLoS Paths: A geometric 3D localization algorithm is imple-
mented to estimate the MS position by computing the orthogonal intersections of
estimated NLoS paths. Based on MS localization, the scatterer positions are also
inferred, enabling passive environmental sensing without requiring LoS paths.

e  Performance Evaluation: Extensive simulations confirm that the proposed method
achieves high angular accuracy, low channel reconstruction normalized mean square
error (NMSE), and centimetre-level localization across a range of SNRs and multi-
path conditions.

1.2. Notations and Paper Outline

The rest of the paper is organized as follows. Section 2 presents the reference system
architecture and introduces the sparse channel model. Section 3 describes the implementa-
tion of SOMP in the double sparsity structure. Section 4 describes the proposed VB-OG-SBL
algorithm. Section 5 introduces the AoA—-AoD matching protocol and 3D localization.
Sections 6 and 7 provide simulation results and concluding remarks, respectively. The
notations used are as follows. Matrices are given with capital letters, e.g., A, while vectors
are in bold lowercase letters, v. Transpose and Hermitian matrix operations are denoted as
()" and (.)", respectively, while |.||, and ||.||; represent the Euclidean and the Frobenius

norms, respectively.

2. Related Work

This section reviews relevant work in two core domains: localization with RIS and
sparse signal recovery techniques used for geometric channel estimation. First, we examine
key studies in RIS-assisted positioning under LoS and NLoS scenarios. Then, we present
foundational and recent developments in compressed sensing and sparse Bayesian methods
that enable high-resolution angle estimation in RIS-based systems.

2.1. RIS-Assisted Localization

Due to the ability of RIS to introduce additional controllable multipath components,
RIS-assisted localization studies are largely developed under the assumption that the direct
path between the BS and MS is blocked and localization is performed through a VLoS
path created by the RIS [10,11,17,18]. For example, earlier studies of [19,20] focus on single-
input single-output (SISO) systems with a LoS between RIS and MS, estimating AoA-AoD
and ToA for single-path localization, while the same model has also been extended to
MIMO communications [21]. To improve angular diversity and robustness, multi-RIS-
based localization strategies have also been proposed [18,19,21,22], offering additional
geometric anchors that improve localization even in the absence of LoS. In one such study,
ref. [10] models a multi-RIS architecture and derives the MS location based on the minimum
distance between estimated angular direction vectors.

A major challenge arises in uplink channel estimation under passive RIS architectures.
In such systems, the MS transmitted pilots traverse a cascaded path, MS-RIS-BS, resulting in
a multiplicative channel structure involving RIS-MS and RIS-BS channels with a combined
phase altered by the RIS reflection matrix. To solve some of the uplink problems, ref. [23]
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employs an SBL framework to estimate the angular-domain structure of the cascaded
channel from MS to BS, and then, it is extrapolated across OFDM subcarriers, implicitly
treating the RIS-MS link as embedded within it. Similarly, ref. [24] applies compressive
sensing to estimate the end-to-end sparse vector without discretizing the RIS angular
domain, thus bypassing explicit RIS-MS recovery. Furthermore, refs. [8,18] assume the
RIS-BS channel properties are known and that RIS-MS can be extracted from the cascaded
channel. Other methods involve equipping the RIS with active elements [16,25]. Active
elements enable partial observation of incoming signals at the RIS, allowing independent
estimation of the RIS-MS channel by enabling it to operate as a sensing node.

The literature on uplink-based channel estimation in passive RIS settings remains
sparse, particularly under general NLoS conditions and uniform planar array (UPA) archi-
tectures. The reliance on downlink estimation limits real-time adaptability and optimization
from the BS side. As such, accurate, uplink-based geometric channel estimation from the
NLoS multipath remains a key challenge and a critical bottleneck for enabling practical
RIS-assisted localization in 6G systems.

2.2. Sparse Signal Recovery (SSR)

Traditional SSR approaches include spectral subspace methods such as multiple signal
classification (MUSIC) and estimation of signal parameters via the rotational invariance
techniques (ESPRIT) [26,27], which offer high angular resolution but degrade under low
SNR or under strongly correlated sources [28]. Greedy algorithms such as Matching
Pursuit (MP), Compressive Sampling MP (CoSaMP), and Orthogonal MP (OMP) are better
at handling coherent or highly correlated signals. OMP especially stands out due to its
lower computational complexity, making it particularly attractive for real-time or resource-
constrained systems [29,30]. Nonetheless, it can suffer from early selection errors and
instability in low SNR or high compression [31]. Another major challenge in grid-based
Ao0A estimation methods is the off-grid problem, where true source directions do not align
with discretized angular grid points. The off-grid problem is usually addressed by either
increasing grid resolution or by employing post-OMP refinement methods such as gradient
descent, Taylor-series approximations, perturbation-based reweighting, etc. [32].

Sparse Bayesian Learning (SBL) is another SSR technique that has gained popularity in
radar and array processing due to its robustness to noise and grid mismatch and its ability
to automatically infer sparsity [33,34]. However, its higher computational complexity is
a drawback, especially in RIS-assisted systems where both RIS and MS are implemented
as UPAs, resulting in a quadratically increasing dictionary grid. This scalability issue is
not limited to SBL only; any dictionary-based greedy algorithms also struggle to scale
efficiently with large arrays or fine-resolution grids. To mitigate this, off-grid methods that
are not strictly dependent on predefined dictionaries have been developed. Off-grid SBL
(OG-SBL) is one such method designed to use a reduced dictionary to balance performance
and complexity [35-38].

The number of studies that apply SBL-based AoA estimation in MIMO systems with
UPAs is still limited, mainly due to the significantly increased dictionary size associated
with 2D angle grids. To address this, several hybrid estimation approaches have been
proposed. For instance, refs. [39,40] adopt a block-OMP method for elevation estimation
followed by SBL for azimuth recovery using block-sparse priors to reduce complexity. Addi-
tional works such as [41] employ CoSaMP-SBL hybrid methods for joint azimuth-elevation
estimation, where CoSaMP prunes the dictionary before Bayesian refinement. Off-grid SBL
extensions in RIS-MIMO systems also exist: for instance, refs. [36,37] implement OG-SBL
in UPA-based MIMO systems to refine AoA estimates. In [35], the concept is extended to
active element-based RIS-assisted MIMO architectures to decouple the BS-RIS and RIS-MS
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channels, with Newton-based refinement of angular estimates. However, the estimates are
largely based on the active elements. These strategies confirm that standard SBL alone is
often impractical in high-dimensional UPA systems and that dimensionality reduction, hy-
bridization, or structural sparsity must be taken into account for computational feasibility.

In RIS-assisted MIMO systems, acquiring full-dimensional array observations at the
BS is not feasible due to excessive training overhead [33]. Therefore, a sampling matrix or a
compressive sensing matrix is applied to reduce signal dimensionality prior to processing.
In RIS-assisted systems, the reflection coefficients inherently act as a compression matrix,
compressing spatial information [42,43]. Therefore, AoA estimation in RIS-assisted MIMO
systems becomes a compressed sensing problem, where sparse angular support must be
recovered from a subset of compressed measurements. Among the SSR methods, greedy
algorithms like OMP and SBL adapt well to the compressive setting, while MUSIC and
ESPRIT require significant adaptation [30,44].

2.3. Summary and Research Gap

The existing research on RIS-assisted localization largely focuses on downlink es-
timation strategies or assumes LoS availability, limiting their applicability in realistic
NLoS environments. While multi-RIS and angular parameter-based methods have shown
promise, they often neglect the uplink estimation bottleneck in passive RIS architectures.
Hence, there remains a need for unified, low-complexity, and scalable uplink channel
estimation and localization frameworks that operate effectively under passive RIS setups
and NLoS propagation conditions, which constitutes the central focus of this study.

3. System Model

This section outlines the uplink transmission model for an RIS-assisted mmWave
MIMO-OFDM system, emphasizing the geometric relationships and signal formulations
necessary for sparse channel estimation.

3.1. System Reference Model

The reference model for the RIS-assisted mmWave MIMO-OFDM communication
system is given in Figure 1. The communication system consists of a BS, RIS, and MS.
Both the BS and the MS are equipped with UPA antennas of sizes M = M, x M, and
K = Ky x Ky, respectively. The reflecting elements of the RIS are also arranged in a UPA-
like array of L = Ly X L, elements. Communication occurs exclusively via the RIS, with
no direct BS-MS link. This creates a cascaded channel composed of a BS-RIS sub-channel
given with Hpr € CM*N and the RIS-MS channel denoted as Hgy € CN*K. The RIS
reflection pattern matrix is ¥ = diag(e/¥1,e/¥2,...,e/%1) € CL*L, where ¢; € [0, 277) is the
reflection phase of the /th reflection element. The main assumption of the study is that the
communication system is deployed in a dense urban environment scenario where the LoS
path between the RIS and the MS may often become obstructed and the RIS-MS channel
consists mainly of NLoS multipath components. In addition, the BS and the RIS positions
and orientations are known, making Hpr and its geometric parameters of AoA, AoD, and
ToA known. OFDM has N subcarriers, bandwidth B, and subcarrier spacing fs = B/N.

Figure 1 also shows the coordinate system adopted. A wave propagation direction is
specified by an azimuth angle ¢ € [0°,360" ) measured from the positive x-axis and an eleva-
tion angle § € [—90°,90"] measured from the z-axis. The 3D positions of the communicating
nodes are given as Pz = [xp,y5,25]" € R3, Pg = [xg, g, zg]", and Py = [xp1, yar, zu]” for
the BS, RIS, and MS, respectively, while the locations of the single bounce scatter points are
in the Ps(j ) = [xs,vs,2s]" format, where j denotes the jth multipath.
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Figure 1. Reference model for urban RIS-assisted MIMO-OFDM communication system.

3.2. Channel Model

In the mmWave frequency spectrum, high path loss and limited scattering lead to
angular sparsity and a small number of dominant multipath components [5]. This results
in a situation where each multipath component is defined by its AoA, AoD, ToA, and
path gain. Therefore, the channel can be represented as a superposition of steering vectors
weighted by these path gains. For UPAs, the steering vector is formed as a Kronecker
product of horizontal and vertical components, denoted by a, and ay, respectively. The full
expressions are given in Equations (1)—(3).

ax (47, ) = [1, ejanTx cos(¢) Sin(e), s, ejZHde(Nx—l) cos(¢) sin(G)} T )
d, d T

ay(¢,0) = {1, 2705 sin(9) sin(6) 273 (Ny=1) sin(¢) sin(e)] @)

a(¢,0) = ax(¢,0) ®ay(¢,9)T 3)

In the equations, dy and d are the horizontal and vertical distances between the
adjacent array elements. Using the steering vector equations, the BS-RIS channel for the
nth subcarrier with a single LoS component is given as follows [45]:

. (n—1)B
Hprn = xe /77BN ap(pp, 0p)ar (Pr, 0r)" 4)

where TpR is the channel time delay, x is the path gain, and (¢p, 05) and (¢, Or) are the
AoA and AoD angle pairs at the BS and the RIS, respectively. The RIS-MS channel, on the
other hand, comprises | multipath components, and the channel is modelled as the sum of
] steering vectors:

(n—1)B
N ar(¢r,,Orj)am(Parn)"” )

J i ,
]27‘(TRM,]
HRM,n = E p]€
j=1

In the equation, p; is the path gain, Try;; is the path delay, while the (¢r ;, 0r ;) and
(¢m,j0m,j) pairs indicate the AoA at the RIS and AoD at the MS for the jth multipath.
Location-dependent geometric parameters of angle and delay are calculated as follows:

0x; = arcsin((P?") — P5)/ HPQ) — Py HZ) ©)
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gr; = arctan((PYY) — )/ (PSV) — P)) )
m,; = arctan((Py, — Py’(j))/(Px — prV) ) (8)
¢ JJ M S M S
O, = arcsin(( ZZ\A—Pg’(j))/HPM—PS(j)Hz) )
s (28 o] - 0] »

In the equations, c is the speed of light. Also, it should be noted that BS-RIS parameters
are ignored.

3.3. Sparse Model of the Received Signal

Let the MS transmit a pilot sequence x, € CX*! in the uplink direction; the received
pilot signal y, € CM*1 at the BS for the nth subcarrier over a single OFDM symbol is

Y, = Hern Y HrMnXn + Zn (11)

In the equation, z ~ N(0,021y) is the Additive White Gaussian Noise (AWGN) added
at the receiver.

In order to apply compressive sensing-based algorithms, the channel in (11) should
be represented in terms of dictionary matrices and the sparsity matrices [5]. Hence, Hpr
is a LoS channel with known sparsity; it is not presented in a sparse form. The sparse
representation of the RIS-MS channel in the angular domain is as follows:

Hru = ARYrmAY (12)

In the equations, Ar = [ar(¢1,01),...,ar(Pce 0G:)] € CLGR*  and
Ay = lapm(P1,61), ..., am(¢c,,. 06,,)] € CKGn” are overcomplete dictionary matrices of ar-
ray steering vectors at the RIS and MS nodes with resolutions of Gg? and Gy;?, respectively.
The columns of the dictionary matrices correspond to array steering vectors of a specific
azimuth and elevation angle pair in the AoA or AoD, and the resolutions of Gg* and Gy,
are obtained based on equal horizontal and vertical resolutions. Yry € COrR*¥GM? is a
row—column-block sparsity matrix with only a few non-zero elements that select specific
elements from the dictionary matrices. In the block sparsity, the row sparsity corresponds
to the AoA dictionary atoms at the RIS side, and the column sparsity corresponds to the
AoD dictionary atoms at the MS side. Rewriting (11) leads to

Y. = HBR‘YARYRMA?AXn +Zy (13)

In the equation, Hpp is not in a sparse format and can be reduced to its sub-elements
to make the equation simpler. Taking into account that Hpr consists of a BS and an RIS
steering vector, the BS steering vector can be projected out by performing element-wise
multiplication of the received signal y, with the known vector ag(¢p,605)". On the other
hand, the BS-RIS side RIS steering vectors’ spatial frequencies can be subtracted from the
RIS-MS side RIS steering vector. The simplified equation is given below:

¥, = LT ARY R AN + 20 (14)

In the equation, 1y is a vector of 1 s denoting that the received signal for all the
BS antennas is the same but with an iid. noise. P = [{1, ..., ¢r]" is the vector
representation of the RIS coefficients, and Ay is obtained by subtracting the RIS angles.
Also, ¥, =y, ©ag(¢p,0p)" and 2, = z, © ag(¢pp,0p)" are the received signal and the noise.
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4. Coarse Channel Estimation

Equation (14), obtained in the previous section, is in a block-sparsity structure format,
where the row sparsity component represents AoA sparsity at the RIS and column sparsity
represents AoD sparsity at the MS. Therefore, a two-phase coarse channel parameter
estimation protocol based on double sparsity is proposed. The first phase estimates coarse
AoDs at the MS, and the second phase estimates coarse AoAs at the RIS. Compared
with standard double-sparsity structures, the MS side of the equation appears to be in
a directly usable format [5,7,46]; thus, AoDs at the MS can be estimated without any
further modifications. On the other hand, the RIS side of the equation requires further
modifications. The two-phase protocol and the distribution of the pilot sequences in the
OFDM grid are depicted in Figure 2.

y T, -AoD ¢ T, - AoA _
i Y d
" XT1,1|XT1,2|XT1,3| |XT1,T1 XT2,1|XT2,1|XT2,1| |XT2,1
g Data Data
E XT1,1|XT1,2|XT1,3| |XT1,T1 XTZ,ZIXT2,2|XT2,2| IXT2,2
'U% Data Data
XT1,1|XT1,2|XT1,3| |XT1,T1 Xr2,ns| XT2,Ns[XT2,Ng| <+ |XT2,Ns

OFDM Symbols

Figure 2. Two-phase channel parameter estimation.

4.1. Phase 1: AoD Estimation at MS

In Figure 2, the AoD estimation phase is denoted as T; and consists of T{ OFDM
symbols. For each symbol, a pilot sequence x; € CX*! from an orthogonal pilot matrix
Xp = (X1,X0,...,XT,) € CK*K js transmitted from the MS. At the BS, T;-received pilot
signals are concatenated to form the received signal, Y5, = (91, Y2,/ - - .,yTl,n)T €

CM*T1, By applying Hermitian operation to the received signal, the received signal becomes
Yils, = XHAMYRMARW 1}, + ZH (15)

where Z € CM*Ti is the concatenated noise matrix.

As already indicated by the size of the pilot matrix, the training duration is equal to
the MS array size, Ty = K, allowing the use of orthogonal training sequences of length
K. The use of a full orthogonal matrix is feasible due to the limited dimensionality of the
UPA at the MS (e.g., 4 x 4). By employing orthogonal pilot signals, the BS can eliminate
the pilot from the received signal through correlation, resulting in the dictionary matrix
becoming the effective sensing matrix. In order to perform SSR, RIS phase coefficients are
assigned random complex values of the form e/’, where v € [0,27) is kept constant during
the training period or over T; symbols. This results in a constant { = AHy*17; that does
not affect the sparsity.

After applying the orthogonal pilot matrix X, to the Hermiton of the received signal
Yﬁs,n' Equation (15) is transformed into a standard row-sparse representation suitable
for SOMP:

Yisn = AmYrmE + Z (16)

In the equation, Yﬁs,n e chxM corresponds to M observations over Ty OFDM
symbols and a single OFDM subcarrier. These M observations correspond to a rank-1
multiple measurement vector (MMV) model, where all measurement vectors are linear
combinations of a single sparse vector and differ only in noise. Hence, ToA estimation
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requires multiple observations over multiple OFDM subcarriers, and the training signal
in (11) is also applied to multiple OFDM subcarriers. In OFDM, each subcarrier has a
slightly different phase shift due to frequency-dependent delay, which introduces subtle
but critical frequency diversity to the observations [47,48]. To recover the coarse AoD
support estimates from (16), the SOMP algorithm is employed. The SOMP algorithm
processes multiple observations simultaneously under a common sparsity constraint. The
algorithm is outlined in Algorithm 1.

Algorithm 1: SOMP algorithm for AoD estimation at MS

s Input: Yyis, Am
: Parameter setting: R = Yj5, () = o initialize residual and index set
:forj < Jdo

1

2

3

4 i= argmaxHAAH/IR g; calculate max values, estimate index of max values
5. Q= QU {i}; update indices set

6 R = (I - Ap(Q).A},(Q))Yus; update residual

7: end for

8: Output: (), from index set () get AoDs, max values

4.2. Phase 2: AoA Estimation at RIS

Phase 2 is shown as T, in Figure 2 and consists of Ty OFDM symbols. It was shown
in Equation (14) that the received signal at the BS is the same for all BS antennas but
with different i.i.d. noise. Therefore, to carry out AoA estimation, the estimation protocol
needs to be extended in the time domain as opposed to the spatial domain. Let ® =
(W1, ¥y, ..., Pr,)] T e C2*L be the RIS pattern applied to (14) for a T, OFDM symbol; the
received signal observed on a per-BS-antenna basis is as follows:

Y, = PARYRME + Zn (17)

In the equation, assuming ¢ = Aﬁxn is constant over T, symbols, y € CT2x1 ig in
row-sparsity format with the RIS reflection coefficients effectively becoming a compression
matrix. Similar to the AoD estimation phase, multiple BS antennas produce multiple
observations that are effectively rank-1 MMVs. AoA estimation observations are obtained
in a manner similar to AoD, i.e., a set of OFDM subcarriers is used to produce MMVs. The
SOMP algorithm for the AoA estimation at the RIS is the same as Algorithm 1, albeit with a
different sensing matrix. The sensing matrix in Phase 2 is © = ®Ag. In this phase, both
the RIS coefficients and the x;, pilot sequences are drawn from a Bernoulli distribution,
taking the values of £1 with the objective of approximating Restricted Isometry Property
(RIP) [46,49].

5. Off-Grid SBL Refinement

In this section, we develop a variational Bayesian framework for refining the angular
parameters associated with each source. The refinement process jointly updates the azimuth
and elevation deviations within each VBEM iteration, enabling high-resolution off-grid
estimation. Unlike MAP or standard EM methods, the VBEM algorithm leverages a mean-
field variational approximation, which allows closed-form updates of the posterior and
avoids overfitting by marginalizing latent variables rather than point-estimating them [50].
By integrating Newton-based off-grid angular refinement directly into the iterative updates,
the framework reduces basis mismatch without relying on a fixed discrete grid. The
proposed algorithm is explained through AoA estimation at the RIS side, which can be
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adopted to the MS side AoD estimation by simply assuming the compression matrix is an
identity matrix. In the following section, for simplicity, Ax = Ag and y = ¥.

5.1. Off-Grid Formulation

Equations (16) and (17) are the sparsity equations that may result in energy leakage
due to the true angles being in between dictionary atoms. If Equations (16) and (17) are
rewritten as functions of continuous angles, the received signal can be shown as follows:

Yr = PAg(¢r, 0r)S + Z (18)

where the steering matrix Ag(¢r,0r) = [ag1,...,ar ] € CL>J is parameterized by contin-
uous azimuth and elevation angles as opposed to discrete angles in the SOMP method. In

addition, S € C/*Nots contains the channel gains of the Ny, observations. The objective
]

I=j

observations Yy, as well as the sparse source structure S under the assumption that only |

of the proposed algorithm is to estimate the angular parameters (¢r j, 0r ;);_., given the

directions are active.

5.2. Sparse Bayesian Prior Structure

In order to promote sparsity in the source signals and enable automatic relevance
determination (ARD), the study adopts a two-layer sparse Bayesian modelling frame-
work [51,52]. In the first layer, each row s; € C1*Nows of the source matrix S € CJ*Novs
represents the time-varying coefficients corresponding to a hypothesized source direction
(¢, 0;). We place independent zero-mean complex Gaussian priors over each row:

Nops

p(sj|aj) = 11:[1 CN(sjn | O,afl) = C./\/'(O,uc]fllj) (19)

where g; is a precision (inverse variance) parameter associated with the jth direction and k
is the observation index. Large values of #; result in the corresponding s; going towards
zero, effectively making it sparse. In the second layer, each «; follows an independent
Gamma distribution:

8 1
-

T(a)"i e (20)

p(a;) = Gamma(a; | a,b) =

where a4 > 0 and b > 0 are hyperparameters, typically chosen to be small to enforce
sparsity-promoting behaviour. The noise in the observations is modelled as additive
complex Gaussian noise with precision g = 1/¢2:

p(yi | S, B) = CN(PA($,0)s, B 1)) (21)
Nops

p(Z) =TT CN(yx | PA($,0)st, 1)) (22)
k=1

In practice, B may be estimated jointly with the other parameters or fixed based on
prior knowledge. The joint distribution over all unknown variables is then

N Obs J

p(Y,S, &) = H p(yi | S, B) Ip(si| aj)p(a)) (23)

j=1

The resulting probabilistic model defines a joint distribution over the observations Y,
the latent source signals S, and the hyperparameters ot = [y, ..., aj].
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5.3. Variational Inference Framework

Direct computation of the posterior p(S, « | Yg) is intractable due to the coupling
between the latent variables in both the likelihood and the hierarchical prior structure. To
address this, we employ a VBEM framework, where the joint posterior is approximated via
a mean-field factorization as follows [51,53]:

q(S, &) = q(S)q(ex) (24)

where posterior independence between the signal coefficients S and the precision parame-
ters « is assumed, enabling iterative updates by optimizing each variational factor while
keeping the other fixed. The variational inference procedure minimizes the Kullback—
Leibler (KL) divergence between the true and approximate posteriors, which is equivalent
to maximizing the evidence lower bound (ELBO):

L(q) = Eqllog p(Y, S,a)] — Eq[logq(S)] — Eq[logg(a)] (25)

Due to the conjugacy between the Gaussian prior on S and the Gamma prior over
«, both posterior distributions retain closed-form variational updates. Specifically, the
variational distribution g(S) becomes a multivariate complex Gaussian, while g(«;) remains
a product of Gamma distributions. Given the factorization in (25), VBEM iteratively
updates these posteriors using closed-form E- and M-steps followed by an off-grid angular
refinement step. The full VBEM procedure is outlined in Algorithm 2.

The first step of the VB-OG-SLB algorithm is the initialization stage, during which the
angle refinements are set to zero and the model hyperparameters are initialized. Specifically,
the hyperparameters governing the prior distributions are initialized using the signal
power estimates obtained from the SOMP stage. The shape parameter a is set to the
number of multipath components, while the scale parameter b is set to the normalized
signal power associated with each path. This initialization ensures that the algorithm starts
from a physically meaningful prior and promotes faster and more stable convergence in
VBEM iterations.

Algorithm 2: VB-OG-SBL for AoA estimation at RIS

Input: Yz, © = ®Ag, coarse (qu, 9]-) J, signal powers

1. Initialize: 5}‘2 =0, 5]‘fl = 0, initialize hyperparameters «, and noise precision 3

2. Repeat:
2.1. Update Steering Vectors : Recompute with updated angles Ag (¢; + 5}12, 0+ 5}?1)
2.2. E — Step : Compute posterior mean y; and covariance %, ; of S
2.3. M — Step : Update hyperparameters & and noise precision (3

2.4. Update Angles : Apply Newton updates to refine (572 and (5]8-1

2.5. Check Convergence : stop if H(S}” - 5;t_1) H < € or max iteration reached
3. Return: Refined angles and signals posteriors
Output: Refined angles ¢; + (5]‘-”, 6, + 5;?1, posterior means y/; signal estimates S

Following initialization, each VBEM iteration begins by updating the steering vectors
using the most recent angular estimates. Let A = Agr(¢(;_1),0(_1)) € CL*J denote the
current steering matrix based on the latest angle estimates or iteration (i —1). Upon
updating the vectors, the compressed dictionary becomes A = ®A € C™2*/, which is the
effective measurement matrix in the VBEM inference loop.
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Given the current estimate of the dictionary A and the precision vector o =
[w1,... 5] T, the variational posterior over the sparse source matrix S is assumed to factor-

ize across observations:
Nops

q(S) =TT CN (. 2) (26)
k=1

where p; € C/ is the posterior mean and & € C/*/ is the posterior covariance, which is
identical across snapshots due to independence. The covariance is given by

1
P (diag(cx) g Al A) 27)
The posterior mean for each observation is given as

we = BT Ally, (28)

The posterior distribution over each precision parameter a; remains Gamma dis-
tributed. To update the precision parameter, the expected signal energy is calculated as

Nops
2 2
EHSJ' H =Y |#jk!* + NopsZj, (29)
k=1
where p; is the jth entry of the posterior mean and %; ; is the jth diagonal entry of the
posterior covariance. The update function for the shape parameter and rate parameter of
the Gamma distribution are

aj = ag + Nops (30)
1
by = b0+§E[|s]-I2] (31)
Thus, the expected precision becomes

N
o = LO%Z (32)
by + %E [ §j | }

The precision update balances the empirical signal energy at each index j with the
associated uncertainty captured, leading to automatic sparsity pruning as irrelevant com-
ponents are suppressed. It is this update of the a; value that makes VBEM-based OG-SBL
different than EM-based OG-SBL. If the noise variance ¢ and the noise precision 3 are not
known, then the noise precision is updated in closed form:

J X N,
p= = (33)

8 v — A Now x (A )
k=1

The angular refinement step uses a second-order Newton update to adjust the azimuth
and elevation angles of each active component [35,54,55]. Newton-style updates improve
both accuracy and stability by using second-order derivatives to determine not only the
direction but also the magnitude of each refinement step. Unlike first-order methods such
as basic gradient descent, which can suffer from slow convergence or instability, Newton
updates adapt to the local curvature of the error surface, resulting in more stable and
efficient convergence. The Newton updates are derived by minimizing the expected data-
fitting error under the current variational posterior. Specifically, the update approximates
the gradient of the ELBO with respect to the angular deviations based on the current
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posterior mean estimates y; x for each source j and observation k. This approach avoids
explicitly computing the ELBO, while still enabling tractable second-order optimization.

Let the current azimuth and elevation angles for source j be represented as ¢; + 5]’»‘2
and 0, + 5]?1 , where of and 0, are the coarse initial estimates, and 6% and 5;?1 are the small
refinement deviations to be learned. To update (¢}, 0;), we minimize the expected squared
error for each observation k, defined as follows:

Ee(¢,0) = Eys) [HYk - g#kHZ] (34)

This cost function approximates the negative gradient of the ELBO with respect to
the angular deviations. To refine the angular deviations, the expected squared fitting error
contributed by the jth source component across all observations is expressed with the
following cost function:

Nops

_ 2
£ o) = 1 e = wix (9 +57 0 + 51 (35)
where 7y j is a residual signal that isolates the contribution of the jth source:

Tkj = Yi— 3 dghg (36)
8F]

and where 4y is the gth column of A and Jg k is the posterior mean coefficient for source g
and observation k.

Since the coarse angles are treated as constants during refinement, the gradients are
. oa; oa; . .
computed with respect to the current total angles. Let aTHu’Z and % denote the derivatives
J i
of the steering vector with respect to azimuth and elevation deviations. The gradient of the
expected cost with respect to 5;’2 and (51?1 are

oL R Nops BE]H q oL R Nows HE]H
957 V& i\ aEm ) o a5l & a6 7

To enable fast convergence, the study adopts a Newton-style update using approxi-
mate second-order information [35,56]. The Hessian terms are approximated by ignoring
cross-terms and treating Mjn as constant over refinement steps:

2 2
2L New| ol e R2re Nowl |l o
52 ~2 kZ:l Hik! 851‘.‘2 and 52 ~2 kZ:l Hikl 51 (38)
] = ] = j

The gradients in (38) approximate the direction of steepest descent of the ELBO with
respect to the angle deviations, enabling fine-grained correction of the estimated azimuth
and elevation values. Using these approximations, the Newton updates for the angular
deviations are

oL/ 8(5]‘?2

az/a(s;l
FYS /3572

az az
5j < 5f 326/655;12

and 5;1 — (5;1 —7 (39)

where 7 € (0,1] is an adaptive step size that decays over iterations.
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The algorithm converges when the deviation in the estimated angles between two
consecutive iterations fall below a predefined threshold or when the maximum number of
iterations is reached. The convergence criteria is as follows:

o s,

delta_change = W

< tolerance_value (40)

Although the ELBO objective could be monitored for convergence, this introduces
additional computational cost. Since the primary goal of the algorithm is accurate angle es-
timation, a more efficient stopping criterion based on convergence of the angular deviations
is adopted.

5.4. Computational Complexity

The computational complexity of the proposed VB-OG-SBL for AoA estimation in the
RIS side on a per-iteration basis is given in Table 1. Adding the steps in the table leads to the
overall computational complexity of O ( J-L 4 J2.T> + J3 + Nops. To.] ) In practice, the num-
ber of sources (]) is limited, and the array size is larger than the observation length (T, < L);
therefore, the final approximate computational complexity is O(T(]J-L + Nops.T2.])), where
T is the number of iterations. Traditional SBL has a relatively large computational complex-
ity due to full inversion of the dictionary matrix, but reducing the dictionary matrix to the
number of multipaths greatly reduces the final complexity.

Table 1. Computational complexity of the proposed off-grid SBL per iteration.

Step Computational Complexity
Steering vector updates O(J-L)
E-step O(J2.Tr + J*)+O(Noys.J. T2)
M-step O(Nops-J)+O(Nops-T2.])
Angle refinement O(Nops-T2.])

The SOMP algorithm, on the other hand, has a computational complexity of
@) ( J .Tl.GﬁA) for AoD estimation and (’)( ] .Tg@.G%) for the AoA estimation, which can
increase substantially with the size of the dictionary. The overall complexity of the VB-OG-
SBL algorithm is less than the complexity that would be required if refinement was carried
out using a high-resolution dictionary in traditional SOMP.

6. Channel and Location Estimation

To estimate the channel coefficients and the location of the MS, first, the estimated
AoA and AoD angles must be paired in the correct order. Then, the ToA for each path also
should be estimated before the localization algorithm.

6.1. Permutation-Based AoA—AoD Mismatch Mitigation and Channel Coefficient Estimation

In sparse channel estimation frameworks with double-sided angular sparsity, esti-
mating the AoAs and AoDs independently may result in an angular mismatch, where the
AoA and AoD are not in a matching order. Given that both estimation phases are carried
out on the same path and that estimated coefficients for both estimation phases should be
approximately the same, we propose a simple two-step AoA-AoD matching method.

In the first step, the channel coefficients are calculated based on MS-side AoD estima-
tion observations. The order of the estimated AoAs is taken as a reference, i.e., the AoAs
are fixed in the order returned by the angular estimation algorithm, while for the AoDs, all
the J! permutations are considered. For each permutation of AoD and the reference order
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AoA, a corresponding set of path gain coefficients 1) is estimated using the following
expression, where (p) is the permutation order:

B — _ Yms (41)

DA AP

The second step is the mean squared error (MSE) calculation step. To identify the cor-
rect AoA—AoD pairing, each candidate h(?) is evaluated against the AoD candidates using
an MSE criterion. For the pth candidate of /1 and the ith candidate of AoD, a reconstruction
error is computed for the RIS-side observations:

N H|I?
Ep,i—‘YR—Q~ARx-diag(h(p))-<A(Ti) HF (42)

The optimal pairing is selected as the permutation index p,i that minimizes the recon-
struction error:
p,i = argminEy,; (43)
pi
The correct pairing also gives us the channel coefficient for the paths. The protocol
is simple with low computational complexity. For example, in this study, the number
of paths to be estimated is 3; therefore, there are only 6 permutations to go over, which
makes 36 error calculations. Although in practical implementations the number of NLoS
paths is expected to remain low, for channels with more than 5 multipath components,
the computational complexity of the method can increase rapidly. To overcome this, the
estimated AoAs and AoDs should be grouped based on their unit direction vectors. These
unit vectors represent the spatial orientation of the rays relative to the RIS and MS positions.
Using this directional information, the rays can be grouped into smaller subsets of three or
four based on their geometric alignment. The permutation-based matching algorithm can
then be applied within each group rather than over the full set of angles.

6.2. ToA Estimation

To estimate the ToA of each multipath component in the RIS-MS channel, the channel
coefficients obtained over Ny subcarriers in the previous step are concatenated into a
vector for each individual multipath component, h; = [hj1,...,h j,NS]T. The resulting
vectors are correlated with a dictionary matrix, where each column of the dictionary
corresponds to a distinct time-delay value [18,57,58]. Although prior work proposes the
use of the DFT matrix due to its orthogonal columns, the resolution limitations of the
DEFT restrict its practical applicability. Therefore, a high-resolution dictionary matrix is
constructed, containing finely sampled candidate time-delay values. The ToA estimates are
then obtained by identifying the columns with the maximum correlation value.

Next, channel coefficients are concatenated into a vector for each multipath, hj =
[h s, h i Ns ] T, where N; is the number of measurements for each multipath. The resulting
vectors are correlated with a dictionary matrix, where each column of the dictionary
corresponds to a distinct time-delay value [18,57,58]. The ToA estimates are obtained by
identifying the columns with the maximum correlation value:

m; = argmax(DHh]-) (44)
m

The resolution and the accuracy of ToA estimation is constrained by the available
signal bandwidth and the number of subcarriers; thus, increasing the bandwidth and the
number of subcarriers can improve the achievable ToA accuracy.
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6.3. Localization and Sensing

The 3D localization estimation framework deployed utilizes the geometric parameters
that have been estimated by the estimation algorithms. Hence, the 3D coordinates of the BS
and the RIS are known, and the location of the MS is estimated relative to the RIS location.
Each propagation path consists of two segments, and the two-segment equation is given
as follows:

Py = Pr + d]‘,luR,j + d]‘/zuM,]' (45)

where ug j and uy,,; are the unit directional vectors for AoA at the RIS and AoD at the MS;
d;j1 and d; denote the two-segment structure of each path, where d; ; is the distance from
the RIS to the jth SP and d;, is the distance from the MS to the jth SP. The total distance of
each path is known, d; = 7;.c. The unit vector in the equation is

sin 6 cos ¢
u= | sinfsin¢ (46)
cos ¢

Using the available data, the MS location relative to the RIS position can be determined
by optimizing the orthogonal distances between the potential intersection point and the
multipath components [6,10,59]:

J
=1

J -1
PM = (Z w](I —lljlle)>

=1

]

In the equation, u; = d;(ugj — upy;) is the path direction and U; = u;/||u;| is the
normalized unit direction vector; Kj = —d jum is the directional vector from the MS, and
wj is the weights representing the estimation quality of the path. Using the estimated MS
location, the location points of the scatter points relative to the RIS position are calculated
as follows:

Ps(]z2 = (Vr;+ VM,]')71<VM,]'PM) (48)

where Vg ; =1 — uR,]-uszlj and Vyy; =1 — uM,]-u}C/Lj.

The localization algorithm implemented in the study assumes a known orientation.
Given the current available constraints, orientation estimation cannot be successfully
performed. However, with added constraints such as known scatter point locations or other
means, the orientation can be estimated. Moreover, most mobile devices are equipped with
gyroscopes or other onboard sensors that can successfully track MS orientation; thus, the
MS can inform the BS of its orientation by sending data packets in the data frames shown
in Figure 2.

7. Results

This section presents simulation results in order to evaluate the performance of the
proposed hybrid SOMP and VB-OG-SBL channel estimation framework. To benchmark
the proposed method, simulations are also conducted using conventional SOMP and
compressive MUSIC [60]. The standard SBL algorithm is excluded from the evaluation due
to its high computational cost in large-scale RIS scenarios; for instance, the RIS dictionary in
the study is of size Agx € C*4*81%0 To provide a more comprehensive evaluation of the VB-
OG-SBL algorithm, we also implement two Expectation Maximization (EM)-based OG-SBL
variants as baselines: one that employs the same Newton-style angular refinement used
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in our proposed method and another that relies on a conventional grid-search refinement
strategy [61].

In the simulations, the location of the RIS is set to Px = [0, 0, 10] T and the location of
the MSiis Py; = [25+ 0,0 + ay, 0] T, where random numbers of standard deviation o = 1
are added to the x and y coordinates to avoid estimation bias. Scatterer positions are set
to P = [13,5,8, P& = [7,—3,3]T, and P{¥) = [16,—9,5]". Hence, the MS location is
measured with respect to RIS, and the BS position is not taken into account. The normal
of RIS is aligned with the positive x-axis. The path gains are calculated according to
3GPP specifications for the UMi-Street Canyon profile, PL(dB) = 22.4 + 21.3log;(f:) +
35.310g(d;) — 0.3(hy — 1.5), with d; indicating the total multipath distance and h,, the
MS height [62]. The OFDM parameters are B = 200 MHz, N = 200, and f, = 28 GHz.

The elements spacing for all the arrays is d = A /2. The MS is modelled with realistic
UPA sizesof K =4x4 =16, K =5x5 = 25,and K = 6 x 6 = 36. The RIS size is
L = 12 x 12 = 144, and to simulate various compression ratios, RIS observations are
sampled at T, = {15,20, 30,48}, corresponding to sampling ratios of 10.4%, 13.8%, 20.8%
and 33.3%.

The pilot sequences are transmitted over 10 OFDM subcarriers, which are evenly
spaced through the entire bandwidth. These subcarriers are also used for ToA estimation,
i.e., Ny = 10. MMV matrices are constructed by taking observations from 3 BS antenna
elements for each subcarrier, making the total observation size 30. Based on the compressed
sensing bounds [47,48], the required number of observations is approximated as Npps =
cJlog(G3,/]); considering that both the AoA and AoD dictionaries span 90° for azimuth
and elevation with angular resolution of 1°, the required MMV size for the successful
estimation of AoA and AoD is 27 observations for ¢ = 1, which is consistent with the choice
of 30 observations.

Estimation performance is evaluated in terms of NMSE for channel estimation and
root-mean-squared error (RMSE) for angular and localization accuracy. Given H and P are
the values to be estimated, Hgs; and Pgg; are the estimated values, and S is the number of
number of samples, NMSE and RMSE are calculated as follows:

S |Hps — H

NMSE:%Z [ Fes = I (49)
=t ‘HHF
13 2

RMSE = | =Y (P — P

MS J 5L (Pest = F) (50)

The first set of simulations investigates the effectiveness of the hybrid angle estimation
method. Coarse SOMP estimation as well as the baseline MUSIC algorithm have grid
resolutions of 1°. For AoD estimation, the RIS-side compressive sensing matrix size is
25 x 144, while for AoA estimation, the MS UPA size was varied.

The simulation results as a function of SNR for AoD and AoA estimations are displayed
in Figure 3. Observing the results for the AoD estimation, it is clear that the proposed
VB-OG-SBL algorithm performs as intended; the RMSE for coarse SOMP estimates has
reduced from 0.038 rad to 1.3 x 1072 rad for 4 x 4 UPA and from 0.02 rad to 2.04 x 10~ rad
for 6 x 6 UPA at 40 dB. The performance of the SOMP algorithm improves with array size,
and it reaches its saturation point at about 5 dB SNR, reflecting its ability to recover support
early but also showing its limited resolution at high SNR. The results for MUSIC show
that the algorithm performs poorly below 10 dB SNR due to subspace instability and peak
detection errors. However, its performance improves at higher SNRs, and it outperforms
SOMP. The VB-OG-SBL refined results consistently achieve the lowest RMSE across all
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RMSE for AoD Estimation

SNR levels and array sizes. Performance improves steadily with increasing SNR, and the
improvement is more pronounced with larger arrays. Notably, the RMSE results for 5 x 5
and 6 x 6 arrays exhibit linear decay on a log scale, which suggests stable convergence and
high-resolution capability. Refined results for the 4 x 4 array are also near-linear but with
signs of saturation beyond 30 dB.

RSME for AoA Estimation
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Figure 3. RMSE for (a) AoD estimation at the MS side, (b) AoA estimation at the RIS side.

Compared with the AoD estimation, the AoA estimation results show very similar
RMSE trends to the SOMP algorithm. Specifically, the SOMP RMSE for AoA estimation
flattens at approximately 0.035 rad for a RIS compression ratio of 15/144 and at around
0.018 rad for higher compression ratios. The starting point of the flattening at low SNR
is an indicator for the importance of the size of the compression matrix. The results
for compressive MUSIC show that the algorithm is sensitive to RIS compression, with
performance consistently lagging behind both SOMP and VB-OG-SBL across all SNR
levels. This is attributed to subspace leakage and peak detection errors exacerbated by
compression. The VB-OG-SBL refinement results for AoA estimation follow the same trend
as in AoD estimation. While the RMSE for compression ratios of 30/144 and 48/144 are
relatively linear beyond —5 dB, the results for compression of 20/144 stabilize at 0 dB,
showing the negative effects of compression at low SNR. Moreover, the RMSE for the more
aggressive compression at 15/144 show it stabilizes around 5 dB . The relatively linear
decrease observed on the logarithmic scale confirms the stability of the algorithm. The
results further demonstrate that VB-OG-SBL is robust under compressed sensing conditions
and capable of exploiting spatial structure, even with an aggressive sampling rate of 10.4%.

To evaluate the computational feasibility of the proposed algorithm, runtime experi-
ments were conducted using MATLAB R2023b on a PC with Intel Core i7-13700H CPU. The
simulations were run for MS size of 5 x 5 and RIS compression of 20/144. The runtimes
for various SNR values were averaged, and the final results are given in Table 2. The
results confirm that SOMP is the fastest algorithm, as expected. Compressive MUSIC
had the worst performance out of the tested algorithms, showing that not only its RMSE
performance but also its computational cost under the 2D UPA model limits its practicality
for the tested scenario.
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Table 2. Execution time and iteration comparison for methods.
Method Avg. Time (ms)  Avg. Iterations  Time/Iter. (ms)

SOMP 10.08 - -
Compressive MUSIC 303.72 - -

VB-OG-5BL 16.18 27.6 0.59

EM-OG-SBL with Newton 26.97 26.1 1.03

EM-OG-SBL with grid search 99.98 10.8 9.26

The next sets of simulations are aimed at further observing the effectiveness of the
proposed VB-OG-5BL algorithm. First, its performance is compared against a conventional
EM-OG-SBL method with the same second-order Newton refinement and grid-based search.
Starting with the computation time analyses, it can be seen that the proposed VB-OG-SBL
algorithm outperforms both EM-OG-SBL methods. EM-OG-SBL with grid-based search
is slow, as expected, because it searches through a refined grid looking for the best log
likelihood estimate. Comparing VB-OG-SBL and EM-OG-SBL with the identical second-
order Newton refinements, the VB-OG-SBL is overall 67% quicker per estimation and 75%
quicker per iteration. The two algorithms converge at a similar iteration number. The
computation time differences are primarily caused by the posterior update mechanisms.
The EM framework performs full maximization of the log-likelihood, involving matrix
inversions and explicit recomputation of the posterior covariance matrices. Conversely, the
VB-OG-SBL method relies on variational inference, where posterior updates are expressed
in terms of expectations and structured updates. Moreover, the two methods have different
convergence criteria, but this does not seem to have a major impact. The EM framework
converges based on the monotonic ascent of the log-likelihood function, while VB-OG-SBL
uses a stopping condition based on the relative change in angle updates.

Figure 4a displays the RMSE results for AoA estimation as a function of SNR for the
three OG-SBL methods. The results show that VB-OG-SBL has marginally better RMSE
performance compared with EM-OG-SBL with Newton refinement, particularly in the
low-to-mid SNR regime (0-20 dB). This performance gain could be attributed to the VB-
OG-SBL maintaining and updating full posterior distributions, which leads to more stable
convergence and stronger regularization, especially under low SNR or high compression.
EM-OG-SBL, in contrast, uses a point-estimate-driven Expectation Maximization strategy
that maximizes the marginal likelihood. Lastly, the EM-OG-SBL with grid-based search
reaches a relatively flat RMSE trend beyond 15 dB. The flat performance is due to the
limited angular resolution imposed by the search grid.

The convergence behaviour of the VB-OG-SBL method is displayed in Figure 5a,b,
which depict the change in the estimated angular parameters and the corresponding
reduction in the normalized angle change across iterations. The convergence criteria
for the VB-OG-SBL algorithm are set to norm(delta_change) < 10~°. Figure 5b clearly
shows the normalized angle update reaching a point below 10~ at iteration 24. Figure 5a
further demonstrates how the angles are updated iteratively and approximate the true
AoA values. It can be concluded from Figure 5a that AoA estimation reaches a reasonable
value at the 10" iteration, after which the subsequent updates serve as fine-tuning. This
early convergence is an expected behaviour, as both VBEM-based SBL algorithms and
second-order Newton updates promote early convergence.
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AoA RMSE for Various OG-SBL Methods
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Figure 4. RMSE for (a) AoA estimation for various OG-SBL methods and (b) AoA estimation vs.
number of RIS elements at SNR = 20 dB.
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Figure 5. Convergence of VB-OG-SBL (a) shown as updated ang]les for resolution of 3 degrees and
1 degree coarse estimates and (b) shown as normalized angle update change in radians.

Another important observation from Figure 5a is the ability of the VB-OG-SBL al-
gorithm to correct coarse values from a wide range of initial values, provided that the
initializations fall within a reasonable proximity to the true angle. With the current simula-
tions, the update limit is set to 10 degrees. This highlights the algorithm’s robustness in
correcting coarse values.

Figure 4b shows the effects of RIS size on the AoA RMSE performance; data was
generated at 20 dB SNR and MS size of 5 x 5. The effects of RIS size were evaluated for
training durations of 20 and 40 OFDM symbols. As expected, the estimation accuracy
improves with larger RIS sizes due to the enhanced angular resolution enabled by the
increased aperture. Notably, the RMSE decreases rapidly up to approximately 400 elements,
beyond which the performance gain saturates. This result also demonstrates that in
addition to the RIS size, the training duration, which is effectively the compression rate, is
also important.

Figure 6 illustrates the NMSE for RIS-MS channel estimation as a function of SNR. As
expected, larger MS arrays provide improved estimation performance; specifically, the 6 x 6
MS UPA consistently achieves the lowest NMSE across all SNR levels, outperforming 4 x 4
UPA by approximately 5 dB. At SNR below 0 dB, NMSE differences between configurations
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are more pronounced, with the smallest array and most compressed setup performing
the worst. Although there seems to be a marginal difference between the NMSE curves
for 5 x 5 arrays with 20/144 and 30/144 compression ratios, beyond 0 dB, the two curves
almost converge. This indicates that the algorithm is more robust to variations in sampling
rate at higher SNR. In addition, NMSE improves with increasing SNR for all configurations,
with no observable performance saturation even at high SNR.

NMSE for Channel Estimation

i MS Size - Compression
0 —%— 4x4 - 15/144
107 —P—5x5 - 20/144
—=%— 5x5 - 30/144

—H5—6x6-48/144

10—4 L

-10 0 10 20 30 40
SNR (dB)

Figure 6. NMSE simulation results for various MS and RIS configurations.

Figure 7 presents the ToA estimation accuracy in terms of RMSE across a range of
SNR values. The results demonstrate a strong dependence on SNR, with all configurations
showing steep improvements in ToA accuracy as SNR increases. The RMSE improves
rapidly from 108 s to below 10~1% s as SNR increases from —~10 dB to 5 dB . This indicates
that ToA estimation is primarily noise-limited and benefits substantially from higher
signal quality. Comparing different configurations, there are 3 dB to 5 dB differences
between 4 x 4 and 6 x 6 UPA arrays at mid-SNR ranges, which was also observed in the
channel estimation. At higher SNRs, the RMSE curves for all configurations converge,
demonstrating that the algorithm reaches similar resolution limits when the signal is
sufficiently strong. ToA estimations follow a similar trend to the channel estimation, as ToA
estimation uses the estimated channel coefficients.

RMSE for ToA Estimation
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Figure 7. RMSE simulation results for ToA estimation for various MS and RIS configurations.

Figure 8 presents the RMSE for 3D localization and environmental sensing as a function
of SNR for various configurations, while Figure 9a shows the same localization results as
a cumulative distribution function (CDF). Since 3D localization is extremely sensitive to
estimation errors in AoA, AoD, and ToA, the localization accuracy reflects the compounded
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effect of these parameters. For example, the lower performance of a 4 x 4 UPA array is
a result of AoD estimation starting to saturate at higher SNR, as shown in Figure 3a. As
expected, configurations with larger MS arrays and higher RIS sampling ratios lead to
better localization accuracy. The 6 x 6 MS UPA with 48/144 compression outperforms
the other cases, reaching sub-metre accuracy beyond —3 dB and centimetre-level RMSE
at around 29 dB. Comparing 20/144 and 30/144 compression ratios for 5 x 5 MS UPA
also confirms that a higher sampling ratio offers better localization performance. Both
compression ratios for 5 x 5 MS UPA reach centimetre-level RMSE beyond 35 dB.

RMSE for Localization Estimation RMSE for Sensing Estimation
1015 MS Size - Compression 3 X MS Size - Compression
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Figure 8. RMSE simulation results for (a) MS localization and (b) scatter point sensing.
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Figure 9. CDF for localization error (a) with changing SNR values and (b) with changing angles.

The results for scatter point sensing are presented in Figure 8b. Hence, environment
sensing relies on MS localization, and the RMSE results mirror the plot for MS localization
with only small differences in the RMSE values. At low SNR values, the sensing RMSE
is marginally lower than 3D localization RMSE, likely due to the geometric proximity of
the scatterers to the RIS, which intuitively reduces propagation error. However, as SNR
increases and localization accuracy improves, the performance gap reverses slightly, and
sensing becomes marginally less accurate than localization. This inversion arises from
the compounded sensitivity of sensing to small localization errors; i.e., when localiza-
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tion accuracy reaches centimetre-level precision, even slight deviations are amplified in
scatterer estimations.

The CDF data for the error distributions shown in Figure 9a,b was generated with MS
size 5 x 5 and compression ratio of 30/144. Rather than the general trend of the localization
estimation, the CDF plots in Figure 9a show the statistical distribution of localization error
for the tested SNR values. The results show that at 40 dB SNR, 97% of the results are under
0.01 m, and at 30 dB, half the samples fall below 0.01 m. In contrast, at 20 dB, only 7% of
the samples are below 0.01 m. In the tested conditions, close to 100% of the samples are
below 1 m.

The CDF plot in Figure 9b was generated by moving the MS along the y-axis to
different positions, thereby introducing different azimuth angles relative to the x-axis,
which serves as the incidence plane for the RIS surface. In this configuration, the AoAs
remain fixed, while the AoDs vary with respect to the fixed scatterers. This setup allows a
systematic angular sweep to examine the limitations of the proposed channel estimation
and localization framework. Overall, the results confirm that certain azimuth configurations
perform better, as shown by the CDF curves for positions P2 (Az =20.0°), P3 (Az = 0.0°),
and P4 (Az = —15°). These positions produce distinct, well-separated paths towards the
scatterers, enabling the localization algorithm to resolve multipath components accurately.
In contrast, the P1 (Az = 45.0°) and P5 (Az = -30.0°) configurations demonstrate degraded
performance, with the majority of the sample errors being around 40 cm. In these two
settings, while the RIS-related AoA remains fixed, the change in AoD causes the departure
paths towards the scatterers to become highly correlated. As a result, the localization
algorithm faces increased difficulty in resolving the MS position due to insufficient angular
diversity. From an algorithmic point of view, the coarse angles produced by the SOMP
algorithm were beyond recoverable by the VB-OG-SBL algorithm.

While P1 (Az = 45.0°) and P5 (Az = -30.0°) scenarios represent valid edge cases, it
must be emphasized that localization algorithms inherently rely on the angular separability
of multipath components. In configurations where the AoD geometry consists of similar or
collinear propagation paths, the underlying assumption of distinct paths no longer holds.
From a practical perspective, these edge cases do not necessarily illustrate localization algo-
rithm failure. The observed degradation in performance under these settings is consistent
with theoretical expectations.

8. Discussion

This section discusses the practical implications of these findings, including deploy-
ment suggestions and the inherent limitations of the current study, which suggest avenues
for future work.

8.1. Deployment Considerations

The proposed framework is designed with practical implementation in mind, offering
a scalable and efficient solution for next-generation wireless systems.

Computational Feasibility: The proposed hybrid approach addresses computational
complexity by using a low-complexity SOMP algorithm for coarse estimation. The more
intensive VB-OG-SBL with Newton refinements is applied only to the coarse angles, signifi-
cantly reducing the overall computational demand. The results have confirmed that the
proposed VB-OG-SBL outperforms conventional EM-based OG-SBL algorithms by 67%,
making it suitable for resource-constrained networks.

Training Overhead: Adapting VB-OG-SBL to compressive sensing SSRs in large RISs
is one of the major contributions of this work. Localization with the MS array of size 4 x 4
and 15/144 compression is a demonstration of the edge scenario for both the MS UPA size
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and the RIS compression. This configuration shows that by using 16 OFDM symbols for
AoD estimation and 15 symbols for AoA estimation, with a total of 31 symbols, it is possible
to achieve 1.55 cm localization RMSE at 40 dB with the help of VB-OG-SBL. Furthermore,
the framework used only 10 OFDM subcarriers, making the algorithm spectrally efficient.

Deployment in Dense Urban Environments: The algorithm is specifically designed
for NLoS conditions that are common in dense urban settings. The algorithm was tested
for various MS angles, and it was shown to be effective as long as there are distinct NLoS
multipath components.

8.2. Practical Limitations and Future Research Directions

Several assumptions are made by the study that need to be highlighted, and future
research areas regarding these assumptions should be made.

Known BS-RIS Channel and Orientation: The study assumes that the geometric
parameters of the BS-RIS channel are known in advance. While this link is calibrated in
fixed infrastructure, in some practical RIS deployments it would need to be estimated, as
localization algorithms are very sensitive to imperfect orientation angles. This assumption
requires equipping the RIS with orientation and location estimation sensors, which should
periodically send information to the BS.

Hardware and System Imperfections: This study assumes an ideal system model. In
practice, RIS elements typically provide only discrete phase shifts [14,63]. However, the
proposed algorithm remains compatible with such quantized settings, provided that the
resulting RIS patterns approximate the RIP. Other hardware impairments such as phase
noise, RF non-linearities, and synchronization errors may degrade estimation accuracy. A
thorough investigation of the algorithm’s robustness under these conditions is essential for
real-world deployment.

User Mobility: The algorithm assumes static or quasi-static MS during training. In
high-mobility scenarios, rapid channel variation invalidates this assumption. For the
framework to be applicable to many 6G use cases such as vehicle localization, it must be
extended to high-mobility scenarios. This would require incorporating channel-tracking
mechanisms to adapt to a dynamically changing environment.

Orientation Estimation: The localization algorithm assumes the orientation of the
MS is known. While most mobile devices are equipped with sensors like gyroscopes that
can provide this information, a fully autonomous system would benefit from estimating
orientation directly from the wireless signals. Future work could explore adding constraints
such as known scatterer locations or multiple RIS deployments to enable joint position and
orientation estimation.

Multiple RIS Deployments: The proposed algorithm is inherently adaptable to multi-
RIS configurations. In synchronous deployments, signals reflected from multiple RISs can
be superimposed at the receiver, allowing joint estimation of multiple AoAs and AoDs.
However, this requires the development of an additional association algorithm to correctly
match angular components to their corresponding RISs. Alternatively, by allocating distinct
subsets of OFDM subcarriers to each RIS, the angles can be estimated and combined for
enhanced angular diversity and localization accuracy.

Exploring Learning-Based Localization: An emerging trend is the use of deep learning
models for RIS-assisted localization. These data-driven methods can complement geometric
models by capturing environment-dependent features, enabling robust estimation even
under ambiguous or non-ideal propagation conditions [64]. Hybrid frameworks that fuse
statistical learning with physical modelling offer a promising path forward. However, deep
learning methods still rely on training datasets often generated via traditional model-based



Sensors 2025, 25, 4140

25 of 29

estimation. As such, the current framework remains highly relevant, serving both as a
standalone solution and as a data-generation backbone for learning-based approaches.

9. Conclusions

The objective of the study was to solve the problem of uplink channel and localization
estimation in the RIS-MS channel of RIS-assisted MIMO-OFDM systems in dense urban
environments where only NLoS components are available and the communicating nodes
are modelled as UPAs. To achieve its objectives, the study first defined the RIS-MS channel
as a double-sparsity structure and proposed a hybrid estimation framework. The proposed
hybrid estimation framework combines SOMP for coarse angular support detection with a
VBEM-based off-grid SBL algorithm for refinement, where angular deviations are calculated
using Newton’s method. The multiple observations were obtained from OFDM subcarriers.

Simulation results show that the proposed hybrid method with VB-OG-SBL refine-
ment outperforms the conventional EM-based OG-SBL in AoA estimation and computation
times. The proposed algorithm was shown to achieve high-resolution angular estimation
in the 10~ rad range; high localization accuracy, with 97% of the results within 0.01 m; and
channel estimation error of 0.0046% at 40 dB SNR. In addition, the algorithm maintains
estimation performance even under strong compression of 10.4%, outperforming conven-
tional subspace methods, which degrade under similar conditions. It can therefore be
concluded that the design choices were appropriate and the algorithm performs effectively
in RIS-assisted systems.

Overall, the proposed hybrid VB-OG-SBL method offers a scalable, high-accuracy
solution for uplink sensing and localization in RIS-assisted networks. It addresses key
limitations of traditional sparse recovery techniques and enables robust geometric inference
in compressed sensing regimes, paving the way for deployable sensing-enabled 6G systems.
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Abbreviations

The following abbreviations are used in this manuscript:

RIS Reconfigurable Intelligent Surface

OFDM Orthogonal frequency division multiplexing
MIMO Multiple-input multiple-output

MS Mobile station

UPA Uniform planar array

AoA Angle of Arrival

AoD Angle of Departure
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SOMP Simultaneous Orthogonal Matching Pursuit
VBEM Variational Bayesian Expectation Maximization
SBL Sparse Bayesian Learning
OG-SBL Off-Grid Sparse Bayesian Learning
NMSE Normalized mean square error
RMSE Root-mean-square error
SNR Signal-to-noise ratio
LoS Line-of-sight
NLoS Non-line-of-sight
MMV Multiple measurement vector
ToA Time of Arrival
MUSIC Multiple signal classification
ESPRIT Estimation of Signal Parameters via Rotational Invariance Techniques
VLoS Virtual line-of-sight
Sp Scatter point
LS Least squares
CoSaMP Compressive Sampling Matching Pursuit
MP Matching Pursuit
OMP Orthogonal Matching Pursuit
SSR Sparse signal recovery
ELBO Evidence lower bound
SISO Single-input single-output
mmWave Millimetre-wave
CDF Cumulative distribution function
EM Expectation Maximization
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