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Abstract: The split-cylinder resonator method was adapted to measure the microwave properties
(dielectric permittivity and loss tangent) of thin ferroelectric films on a dielectric substrate. The
mathematical model for calculating the resonance frequency of the split-cylinder resonator was
adjusted for the “ferroelectric film—substrate” structure. An approach for correcting the gap effect
based on calibrating with a single-layer dielectric was introduced and used to study two-layer
dielectrics. The prototype of a split-cylinder resonator designed to measure single-layer dielectric
plates at a frequency of 10 GHz was presented. The resonator calibration was performed using
dielectric PTFE samples and fused silica, and an example of the correction function was suggested.
The measurement error was estimated, and recommendations on the acceptable parameter range
for the material under investigation were provided. The method was demonstrated to measure the
microwave properties of a ferroelectric film on a fused silica substrate.

Keywords: dielectric microwave parameters; permittivity; loss tangent; split-cylinder resonator; thin
dielectric film; ferroelectric film

1. Introduction

For decades, using ferroelectric materials in thin-film form for device design at mi-
crowaves has been seen as a promising application. Despite the long history [1,2] and a
number of fundamental flaws of ferroelectrics, their advantages continue to attract the at-
tention of researchers to the subject [3–6]. The use of ferroelectrics, like any other dielectrics,
requires an accurate measurement of their dielectric permittivity ε and dielectric losses
tan δ or quality factor Q = 1/ tan δ. The main issues with these measurement objects are
their high dielectric permittivity ε (ranging from hundreds to thousands), relatively high
dielectric losses tan δ (around 0.01), and the impossibility of separating the thin ferroelectric
film, which has a thickness in the µm scale, from the dielectric substrate, with a relatively
higher thickness (around 1 mm) and a dielectric permittivity of approximately 10.

The best way to measure the properties of thin ferroelectric films is by using planar [7–11]
or sandwich [11–13] capacitors based on them. The properties of the ferroelectric film can
be extracted from the overall capacitor parameters. The same principle applies to the man-
ufacturing of slot lines and coplanar waveguides [14,15]. This principle is implemented by
concentrating the electric field inside the thin film through the narrow gap between the
capacitor plates. The disadvantage of that approach is, firstly, the need to intervene by cre-
ating a metal coating, and secondly, the uncertainties related to separating the metallization
properties from the properties of the dielectric. Methods have been proposed [16,17] to
overcome the latter problem, but there is a need for techniques to measure the microwave
parameters of the dielectric film itself in its original state.

Since dielectric materials are commonly used in radio engineering, especially in
microwave devices, various techniques have been developed to measure their microwave
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properties. These methods can be classified as the transmission/reflection line, open-
ended coaxial probe, free space, and microwave resonance. Measurement equipment using
these methods are standardized and commercially available. To measure the microwave
parameters of solid dielectrics, one can use open-ended probe equipment such as SPEAG
DAK (SPEAG, Zurich, Switherland) [18] and Keysight N1501A (Keysight, Santa Rosa, CA,
USA) [19], as well as the resonant method equipment Keysight 85072A (Keysight, Santa
Rosa, CA, USA) (split-cylinder resonator) [20]. However, the mentioned equipment is
designed for use with single layer dielectrics and does not support the direct measurement
of “thin film—substrate” structures.

Many methods for measuring the properties of thin ferroelectric films without using
metal electrodes have been presented in the literature over the years. The most well-known
methods for investigating dielectrics with microwaves were used to complete the task.
The resonance methods are known for their accuracy and simplicity in measuring the mi-
crowave parameters of ferroelectric films, compared to other methods. The measurement
methods developed earlier in the millimeter-wave range included the Fabry–Perot open
resonator [21–23], TE10n rectangular resonator [24] (used for thin films of TiO2 on a glass
substrate), resonator based on partially filled [25–28] or cut-off [22] waveguides, and trans-
mission between horns through a ferroelectric sample [27]. Additionally, measurements
at frequencies around 10 GHz (a frequency standard for bulk dielectrics) were conducted
using a composite dielectric resonator [29,30], microstrip resonator [7,31], and split-post
dielectric resonator [28,32]. The most accurate methods are waveguide techniques, but
they require the ferroelectric sample to be precisely cut to fit the waveguide cross-section
perfectly. This operation is very difficult and expensive. Other techniques mentioned have
lower accuracy but can be used directly with “thin film—substrate” samples, without any
additional processing.

The split-cylinder resonator method also does not require additional processing. The
equipment for this method is commercially available and widely used in material test-
ing laboratories. The authors of this paper adapted the standard split-cylinder resonator
method to measure the microwave parameters (dielectric permittivity and tangent loss)
of thin dielectric films on a dielectric substrate. The mathematical model for calculat-
ing the resonance frequency of a split-cylinder resonator was modified by introducing a
two-layered heterogeneous dielectric structure “thin film—substrate”. The model for a
two-layered structure was experimentally validated by studying the microwave parameters
of ferroelectric films deposited on a fused silica substrate.

2. Materials and Methods
2.1. Closed Resonator Model

There are some technical tasks that require a break in a regular waveguide. TE01
mode cylindrical waveguides are just a solution here because they have a zero longitudinal
component of electric current and zero electric fields near the walls. An example of the
implementation of the TE01 mode is a split-cylinder resonator used to measure dielectric
parameters at microwave frequencies, as originally reported by Kent [33]. The initial
solution for the resonator addressed a simplified problem for a closed-wall cylindrical
waveguide. The solution was then adjusted using perturbation calculation to correct the
error caused by the dielectric-filled gap [34]. The gap effect was also considered in full-wave
analysis [35], studying the leakage of the electric field into the gap in more detail.

The measurement of the parameters of a thin dielectric film on a substrate, placed into
the gap of a split-cylinder resonator, can also be initially approached in a simplified way.
Figure 1 shows a longitudinal schematic cross-section of a closed cylindrical resonator with
a two-layered dielectric inclusion (L—length of each air-filled resonator section; ε1 and
h1—permittivity and thickness of the substrate, respectively; ε2 and h2—permittivity and
thickness of the thin film, respectively; and a—radius of the cylindrical waveguide).
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Figure 1. Schematic of the cylinder resonator with a two-layered dielectric.

For the TE01 mode, a cut-off wave number is defined as βc = χ′/a, where χ′ = 3.832.
The resonance condition for the structure presented in Figure 1 can be expressed as the
following transcendental equation (see Appendix A.1)
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where f0 is the resonance frequency and c is light velocity.
The numerical solution of Equation (1), together with Equations (2)–(4), allows us to

find one variable (e.g., f0 or ε2) when the others are known. The solution for the frequency
f0, if it exists, should be found within a range up to the resonance frequency fe of an empty
cylindrical resonator TE011 of a 2L + h1 length (see Equation (5)).

fe =
c

2π

√(
π

2L + h1

)2
+

(
χ′

a

)2
. (5)

2.2. The Gap Correction

The simplest and most reliable method of gap effect correction is calibration. The
dielectric plate samples with known parameters (permittivity ε and thickness h) are placed
into the resonator cavity, and the resonance frequencies are measured. The calculated
results are then adjusted to match the experimental results using fitting parameters.

According to the full-wave analysis for a single-layered structure [35], the angular
component of the electric field in the gap area rapidly decreases to a negligible value at
a distance in a radial direction (along the r-axis) close to the sample thickness (the gap
thickness) and is practically independent of the sample’s dielectric permittivity. The electric
field in the rest of the gap area is perpendicular to the surface of the resonator flange (along
the z-axis). Thus, if the thickness of the dielectric sample is much less than the width of the
flange, we can consider the gap as a parallel-plate capacitor filled with this dielectric.
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For a two-layer sample, the gap can be represented as a capacitor with the area S and
the capacitance Cgap, which is formed in series by the capacitance of the substrate Csub and
the capacitance of the film C f ilm as

1
Cgap

=
1

Csub
+

1
C f ilm

=
h1

ε0ε1S
+

h2

ε0ε2S
=

1
ε0S

(
h1

ε1
+

h2

ε2

)
.

Taking into account that ε1 << ε2 and h1 >> h2, we can conclude that the gap
capacitance is determined solely by the substrate parameters, and the gap correction
parameter is independent of the film parameters. Thus, the calibration performed for
the single-layer samples with the known parameters can also be used for measuring
“ferroelectric film—substrate” samples.

The equation for a single-layered structure, which should be used during calibration,
is derived by substituting β1 = β2 = β and h1 = h2 = h/2 into Equation (1) (see
Appendix A.2). The calculated results were adjusted to fit the experimental data obtained
with calibration samples by introducing a correction function P, which resulted in the
following equation:

1 − β

β0
tanβ

h
2

tanβ0L = −P. (6)

The literature [34,35] indicates that the correction function P should depend on ε and
h. The correction function P, obtained in the calibration procedure, is then used in the
equation for a two-layered structure in the following way:
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β2

(
1 − β2

β0
tanβ2h2 tanβ0L + P

)(
tanβ1h1 +

β1

β0
tanβ0L

)
= 0.

(7)

2.3. Ferroelectric Film Microwave Parameter Measurements

The microwave parameters of the thin ferroelectric film on a dielectric substrate are
measured by placing the sample between the halves of the split-cylinder resonator. The
resonance for the two-layer sample should occur at a lower frequency than the resonance for
the substrate only, which should be used for calibration. The directly measured parameters
include resonance frequency f0, loaded Q-factor Q, and insertion loss IL at the resonance
frequency. The measured parameters can then be used to extract the thin film parameters.

The film’s permittivity can be found by solving Equation (7) for ε2. The dielectric loss
of the sample, tan δ, can be determined using the following expression

tan δ =
1
ξ

(
1

Q0
− 1

Q00

)
, (8)

where Q00 is an unloaded Q-factor of the resonator with the substrate only, ξ is an inclusion
coefficient (also known as filling factor), and Q0 is an unloaded Q-factor of the resonator
with the sample.

ξ is defined in the following [27,31]:

ξ = −2
ε2

f0

d f0

dε2
, (9)

where the derivative is numerically calculated for the resonance frequency measured f0 by
solving Equation (7).

The Unloaded Q-factor Q0 is calculated from Q and IL. For the insertion loss IL
defined in dB, Q0 is expressed as

Q0 = Q
(

1 − 10−
IL
20

)−1
. (10)
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2.4. Measurement Error

The measurement errors of the film parameters (∆ε2 and ∆ tan δ) were estimated using
the measurement errors of the sample parameters (∆ε1, ∆h1, and ∆h2) and the measurement
errors of the experimental values (∆ f0, ∆Q, and ∆IL). The resonator parameters (a, L, and
Q00) have been excluded from the error estimation.

The measurement error of thin film permittivity ∆ε2 is defined by solving Equation (7)
and is expressed as

∆ε2 =

∣∣∣∣∂ε2

∂ f0

∣∣∣∣∆ f0 +

∣∣∣∣∂ε2

∂ε1

∣∣∣∣∆ε1 +

∣∣∣∣ ∂ε2

∂h1

∣∣∣∣∆h1 +

∣∣∣∣ ∂ε2

∂h2

∣∣∣∣∆h2. (11)

The measurement error of thin film dielectric loss ∆ tan δ is defined via
Equations (8)–(10) as

∆ tan δ =

∣∣∣∣∂ tan δ

∂ f0

∣∣∣∣∆ f0 +

∣∣∣∣∂ tan δ

∂ε1

∣∣∣∣∆ε1 +

∣∣∣∣∂ tan δ

∂h1

∣∣∣∣∆h1+∣∣∣∣∂ tan δ

∂ε2

∣∣∣∣∆ε2 +

∣∣∣∣∂ tan δ

∂Q

∣∣∣∣∆Q +

∣∣∣∣∂ tan δ

∂IL

∣∣∣∣∆IL,
(12)

where dependencies on f0, ε1, h1, and ε2 are introduced via Equation (9), while ∆ε2 is
calculated from Equation (11).

2.5. Dielectric Samples’ Preparation

To perform the calibration procedure, we used single-layer dielectric plates made of
PTFE and fused silica with different thicknesses (h = 1.4, 1.5, 2 and 3 mm for PTFE, h = 0.5
and 1 mm for silica).

The fused silica samples were manufactured by Elektrosteklo LLC (Moscow, Russia)
with a permittivity of ε1 = 3.84 and a thickness of h1 = 0.5 and 1.0 mm.

PTFE samples were fabricated using cold pressing technology. PTFE powder was dried
at a temperature of (150 ± 10) ◦C to achieve a moisture of less than 0.02%. Then, a portion
of the powder was weighed to obtain a given plate thickness, cooled to a temperature of
−20 ◦C and mixed at 800 rpm for 20 min. After mixing, the portion was pressed in a mold
on a hydraulic press at (300 ± 25) kg/cm2 for 1 min. The produced plate was loaded into
an oven with air circulation at a temperature of 200 ◦C, then the temperature was raised at
a rate of 1 ◦C/min to 360 ◦C and held for 6 h, followed by slow cooling (less than 1 ◦C/min)
to 200 ◦C. Finally, the sample was cooled at room temperature.

Two ferroelectric film samples with a composition of Ba0.3Sr0.7TiO3 (sample 2) and
SrTiO3 (sample 3) were deposited using the Tokuda CFS-4ES sputter system. The deposition
was performed on a fused silica substrate with a thickness of 0.5 mm and a temperature of
400 ◦C at a pressure of working gas (85% Ar–15% O2) of 15 mTorr at a power of 300 W for
240 min. The samples were post-annealed in air at a temperature of 1000 ◦C (heating time
120 min, holding time 120 min).

The permittivity of the one-layer samples (PTFE and silica) was measured using
parallel-plate capacitor measurements at a frequency of 1 MHz with GW Instek LCR-
78201, (GW Instek, Taipei, China) assuming that the permittivity had the same value at
microwaves (ε = 2.1 for PTFE, ε = 3.84 for silica).

2.6. Measuring Resonator Design and Measurement Procedure

The split-cylinder resonator was designed to measure the parameters of dielectric
plates at a frequency of 10 GHz. In accordance with Kent’s recommendations [33], the
resonator parameters were chosen as follows: a cavity radius of a = 20 mm and a resonator
length of 2 L = 32 mm. The resonator halves were aligned using four threaded pins that
passed through holes in four flanges with a radius of 80 mm (twice the radius of the
cavity) on the inner and outer sides of the resonator halves. The TE011e was excited by
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coupling loops that terminate the feeding coaxial line inside the resonator. Figure 2 shows
an overview of the resonator.

Figure 2. The overview of the split-cylinder resonator.

Dielectric samples are installed between the resonator halves. After separating the
resonator halves, a dielectric sample is placed on the lower half. Figure 3 shows a PTFE
sample positioned for measurement. The resonator’s cavity must be entirely covered with
the sample and have an overlap on the flanges that is at least twice the thickness of the
dielectric. Figure 4 shows a silica substrate with a deposited ferroelectric film. It is evident
that up to two aligning pins can be removed to install the sample.

Figure 3. The PTFE sample placed for the measurement procedure.
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Figure 4. The ferroelectric film on the silica substrate sample placed for the measurement procedure
(the coupling loop is visible inside the resonator cavity).

To measure the resonator’s frequency response, it is connected to the HP 8719C
network analyzer (Hewlett Packard Co., Santa Rosa, CA, USA) in transmission coefficient
measurement mode (S21-mode). Figure 5 illustrates the measurement procedure with the
fused silica sample installed in the resonator.

Figure 5. The measurement procedure using network analyzer HP 8719C.

3. Results
3.1. The Resonator Calibration

Figure 6 shows the results of resonance frequency measurements for different reference
samples used for calibration. Dashed lines show the calculation results for the initial
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Equation (6) without any correction, i.e., when P = 0. Calibration was performed based on
the following correction function:

P(ε, h) = A(ε− B)2
(

h
2L

)
tanβ0L
β0L

, (13)

where A = 0.7 and B = 1.2.
The specific format of the correction parameter function is not crucial, as long as it

produces calculations that align with the experimental data using reference samples.

Figure 6. Results of the calibration (dashed lines for uncorrected calculations, solid lines for calcula-
tions corrected by parameter P).

3.2. Resonance Frequency of Two-Layer Structure with the Ferroelectric Film

As described in Section 3.1, Equation (7) was used to calculate the resonance character-
istics by substituting the correction function P(ε, h) (refer to Equation (13)).

Figure 7 illustrates the variation in resonance frequency values with the film permittiv-
ity ε2 for different film thicknesses h2. The calculation was performed for a silica substrate
with ε1 = 3.84 and h1 = 0.5 mm, which was used in the calibration procedure. It can
be seen that the value determining the resonance frequency of the structure is actually a
product ε2h2.

Figure 7. Resonance frequency versus film permittivity ε2 at the different values of film thickness h2.
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Figure 8 presents the inclusion coefficient ξ versus the film permittivity ε2 for the same
substrate at a resonance frequency of f0 = 9.5 GHz. It can be observed that the product
ε2h2 defines ξ in the same way as mentioned earlier.

Figure 8. Inclusion coefficient ξ versus film permittivity ε2 at the different values of film thickness h2.

3.3. Estimation of Measurement Error

Measurement error for the thin film permittivity was calculated by Equation (11) for
the substrate parameters ε1 = 3.84 and h1 = 0.5 mm, thin film parameters ε2 = 500 and
h2 = 0.5 µm, and resonance frequency f0 = 9.5 GHz.

At first, we estimated the influence of the measurement error of different parameters,
as shown in Figure 9.

Figure 9. Influence of the specific parameters’ measurement errors.

The resonance frequency error seems to be the most critical issue. However, The
influence of this factor is moderated by the high Q-factor of the resonance and the use of
modern microwave measurement setups, ensuring that the resonance frequency error is
no more than 0.01% (or not more than ∆ f0 = 1 MHz at f0 = 10 GHz). If the remaining
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parameters are measured with errors of no more than 0.1%, then the overall error will not
surpass 5%. These values were used to estimate how much the total measurement error
∆ε2 depends on the permittivity and thickness of the thin film (see Figure 10).

Figure 10. Influence of the thin film parameters on measurement error.

It can be observed from Figure 10 that the measurement error sharply increases for
thin films with a permittivity of less than ε2 =500, while thicker films can be measured
more accurately.

The measurement error ∆ε2 can also be estimated depending on ε2h2. Figure 11
displays the relative measurement error ∆ε2/ε2 for different values of ∆ε1/ε1 , ∆h1/h1 and
∆h2/h2, all set to be equal, with ∆ f0/ f0 = 0.01%.

Figure 11. Measurement error versus product ε2h2 for ∆ f0/ f0 = 0.01% at other parameters’ errors.

3.4. Experimental Results on the Measurement of the Thin Ferroelectric Film

The Ba0.3Sr0.7TiO3 (sample 2) and SrTiO3 (sample 3) ferroelectric films were analyzed
using the split-cylinder resonator. The pure fused silica substrate (sample 1) with the same
thickness h1 = 0.5 mm as the ferroelectric samples was also studied to determine the
unloaded Q-factor Q00.
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Figure 12 shows the photograph of the network analyzer display while the split-
cylinder resonator with samples 2 and 3 is connected. The right-positioned resonance
peak is the memorized frequency response of the resonator with sample 1 (the pure fused
silica substrate).

(a)

(b)

Figure 12. The view of the network analyzer display connected to the split-cylinder resonator with
Sample 2 (a) and Sample 3 (b) installed.

The same results downloaded from the network analyzer are also shown in Figure 13.
The measured parameters and the calculated parameters using Equations (7)–(12)

for the dielectric samples studied are presented in Table 1. The measurement error was
calculated for ∆ f0 = 1 MHz, ∆h1 = 1 µm, ∆ε1 = 0.01, and ∆h2 = 10 nm.
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Figure 13. The experimental resonance curves of the split-cylinder resonator with the different
dielectric samples.

Table 1. Experimental and calculated results for the dielectric samples measurements.

Sample f0, GHz Q IL, dB Q0 h2, µm ε2 ξ tanδ

1 9.687 4300 7.6 7500 - - - -
2 9.650 1990 15.9 2370 0.5 340 ± 30 0.012 0.025 ± 0.003
3 9.660 4100 9.1 6050 0.5 278 ± 30 0.009 0.0033 ± 0.0005

4. Discussion

The proposed method allows for measuring the parameters of thin ferroelectric films
on a substrate using equipment originally designed for measuring microwave parame-
ters of homogeneous dielectric plates with a thickness on a millimeter scale. It can be a
commercially available material-testing equipment, such as the split-cylinder resonator
Keysight 85072A [20], or a custom-made split-cylinder resonator. The method utilizes the
gap correction function P, which is obtained via calibration for a single-layer dielectric.

The analysis conducted in Section 3.2 and presented in Figure 7 shows that the ferro-
electric film induces a measurable shift in the resonance frequency of the TE011-mode. The
high resonance q-factor allows us to distinguish between the resonance with and without
the ferroelectric film, despite the relatively low inclusion factor ξ (see Figure 8).

The common issue with thin films is the difficulty in accurately measuring their
thickness. The current method shows that the key resonance parameters depend on the
product ε2h2 (see Figures 7 and 8). This implies that the measurement results (ε2 and tan δ)
are valid for a range of values of ε2h2, rather than specific values of h2, helping to reduce
uncertainty in film thickness measurement. This is because ε2 and tan δ are determined in
linear proportion to h2.

The analysis of the measurement error in Section 3.3 demonstrates that the method
provides a permittivity measurement error ∆ε2/ε2 < 10% for thin dielectric films with
ε2h2 > 100 µm, given that the errors for ε1, h1, and h2 are less than 0.1%, and for films with
ε2h2 > 500 µm, if the errors are less than 1%. These limitations generally correspond to the
ferroelectric films and allow for measuring them.

To verify the results of the measurement of the ferroelectric film parameters, we
fabricated sets of planar capacitors using the ferroelectric samples as a base. Then, the
capacitors were measured using the suspended stripline resonator (see Appendix B). The
results of the capacitor parameters’ measurement were processed to extract the parameters
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of the ferroelectric films (ε = 329 ± 4 and tan δ = 0.026 ± 0.003 for Sample 2; ε = 267 ± 5
and tan δ = 0.004 ± 0.0002 for Sample 3). Thus, the results obtained by the measurements
with the split-cylinder resonator and with the planar capacitors differ by about 4%.

The proposed method was compared with earlier developed methods for measur-
ing the microwave parameters of ferroelectric film without depositing metal electrodes
in Table 2. The measurement errors are provided as claimed by the authors of the refer-
enced works.

Table 2. Comparison of the measurement methods.

Measurement
Method

Measurement
Frequency, GHz

Permittivity
Measurement
Error ∆ε

ε , %

Dielectric Loss
Measurement
Error ∆ tanδ

tanδ , %
References

DR * 6 30–60 30–60 [29]
OR ** 50 5 10 [23]
OR ** 40 15 15 [21]

PFWG *** 10 5 10 [26]
PFWG *** 30 5 5 [27]
SPR **** 19 2–5 3–6 [32]
CR ***** 10 2.5 4 [24]

SCR ****** 10 9.6 12.7 this work
* DR—dielectric resonator; ** OR—open Fabry–Perot resonator; *** PFWG—partially filled waveguide;
**** SPR—split-post resonator; ***** CR—rectangular cavity resonator; ****** SCR—split-cylinder resonator.

The results from our comparison suggest that the proposed method has lower accuracy
compared to methods specifically developed for measuring ferroelectric films. However,
the method proposed in this paper does not require specially designed test-fixtures, but it
uses a standard one (split-cylinder resonator). Thus, the accuracy of the method presented
can be considered good enough for preliminary measurements.

5. Conclusions

Our study suggests using the split-cylinder resonator method, a commonly used
technique in microwave testing of dielectric materials, to evaluate the microwave properties
of thin ferroelectric films on a dielectric substrate. Laboratories that test the microwave
properties of dielectrics can use this method with the standard testing installations.

The permittivity and dielectric loss of the ferroelectric film can be extracted from
the resonance characteristics by numerically solving the transcendental equation. By
analyzing the measurement error, it was shown that the technique has an accuracy rate of
approximately 10% for measuring the permittivity and loss tangent of ferroelectric films, if
the product of the film permittivity ε2 on the film thickness h2 is more than 100 µm, but
rapidly decreases for the films with ε2h2 < 100 µm.

The experiment with ferroelectric film on the silica substrate was performed to
verify the possibility of method implementation. The permittivity and loss tangent of
Ba0.3Sr0.7TiO3 and SrTiO3 ferroelectric films with a thickness of 0.5 µm were analyzed
using the method proposed. The film parameters were verified by the earlier developed
measurement technique and fit with the results of measurements by the method proposed
within a 4% difference.

Note that the method described in the present paper can be used not only for ferro-
electric films’ parameters measurements, but for the measurements of any “thin dielectric
film—substrate” two-layer structures, as long as the product of the film permittivity on the
film thickness meets the method requirements.
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Appendix A. Derivation of the Dispersion Equation

Appendix A.1. The Equation for the Two-Layer Structure

The resonance conditions are calculated for the TE011 mode in the cylindrical resonator
presented in Figure 1. The conditions can be derived from the continuity and smoothness of
the longitudinal component of the magnetic field at the dielectric layers interfaces together
with the conditions on the conducting wall at the resonator short-circuited ends.

For the four different resonator sections, the longitudinal components of the magnetic
field are expressed as follows

Hz1(z) = A sinβ0(z + (L + h1)),

Hz2(z) = B sinβ1z + C cosβ1z,

Hz3(z) = D sinβ2z + E cosβ2z,

Hz4(z) = −F sinβ0(z − (L + h2)).

The first derivatives of the components are

H′
z1(z) = Aβ0 cosβ0(z + (L + h1)),

H′
z2(z) = Bβ1 cosβ1z − Cβ1 sinβ1z,

H′
z3(z) = Dβ2 cosβ2z − Eβ2 sinβ2z,

H′
z4(z) = −Fβ0 cosβ0(z − (L + h2)).

So, the conditions on three interfaces z = −h1, z = 0, and z = h2 give the system of
equations for the amplitude coefficients

A sinβ0L = −B sinβ1h1 + C cosβ1h1,

Aβ0 cosβ0L = Bβ1 cosβ1h1 + Cβ1 sinβ1h1,

C = E,

Bβ1 = Dβ2,

D sinβ2h2 + E cosβ2h2 = F sinβ0L,

Dβ2 cosβ2h2 − Eβ2 sinβ2h2 = −Fβ0 cosβ0L.

Non-zero solutions of the system exist when
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det



sinβ0L sinβ1h1 − cosβ1h1 0 0 0
β0 cosβ0L −β1 cosβ1h1 −β1 sinβ1h1 0 0 0

0 0 1 0 −1 0
0 β1 0 −β2 0 0
0 0 0 sinβ2h2 cosβ2h2 − sinβ0L
0 0 0 β2 cosβ2h2 −β2 sinβ2h2 β0 cosβ0L

 = 0,

β2
0β1 cosβ1h1 sinβ2h2 cos2 β0L + β2

0β2 sinβ1h1 cosβ2h2 cos2 β0L

−β0β
2
1 sinβ1h1 sinβ2h2 cosβ0L sinβ0L − β0β

2
2 sinβ1h1 sinβ2h2 cosβ0L sinβ0L

−β2
1β2 sinβ1h1 cosβ2h2 sin2 β0L − β1β

2
2 cosβ1h1 sinβ2h2 sin2 β0L

+2β0β1β2 cosβ1h1 cosβ2h2 sinβ0L cosβ0L = 0

(A1)

Dividing Equation (A1) by cosβ1h1 cosβ2h2 cos2 β0L gives

β2
0β1 tanβ2h2 + β2

0β2 tanβ1h1

−β0β
2
1 tanβ1h1 tanβ2h2 tanβ0L − β0β

2
2 tanβ1h1 tanβ2h2 tanβ0L

−β2
1β2 tanβ1h1 tan2 β0L − β1β

2
2 tanβ2h2 tan2 β0L

+β0β1β2 tanβ0L + β0β1β2 tanβ0L = 0,

β1

[
β2

0 tanβ2h2 − β0β1 tanβ1h1 tanβ2h2 tanβ0L − β1β2 tanβ1h1 tan2 β0L + β0β2 tanβ0L
]
+

β2

[
β2

0 tanβ1h1 − β0β2 tanβ1h1 tanβ2h2 tanβ0L − β1β2 tanβ2h2 tan2 β0L + β0β1 tanβ0L
]
= 0,

β1

[
β2

0 tanβ2h2

(
1 − β1

β0
tanβ1h1 tanβ0L

)
+ β0β2 tanβ0L

(
1 − β1

β0
tanβ1h1 tanβ0L

)]
+

β2

[
β2

0 tanβ1h1

(
1 − β2

β0
tanβ2h2 tanβ0L

)
+ β0β1 tanβ0L

(
1 − β2

β0
tanβ2h2 tanβ0L

)]
= 0,

β1β
2
0

[(
1 − β1

β0
tanβ1h1 tanβ0L

)(
tanβ2h2 +

β2

β0
tanβ0L

)]
+

β2β
2
0

[(
1 − β2

β0
tanβ2h2 tanβ0L

)(
tanβ1h1 +

β1

β0
tanβ0L

)]
= 0.

(A2)

Dividing Equation (A2) by β2
0 finally gives

β1

(
1 − β1

β0
tanβ1h1 tanβ0L

)(
tanβ2h2 +

β2

β0
tanβ0L

)
+

β2

(
1 − β2

β0
tanβ2h2 tanβ0L

)(
tanβ1h1 +

β1

β0
tanβ0L

)
= 0.

(A3)

Numerically solving Equation (A3) for resonance frequency f0 in a range from the
cut-off frequency to the resonance frequency of the empty TE011 cylinder resonator of the
length 2L gives a single root. In the same way, the equation can be solved for the dielectric
layer permittivity.

Appendix A.2. Reducing the Equation for the Single-Layer Structure

In the case of a single dielectric layer with β1 = β2 = β and h1 = h2 = h/2,
Equation (A3) is reduced to the system of transcendental equations

1 − β

β0
tanβ

h
2

tanβ0L = 0, (A4)

tanβ
h
2
+

β

β0
tanβ0L = 0. (A5)
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Equation (A5) gives false roots on its own, while Equation (A4), using the substitution
with Kent’s [33] notation θ = βh/2 and ψ = β0L, exactly gives Kent’s Equation [33]

θ tan θ =
h

2L
ψ cot ψ. (A6)

Appendix B. Thin Ferroelectric Film Parameters’ Verification

For the verification of the obtained measurement results of ferroelectric film parameters
(dielectric permittivity and loss tangent), planar capacitors were manufactured on the base
of the investigated “thin film—substrate” structure.

In order to manufacture the capacitors, the samples’ surface was covered with a metal
film with a thickness of approximately 1 µm. The metal film initially went through a
photolithography process for the formation of a set of planar capacitors with the following
topological parameters: the gap thickness of 5 µm, the gap length of 800 µm, and the
capacitor length (the size in the direction orthogonal to the capacitor gap) of 1600 µm.
Appearance of typical manufactured capacitors is shown in Figure A1.

Figure A1. Planar capacitors.

The manufactured capacitors were investigated by means of measuring the resonator
with a suspended substrate. A detailed description of that measurement method can be
found in [36], and the resonator appearance was shown in Figure A2. As a result, the
capacity and quality factor of capacitors were obtained.

Figure A2. Suspended stripline 10 GHz resonator.
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The capacity and quality factor of the planar capacitors based on ferroelectric film
were then recalculated into dielectric permittivity and tangent loss of the ferroelectric film
with the use of the partial capacity method, proposed by Vendik [37].

The measured capacitors’ parameters and the calculated parameters of ferroelectric film
for the investigated samples, samples 2 and 3, can be found in Tables A1 and A2, respectively.

Table A1. Planar capacitors investigations for Sample 2.

Sample C, pF Q ε tanδ

1 0.283 79 335 0.017
2 0.272 58 318 0.024
3 0.278 39 328 0.035
4 0.274 61 322 0.023
5 0.279 42 330 0.033
6 0.274 48 321 0.029
7 0.281 39 332 0.035
8 0.282 75 334 0.018
9 0.288 50 344 0.027
10 0.276 63 325 0.022

329 ± 4 0.026 ± 0.003

Table A2. Planar capacitors investigations for Sample 3.

Sample C, pF Q ε tanδ

1 0.251 370 285 0.0038
2 0.242 400 271 0.0036
3 0.245 450 275 0.0032
4 0.234 340 258 0.0043
5 0.237 350 262 0.0041
6 0.238 365 263 0.0040
7 0.244 430 273 0.0033
8 0.238 320 263 0.0046
9 0.242 350 270 0.0042
10 0.230 390 251 0.0038

267 ± 5 0.004 ± 0.0002

References
1. Vendik, O.G.; Mironenko, I.G.; Termartirosyan, L.T. Some Properties and Application of Ferroelectrics at Microwaves. J. Phys.

Colloq. 1972, 33, 277–280. [CrossRef]
2. Das, S.N. Ferroelectrics for time delay steering of an array. Ferroelectrics 1973, 5, 253–257. [CrossRef]
3. Muzzupapa, V.; Crunteanu, A.; Passerieux, D.; Borderon, C.; Renoud, R.; Gundel, H.W.; Huitema, L. Frequency Reconfigurable

Millimeter Wave Antenna Integrating Ferroelectric Interdigitated Capacitors. In Proceedings of the 2023 17th European
Conference on Antennas and Propagation (EuCAP), Florence, Italy, 26–31 March 2023; pp. 1–4. [CrossRef]

4. Sahalos, J.N.; Kyriacou, G.A. Tunable Materials with Applications in Antennas and Microwaves; Springer Nature: Berlin/Heidelberg,
Germany, 2022.

5. Roberts, T.; Young, D. Broadband Device Modeling and Q Calculations of Barium Strontium Titanate (BST) Varactors. Anritsu
Tech. Bull. 2023, 98, 46–51.

6. Wang, J.; Lou, J.; Wang, J.F.; Qu, S.B.; Du, H.L.; Cui, T.J. Ferroelectric composite artificially-structured functional material:
multifield control for tunable functional devices. J. Phys. Appl. Phys. 2022, 55, 303002. [CrossRef]

7. Galt, D.; Price, J.; Beall, J.; Harvey, T. Ferroelectric thin film characterization using superconducting microstrip resonators. IEEE
Trans. Appl. Supercond. 1995, 5, 2575–2578. [CrossRef]

8. Petrov, P.K.; Alford, N.M.; Gevorgyan, S. Techniques for microwave measurements of ferroelectric thin films and their associated
error and limitations. Meas. Sci. Technol. 2005, 16, 583. [CrossRef]

9. Subramanyam, G. A New Method for Electrical Characterization of Ferroelectric Thin Films at Microwave Frequencies. Ferro-
electrics 2007, 356, 153–157. [CrossRef]

http://doi.org/10.1051/jphyscol:1972297
http://dx.doi.org/10.1080/00150197308243955
http://dx.doi.org/10.23919/EuCAP57121.2023.10133761
http://dx.doi.org/10.1088/1361-6463/ac5e8b
http://dx.doi.org/10.1109/77.403116
http://dx.doi.org/10.1088/0957-0233/16/2/035
http://dx.doi.org/10.1080/00150190701511823


Sensors 2024, 24, 755 18 of 19

10. Nadaud, K.; Gundel, H.W.; Borderon, C.; Gillard, R.; Fourn, E. A new method of dielectric characterization in the microwave
range for high-k ferroelectric thin films. In Proceedings of the 2013 Joint IEEE International Symposium on Applications of
Ferroelectric and Workshop on Piezoresponse Force Microscopy (ISAF/PFM), Prague, Czech Republic, 21–25 July 2013; pp. 9–12.
[CrossRef]

11. Altynnikov, A.; Gagarin, A.; Tumarkin, A.; Kotel’nikov, I. Characterization of the properties of barium–strontium titanate films
and controlled elements based on them in the frequency range of 1–60 GHz. Tech. Phys. Lett. 2019, 45, 540–543. [CrossRef]

12. Rundqvist, P.; Vorobiev, A.; Gevorgian, S.; Khamchane, K. Non-Destructive Microwave Characterization of Ferroelectric Films on
Conductive Substrates. Integr. Ferroelectr. 2004, 60, 1–19. [CrossRef]

13. De Paolis, R.; Coccetti, F.; Payan, S.; Rousseau, A.; Maglione, M.; Guegan, G. Microwave characterization of ferroelectric thin
films for novel compact tunable BST filters. In Proceedings of the 2013 European Microwave Conference, Nuremberg, Germany,
6–8 October 2013; pp. 1431–1434. Available online: https://ieeexplore.ieee.org/abstract/document/6686936 (accessed on
16 November 2023).

14. Ouaddari, M.; Delprat, S.; Vidal, F.; Chaker, M.; Wu, K. Microwave characterization of ferroelectric thin-film materials. IEEE
Trans. Microw. Theory Tech. 2005, 53, 1390–1397. [CrossRef]

15. Campbell, A.L.; Biggers, R.R.; Subramanyam, G.; Kozlowski, G.; Kleismit, R.A.; Zate, H.N.; Hopkins, S.C.; Glowacki, B.A.; Riehl,
B.D.; Peterson, T.L. Microwave characterization of nanostructured ferroelectric Ba0.6Sr0.4TiO3 thin films fabricated by pulsed
laser deposition. Nanotechnology 2008, 19, 485704. [CrossRef] [PubMed]

16. Ayguavives, F.; Jin, Z.; Tombak, A.; Maria, J.P.; Mortazawi, A.; Kingon, A.I.; Stauf, G.T.; Ragaglia, C.; Roeder, J.F.; Brand, M.
Contribution of dielectric and metallic losses in RF/microwave tunable varactors using (Ba,Sr)TiO3 thin films. Integr. Ferroelectr.
2001, 39, 393–402. [CrossRef]

17. Kotelnikov, I.V.; Osadchy, V.N.; Platonov, R.A.; Altynnikov, A.G.; Medvedeva, V.V.; Mikhailov, A.K.; Gagarin, A.G.; Tumarkin,
A.V.; Kozyrev, A.B. Separation of the metallic and dielectric losses of tunable ferroelectric capacitors under control dc voltage.
Prog. Electromagn. Res. Lett. 2018, 73, 127–131. [CrossRef]

18. SPEAG. DAK—Dielectric Assessment Kit Product Line. Available online: https://speag.swiss/products/dak/overview/
(accessed on 6 January 2024).

19. Keysight. N1501A Dielectric Probe Kit 10 MHz to 50 GHz. Available online: https://www.keysight.com/us/en/assets/7018-0
4631/technical-overviews/5992-0264.pdf (accessed on 16 November 2023).

20. Keysight. 85072A 10-GHz Split Cylinder Resonator. Technical Overview. Available online: https://www.keysight.com/us/en/
assets/7018-01496/technical-overviews/5989-6182.pdf (accessed on 16 November 2023).

21. Deleniv, A.; Gevorgian, S. Open resonator technique for measuring multilayered dielectric plates. IEEE Trans. Microw. Theory
Tech. 2005, 53, 2908–2916. [CrossRef]

22. Deleniv, A. Characterization techniques for thin and thick ferroelectric films. J. Eur. Ceram. Soc. 2007, 27, 2759–2764. [CrossRef]
23. Kotelnikov, I.V.; Altynnikov, A.G.; Mikhailov, A.K.; Medvedeva, V.V.; Kozyrev, A.B. Electrodeless measurement technique of

complex dielectric permittivity of high-K dielectric films in the millimeter wavelength range. Prog. Electromagn. Res. 2016,
52, 161–167. [CrossRef]

24. Sudheendran, K.; Pamu, D.; Ghanashyam Krishna, M.; James Raju, K. Determination of dielectric constant and loss of high-K
thin films in the microwave frequencies. Measurement 2010, 43, 556–562. [CrossRef]

25. Kazmirenko, V.; Poplavko, Y.; Pereverzeva, L.; Prokopenko, Y.; Kim, B.; Jeong, M.; Baik, S. Ferroelectric Thin Film Microwave
Examination. Ferroelectrics 2003, 286, 353–356. [CrossRef]

26. Kim, B.; Kazmirenko, V.; Prokopenko, Y.; Poplavko, Y.; Baik, S. Non-resonant, electrode-less method for measuring the microwave
complex permittivity of ferroelectric thin films. Meas. Sci. Technol. 2005, 16, 1792. [CrossRef]

27. Kang, C.Y.; Karmanenko, S.F.; Mironenko, I.G.; Semenov, A.A.; Dedyk, A.I.; Ivanov, A.A.; Beljavski, P.J.; Pavlova, U.V. The
Investigation of Dielectric Characteristics of (Ba, Sr)TiO3 Thin Films in Millimeter Wavelength Range. Integr. Ferroelectr. 2006,
86, 131–140. [CrossRef]

28. Queffelec, P.; Laur, V.; Chevalier, A.; Le Floch, J.M.; Passerieux, D.; Cros, D.; Madrangeas, V.; Le Febvrier, A.; Députier, S.;
Guilloux-Viry, M.; et al. Intercomparison of permittivity measurement techniques for ferroelectric thin layers. J. Appl. Phys. 2014,
115, 024103. [CrossRef]

29. Bovtun, V.; Veljko, S.; Axelsson, A.; Kamba, S.; Alford, N.; Petzelt, J. Microwave Characterization of Thin Ferroelectric Films
without Electrodes by Composite Dielectric Resonator. Integr. Ferroelectr. 2008, 98, 53–61. [CrossRef]

30. Bovtun, V.; Pashkov, V.; Kempa, M.; Kamba, S.; Eremenko, A.; Molchanov, V.; Poplavko, Y.; Yakymenko, Y.; Lee, J.H.; Schlom, D.G.
An electrode-free method of characterizing the microwave dielectric properties of high-permittivity thin films. J. Appl. Phys. 2011,
109, 024106. [CrossRef]

31. Tan, C.Y.; Chen, L.; Chong, K.B.; Ong, C.K. Nondestructive microwave permittivity characterization of ferroelectric thin film
using microstrip dual resonator. Rev. Sci. Instrum. 2003, 75, 136–140. [CrossRef]

32. Krupka, J.; Huang, W.T.; Tung, M.J. Complex Permittivity Measurements of Thin Ferroelectric Films Employing Split Post
Dielectric Resonator. Ferroelectrics 2006, 335, 89–94. [CrossRef]

33. Kent, G. Nondestructive permittivity measurement of substrates. IEEE Trans. Instrum. Meas. 1996, 45, 102–106. [CrossRef]
34. Kent, G.; Bell, S. The gap correction for the resonant-mode dielectrometer. IEEE Trans. Instrum. Meas. 1996, 45, 98–101. [CrossRef]

http://dx.doi.org/10.1109/ISAF.2013.6748698
http://dx.doi.org/10.1134/S1063785019060026
http://dx.doi.org/10.1080/10584580490440828
https://ieeexplore.ieee.org/abstract/document/6686936
http://dx.doi.org/10.1109/TMTT.2005.845759
http://dx.doi.org/10.1088/0957-4484/19/48/485704
http://www.ncbi.nlm.nih.gov/pubmed/21836311
http://dx.doi.org/10.1080/10584580108011963
http://dx.doi.org/10.2528/PIERL17111704
https://speag.swiss/products/dak/overview/
https://www.keysight.com/us/en/assets/7018-04631/technical-overviews/5992-0264.pdf
https://www.keysight.com/us/en/assets/7018-04631/technical-overviews/5992-0264.pdf
https://www.keysight.com/us/en/assets/7018-01496/technical-overviews/5989-6182.pdf
https://www.keysight.com/us/en/assets/7018-01496/technical-overviews/5989-6182.pdf
http://dx.doi.org/10.1109/TMTT.2005.854242
http://dx.doi.org/10.1016/j.jeurceramsoc.2006.11.051
http://dx.doi.org/10.2528/PIERM16100505
http://dx.doi.org/10.1016/j.measurement.2009.12.026
http://dx.doi.org/10.1080/00150190390206554
http://dx.doi.org/10.1088/0957-0233/16/9/011
http://dx.doi.org/10.1080/10584580601085271
http://dx.doi.org/10.1063/1.4858388
http://dx.doi.org/10.1080/10584580802092225
http://dx.doi.org/10.1063/1.3537835
http://dx.doi.org/10.1063/1.1632999
http://dx.doi.org/10.1080/00150190600689415
http://dx.doi.org/10.1109/19.481319
http://dx.doi.org/10.1109/19.481318


Sensors 2024, 24, 755 19 of 19

35. Janezic, M.; Baker-Jarvis, J. Full-wave analysis of a split-cylinder resonator for nondestructive permittivity measurements. IEEE
Trans. Microw. Theory Tech. 1999, 47, 2014–2020. [CrossRef]

36. Kozyrev, A.; Keis, V.; Koepf, G.; Yandrofski, R.; Soldatenkov, O.; Dudin, K.; Dovgan, D. Procedure of microwave investigations of
ferroelectric films and tunable microwave devices based on ferroelectric films. Microelectron. Eng. 1995, 29, 257–260. . [CrossRef]

37. Vendik, O.; Zubko, S.; Nikol’Skii, M. Modeling and calculation of the capacitance of a planar capacitor containing a ferroelectric
thin film. Tech. Phys. 1999, 44, 349–355. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1109/22.795077
http://dx.doi.org/10.1016/0167-9317(95)00156-5
http://dx.doi.org/10.1134/1.1259300

	Introduction
	Materials and Methods
	Closed Resonator Model
	The Gap Correction
	Ferroelectric Film Microwave Parameter Measurements
	Measurement Error
	Dielectric Samples' Preparation
	Measuring Resonator Design and Measurement Procedure

	Results
	The Resonator Calibration
	Resonance Frequency of Two-Layer Structure with the Ferroelectric Film
	Estimation of Measurement Error
	Experimental Results on the Measurement of the Thin Ferroelectric Film

	Discussion
	Conclusions
	Appendix A
	Appendix A.1
	Appendix A.2

	Appendix B
	References

