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Abstract: Feedback system design is often achieved by neglecting the unmodeled dynamics, such as
the actuator and sensor, to reduce design complexity. It is based on an assumption that the unmodeled
dynamics are fast enough to be negligible. However, it may cause severe problems for the stability
or performance of the overall system, especially, when the controller contains the fast dynamics
or uses the high-gain feedback term. A disturbance observer has been widely employed in many
industrial applications due to its simple structure and powerful ability to reject disturbances and
compensate plant uncertainties. However, since the disturbance observer contains fast dynamics in
its structure, the analysis of the effect of the unmodeled dynamics on the disturbance observer-based
control is mandatory. This paper reveals the robustness and disturbance rejection performance of the
disturbance observer based on the singular perturbation theory and proposes its design guideline
for robust stability in the presence of unmodeled dynamics. In addition, this paper presents that the
disturbance observer recovers a nominal performance designed for a nominal model of the plant.

Keywords: disturbance observer; performance recovery; robust stability; singular perturbation;
unmodeled dynamics

1. Introduction

In control system design, the existence of disturbances and model uncertainties is
unavoidable and can lead to undesired behavior in the closed-loop system. Thus, the
disturbance estimation and compensation problem is one of the important issues in the
control community, and has been discussed in many applications, such as motor control
systems [1-6], robot manipulator systems [7-9], wheeled mobile robot systems [10], and
positioning stage systems [11]. To improve the disturbance rejection performance and
robustness, various approaches have been investigated. For instance, an unknown input
observer estimates the unknown external signal based on the internal model principle,
assuming that the unknown input or disturbance is generated by some exosystem [12,13].
By defining the lumped disturbance as a new state variable, an extended state observer si-
multaneously estimates the augmented state [14,15]. Further, by incorporating the extended
state observer into the control structure, an active disturbance rejection control technique
has been presented, and it simplifies the uncertain system with lumped disturbances as a
disturbance-free nominal linear system of the form of the integrator chain [16,17]. Instead
of canceling the nonlinear term in the nonlinear system, a nonlinear disturbance observer
has been proposed to include the known or partially known nonlinear part in the observer
design [18,19]. Several survey papers have been presented to figure out the pros and cons
of each technique [20-22].

Among various disturbance compensation techniques, a disturbance observer has
been widely used in the industrial field [23-25] because of its versatility. First, it has a
simple structure composed of the inverse dynamics of the nominal model of the actual
plant and two low-pass filters (known as Q-filter). Secondly, it is convenient to use, since it
is an add-on type inner-loop controller. In other words, if it is added to the inner loop, then
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the existing (pre-designed outer-loop) controller is enabled without taking into account
effects from disturbances and plant uncertainties. Thirdly, it effectively compensates the
plant uncertainties and rejects external disturbances without knowledge of the disturbance
model. Finally, the control designer could easily improve the disturbance rejection perfor-
mance merely by decreasing the time constant of the Q-filter. Furthermore, by embedding
the disturbance model into the disturbance observer structure, the effect of modeled distur-
bances can be completely removed. A Q-filter design method has been proposed to cope
with polynomial-in-time disturbances such as the step, ramp, parabolic signals, and so
on [26,27]. It has been extended to deal with sinusoidal-type disturbances with unknown
amplitudes and phases [28]. Thus, the disturbance observer can reject not only bounded
unmodeled disturbances approximately but also modeled disturbances asymptotically.

Although the characteristics of the disturbance observer is easily understood in the
frequency domain [24,29], several papers presented the analysis in the state-space domain
for the purpose of obtaining a deeper understanding of the role of each block [30] and
extending to the multi-input multi-output nonlinear system [31,32]. They show some
interesting points: (1) The external disturbance is almost completely rejected and inner-loop
blocks, i.e., the plant with the disturbance observer, behave as the nominal model. (2) the
zero dynamics of the plant is replaced by the zero dynamics of the nominal model. This
means that the zero dynamics of the plant is nearly unobservable from the output and
implies why the zero dynamics should be stable; (3) The disturbance observer recovers
the nominal closed-loop system trajectory in the time domain. And (4) the strong ability
of the disturbance observer is relevant to an infinite gain property and the structure of
the Q-filter is similar to the high-gain observer. Furthermore, an almost necessary and
sufficient condition for robust stability of plant with model uncertainties is presented when
the cut-off frequency of the Q-filter is high enough. It is also easy to check the stability of
the overall system compared with other conditions based on the small-gain theorem [25].

The feedback system design is often achieved by neglecting fast dynamics (e.g., actu-
ator or sensor) to reduce design complexity. It is based on the assumption that the other
dynamics, the plant and feedback controller, are much slower than the fast parts. However,
when the assumption is not satisfied, i.e., the plant or feedback controller is not slow
enough, it causes the degradation of performance, and may lead to instability. Furthermore,
the uncertainty and disturbance of the system are important issues for designing a con-
troller. To cope with the uncertainty, various control approaches are considered. Among
them, high-gain approaches (e.g., the sliding mode control and the high-gain observer)
are very successful in dealing with uncertainty. However, it contains the fast dynamics
part in the feedback control loop, and may cause severe problems by the interaction of fast
dynamics parts. The work in [33] considers the high-gain full-state feedback, including
actuator dynamics. Ref. [34] analyzes the nominal performance and stability recovery for
the controller (designed for the system without the actuator dynamics), which is composed
of a robust state-feedback controller and high-gain observer. However, it only deals with
the single-input single-output nonlinear system without zero dynamics and shows the
stability when the actuator dynamics is sufficiently fast. The work in [35] is an extension
of [34] to the multi-input multi-output nonlinear system with the sensor dynamics. It also
employs the state-feedback control and high-gain observer. The research in [36] shows
that the state feedback controller with the high-gain observer is robust under the fast
sensor and actuator dynamics, but they do not need to be much faster than the high-gain
observer dynamics. Indeed, the disturbance observer contains fast dynamics in its structure
as well. Thus, the analysis of the effect of the unmodeled dynamics on the disturbance
observer-based control is mandatory.

The contribution of this paper is as follows. First, taking into account the unmod-
eled dynamics in the closed-loop system, the performance and stability analysis of the
disturbance observer-based control system is presented using the singular perturbation
theory. Secondly, based on the Lyapunov analysis, robust stability conditions under plant
uncertainties are derived. Especially, the explicit bound of the time constant of the Q-filter,
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which guarantees robust stability of the closed-loop system, is provided. Finally, it is
shown that the disturbance observer recovers a nominal performance, which is designed
for the nominal model of the plant and the state error between the nominal and the actual
closed-loop system asymptotically converges to a set whose size is proportional to the
square root of the time constant of the Q-filter. It is important to note that this work is based
on the author’s Ph. D. dissertation [37].

The paper is organized as follows. In the following section, motivation and problem
formulation are introduced. Section 3 shows an analysis of the disturbance observer when
the actuator dynamics are not taken into account in the problem formulation. Stability
and performance analysis of DOB with the actuator dynamics are presented in Section 4.
Section 5 provides the simulation results to validate the effectiveness of the proposed
analysis. The paper concludes with some remarks in Section 6.

Notation 1. 0, € RF, Oixk € RI*k, and I, € RF*K denote the zero vector, zero matrix, and

identity matrix, respectively. For two column vectors a and b we use [a;b] := [aT b ] T Amax(E)
and Ay, (E) are the maximum and minimum eigenvalue of a matrix E, respectively. The 2-norm of
a vector v € R" is defined by ||v|| = VvTv and the induced 2-norm of a matrix E € R"*" of real

entries is defined by ||E|| = \/Amax(ETE).

2. Problem Formulation and Structure of Disturbance Observer

In this section, we present the disturbance observer-based control structure for an
uncertain plant to fulfill the rejection of disturbances and uncertainties and to recover
the nominal performance, which is designed for the nominal model of the plant. The
configuration of the disturbance observer-based control system is depicted in Figure 1.
The block with red dashed line represents the actual plant with the disturbance observer
structure. P, Py, V, and C denote the actual plant, its nominal model, unmodeled dynamics,
and output feedback controller, respectively. Qp and Qg represent the low-pass filters,
which are known as the Q-filter. At first, the outer-loop controller is designed for the
nominal model to achieve the desired control objectives. Then, the inner-loop controller
(i.e., the disturbance observer) is designed so that the actual uncertain plant with the
disturbance observer behaves as the disturbance-free nominal model.

______ ——— ——— ——— ————————

)
+Q C _|_O - V ~ P -

u+w P_l Qq<—€5

n

o
T

Figure 1. The configuration of the disturbance observer-based control system.

Consider the following class of uncertain plants as
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z=S5z+ Gy, y=Cx, (1)
x=Ax+B{Fz+Fx+g(u+d)}, )
Tp0 = Apv + By, u = Cyv, 3)

where x € R” and z € R"7" are the states of the plant P, v € R™ is the state of the
unmodeled dynamics V, and u € RY, u, € RY, y € R! and d € R! are the plant input,
control input, plant output, and disturbance, respectively. The matrices A, B, and C are
given by

N V7 — |Ov—1
A.:[”O of J, B.:[Vl ] c:=[1 ol ,]
_

where 7, > 0 is a time constant of unmodeled dynamics. The uncertain matrices S, G, Fy,
F, Ay, By, and Cy are of appropriate dimensions, and g is an unknown constant.

Assumption 1. The uncertain plant (1) and (2) satisfy the following assumptions:

1. Uncertain parameters are bounded and their bounds are known a priori. In particular, there
exist positive constants F1, Fp, G, g, and g such that ||Fy|| < Fy, ||F2|| < Fa, ||G|| < G, and
§<8=8&

2. The matrix S is Hurwitz.

3. The disturbance d(t) and its derivative d(t) are bounded with known constants ¢4 and Py,
such that [[d(t)]| < ¢ and [d(t)]] < par

Note that, in the absence of the unmodeled dynamics (3), the plant (1) and (2) under
consideration is in the normal form whose relative degree is v ( note that a single-input
single-output linear time-invariant system whose relative degree v can always be trans-
formed into the form (1) and (2). For more details, refer to Chapter 13 in [38] and [39]). In
addition, the condition 2 in Assumption 1 implies that the plant (1) and (2) is of minimum
phase, which is a conventional assumption on the disturbance observer approach.

Assumption 2. The unmodeled dynamics in the plant (3) are exponentially stable (i.e., the matrix
Ay is Hurwitz) and —Cy, A, LB, = 1. Furthermore, the time constant T, is upper bounded by a
positive constant T,, which is known a priori.

The above assumption implies that the subsystem (3) has a unity DC-gain. Even
though it is not, a non-unity gain can be integrated into the plant input gain g.
Now, we consider a nominal model for the uncertain plant (1), (2), and (3) as follows:

Zn = S_Zn + Gynr Yn = Cxn, )

Xn = Axn + B{F1zn + Foxn + gniir},
where x, € RY and z,, € RV are the state, and u, € R! and Yn € R are the control input
and output of the nominal model, respectively. Notice that the order of the nominal zero
dynamics z, may not be equal to that of the zero dynamics (1), i.e., i may not be equal to
n. S, G, F, F, and g, are the nominal values of S, G, Fj, F,, and g, respectively. For the
nominal model (4), we design an output feedback controller (i.e., outer-loop controller) as

n= A1777 =+ Bﬂyr - qun,

)
Uy = C;777 + Drlyr - Hr]]/n

where 7 € R" is the state of output feedback controller and y; is the reference input. The
matrices Ay, By, Cy, Dy, E;, and Hj, are of appropriate dimensions. It is assumed that
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y-(t) and y,(t) are bounded with known bounds ¢, and ¢, such that ||y,(t)|| < ¢, and
l7:(t)[| < ¢rt, respectively.

Assumption 3. The nominal closed-loop system (4) and (5) is exponentially stable. It implies that
it is input-to-state stable with respect to the reference input y;.

We will show that the plant (1), (2), and (3) with the disturbance observer behaves as
the disturbance-free nominal model (4) in the presence of disturbances and plant uncer-
tainties. Therefore, the outer-loop controller (5) has to be designed to stabilize the nominal
model (4) and the specific design of (5) is determined by the control objectives (e.g., tracking
or regulation).

The disturbance observer as an inner-loop controller is represented by

z=8z+Gw, w= ;(—Flz—ﬁzw++w”), (6)
n

| = Aq(%4)q + Byy, W = Cq(1y)q, @)

p=Aq(t)p+Buo, 1= Cy(ry)p, ®)

Uy =Ur+ T —w 9)

where z € R, q € R/, and p € R! are the state of P, 1 Qq, and Q,, respectively,

ot=w @ - @' T, and @' is the i-th derivative of @. The matrices A,(1y), B;, and
Cy(1y) are
0 1 0 0
0 0 0 0
Ag(T) = C |, Be= i,
0 1 0
_ % _m a1
Tl Téfl Tq 1
© 4 ... S e
Cy(T) := {Té e L 0 0].

where I —k > v, ¢y = a9, and all a;’s are chosen such that the polynomial sl a_qs- 1+
-+ +a1s + ag is Hurwitz. The detailed design procedure for coefficients 4;, c;, and 7; will
be discussed later.

It is important to note that the disturbance observer in (6), (7), (8), and (9) is a state-
space realization of the conventional disturbance observer, which is usually employed in
the frequency domain [23-25,29]. The dynamics (6) has the same structure as an inverse
dynamics of (4) and the dynamics (7) and (8) are the controllable canonical form realizations
of a stable low-pass filter, which is known as Q-filter. In addition, since I — k > v, the signal
@' and @' can be implemented from the state of (7) and the output y. In fact, an exact
inverse dynamics of (4) is calculated as

Zn = S_Zn + G]/nr
1 _ _ (10)
ur = —(~Fiza — Byl + 1)

n

where yf = [yn  ¥n e Tand Y. is the i-th derivative of the output y,,. However,
it is not realizable alone since the dynamics (10) contains the derivative of y,. Therefore,
the dynamics (6) and (7) whose input y and output w is implemented together to prevent
the derivative of the output. Let us exchange the dynamics (6) with (7) as follows:
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£=52+Gy, w=—(-Fz-Ey' +y"), (11)
n
g = Aq(1)q + B, w = Cy(7)q, (12)
p=Aq(t)p+ By, 1 =Cy(Ty)p, (13)
Uy =Up+ T —W (14)
wherey'=[y y -+ y'!]and y! is the i-th derivative of the output y. By virtue of the

linearity, the input—output behavior between y and w of (6) and (7) is the same as that of
(11) and (12). Throughout this paper, for simplicity, the dynamics (11), (12), (13), and (14) is
used instead of (6), (7), (8), and (9) although the time response of g in (11), (12), (13), and
(14) is different from that of (6), (7), (8), and (9).

In order to obtain a singular perturbation form, we change coordinates for states g and
p as follows:

ir i

&= T,;;(ZH) 7= Téf(lH)p- (15)

With (15), the dynamics of ¢, {, and v are represented as

%6 & - Be{E(z,2,x) + gd}
Tl = Au || + Bgii, , (16)
Ty0 v Byu,
where
Ag Orx & B:Co
Ay = —BgCg AC + BéCg Orxm |+
—ByCe ByCe Ay

where F(z,2,x) := —FZ — Bx + Fjz + Fx, and Ag, Bz, and C¢ imply Ay, By, and C; when
7; = 1, respectively.

Then, from Equations (1), (2), (3), (5), (11) and (16), the overall closed-loop system
can be written as follows ( note that, when the output-lop controller (5) is considered in
the overall closed-loop system, v, should be replaced by y, which is evident and will be
applied without mention throughout the paper. Furthermore, u,, the function of y, 7, and
yr, will be used for simplification of equations):and

= A,717 + Byyr — Egy, ur = C,717 + Dyyr — Hyy,
X =Ax+ B{Fiz+ hx+ g(Cov+d)},

. (17)
z=S5z+ Gy,
z=8z+Gy, y==Cx,
and
ot z - Be{F(z,2,x) + gd}
7| = Au || + Bguy . (18)
Ty0 v Byu,

From the overall closed-loop system (17) and (18), it is observed that, for relatively
small 7; and 1, the system is in the multi-parameter or the multi-time-scale singular
perturbation form (if time constants 7; and T, are in same order, then the system is in the
multi-parameter singular perturbation form [40,41]. Otherwise, it is in the multi-time-scale
singular perturbation form [42]).

3. Analysis of Disturbance Observer Based on Singular Perturbation Approach

In this section, we will discuss the disturbance rejection performance of the disturbance
observer based control. It is observed from (17) and (18) that the variables x, z, z, %, y,, and
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d are considered as slow variables, while the state ¢, {, and v are regarded as fast variables.
If the fast dynamics has an isolated equilibrium for each (frozen) slow variables and the
equilibrium (depending on slow variables) is exponentially stable (i.e., the matrix A, is
Hurwitz), then the overall closed-loop system behaves as the reduced system. Namely,
the overall closed-loop system is restricted to the slow manifold, with sufficiently small 7,
and T, under the assumption that the slow variables are bounded and varying slowly. In
order to reveal that the disturbance observer recovers the steady-state performance of the
nominal closed-loop system (4) and (5), we obtain the quasi-steady-state subsystem from
(17) and (18) for the extreme case 7; = 7, = 0.

The equilibrium of (17) and (18) for each frozen slow variable is simply computed as

g*
g*
,U*

With the help of the matrix inversion lemma, each equilibrium is rewritten as

iBg{F(z,Z,x) +gd}
=-A" By : (19)

Byu,

* ‘1+ -
¢ = 828 (A L pecy) B, (20)
n &n
* 1 8n -1 F(y 5
- As + —2% B:Cs) "B {E(z,2,x) + ¢d — guity}, (21)
4 gn+g(¢gn+g§§) e F( ) +8d — guitr }
o = ;Alev{F(z,Z,x) +gd — guitr). (22)

With these equilibria, we derive the quasi-steady-state system (i.e., slow dynamics on
the slow manifold when 7; = 7, = 0) as follows:

= Ayn+ Byyr — Eyy, ur = Cyn + Dyyr — Hyy,
% = Ax + B{F1z + E2x + gnuir},

z =252+ GCx,

z2=25z+GCx, y=Cx.

(23)

The quasi-steady-state system (23) play the key role to explain the nominal perfor-
mance recovery of the disturbance observer based control. From (23), we find out several
interesting points. First, the input disturbance d is completely rejected from the control
input. Second, in the viewpoint of the outer-loop controller (5), the plant to be controlled is
approximated as the nominal model (4) that is completely known to the controller. Finally,
the zero dynamics of the plant (i.e., z-dynamics of (1)) is disconnected from the output y,
i.e., becomes unobservable from the output. In fact, it is replaced by the zero dynamics of
the nominal model (i.e., Z-dynamics of (4)). For more details on (23), please see [30].

Now, we analyze robust stability for the overall closed-loop system (17) and (18) based
on the singular perturbation approach with respect to the ratio between 7; and 7,. When
Ty < T4 (i.e., the unmodeled dynamics is much faster than p and g-dynamics), (17) and (18)
can be considered as the three-time scale singular perturbation form.

Theorem 1. Under Assumptions 1-3, there exists a positive constant T, such that, for all 0 <
Ty, K 15 < Ty, the overall closed-loop system (17) and (18) is robustly exponentially stable if the
matrix As

_ |As— &B:Cr £B:Ce

Af: 24
f —B:Cg Az + B:Cg (24)

is Hurwitz for all uncertain g.
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Proof of Theorem 1. Since 7, < 75, we consider v-dynamics in (17) and (18) as fast dy-
namics, while the other dynamics are slow dynamics. From the singular perturbation
theory, if both the quasi-steady-state and the boundary-layer subsystem are exponentially
stable, then the overall closed-loop system is exponentially stable. By Assumption 2, it
follows that the boundary-layer subsystem (v-dynamics) is exponentially stable.

In the next step, we will show that the quasi-steady-state subsystem is exponentially
stable. Since C,A; !B, = —1, the quasi-steady-state system is easily calculated as follows:

17 — AC’? ‘l’ Bcr - Ecy, Uy = Ccﬂ ‘I’ Dcr - Hcy,
x = Ax+ B{Fiz+ Fx + gC¢ (0 — ) + gur + gd},

. (25)
z =52+ Gy,
z=524+Gy, y=Cx,
and
g] " F} LB:{F(z,2,x) + gur + gd}
| = 4 ) 26
K |:€ f g Bgur (26)

Now, it can be observed that (25) and (26) is the two-time scale singular perturbation
form. The dynamics (25) and (26) are considered as slow and fast dynamics, respectively.
After a simple calculation with 7; = 0, it is easy to see that (23) is its quasi-steady-state
subsystem. From Assumption 1 and 3, it follows that (23) is exponentially stable. The proof
is completed since the matrix Af is Hurwitz. [

It is emphasized that the matrix A plays a key role to determine the stability of the
overall closed-loop system (17) and (18). If it is satisfied, then (17) and (18) is robustly stable
for the sufficiently small 7;. The next lemma shows the design procedure for 4; and ¢; to
make Ay Hurwitz.

Lemma 1. The matrix Ay is Hurwitz if and only if the following two polynomials are Hurwitz:

pa(s) =s'+a_1s" 1+ +as+ag,

pp(s) = s b s 4t ﬂk+15k+1 + (a —
&n n

The proof of Lemma 1 is presented in [30]. The detailed procedure so as to make the
matrix A £ Hurwitz (i.e., selecting 4; and ¢;) was discussed in [28].

Remark 1. When the dynamics of Q-filter is much faster than the unmodeled dynamics v (i.e.,
T; < To), the stability of the overall closed-loop system is not guaranteed. Since 7; < T, the
dynamics of Q-filter are considered as fast dynamics. Then, from (17) and (18), the system matrix of
¢ and { becomes

Az Orxi

and always has one eigenvalue at the origin. Therefore, the singular perturbation theory cannot be
employed since the boundary-layer system is not exponentially stable. In fact, if the relative degree
of v-dynamics is greater than one, then robust stabilization is impossible when the time constant T,
is much smaller than T, [43].

4. Nominal Performance Recovery by Disturbance Observer Under Unmodeled Dynamics

This section presents an explicit bound of 7; to guarantee robust stability of the distur-
bance observer approach. Furthermore, it is shown that the disturbance and uncertainty
compensation performance of the disturbance observer is improved as 7; becomes smaller.
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In other word, the closed-loop system with the disturbance observer recovers the nominal
performance with sufficiently small 7,.
The closed-loop system (17) and (18) can be compactly rewritten as

X - ASX + Axvzz + B_xv,
TUZZ = AvZZ + Apr X + Aqul + B,V

where X = [11;x;2;2], 21 := [£;{], 22 := v,V := [r;d], and the matrices As, Avo, Af, Aga,
Agor Avx, Avg, Bx, By, and B, are

A?] _EWC Onxn—v Onxii—v Onxm
A= Ouxn A+ BE BF; Oyxn—v Ay = gBCy
. Onfvxh G_C S 0n—v3<ﬁ—v T O0n—vxm !
_Oﬁfvxh GC On—vxn—v S O —vxm
- [ A 0
-Af = _fB;Cg Ag +l><BI§C§:|/ Aoy = [Bvcc —ByH:.C  Omxn—v Omxr‘l—v]/
1 » 1 1 '
Aqv — %Bgcv ’ /_qu — Orscny gB,:[*FerPz] ngFl *g*“BCPl ’
Orscm Bgcq _BCHUC lenfv leﬁfv
2 0, gB| 5 0 £B:
= [=B,Cz ByCz|, By := v , By = Sn o,
Avq [ v-¢ v é] X Op—y Op_y q BgDc Ol
On—v  On—v

By := [ByDy  Op].

B,V) where

1 = 1 1 _
Aqx = %Bécc ngé[—FZ + F2 - gHCC] gintFl _g7B€F1 )
Bch 7B€T~HCC Ol><n—1/ leﬁ_y

8 8
SBD. $B]
BzD: 051

In fact, by (X, V) = [§%;¢*] and hp (X, Z1,V) = v* when Z1 = h1 (X, V), which are the
equilibrium in (20). With ) := 21 — h1(X, V) and ), := 2, — hp(X, 21, V), we have

X = FX + Ay + Axodo + (Bx — quAjleq)v

%:ﬂX+é&+Af&MmM+é&ﬁ%f&MM%
+ A A (By — Axg A7 Bg)V + A By Y

Vy = FolX + (%A;lAquf + A A A ) V1 )

A+ T A A g+ A Ao AV

+A#Amwfnhwg%ﬁv+Af&v
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Where fs = As - quA';lAqx, .Fq = A;lAqx(As - quAflAqx), ]:U = A;lAUx(AS -
quAfl.Aqx), and

Ac —E.C Ohxnfv Ohxﬁfv
A | 8BC A+ B(F, — gH.C) BF, Oy iy
Onfvxh (_;C S On—vzw‘l—v ’
szfvxh GC On—vxn—v S
Onxi Opxi B:  Opxa
Ay = *gBCC gBsz B. :— ¢BD. gB
e Onxl Onxl ’ t 0nx1 Onx1 '
Or‘le Oﬁxl 0r‘z><1 0ﬁ><l

Note that the X'-dynamics without the term involving }; and ) in (28) is the quasi-

steady-state model (23). Then, with X =X — Xy, wehave ¥ = F.X + Axgd1 + Axo D2,
while the V; and ),-dynamics of (28) are rewritten as

V= F X+ (%Af + A A Aag) 1
(LA + A AgeAe)Va o+ B0 )
Vs = Folk o+ (LA Ay Ay + A7 Age Avg) i
(o 2 AT Ay A+ A e Are) V2 + B0
where 6 := [X ], VT, VT|T,
By i= [Fy A Ag(Be— Ay A By AF'By],
Bri= [Fo A;MMux(Bx = AgA;'By) AS1By|.

By Assumption 2 and 3, the matrix F; and A, are Hurwitz. If the matrix Af is
Hurwitz, then there exist positive definite matrices Py, P, and P, such that P, F; + .FSTPS =
=21, PrAg + AfPp = =21, and Pody + AJPy = —2I. Let Va(X,V1,)5) = 1XTPX +
%le Pfy1 + %(Ssz P,Y», where a positive constant  will be chosen later. Then, we obtain

. . 1 ) . -
Vo < <RI = 21912 = S92 + | BN + (12 + 7)1 21 192
1 1
+ (raz + 95+ 8238+ 870) [V |92l + 75942
1
+ (0210 + 070 V2l + 76|94 + 671211 2]

where
M= HPsqu + ]:qTPer’YZ = ||PsAxoll, v = ‘|PfAflAquxq||/74 = ||Pf-'4qv||r
15 = IPPA; AgeAroll, 76 = 1P¢Br|| max [[6()]], 77 = | F5 Poll,
8 = ‘|PUA;1Aquf||/ Y9 = HPv-Afl-Aquxq”r Y10 = HPv-A;lAvq-Aqur
Y11 = ||P0A51Avxv4xv||r T2 = HPvBrH Og‘fg‘p o)1l

We choose § such that 32957, < 6 < 1/ (327%?0) and assume T, < 1/(16717). Itis
possible because we already assume that the time constant of unmodeled dynamics, 7, is
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sufficiently small. By Assumptions 1-3, values of 1 — 712 also can be obtained. If we select
7 that satisfies 77 < T < T where

1
7t = max{16719Ty, 64723?0, 647307, },

1 5 1
8(273 + 73) 64737, 64573T,

|2

T := min{

then it can be shown that Vo < 0 when || V1] > 2767 and || ;| > 2712T. Define V; :=
&N+ L )? + %||y2||2. Then, it holds that

. 1. 2 =
Vo< —sVo+ £’7’(T,Tv) V2
2 4
where (T, T) 1= 4max{7e, 712} - max{y/T, VT /3}. If | Va|| > 319%(7, ), then V; < 0.
And, a positive constant > is given by

po = max Vo(X,V1,)5)

V2:%'72 (T/Tv)

Now, we define the set Q, := {[X; V1; I»]|V2(X, V1, V) < up}. It is obvious that the
state [X; V1; Vo] converges to the set (), as t — 0. Also,

R | o %
Vo = E/’\fTPsX + ElePfyl + 5szva2 < p2V2
where p; := maX{/\max(Ps)r %/\max(Pf)T/ %/\max(Pv)Tv}' For all [‘)E' yl’yﬁ € Qu, HA?HZ =

Hp < %pz'yz(r, Ty), and thus

121 < /277 w).

Since we assume that Ty, is relatively small positive constant, p = Amax(Ps)/2 as T is
reduced and the bound of | X — Xy is proportional to the ¥(7, T,), it means that V, tends
to be small depending on 7, so that the error X' (t) — An(t) becomes small, by taking T
appropriately. By summarizing the above results, we provide the following theorem.

Theorem 2. Under Assumptions 1-3, for a sufficiently small T,, there exist positive constants

+_ = 21= 25— = . 1 5 1
7" = max{16710Ty, 6475 5 Tv, 647507y } and T = min{ @) i G, } such that, for

all T4 < T < T, the overall closed-loop system (17) and (18) is exponential stable when y, = 0
and d = 0. Furthermore, the part of solution of (17) and (18) denoted by [c(t); x(t);z(t);Z(t)]
satisfies that

lim supl|[e(8); x(£); 2(8)] = [en (£); xn(8); 28 (D] <T2¥ (1, )

t—o0

where T'y := \/pp/2 and [cn(t); xn(t); Zn(t)] is the solution of the nominal closed-loop system
(4) and (5).

5. Simulation Results

In this section, we provide simulation results for mass-damper systems to validate the
effectiveness of the proposed performance and stability analysis. The actual plant P and its
nominal model P;, are represented as

= {8 —12] o [3] (), (30)

y=1[1 0]x
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and
. |0 1 0
wlo S o @
yo=1[1 0]xy.
We assume that the unmodeled dynamics is given by
.0 1 0
wo= |G s [f]ue ()
u=[1 0]o.
The outer-loop controller C is designed as
ur =3(yr —y), (33)

and two Q-filters, Qq and Qy, are presented as

. 0 1 0

w-[% e
w=[1 0]g,
. 0 1 0

[ el
=11 0]p.

Figure 2 shows simulation results of the disturbance observer-based control system
under the unmodeled dynamics with respect to the time constant of Q-filter 7;. The cyan
dotted and green solid lines represent the outputs of the nominal closed-loop system
composed of (31) and (33) and the real closed-loop system (30), (32), and (33), respectively.
The blue dashed, red dash-dotted, and black solid lines are the outputs of the disturbance
observer-based control system with 7, = 0.1,0.2, and 0.3, respectively. To clarify the expla-
nation, the errors between the output of the nominal closed-loop system and the outputs of
the disturbance observer-based control system with 7, = 0.1,0.2, and 0.3, as provided in
Figure 3. As can be seen in Figure 2, in the absence of the disturbance observer, the effect of
plant uncertainties and disturbances degrades the control performance. However, as shown
in Figures 2 and 3, the disturbance observer completely rejects the effect of the constant
disturbance in the steady state, and the disturbance rejection performance improves as 7,
decreases. Moreover, the disturbance observer recovers the nominal performance and the
error asymptotically converges to a set whose size is proportional to the square root of 7.

On the other hand, Figures 4 and 5 present simulation results for smaller 7;. The blue
dashed, red dash-dotted, and black solid lines are the outputs and errors of the disturbance
observer-based control system with 7; = 0.05,0.06, and 0.12, respectively. As shown in
Figures 4 and 5, the closed-loop system becomes unstable when 7, is smaller than the
stability bound. To figure out the effect of T, on the stability of the closed-loop system, the
errors of the disturbance observer-based control system with respect to 7, are shown in
Figure 6. It can be observed that the larger 7, makes the closed-loop system unstable.
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0 2 4 6 8 10 12 14 16 18 20

time (s)

Figure 2. The output response of the disturbance observer-based control system under the unmod-
eled dynamics (Nominal: the output of the nominal closed-loop system; w/o DOB: the output of the
real closed-loop system without the disturbance observer; w/1;: the output with 7y = 0.1, w/1: the
output with 7p = 0.2; and w/13: the output with 73 = 0.3). The reference input y,(t), the disturbance
d(t), and the time constant of the unmodeled dynamics 7, are y,(t) = tanh(t), d(f) = 1+ 0.5sin(¢),
and 1, = 0.02, respectively.

0.15 T T T T

0.1F

error

-0.05 -

-01 -

——-W/T1=0.1

015 ——w/ T 0.2}

—w/ 5 = 0.3

_02 1 Il 1 1 L
0 2 4 6 8 10 12 14 16 18 20

time (s)
Figure 3. The errors between the output of the nominal closed-loop system and the output of the
disturbance observer-based control system (w/7q: the error with 7 = 0.1; w/1,: the error with
Ty = 0.2; and w/13: the error with 73 = 0.3). The reference input y, (), the disturbance d(t), and the
time constant of the unmodeled dynamics 7, are y,(t) = tanh(¢), d(t) = 1+ 0.5sin(t), and 7, = 0.02,
respectively.
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Figure 4. The output response of the disturbance observer-based control system under the unmodeled
dynamics (Nominal: the output of the nominal closed-loop system; w/1;: the output with 7y = 0.05;
w/Ty: the output with 7, = 0.06; and w/13: the output with 73 = 0.12). The reference input y,(t),
the disturbance d(t), and the time constant of the unmodeled dynamics 7, are y,(t) = tanh(¢),
d(t) = 0.5sin(t), and 7, = 0.02, respectively.

0.2 T T T T T

0.15

0.1

0.05

error

-0.05

-0.1
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oW 7, = 0.06
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Figure 5. The errors between the output of the nominal closed-loop system and the output of the
disturbance observer-based control system (w/7;: the error with 77 = 0.05; w/1,: the error with
Ty = 0.06; and w/3: the error with 73 = 0.12). The reference input y,(t), the disturbance d(t), and
the time constant of the unmodeled dynamics 7, are y,(t) = tanh(¢), d(¢) = 0.5sin(¢), and 7, = 0.02,
respectively.
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Figure 6. The errors between the output of the nominal closed-loop system and the output of the
disturbance observer-based control system with different time constants of the unmodeled dynamics
(W/Ty1: the error with t,; = 0.04; w/1,: the error with 1, = 0.035; and w/T,3: the error with
7,3 = 0.03). The reference input y,(t), the disturbance d(t), and the time constant of the Q-filter 7;
are y,(t) = tanh(t), d(t) = 0.5sin(t), and 7; = 0.01, respectively.

6. Conclusions

In this paper, we investigated the robust stability and the nominal performance recov-
ery of the disturbance observer-based control system with unmodeled dynamics using the
singular perturbation theory. Furthermore, the explicit bound of the time constant of the
Q-filter for robust stability of the closed-loop system was provided based on the Lyapunov
analysis. The obtained results can be applied to the plant with unstable poles, as well as the
Q-filter of arbitrary relative degree whose coefficients are not limited to the binomial one.
Finally, we showed that the disturbance observer recovers a nominal performance, which
is designed for the nominal model of the plant and the state error between the nominal and
the actual closed-loop system asymptotically converges to a set whose size is proportional
to the square root of the time constant of the Q-filter.
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