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Abstract: Under the influence of multiple types of noises, missing measurement, one-step measure-
ment delay and packet loss, the robust Kalman estimation problem is studied for the multi-sensor
descriptor system (MSDS) in this paper. Moreover, the established MSDS model describes uncertain-
variance noises, multiplicative noises, time delay and packet loss phenomena. Different types of
noises and packet loss make it more difficult to build the estimators of MSDS. Firstly, MSDS is
transformed to the new system model by applying the singular value decomposition (SVD) method,
augmented state and fictitious noise approach. Furthermore, the robust Kalman estimator is con-
structed for the newly deduced augmented system based on the min-max robust estimation principle
and Kalman filter theory. In addition, the given estimator consists of four parts, which are the usual
Kalman filter, predictor, smoother and white noise deconvolution estimator. Then, the robust fusion
Kalman estimator is obtained for MSDS according to the relation of augmented state and the original
system state. Simultaneously, the robustness is demonstrated for the actual Kalman estimator of
MSDS by using the mathematical induction method and Lyapunov’s equation. Furthermore, the
error variance of the obtained Kalman estimator is guaranteed to the upper bound for all admissible
uncertain noise variance. Finally, the simulation example of a circuit system is examined to illustrate
the performance and effectiveness of the robust estimators.

Keywords: descriptor system; Kalman estimator; unified measurement model; multi-sensor;
multiplicative noises; uncertain-variance noises

1. Introduction

The descriptor system is also a singular system, which has a broader structure than the
normal system. Furthermore, the descriptor system can describe the non-causal phenomena
in real systems, such as robot systems, power systems, image modeling, and economic
systems [1-3]. The state estimation problem of the descriptor system has been a popular
topic in recent years. Many research results and methods have been obtained to solve the es-
timation problem [4-12]. Based on the reduced-order Kalman estimation algorithm [13,14],
the singular value decomposition (S5VD) method for the descriptor system is presented
in [4,7]. The authors of [5] give the least squares method and the maximum likelihood
method for the descriptor systems, respectively. In [8], the time domain Wiener filter for the
descriptor system is proposed by using the modern time series analysis method. However,
the above estimation problems are only studied for the known general descriptor systems.

Moreover, it is well known that the estimator based on the classical Kalman filtering
requires that noise statistics and the model parameters are exactly known [11]. However,
in many practical systems, there exist many uncertainties such as modelling errors, un-
modeled dynamic, random perturbations, missing measurements, measurement delays,
multiplicative noises and so on [15-18]. In order to solve the effect of the uncertainty, the
robust estimation is studied for an uncertain system [11]. At present, for the uncertain
descriptor system, the Kalman robust filter and predictor are presented [12]. The robust
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time-varying estimator is proposed for descriptor systems with random one-step measure-
ment delay by using the SVD method, the augmented method, and the fictitious noise
approach [19]. However, it should be noted that reference [19] only considers the descriptor
with a one-step measurement delay, and other uncertainties are not considered. In [20],
the robust centralized and weighted observation fusion (CAWOF) prediction algorithm is
derived for the uncertain MSDS with multiplicative noise by using the SVD method and the
minimax robustness estimation criterion. Reference [20] only considers the descriptor sys-
tem with multiplicative noise and uncertain noise. However, packet loss and measurement
delay problems have not been taken into account. In [21], the uncertain-variance noises
and packet loss problems are solved in the MSDS; however, the effects of multiplicative
noise and measurement delay are not considered in the MSDS.

In addition, the estimation accuracy and performance of a single sensor descriptor
system can be easily affected by the stability and reliability of the sensor [22]. To improve
estimation accuracy and guarantee performance of the considered system, a multi-sensor
system has been widely used [23]. For the multi-sensor descriptor system, Kalman filtering
is a fundamental tool due to its recursive structure and excellent performance. In general,
the fusion method of the Kalman filter can be categorized into three types: centralized
fusion, measurement fusion, and distributed state fusion method [24,25]. In [24,26], the
authors present distributed fusion algorithms that use optimally weighted fusion criteria
with a matrix weight, a diagonal matrix weight, and a scalar weight. These algorithms the
address estimation problems in multi-sensor systems, which are typically studied based on
the known parameters of the system model and the complete known noise statistical struc-
ture. In [25], the fusion Kalman filter algorithm deals with an uncertain nonsingular system
with multiplicative noises, missing measurements, and linearly correlated white noises
with uncertain variances. However, for a multi-sensor networked descriptor control system,
the distributed fusion robust Kalman filter algorithm is proposed in [27]. However, refer-
ence [27] only considers uncertain-variance correlated noises and missing measurement
problems of the multi-sensor networked descriptor control system.

To date, the robust fusion estimation problem is not solved for MSDS with uncertain-
variance noises, multiplicative noises and a unified measurement model, which totally
include five kinds of uncertainties which are uncertain-variance noises, multiplicative
noises, missing measurements, one-step measurement delays and packet dropouts. Mo-
tivated by the aforementioned analysis, for MSDS with the above five uncertainties, the
robust estimation problem will be studied. The main contributions and innovations of this
paper are as follows: (1) The considered MSDS is novel and challenging, which includes
uncertain-variance noises, multiplicative noises, missing measurements, one-step measure-
ment delays and packet dropouts. (2) Applying the SVD method, the augmented state
method and the fictitious white noises method, MSDS is transformed to a new standard sys-
tem only with uncertain-variance noise. (3) Based on the Kalman filter and the relations of
the original MSDS and the newly obtained system, the robust Kalman estimators are given
for MSDS and the newly obtained augmented system. (4) The robustness is proved for
the proposed estimators by using the Lyapunov equation approach and the mathematical
induction method.

This paper is organized into seven sections. In Section 2, the system model is given.
In Section 3, a new standard augmented state model is presented. The robust Kalman
estimator for descriptor system is discussed in Section 4. In Section 5, a robust analysis is
discussed. Section 6 presents the numerical simulation results. Finally, Section 7 provides
the conclusion.

2. System Description and Preliminaries

Consider MSDS with uncertain-variance noises, multiplicative noises and a unified
measurement model
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x(t+1) =

t) + Tw(t) + Bu(t), (1)

zoi(t <H + Zazl )x(t)/ ()

= 7i(

ZOz( )+V1() ®)

a;i(B)zi(#) + (1= a; () Bi(H)zi(t = 1) + (1 — a;(£)) (1 = Bi())yi(t = 1),i =0, 1,--- , L €

where t is a discrete time, x(t) € R" is the state, u(t) is the input, w(t) € R"» is additive
process noise, v;(t) € R™ is additive measurement noise, z;(t) € R™ is the ith noise-
free measurement, a; () € R! is multiplicative state-dependent noise, z;(t) € R™ is the
measurement of the ith sensor, y;(t) € R" is the measurement received by estimator to be
designed, n, and L are the number of multiplicative noises and sensors, respectively. M, ®,
I', B and H; are constant matrices with suitable dimensions.

Assumption 1. M is a singular matrix, rank(M) = nq, ny < n, that is, det M = 0, and the
system (1) is regular.

Assumption 2. «;(t), B;(t) and «;(t) (i = 0,1,---,L) are mutually independent random se-
quences, obeying Bernoulli distributions with known probabilities of taking 1 or 0, such that

Prob{w;(t) =1} = A4, Prob{a;(t) =0} =1—A4, 0< Ay, <1, ()
Prob{ﬁi(t) = 1} = )\’51., PI‘Ob{‘Bl’(t> = 0} =1- Aﬁi’ 0< )\lgl. <1, (6)
Prob{7;(t) = 1} = A, Prob{y;(t) =0} =1—A,, 0<A, <1, i=0,1,---,L, (7)

from Assumption 2, it follow that

E[w;(+)] = E[af (1)] = Ai, E[Bi(t)] = E[BF(1)] = Api, Elvi()] =E[}()] =Aqi,  (8)

zero-means white noises i (t), Poi(t) and 7o (t) are defined as follows:

aoi(t) = ai(t) — Awi, Boi(t) = Bi(t) — Api, 70i(t) = vi(t) — Ay, ©)
it follow that

Efag;(t)] =0, E[ag;(t)] = Aai(1 — Aai) = Agoi, Elaoi(t)ag;(k)] =0, i #j, Vt,k,  (10)
E[Boi(t)] =0, E[BG;(£)] = Api(1— Api) = Agoi, E[Boi(t)Boj(k)] =0, i #j, Ytk (1)
E[y0i()] = 0, E[15;(£)] = Ayi(1 = Ayi) & Agoi, Elvoi(t)10i (k)] =0, i #j, Ytk (12)
Assumption 3. w(t), v;(t) and a;(t) are mutually independent white noises with zero means and
the unknown actual variance are Qq, R; and 7, respectively, and

Elw(t)w' ()] = Qu, E[Vi(t)VjT(f)] = Ridyj, E[ﬂil(f)ﬂ}z(t)] = Oyi10ij- (13)

The unknown actual variance are, respectively, have known conservative upper
bounds, which are

Qw < sz Rz’ < Ri/ Ol < Onil- (14)

Remark 1. In real-world measurement, time delay and packet loss may occur at any time. The
measurement models (2)—(4) describe a unified measurement model by introducing random se-
quences w;(t), Bi(t) and «y;(t), which include the missing measurements, one-step delay mea-
surement and packet dropouts. If v;(t) = 1, a;(t) =1, then y;(t) = z;(t). If vi(t) = 0,
a;(t) =1, then y;(t) = v;(t), which means measurement missed. If a;(t) = 0, B;i(t) =
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then y;(t) = z;(t — 1), which means that there is one-step measurement delay. If a;(t) = 0,
Bi(t) =0, then y;(t) = y;(t — 1), which means packet dropout.

3. New Standard Augmented State Model with Uncertain-Variance Fictitious Noises

Applying the SVD approach, there are non-singular matrices P and Q satisfying

M; 0 .
PMQ = [ 01 0 } M; = diag{o1, -+, 0u}, (1)

pog = | g 22 |pr = [ {1 pe = [ P ], HQ = 1Ha Hal a6
x(t) = Q[ x() ] (17)
substituting (15) and (16) into (1) yields
My 0 |[ x(t+1) ] _ [ @ Prp | [ xa(t) I By
[ 0 0 ] [ x(t+1) } B { Pn P2 } { xa(t) ]+ { I ]w(t>+ [ B, }um' 19
then we have two new subsystems

x1(t+1) = Jyx1(t) + Uy w(t) + Gru(t), (19)
xZ(t) = Iszl(t) + quw(t) + Gqu(t)’ (20)

where Jy, = M1 (@1 — @@y ®n), Uy, = My YTy — @1p®,,'T2), Gy, = M (By
—Qp®,'By), Jx, = — Py @i, Uy, = — D' Tp, Gy, = — Py By, HiQin (16) and (17)
are substituted into (2), then it is easy to obtain

zoi(t) = Hijyx1(t) + Hpxo(t <Z o ( )
substituting (20) into zp;(t) yields
zoi(t) = (Hi + HiaJx, ) x1(t) + HipUx,w (t) + Hip Gy u( <Z i (t ) x(t), (21)

substituting (21) into (3), it is easy to obtain

zi(t) =7i(t) (Hix + HinJxy)x1(t) + 7i(t) HoUx,w () + i (t) Hp G, u(t)

+7i(t <Z o (t ) t) +vi(t), (22)
from (9), we have 7;(t) = 70;(t) + A,i, in (22), replacing ;(t) by 7o;(t) + A,; yields
zi(t) = Ayi(Hin + HigJxy)x1(t) + (70i(t) + Aqi) Ho Gy (F) + v (£), (23)
Where sz( ) = 1( )( il + HlZ]JCQ)xl( ) + ('YOi(t) + /\vi)HiZszw(t) + (')’Oi(t) + A’yi)
x (e, i (£)Hy ) x(t) 4 v;(t), substituting (23) into (4) , replacing a;(t) by ag;(t) 4+ Ay and
replacing (1) by for(t) + A ield
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Yi(t) =Airyi(Hin + HipJxy ) %1 (£) + (0 (£) + Aai) (70i (t) + Ayi) Ho Gy u(t)
+ (1= Agi)Agizi(t = 1) + (1 = Agi) (1 — Agi)yi(t — 1) +vy(t), (24)

where Vyi(t) = (D‘Oi(t) + )‘ai)(’)’oi(t) + A'yi) (Z?il Dcil(t)Hil)x(t) + (’J‘Oi(t) + /\al)(')/Ol(t)

+ Agi) HioUryw () + (i (£) + Aai ) Vi (t) + Agivoi(t) (Hin + HioJxy ) x1 () + i (£) v0i (£) (Hit

+ HiaJx,)x1(t) + Ayiaoi (t) (Hin + HinJxy ) x1(t) + (1 — Agi) Boi(#)zi(t = 1) — Agiogi(t)zi(t — 1)
—api(H)Boi(t)zi(t = 1) — (1= Agi) Boi(H)yi(t — 1) — (1 — Agi)ai (£)yi(t — 1) + woi(t) Boi(t)
yi(t-1). In order to facilitate the calculation, it is necessary to simplify v,;(t). New parame-
ters Cy;(t) and Hy;(t) (u = 1,2,3,4) are defined, then we can rewrite vy;(t) as

vyi (1) =(e0i(t) + Awi) (70i (t) + Aqi) (Z o (t ) )+ (a0i () + Agi)vi(t)

+ (a0i (t) + i) (v0i () + Agi) HipUxy o (t) 4 Agivoi(t) (Hin + HipJx, ) x1(t)

4 x1(t)
+ Z Cui(t)chi Zi(t - 1) (25)
u=1 yi(t—1)

where Cy; = agi(t), Coi = Boi(t), Czi = api(H)r0i(t), Cu = woi(f)Boi(t), Hai =
[Aqi(Hit + HioJxy), — Agilmis — (1= Agi) il Heai = [0, (1= Agi) Liy — (1 = Agi) il
Hch = [(Hin + HiJx,), 0, 0], Hai = [0, —Iyi, L], defining new white noise variances

0%, =E[C,CL] (u=1,2,3,4) as follows
0Ai = Aavir Ui = Apois 0oy = Aa0iroir i = Aaoidpois (26)
let
x1(¢) Wy
%i(t) = | zi(t=1) |, wai(t) = | vzit) |, vai(t) = vi(t) — ai(t)7i(t) HpGryu(t), (27)
yi(t=1) vyi(t)
then it is easy to obtain the new standard augmented state apace model as follows
Xai(t+ 1) = Pgixai(t) + Taicwai(t) + Gaina(t), (28)
Yai(t) = Haixai(t) "‘Vyi(t)r (29)
where
[ Jx1 0 0
(Dui = )\yi(Hil + Hi2]x2) 0 0 ’
| Airyi(Hin + Hizlxy) (1= Agi)Agilii (1= Agi) (1 = Agi) L
i le 0 0 le
Tsi=| 0 Iy 0 |, G = | 7i(t)HnGx, |,
0 0 Iy 0
Hyi = [Aairqi(Hin + HioJxy ), (1= Aui) Agilis (1 — Agi) (1 — Agi) L] (30)
Non-central second order moments are defined as X(t) = E[x(t)xT(t)], Xi(t) =

E[x1(t)x] (t)] and X,;(t) = E[x,;(t)xL(t)], they satisfy the following Lyapunov equations

Xl(t+1) = ]xle(t)];{]"‘leQw ;{1/
Xai(t"'l) = qDaiXai(t)q>Zi+Fmem() ai’ (31)



Sensors 2023, 23, 6968 6 of 18

and we have corresponding upper values

Xl(t+1) = ]xle(t)]gl“‘ulew 51/
Xai(t+1) = uniXai(t)q)aTi+erwaz() ai’ (32)

with initial values X,;(0) = diag(Py, 0, 0), X,;(0) = diag(Py, 0, 0), Py = { .

- Py1  *
Poz{il *}

For the new process noise w,; in (28), it has corresponding conservative variance
Quai and real variance Q. Similarly, for new measurement noise vy,-(t) in (29), it has
corresponding conservative variance R.;(t) and real variance R;(t).

Let R,;(t) = E[vy(t)vL(t)], Rz (t) is actual variance of v,;(t), the conservative and
actual noise variances R;(t) and R,;(t) are given as follows

Ryi(t) =Aqoi(Hin + HpJx,) X1 (£) (Hn 4+ HiJx,) T + Ay 2 o2y HyX(t)
+ AyiHplUy, Qu(HpUs, )T + R,
Ri(t) =A0i(Hit + HiJx, ) X1 (t) (Hn + HJxy) T + Ay ;v_a% o2y Hy X (t)Hy
+ AyiHplUyx, Quw(HpUy,)T + R (33)

Let R.y(t) = E[vy,-(t) L(#)], then R.yi(t) is the actual variance of vy,(t), the conserva-

tive and actual noise Variances R.yi(t) and R,,;(t) are given as follows

Ng
Rayi(t) =Awidg0i(Hin + HinJy) X1 (8) (Hi + HioJxy )" + Aqidyi Y oy Hy X () Hy
=

+ AaidyiHioUx, Qu(HioUx,) " + AgiR;,
ng _
Rayi(t) =Awiry0i(Hin + HinJx, ) X1 (t) (Hin + HipJo)T + Awirai Y 02, Hy X (t) Hj
=1
+ AgirgiHipUs, Qu (HpUx, )T + AR, (34)

In (33) and (34), let

Uy (t Z%@MH&%M=HMHM@MM%+@mﬁ
=1

Uy (t Z ZiHy X (0 Hjj, Upi(t) = (Hi + HpJxy) X1 (t)(Hip + Hip )T,
USi() = iZszQw( i2ux2)T/ U?)i(t) = i2uxz(t)Qw(Hi2uxz)T/ (35)

then (33) and (34) can be simplified into the following equations

R.i(t) = Agillyi(t) + Aqoilni(t) + AqilUsi(t) + R,
2i(F) = Aqillyi(t) + Ayoilli(t) + AU (t) + Ry,
Rayi(t) = Agirqillyi(t) + Agidaoilai(t) + AgidqiUsi(t) + AgiR;,
2yi (1) = AqiAqillyi(t) + Agidq0illai () 4 AgidyiUsi(t) + AgiR;. (36)
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Substituting (25) into w,;(t) in (27), we have

4
wai(t) = ra Z VHeyixai(t) + wt(;)(t)r (37)

u=1

where T8 = [0, 0, L]", () = [ @ valt) w00 | vl®) = aiymi(o

X (X e () Hig ) x(8) + e (£)7i (8) HoUyo (1) + ;i ()vi(£) + Agivoi(t) (Hin 4+ HinJxy)x1(t),
we can obtain the conservative and actual variances QS a) :(t) and QS a) :(t) as follows

[ Qu AyiQu(HpUx2) T A4iAyiQu(HpUx) T ]

qulu)i(t) = )"yi(HizuxZ)Qw Rzi(t) Rzyj(t) ’ (38)
L /\ai/\'yi(HiZUXZ)Qw Rzyi(t)T R .
[ Qu  AiQu(HpUx)"  AwiryiQu(HpUx)" ]

QW) = | Ai(Holw)Quw Ryi(t) Reyi(t) ;39
L Awiryi(HiUx2) Qu Rayi(t)t R |

where R = Aﬂti)\j/iuli(t) __‘_ )\2 /\701 UZl( ) + /\txz/\’yz u31( ) + Aai_Ri/ ﬁ = )\txi/\'yiali(t)
+ Aii)\YOi UZi(t) + )\al’)\fﬂ'U&( ) + AuiR; Deflmng U4l( ) and U4i(t), we have
T
Quai(t) = T U (T + QU (1),
< 1) nT  sa
Quailt) = T Tu(OTY + Q0 (1), (40)

where u4i(t) = 24 1 CchmXaz( )ch,/u4i(t) = Zﬁ 1 cquCWXﬂl( )H

v then we have

Ryi(t) = Aairyillii() + AZA0ili (1) + AiR; + AgidiUsi (1) + Ui (t),
Ryi(t) = Aidyillni(t) + AZiA0iUni (1) + AgiRi 4 AgidyiUsi(t) + Uui(t), (41)

the conservative and actual cross-covariance S,;(t) and S,;(t) are defined as follows

[ )\ai/\'yiQw(HizuxZ)T 1
Sui(t) = E[waz(t) ;](t)] - Rzyi(t) o1j,
L Ryi(t) J
[ )\lxi)\'yiQ:w(HzquZ)T 1
Sai(t) = El@i(t)vy;(t)] = Royi(t) 8ij. (42)
Ryi(t)

Lemma 1 ([28]). (i) Let A; > 0,i = 0,1,---,L, then diag(Ay,---,Ar) > 0. (ii) Let
A>0A¢c R”X”,and A(S = (Aij)annLr Al] = A, then A(g > 0. (i) Let A>0,A € Rmxm,

then for arbitrary C € RP*™, CACT > 0.

Parameters AX(t), AX(t), AX,(t), ARy;i(t) and AQy,i(t) are deflned as AX (t) =
Xi(6) — i(6), AX() = X(£) — X(6), BXeil)) = X1(8) — Xai(t), ARy(t) = Rys(t) —
Ryi(t)/ AQwui(t) = me’(t) - Qwui(t)-

Theorem 1. For all admissible uncertain variance Qq,, R;, 7y in (13), all of the following inequali-
ties are true, that is,

AXi(t) >0, AX(£) >0, AXqi(t) >0, ARyi(t) >0, AQuqi(t) > 0. (43)
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Proof of Theorem 1. From (31) and (32), it is easy to obtain
AXi(t+1) = JaAXi(H)]5 + UadQullyy, (44)

with the initial condition AX;(0) = X;(0) — X3(0) > 0, AQ, > 0, applying Lemma 1,
iterating (44) yield AX;(t) > 0.
Let Q = [Q1, Q2] from (17), (19) and (20), it is easy to obtain

x(t) = (Q1+ QaJx2)x1(t) + QuUrw(t) + Q2Grou(t), (45)

AX(t) = (Q1+ Qo) AX1 (1) (Q1 + QaJx2)" + QuUnaAQu(QUn)',  (46)
because of AX;(t) > 0and AQ, > 0, based on Lemma 1, we have AX(t) > 0.

Rewriting QS a)i(t> as follows

AQuw AQuw AQuw
AQyw 0 0
AQy 0 0

AQW.(t) =D pOT 4 AMAWD(”AUUDU)T

T T T
+ Ay0iDP AURDP " + A3iA; DB AU D) 4 A ;DY AR, DM

0 0 0
+ 10 Ayi(1 = Ai) AUy + Ay (1 — Agi) AUz + (1 — Ay )AR; 0 (47)
AO 0 0 |
0
where DO) = diag{I,1, AyiHiUxa, AgidqiHiUxo}, DY =D =D& = | L4 |,
Iml |

D = diag{[nll I, /\ailml}'
Let Auh- = Uh- — Ulir AUZi = Uzi - UZi/ AU3Z' = U31' — Ug,l’, from (35), we have

g

AUy = Y (AoZ HyX(HH] + o HyAX () Hyp),
=1
AUy; = (Hp + HppJx,)AX1 (t)(Hn + HinJx,) ",
AUs; = HplUy, AQw(HipUy,)T, (48)

since A2, > 0, AX(t) > 0, AX;(t) > 0and AQy > 0, based on Lemma 1, it is easy to obtain

Auli Z 0/ AUZi 2 O/ Auai Z 0/ (49)

applying Lemma 1, we can easily obtain AQ wa l( ) > 0, from (31), (32) and (40), it is easy to
obtain AX,;(t + 1) as follows

AXqi(t+1) = @gildXyi(H) DL + TyiAQuai (1T (50)
AXi(t+1) = 0, AX (DDT + T TV At (HrM " + a0 51
ﬂl( + ) at ﬂl() az+ ﬂl( ai 41() ai + me( )) ai’ ( )
then we have
AUy (t 2 02 iHeiDXoi () HL ;. (52)

we can easily obtain AUy, (t) > 0, with the initial condition AX,;(0 ) > 0. According to (50)
and applying mathematical induction, yield AX,;(t) > 0, since AQ ( ) >0, AUy(t) >0,

from (40), yield AQq,i(t) > 0.

wai
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From (41), it is easy to obtain
ARyi(t) = AgirgiDUn; + AgiAR; + A% A, 0iAU; 4 Agid,i AU, (53)
from (49), yield AR;(t) > 0. The Proof of Theorem 1 is completed. [J
4. Robust Kalman Estimator of Descriptor System
4.1. Conservative Kalman Estimator of New State Space Model
For the new standard system (28) and (29), applying the Kalman filtering algo-
rithm [29] yields the optimal Kalman estimator %,;(t|t + N) (include filter (N = 0), predic-
tor (N = —1), smoother (N > 1))
Rai(t+1t) = Ypi(H)Rai(Et — 1) + Kpi () yai (1) + Gai(t), (54)
N
24i(Ht+ N) = hatxg;(Ht —1) + ) Ki(t[t +7)e;i(t +1),N >0, (55)
r=0
‘Si(t) = yai(t) - Haifui(”t - 1)/ (56)
where 1II}ai(f) = Dy — Kpi(t)Huir Kpi(t) = (g Poi(t]t — 1)H,;Fi + ruisai(t))QS_il (t), Qei(t) =
HeiPai(tt — 1)HE + Ryi(£), Ki(t[t) = Poi(t]t — 1) HEQL (1), Ki(H|t +7) = Pyi(t]t — 1) x
{H]’;é Yyt +7) }HuTl-sl-(t +r),r > 1, and the conservative prediction error variance satis-
fies the Riccati equation
Pai(t 4 1]t) =Pi Pai (#]t = 1)@g; — (i Pai (|t — 1) Hyy + TiSai (£)) (Hai Pai (|t — 1) Hy

+ Ryi(£) 71 x (@i Pai (H|t — 1) Hy; + T0iS4i(£)" + T Quoai Loy (57)
The one-step predicting error is defined as %,; (t + 1|t) = x,;(t) — £, (t + 1|t)

JZai(t + 1“) = 1IIpi(t)xai(tu - 1) + [rair _Kpi(t)]‘:wv(t)/ (58)

where Gy (t) = { ?/);;é:)) ]

Furthermore, the conservative and the actual variance A;(t) and A;(t) are defined as
follows

Qwﬂi(t) Sai(t) A Q_wai(t) S_ai(t)
an = | S i | do = [50) e | 9

The conservative and actual one-step prediction error variance P,;(t + 1|t) and Py;(t +
1]t) can be rewritten as the following Lyapunov function

Poi(t 4 1[t) = ¥ pi (6) Pai (tt = 1)¥ (1) + [Tty —Kpi(D]A(8)[Tai, —Kpi())]T (60)
pai(t + 1|t) = Tpi(t)pai(t‘t - 1)1{;}1}"{(0 + [Fair _Kpi(t)]/_\i(t)[rair _Kpi(t)]T/ (61)
with the initial values P,;(1|0) = diag{Py, 0, 0},P,;(1/0) = diag{Py, 0, 0}.

From (29), (56), we have ¢;(t + 1) = Hyi%,;(t + |t +r—1) +vy;(t + 1), iterating (58),
we can obtain

N
Zi(tt+ N) = IN(0)Z(tt— 1)+ Y [KN(), KN?(8)|Ewolt +7), (62)
r=0
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where ¥p;(t +7[t) = ¥pi(t+r—1) - ¥pi(t) and ¥p; (t[t) = Li1yomis

N
‘IIN(t) = Inl4+2mi — ZKi(ﬂt"_r)Hailei(t"'r“)r
r=0

Ki\]w(t) = - Z]N: r+1 Ki(t + r)Hﬂilei(t + ]|t +r+ 1)Fﬂi/
KN“(t) = 0,N >0,

KNo(h) = — 2N, Ki(t+ 1) Ha¥pi(t + jlE+ 7+ DKpi(E+7) = Ki(HE+7),
KNY(t) = —K;(t|t+7),N > 0.

Furthermore, the optimal conservative white noise deconvolution estimator @,;(t|t + N)
of fictitious noise wy;(t) is

@ai(tt—1) =0, (63)
N

C27111'(t|t"'1\]) = ZMzoi(t|t+r)8i(t+r)rNZO/ (64)
r=0

where Mu; (H[t) = Sai(1) Qg (), Masi(H18) = (Quuai( DT, = St (VKT (D) { T3 Wh (¢ + ) }

HLQ_!(t +r), noise estimation error is defined as @,;(t[t + N) = w,;(t) — @q(t|t + N),
then 1t is easy to obtain

N
@ai(tt+ N) = YOt — 1) + Y [MN(1), MM (8)]Ewo(t +7), (65)
r=0
where ‘P%(t) = - Zi\]:O Mwi(tlt + r)Hui‘Ppi(t + r|t),

MY©(t) = I — T Meyi(H]t + k) Hyi ¥ i (t + k|t + 1)T;,

MY(t) = = YN Mui(tlE+ j)Hai¥ pi(t+jlt + 7+ 1), 7=0,--- ,N—1

MN©(t) =0

N 7

Mﬁ\lv(t) = Z]N:r+1Mwi(tlt+j)Hai‘Ppi(t+j|t+r+1)Kpi(t+r)_Mwi(t|t+r>/
MP?(t) = — My;(t]t+ N).

The conservative and actual estimation error variances P,;(t|t + N) and P,;(t|t + N)
are defined as follows

Pai(t]t + N) =¥ (1) Pai (£t — 1) ¥ (1)

Pai (]t + N) =¥ () Py (1]t — 1) ¥ (1)

+ Y IKNO(r), KNY())A(E+ 1) [KNO(1), KNO(6)]T. (66)
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The conservative and actual estimation error variances Py, (t|t + N) and Py (|t + N)
of @,;(t|t + N) are defined as follows

Poai (|t + N) =¥ (1) Pyi (]t — 1YY (¢)

—~

[MN©(8), MYP()]Ai(+ 1) [MY(8), MYP(D)]T,

Mz

+

0
B)Pai(tt = 1)¥K (1)

r

pwai(tlt +N) :T%

—~

[MY©(8), MYP(O]A;(E+ 1) [MY©(1), MPP(O]T. (67)

Mz

r=0

4.2. Conservative Kalman Estimator of Original Descriptor System

Theorem 2. For the uncertain MSDS (1)—(4) with Assumptions 1-3, the robust Kalman estimator
%(t|t + N) is obtained as follows

2(HE+N) = Qo[ :‘)m((t)ﬁf;\]])) } +Q[ G(lz }u(t), (68)
where
Qy = [Lﬂ 0 H Iy Oupcm; Ompcm; Ompsnw Oy Oy ]
Ja Ux Ongxny  Ongpxm;  Ongyxm;  Iny  Ongxm;  Ongxmy,
PN = @ gL ) |
Puen) = au| G BN |
where

Proo (Ht + N) =¥ (£) Py (£t — 1) ¥ (1)

by [KN©(8), KON (t+ 1) [MY(1), MY (1],
=0

T

P (H]t + N) =¥ (£) Py (]t — 1) ¥ (1)

% K8, KXC(O)Ai(t+r)[MY(1), MY (D],

Proof of Theorem 2. From (27), we can obtain

X](t) = [Il’llr Onlxmir Onlxmi]xai(t)r (69)
(U(t) = [I”w’ Onwxmi’ Onzuxmi]wﬂi(t)‘ (70)

Substituting (69) and (70) into (17) yields

B x1(t)
X(t) —Q|: ]xlxl(t) + Ux;w(t) + GxZu(t)

|:In1 0 :||: Inl On1><mi Onlxmi Onlxnw 0n1><nw Onlxnw :||: ﬁm‘(t|t+N)]
Jau Ux COai(tlt_’_N)

& T 7

Onwxnl Onwxmi Onw XM Inw Onwxmi Onw X M
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Taking the projection of (71), we can obtain (68). Subtracting (71) from (68), yields

(72)

e - o] 20N )

@i (t|t+ N)

then we can obtain the conservative and actual state estimation error variance E[X(¢|t +
N)&T(t|t + N)]. The Proof of Theorem 2 is completed. [

5. Robust Analysis

Theorem 3. Consider the uncertain MSDS (1)—(4), for all admissible uncertain variance Qw, R;,
gy in (13), AN;(t) > 0, and the actual estimation error variance P(t|t + N) has upper bound
P(t|t + N), and the trace of error variance tr(P(t|t + N)) has upper bound tr(P(t|t + N)), that is

AP(t|t+N) >0, Atr(P(t|t+ N)) >0, (73)

where AN;(t) = A;i(t) — Ai(t), AP(tt + N) = P(t|t + N) — P(t|{t + N), Atr(P(t|{t + N)) =
tr(P(t|t+ N)) — tr(P(t|t + N)).

Proof of Theorem 3. According to (59), it is easy to obtain

AA,‘(t) — AQwai(t) Asai(t)

, 74
ASL(H)  ARy(f) 4
rewriting AA;(t) as follows
At = aAD (1) +aAP (1), (75)
where
(1) AQwui(t> 0 :| (2) [ 0 Asai(t)
AN (t) = , AN () =
i () 0 AR,(H) SO = ast) o
0 0 0 AiDQuw(HipUyp) T
2) /0 0 0 0 ARZyi(t)
AAT(H) 0 0 0 ARy;(t)
A i HipUxo AQw ARzyi(t) ARyi(t) 0
0 0 0 AQu
. 0 0 0 0
:)\aidlag{ln[ Xmyrs Im,-/ Im,-/ szuxZ} O O O O
AQy 0 O 0
0 0 0 0
. 0 0 0 AR,,;(t
X dlag{ln,-xmlz Im[/ ImirHiZUXZ}T + 0 0 0 ZOW( )
0 ARZyi(t) 0 0
0 0 0 0
0 0 0 0
+ ,
0 0 0 ARyi(t)
0 0 ARyi(t) 0

since AQqqi(t) > 0, AR;(t) > 0, we have AAEU (t) > 0, applying Lemma 1, we have
AAP (£) > 0, then AA(t) > 0.
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Parameters AP, (t|t — 1), APy (t|t + N), APy (t|t + N) and APy, (t|t + N) are defined
as follows:
APi(t|t —1) = Pyi(t|t —1) — P(tt — 1),
AP,;i(t|t+ N) = Py(t|t + N) — Dyi(t|t + N),
APwai(t|t+N) = Pwai(t|t+N)_pwai(t|t+N)/
APy (tt+ N) = P(t|t + N) — Py (|t + N), (76)
from (60) and (61) and (67), it is easy to obtain

Apui(t|t - 1) :‘sz(t)APm(ﬂt - 1) (t> + [rai/ _Kpi(t)]AAi(t)[rai/ _Kpi(t)]Tr (77)
APyt + N) =¥ (5 APy (H]t = 1) ¥ (1)

L IRN(), KN IAN G+ KN, KT,
AP,gi(H]t+ N) _wN’r(_tO)APai(tu ~ 1YY ()
+%[Mﬁ“"(t), MY (]AN(E+ ) [MY©(1), MY (5],
APy (tt+ N) = réo)APm(ﬂt YY)
+i‘)[1<£“"<t), KRO(OBA(t+ 1) [MYC (), MNP ()T, (78)

with the initial condition AP,;(1]|0) > 0, applying mathematical induction method, yield
AP(Ht—1) > 0. (79)
From (72), defining AP(t|t + N) = E[#(t|t + N)ZT(t|t + N)], we have

AP,i(Ht+N) APy (t|t + N)

AP(t|t+N) = Qo[ AP (t|t4+ N) AP, (t|t+ N) }QO'

(80)

substituting (78) into (80), yield

AP(t|t + N) :QO[ Fn(t)AP(tt —1)¥ Et) Yy (HAP,;

Tw(t)APai(t‘t_l)‘P t) T%() Paz

40 { Yo KAA(t+1)KT Y RAA;
Ol £ MAA;(t+1)KT TN MAA,

z—z-

tE—1)¥9T(1)
fe— 1w (1) ]Qg

T
ol e

/\/‘\ o~ o~

then (81) can be rewritten as

B APyi(t[t—1)  APy(t|t—1)
AP(t|t+ N) =Q 0)[ AP,i(tt—1) AP,;(t[t—1) }Q
N Ni(t+7) AN(t+T)
+L m[AAi(t—i-r) AA(t+7) }Q

r=0

@)

Where QO = Qodiag{¥n(t), ¥(H)}, K = [KN(t), KN(1)], M = [MN“(t), MN°(t)],
QW = Qodiag{[KN(t KNU( )], [IMN®(t), MN°(t)]}, applying Lemma 1, we have
AP(t|t +N)>0. Takmg the trace of AP(t|t + N), we can easily obtain Atr(P(t|t + N))

> 0. The Proof of Theorem 3 is completed. [
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6. Simulation

Consider the circuits system shown in Figure 1, u,(t) is control input, Ry, Ly, C; and
G, are resister, inductor and capacities, respectively. The MSDS model is given as follows

G 0 0 0 0 0 0 1 0 0
0 G 0 oldt) | 0 0 1 0 0 0
0 0 —Ly 0| at — | -11 0 o |*OF] o [pB+] o [u®)
0 0 0 0 1 0 Ry, Ry 1 1

where, x(t) = [ue1(t), ez (t),i1(t),i2(£)]T, o1 (t) and e (t) are the voltage of C; and Cy, i (#)
and i, (t) are the current of C; and Cy, w(t) is zero mean white noise,the variance is Q.

—____] dd
R, i (1) Lo i ()

+
“t.{I)CD C = u,lt) C,=—= U, (1)

Figure 1. The circuit system.

Taking the sample period Ty = 0.1 s, the brief parameter matrices are as follows:

c,C 0 0 0 0 0 0 0 1 0
o c o o oo B 0 1 0 0
M=179 0 —Ly 0 =1 [ 2=M+Tol 4 4 o o |'B=] o
0 0 0 O0 -1 1 0 Ry Ry —~To

Letue(t) =0.1,C; =2,C,=10,Lo =1, H=[0,1,0,1], Ay = 0.9, Ag = 0.9, A, = 0.9,
Qw = 1.5, R = 4, Py = 10%I,. Furthermore, the following matrices in (15) as given as

10

M, = 1

0 0
2 0|,P=
01 0

oo~ o
co o~
o= oo

O

I
co o
coc o

o
— o oo

0
0

Figures 2 and 3 gives the first and second components of actual state x;, x, and
corresponding filters xq (t|t), x2(¢[t) from t = 600 to t = 1200, where the solid curves
denote the true state components x(t) and the dotted curves denote x,(t|t). From Figure 3,
the every component of robust filter can effectively follow the true state component x(t).

To verify the correctness of the obtained robust Kalman estimator, a Monte Carlo
simulation is performed, and the mean square error (MSE) curve of the robust time-varying
estimator is shown in Figures 4-6. It is easy to see that the value of MSE(¢|t + N) can be
approximated to the value of trP(¢|t + N), and as Theorem 3 states, it has an upper bound
trP(t|t + N).
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x1 and its filter

1 | |
600 700 800 900 1000 1100 1200
t/step

Figure 2. x1 and its filter £ ().

0.4 T T T T T

0.3

02

0.1

x2 and its filter

04 . . . . .
600 700 800 900 1000 1100 1200

t/step

Figure 3. x; and its filter £, (¢|).

MSE value

MSE(t[t-1)

o trP(t[t-1) 1

100 200 300 400 500 600 700 800 900 1000

Figure 4. MSE(t|t — 1) curve.
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b trP(t[t) ]

MSE value

1 1 L
100 200 300 400 500 600 700 800 900 1000

t/step

n trP(t[t+1) ]

MSE value

100 200 300 400 500 600 700 800 900 1000
t/step

Figure 6. MSE(t|t + 1) curve.

In Figures 4-6, the dashed black line shows the trace of the actual estimated error
variance, the curved line shows the MSE value, and the dashed orange line shows the
actual upper bound on the variance of the estimation error.

Remark 2. Time delay is not considered in references [20-27]. Meanwhile, references [19-21]
do not consider missing measurement, references [19,21,27] ignore the multiplicative noise, and
references [19,20,25,27] do not consider packet dropouts. In Table 1, the model of this paper contains
more influencing factors, and it is more general than references [19-27].
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References

Table 1. Model comparisons.

Model This Paper [19] [20] [21] [25] [27]
Uncertain-variance noise Vv Vv Vv Vv Vv Vv
Multiplicative noise Vv X Vv X vV X
Missing measurement Vv X X X v Vv
Time delay Vv X X X X
Packet dropouts Vv X X Vv X X
Multi-sensor descriptor system Vv X Vv Vv X Vv

Where “,/” means that the model contains this component, and “x” means that the model does not contain

this component.

7. Conclusions

In this paper, the robust Kalman estimation of multi-sensor linear singular systems is
studied. The singular value decomposition (SVD) method, the augmented state method
and the fictitious noise method are applied to transform the original generalized system into
a new standard system with uncertain-variance noise. Based on the minimum-maximum
robust estimation principle and Kalman filtering theory, a new robust Kalman estimator
for augmented systems is obtained. According to the relationship between the augmented
state and the original system state, the robust Kalman estimator of the original system is
given. Using mathematical induction and the Lyapunov equation method, the robustness
of the actual Kalman estimator to the original system is proved. In the future, we will
investigate time-varying robust Kalman estimators for a multi-sensor descriptor system
with a measurement delay and packet loss. Furthermore, we will consider an uncertain
multi-sensor descriptor system in which multiplicative noise occurs simultaneously in both
the system and the measurement models, and study the corresponding Kalman filter.

The limitation of this paper is that it uses a general method for studying singular
systems. In the future, we will explore some novel methods to study the problem of robust
estimation of multi-sensor singular systems
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