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Abstract: This paper addresses a MinMax variant of the Dubins multiple traveling salesman problem
(mTSP). This routing problem arises naturally in mission planning applications involving fixed-wing
unmanned vehicles and ground robots. We first formulate the routing problem, referred to as the
one-in-a-set Dubins mTSP problem (MD-GmTSP), as a mixed-integer linear program (MILP). We
then develop heuristic-based search methods for the MD-GmTSP using tour construction algorithms
to generate initial feasible solutions relatively fast and then improve on these solutions using variants
of the variable neighborhood search (VNS) metaheuristic. Finally, we also explore a graph neural
network to implicitly learn policies for the MD-GmTSP using a learning-based approach; specifically,
we employ an S-sample batch reinforcement learning method on a shared graph neural network
architecture and distributed policy networks to solve the MD-GMTSP. All the proposed algorithms are
implemented on modified TSPLIB instances, and the performance of all the proposed algorithms is
corroborated. The results show that learning based approaches work well for smaller sized instances,
while the VNS based heuristics find the best solutions for larger instances.

Keywords: mission planning; unmanned vehicles; traveling salesman problem; Dubins vehicles; drones

1. Introduction

The multiple traveling salesman problem (mTSP) is a challenging optimization that
naturally arises in various real-world routing and scheduling applications. It is a general-
ization of the well-known traveling salesman problem (TSP) [1,2], where given a set of n
targets and m vehicles, the objective is to find a path for each vehicle, such that each target
is visited at least once by some vehicle, and an objective which depends on the cost of the
paths is minimized. The mTSP has many practical application, including but not limited
to industrial robotics [3], transportation and delivery [4], monitoring and surveillance [5],
disaster management [6,7], precision agriculture [8], search and rescue missions [9,10],
multi-robot task allocation and scheduling [11], print press scheduling [12], satellite sur-
veying networks [13], transportation planning [14], mission planning [15], co-operative
planning for autonomous robots [16], and unmanned aerial vehicle planning [17].

The standard mTSP aims to find paths for multiple vehicles without taking into
account the dynamics of the vehicles. However, some vehicles, like fixed-wing unmanned
aerial vehicles and ground robots, have kinematic constraints that need to be considered
while planning their paths. Specifically, these vehicles have yaw rate or turning radius
constraints. To address this issue, L.E. Dubins [18] extensively studied the paths for
curvature-constrained vehicles moving between two configurations. Dubins considered
the model of a vehicle that moves at a constant speed vy on a 2D plane that cannot reverse
and has a minimum turning radius p; this vehicle is also called the Dubins vehicle in the
literature. The configuration of a Dubins vehicle is defined by its position and heading
(x,y,0), where x and y are the vehicle’s position coordinates on the plane, and 6 is its
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heading angle. The motion of a Dubins vehicle can be fully defined using the following set
of equations:

x:UOCOSG,y:UOSinG,Gz%u, —1<u<l1 (1)

where u is the input to the vehicle and p is the minimum turning radius of the vehicle.
Dubins proposed that in an obstacle-free environment, the shortest path between any two
configurations on a 2D plane for a Dubins vehicle must be either the CCC type or the
CSC type or a combination of sub-paths of these two types; here, C represents an arc of
a circle with a radius of p, and S represents a straight line segment. These paths can be
expressed as LSL, RSR, RSL, LSR, RLR, or LRL, where L and R indicate clockwise and
counterclockwise turns of a C segment, respectively, as illustrated in Figure 1. When the
vehicle is also capable of reversing, the shortest path problem was solved by Reeds and
Shepp in [19]. Optimal solutions to these problems were also derived by Sussmann and
Tang (1991) [20] as well as Boissonnat et al. (1994) [21], utilizing the Pontryagin maximum
principle [22]. Tang and Ozgiiner (2005) [23] and Rathinam et al. (2007) [24] have further
expanded upon Dubins’ research by applying it to routing problems involving car-like
mobile robots or fixed-wing aerial vehicles that maintain a constant forward speed and
adhere to curvature constraints while making turns.

RSL

Figure 1. Examples of Dubins Paths.

RSR

The vehicle routing problem for a Dubins vehicle is called the Dubins traveling
salesman problem (DTSP) [25]. In the DTSP, the challenge is not only to find the optimal
order of the targets to visit but also to determine suitable heading angles for the vehicle
when visiting the targets. A feasible solution to the DTSP involves a curved path where
the radius of curvature at any point along the path is at least equal to the turning radius
p > 0, and each target is visited at least once. Since the problem involves both discrete
and continuous decision variables, with the target order being discrete and the heading
angles being continuous, finding an optimal solution to the DTSP is an NP-hard problem,
as shown by Jerome Le Ny et al. [26]. Currently, no exact algorithm exists in the literature
that can find an optimal solution to the DTSP. However, over the last two decades, several
heuristics and approximation algorithms have been developed to find feasible solutions for
the DTSP [23,24,27-34].

One popular approach to solving the DTSP, as discussed in several studies [33,35-38],
involves sampling the interval [0, 277] into k candidate headings at each target and posing
the resulting problem as a generalized traveling salesman problem (GTSP) formulation.
In GTSP (also known as the one-in-a-set TSP), given n nodes partitioned into k mutually
exclusive sets, the goal is to compute the shortest path that contains exactly one node
from each of the k sets. GTSP is an NP-hard problem since it reduces to the TSP when
each cluster contains only one node. DTSP can be reduced to a one-in-a-TSP by forming n
mutually exclusive sets consisting of k vehicle configurations corresponding to k heading
angles at each of the n targets. Increasing the angle discretizations at each target for the



Sensors 2023, 23, 6432

30f28

one-in-a-set TSP variant results in solutions that get close to the DTSP optimum. This
approach provides a natural way to find a good feasible solution to the DTSP problem, as
noted in previous studies [36]. Figure 2 illustrates the discretization of heading angles at a
target for the DTSP.

Figure 2. Dubins path between targets with discretized heading angles.

In this work, we explore the MinMax variant of the mTSP problem for a Dubins-like
vehicle by formulating it as a one-in-a-set TSP, called the MinMax Dubins generalized
multiple traveling salesman problem (MD-GmTSP) and present three different approaches
to solve it. The MinMax variant is an important problem to study as it directly relates the
objective to the mission completion time for visiting all the targets by a team of vehicles.
This variant is relevant for real-world applications as it accounts for the worst-case scenario
in situations where m homogeneous vehicles are assigned travel paths by accounting for
limitations on load/delivery capacities or refueling constraints.

Contributions of This Article

*  We formulate a mixed-integer linear program for the MD-GmTSP (Section 3).

*  We develop heuristics to generate feasible solutions for the MD-GmTSP in a relatively
short amount of time, followed by using a combination of variable neighborhood
search (VNS) metaheuristic [39] for improving solution quality (Section 5).

*  We explore learning-based methods to solve the MD-mTSP. An architecture consisting
of a shared graph neural network and distributed policy networks is used to define a
learning policy for MD-GmTSP. Reinforcement learning is used to learn the allocation
of agents to vertices to generate feasible solutions for the MD-GmTSP, thus eliminating
the need for accurate ground truth (Section 6).

¢  Finally, we implement all the algorithms on a set of modified instances from the
TSPLIB library [40] using CPLEX and present simulation results to corroborate the
performance of the proposed approaches (Section 7).

2. Literature Review

The traveling salesman problem (TSP) is one of the most well-known optimization
problems in the literature [41]. Several methods, ranging from exact techniques (branch
and bound/cut/price) [41] to fast heuristics and approximation algorithms [42,43], have
been developed to solve the TSP. Heuristics generally aim to trade off optimality for
computational efficiency. The mTSP deals with a generalization of the TSP with multiple
vehicles. mTSPs are much harder to solve to optimality compared to the single TSP because
targets have to be allocated to vehicles in addition to finding a tour for each of the vehicles.
Numerous variants and generalizations of the mTSP have been addressed in the literature.
For example, mTSP with motion constraints are addressed in [24,44]; fuel constraints are
addressed in [45]; capacity and other resource constraints are addressed in [46,47]. Many
recent methods have focused on the application of metaheuristics like genetic algorithms
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(GA) [48,49], simulated annealing (SA) [50], memetic search [51], tabu search [52], swarm
optimization [53], and other methods [54,55] to solve the mTSP problem for the single-depot
and multi-depot case.

The mTSP problem can be classified into two main types based on its objectives: the
MinSum TSP and the MinMax TSP. In MinSum mTSP, the goal is to minimize the sum of
the path costs for visiting all targets by the m vehicles, while in the MinMax mTSP [56-58],
the objective is to minimize the maximum among the m path costs. While there are several
approximation algorithms for the MinSum mTSP [24], there are very few theoretical results
for the MinMax mTSP [59-61]. Even further, the MinMax mTSP for vehicles with turning
radius constraint (Dubins-type vehicle) has received limited or no attention in the literature
primarily due to the computational complexity involved in solving the problem.

For the case when all the vehicles are homogeneous without motion constraints, there
are several heuristics [62-66] in the literature for solving MinMax mTSPs and related
vehicle routing problems. In [62], the authors present four heuristics and found that a linear
program (LP)-based heuristic in combination with load balancing and region partitioning
ideas performed the best. In [63], the authors present an ant-colony-based metaheuristic to
solve the min-max problem with limited computational experiments. A transformation-
based method by decoupling the task partitioning problem amongst the vehicles and the
routing problems is presented in [65]. In [66], a new heuristic denoted as MD is presented
for a min-max vehicle routing problem. Through extensive computational results, the MD
algorithm is shown to be the best amongst the considered min-max algorithms in [66].

Recently, MinMax mTSPs with other constraints have also been considered in surveil-
lance applications. In [67], a mixed-integer linear program (MILP) based approach is
presented along with market based heuristics for a min-max problem with additional re-
visit constraints to the targets. In [68], a min-max routing problem is considered where the
vehicles are functionally heterogeneous, i.e., there are vehicle-target assignment constraints
that specify the sub-set of targets that each vehicle can visit. Both approximation algorithms
and heuristics were presented in [68]. In [69], insertion based heuristics are presented for a
team of underwater autonomous vehicles with functional heterogeneity. An energy-aware
VNS is presented for a vehicle routing problem in [70] where there is a fuel or energy
constraint for each of the vehicles. There is also recent work [71] on generalized min-max
routing problems where the targets are partitioned into sets, and a vehicle is only required
to visit exactly one target from each set.

3. Problem Statement

Let T = {Ty, Ty, ... Tt} be the set of t targets on a 2D plane. Each target is associated
with /1 candidate heading angles. For simplicity, lets assume that these heading angles
are obtained by sampling the interval [0, 27t] uniformly, i.e., ® = {0, 27”,. e c%”, ..., 2m},
where ¢ < h. Let {Tp} denote the initial target (depot). Let (x;, y;) denote the location of
target T;, and 6; € ® denote the arrival angle of a vehicle at target i. The angle of arrival
and angle of departure of a vehicle from a target is assumed to be the same. To simplify the
presentation, we also refer to (x;, ;) as target T;. The configuration of the vehicle at a target
T; at an angle of 6; is denoted by (x;, y;,6;) or simply (T;, 6;).

Letv = {1,2,...m} be the set of m homogeneous vehicles with a minimum turning
radius p. Let 1p C T be the set of targets toured by vehicle k visiting each target exactly
once, starting and ending at depot To. Let di(T;, 6;, T}, ;) denote the shortest Dubins path
traversed by vehicle k € v, from (T}, 6;) to (T},6;). Since the vehicles are homogeneous,
d(T;, 6;, T;, 9]-) remains the same for all k € v. Let the heading angle at the depot for all the
vehicles be the same and be given. The objective of MD-GmTSP is to find a tour for each

vehicle and the heading angle at each target in T such that

e  Each targetin T is visited once by some vehicle at a specified heading angle;
*  The tour for each vehicle starts and ends at the depot;
¢ The length of the longest Dubins tour among the m vehicles is minimized.



Sensors 2023, 23, 6432

50f 28

4. Mixed-Integer Linear Programming Formulation

To model the MD-GmTSP as a mixed-integer linear programming problem, we define
the related sets, decision variables, and parameters as follows:

4.1. Notations

e V:=1{01,2,...,n}, the set of all possible Dubins vehicle configurations. Let V
be partitioned into mutually exclusive and exhaustive non-empty sub-sets where
Vo := {0} corresponds to the configuration at the depot, and V4, ..., V; corresponds to
the t target clusters.

e A:=(i,j):i,j € V,i#], the set of arcs representing the Dubins path between config-
urations.

e v:={1,2,...,m}, the set of homogeneous (uniform) vehicles that serve these customers.

®  Cyij, the cost of traveling from configuration i to configuration j for vehicle k, where
kevi#jieVy,jeV,p#rprel.

® Uy :, the rank order (visit order) of cluster V), on the tour of vehiclek € v, p € T.

e (Q:=t—m+1,the maximum number of clusters that a vehicle can visit.

4.2. Decision Variables

Let us define the following binary variables:

o 1 ifarc (i,]) is included in the tour of vehicle k € v,i € V},,j € Vi, p,r € T
kij 0 otherwise

1 if path exists from target cluster V) to cluster V; in tour k,preT,kev
Yipr 0 otherwise

4.3. Cluster Degree Constraints

For each target cluster V}, (excluding Vj), there can only be a single outgoing arc to
any other target cluster belonging to the tour of any of the m vehicles. This condition is
imposed by the following constraints:

Y ) ) xgj=1  p#Opel. 3]
kevieV, jev/V,
There can only be a single incoming (entering) arc to a target cluster from any other
vertex belonging to other target clusters, excluding Vj for a given vehicle. This condition is
imposed by the following constraints:

Yo Y Y xj=1  p#OpeTl. ®3)
kevieV/Vy jeVy

For each vehicle, there should be a single leaving arc from and a single entering arc to
the depot, which are imposed by

n

Z Xpoi = M, kev. 4)
i=1

n

Y Xpig = m, kev. 5)
i=1

4.4. Cluster Connectivity Constraints

The entering and leaving nodes should be the same for a given vehicle in each cluster,
which is satisfied by



Sensors 2023, 23, 6432

6 of 28

Y xij= Y, wi jEVppeTkew ©)
iv/v, i€v/v,

Flows from target cluster V), to target cluster V; for vehicle k are defined by yy,,. Thus,
Ykpr should be equal to the sum of x;;’s from V), to V;.. Hence, we write

Yepr = Y Y Xkijs p#r,VpreTkeuv. )
i€V, jeVy

4.5. Sub-Tour Elimination Constraints

The sub-tour elimination constraints and capacity bounding constraints are proposed
using the auxiliary variables uy, and Q as

T/lkp+ Z yrpzl p#olpeleGV- (8)
r=1r#p
ukp+(Q_1)ykpr§Q/ P#O,pET,kEV. 9)

Ukp — U + QUipr +(Q = 2)yirp <Q—1, p#r#0, preTkev. (10)

4.6. Objective
The integer linear programming formulation for MD — GmTSP is given by

n n
(MD-GmTSP) : minimize [max ( Z Z ckijxki]-)} ,Vkev
i=0j=0

subject to (2)—(10).

4.7. Solving the MILP

To obtain a globally optimal solution for a problem expressed as an MILP, it is common
to use solvers such as Gurobi or CPLEX. Although these solvers are effective in solving
smaller instances of the Euclidean mTSP (for example, an instance with 100 nodes and
3-5 robots takes up to 3 h to solve using a MILP formulation [72]), they struggle to scale to
larger instances that involve multiple robots, especially for difficult problems such as the
MD-GmTSP. In the following section, we introduce a variable-neighborhood-search-based
heuristic that leverages the problem’s structure to generate fast and high-quality solutions.

5. Heuristics for the MD-GmTSP

In this section, we present a heuristic based on variable neighborhood search (VNS) to
solve the MD-GmTSP. VNS is a metaheuristic proposed by Hansen and Mladenovic [39,73]
that employs the idea of systematic exploration of neighborhoods of an initial solution and
improves it using local search methods. The neighborhood exploration involves descent
to a local minimum in the neighborhood of the incumbent solution or an escape from the
valleys containing them to obtain better solutions (global minimum).

The heuristic approach can be divided into two broad phases: (1) construction phase—initial
solution and (2) improvement phase—neighborhood search. In the construction phase, a tour
construction heuristic is used to generate an initial feasible solution for the given
problem. Based on this initial solution, the neighborhood search phase aims to obtain
better solutions by making incremental improvements. The tour improvement phase starts
by defining a set of neighborhood structures in the solution space. These neighborhood
search structures, denoted as Nj, Ny, ..., N,,,,, can be chosen either arbitrarily or based
on a sequence of neighborhood changes with increasing cardinality. Once the neighbor-
hood search structures are fixed, different neighborhoods are explored in deterministic or
stochastic ways, depending on the type of VNS metaheuristic used. If a better solution is
found in the x-th neighborhood, then the search is re-centered around the new incumbent.
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Otherwise, the search moves to the next neighborhood, x + 1. Depending on the chosen
neighborhood structures, different neighborhoods of the solution space are reached. VNS
does not follow a predefined trajectory but explores increasingly distant neighborhoods of
the current solution. A jump to a new solution is made only if an improvement is achieved,
often retaining favorable characteristics of the incumbent solution to obtain promising
neighboring solutions.

5.1. Initial Solution: Construction Phase

Construction heuristics are commonly used to address vehicle routing problems, and
they can be broadly categorized into three classes: insertion heuristics, savings heuristics,
or clustering heuristics. In this work, we focus on insertion-based heuristics for the MD-
GmTSP, where the algorithm starts with a closed sub-tour comprising a few targets and
progressively inserts new targets into the tour until all the targets are visited. Specifically,
we explore two types of insertion heuristics for the MD-GmTSP: (1) greedy k-insertion for
MD-GmTSP and (2) cheapest k-insertion for MD-GmTSP.

The key differentiator between these algorithms is the order of target selection and
the position at which each target is inserted. The heuristics begin with a tour starting at a
depot (initial location). A new target is inserted into the tour such that the increase in tour
length is minimized. Greedy insertion algorithms, namely Nearest Insertion and Farthest
Insertion, select an unvisited target whose distance from any target in the current tour is
minimum and maximum, respectively, for insertion. In contrast, the cheapest-insertion
algorithm selects an unvisited target whose insertion causes the lowest increase in tour
length. The main steps involved in these construction heuristics for the MD-GmTSP are
discussed below.

Consider a set of t targets and their associated heading angles, V = {(Ty,61), ..., (T}, 6;),
..., (Tt, 6¢) } to be visited by a m Dubins vehicles, and let (T, 6y) correspond to the depot
target. To simplify the presentation, we also refer to any target configuration (T;, 6;) as
a target. Let 7, = {(To,60),...,(T;,6;), ..., (To,60)}, i € [1, p] denote a Dubins tour for
vehicle v € v, through p(< t) cities, starting and ending at the depot. Let dy(Tj, Ti11)
denote the length of the shortest Dubins path from (T}, 6;) to (T;11,6;11). Consider a target
(T;,0;) from the set of unvisited targets. The increase in tour length by inserting the T;
between targets T; and T; 1 in tour 1,, without changing the associated heading angles,
would be ADy(T;) = do(T;, Tj) + do(Tj, Ti11) — do(T;, Tiy1). We wish to insert the new
unvisited target T; in a tour T, at a position such that the increase in length of tour v
(ADy(T;)) results in a minimum increase in length of the largest of the m tours. One way
of achieving this is by greedily inserting the new target T; in the smallest of the m tours
without affecting the rest of the tour(s).

A relaxed version of the above approach is to allow modifications to the heading
angles of k (> 0) targets adjacent to the newly inserted target such that the increase in
tour length is minimum. Given a Dubins tour ©, = {(To,60),...,(Tp,0),...,(To,60)},
let Do(Ti, T(i+1)+k) be the length of the shortest possible Dubins sub-tour through
targets T; x,..., Ti, Tiz1,-- -, T(iH)Jrk with predefined headings 6, , ... /9(i+1)+k- Then,
ADy(T;) = D(T;—k, Tj) + D(Tj, T(is1.x) — D(Ti—k, T(i11)4x) describes the increase in the
tour length of vehicle v by inserting target T;. This version allows for the heading angles
of 2k targets between T;_j and T|; 1)« to be optimized when the target T; in inserted into
the tour. Algorithm 1 presents a formal description of the k—greedy MD-GmTSP tour
construction heuristic.

In the cheapest k-insertion method (Algorithm 2), during each iteration, the algorithm
finds the most promising target (from the set of unvisited targets) and the position for
insertion in the current tour simultaneously. In this algorithm, we construct new tours by
inserting new targets at positions that lead to the smallest increase in tour lengths.
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Algorithm 1 Greedy k-insertion for MD-GmTSP.

Initialization: Start with m initial Dubins tours 7, Vo € [1,m] starting and ending at the
depot (Tp, 6p).
Repeat: While the set of unvisited targets N, is non-empty

1. Identify the tour with the shortest Dubins tour length 7, . < min(Dy), Vv € [1, m]
2. Choose a target T; from the list of unvisited targets N,, according to one of the follow-
ing greedy strategy.
(a) Random: Choose a random target T; € Ny,
(b)  Nearest: Find a target T; € Ny such that the Dubins distance d(T}, Ty) is
minimum VT]-/ €T,
(c) Farthest: Find a target T; € Ny such that the Dubins distance d(Tj, T]/) is
maximum VTj/ € Tuin

3. Determine a position i in the tour 7, , such that the increase in tour length
ADy,,, (Tj) = D(Ti, T;) + D(Tj, T(i1,%) — D(Ti—t, T(i41)+&) is minimum; insert T;
nTtw,, .

4. Remove T; from the set of unvisited targets N,

Algorithm 2 Cheapest k-insertion for MD-GmTSP

Initialization: Start with m initial Dubins tours T, Vo € [1, m] starting and ending at the
depot (Tp, 6p).
Repeat: While the set of unvisited targets N;, is non-empty

1. Identify the tour with the shortest Dubins tour length 7, . < min(D5), Vv € [1,m]

2. Identify the target T; from the list of unvisited targets Ny, and a position i in the tour
Ty, Such that the increase in tour length AD,, . (T;) = D(T;_x, T;) + D(Tj, T(j11 k) —
D(Tix, T(j+1)+k) is minimum; insert T} in 7, -

3. Remove T; from the set of unvisited targets N,

5.2. Neighborhood Search: Improvement Phase

In the improvement phase, we use VNS-based local search heuristics to enhance the
incumbent solution from the construction phase. These heuristics modify the current
solution by performing a sequence of operations to produce a new feasible solution that
improves the objective function. The algorithm evaluates the effect of modifying the current
solution systematically and replaces it with a new solution if it is better. The algorithm may
also be allowed to make changes that lead to poorer solutions with the hope of finding a
better solution later.

Let I denote a problem instance of the MD-GmTSP. Let X represent the set of feasible
solutions for this instance. For any x € X, let f(x) denote a function that calculates
the objective cost, which, in the case of the MD-GmTSP, corresponds to the Dubins tour
length of the largest tour within x. It is important to note that the solution set X is finite
but the size of the set can exponentially increase with the size (number of targets) of an
instance of MD-GmTSP. Our goal is to find a solution x’ such that f(x") < f(x),Vx € X. To
facilitate this search, we define a neighborhood N(x) C X for each solution x € X, where
N is a function that maps from a solution x to a set of solutions in its neighborhood. A
solution x* is defined to be locally optimal or is said to be a local optimum with respect
to a neighborhood N if f(xx) < f(x'),Vx’ € N(xx). Improvement heuristics aim to
find a locally optimal solution before the termination condition is met. In this paper, we
investigate three improvement heuristics based on VNS for solving the MD-GmTSP, namely
(1) basic variable neighborhood search (BVNS), (2) variable neighborhood descent (VND),
and (3) general variable neighborhood search (GVNS).
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5.2.1. Basic Variable Neighborhood Search (BVNS)

BVNS [39] uses a stochastic approach to reach the global minimum. In this approach,
the neighborhood search is continued in a random direction, away from the initial solution.
The steps of BVNS are explained in Algorithm 3.

Algorithm 3 Steps of the basic VNS by Hansen and Mladenovic [73]

Initialization: Choose a set of neighborhood structures denoted by Ni(k =1,...,%mqy) for
the search process; find an initial solution x; select a termination/stopping condition and
repeat the following steps until the termination condition is met:

1. Setx < 1.

2. Repeat the following steps until ¥ = Kmax:

(a) Shaking: Generate a feasible solution x’ at random from the xth neighborhood
of x(x" € Ni(x));

(b)  Local search: Apply a local search method with x” as an initial solution; denote
the obtained local optimum as x”/;

(c) Mowve or not: If x” is better than the incumbent x, set x < x” and continue the
search process with Nj (k < 1); otherwise, set k <— x + 1;

Neighborhood Structures

In this work, we use k—exchange operators to explore neighborhoods of MD-GmTSP
using BVNS. A solution )’ is considered to be in the k—exchange neighborhood of solution
x if there is exactly one vehicle V; such that:

1. x’ and x differ only in the order of target visits in the tour of vehicle V.
2. The tour for vehicle V; in x’ differs from the tour of vehicle V; in x by at most k edges.

Shake

‘Shaking’ is the randomization part of the BVNS heuristic. Shaking perturbs the initial
solution while ensuring that the new neighborhood still retains certain aspects of the initial
incumbent. In this step, a random feasible solution x’ in the current neighborhood of x is
found. This random selection enables the algorithm to avoid stopping at the local optima in
the local search procedure. In this work, we investigate two different Shake neighborhoods:
Shake and Shake,,,4. Shake refers to picking two random targets T;, T], from tours of two

random vehicles v and v/, respectively, and swapping the targets between tours. The
position of insertion for the targets is also selected at random. For the MD-GmTSP, in
addition to Shake, a modified shake Shake,,,; is also evaluated. In Shake,,,;, a random
target T] is selected from a random tour T,, and is transferred to another tour ’l.’; chosen
at random. The insertion of the targets into the tours can be random or greedy (position
leading to a minimal increase in tour length). The different shake neighborhoods are
illustrated in Figure 3.

QUIGE

Shake Shake,,od

Figure 3. Different Shake neighborhoods. The black and the red paths indicate the tours of the
vehicles involved in the shake process.
Local Search

After obtaining the solution x’ from the Shake procedure, we proceed to enhance it
through local search. During this step, all feasible neighbors of x’ within the current neigh-
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borhood are explored to identify a potential solution x” that has a lower cost. It is worth
noting that there is a possibility for the current neighborhood of x” to be empty. In that case,
we set x” to be the same as ¥/, and the search continues in the next neighborhood. Explo-
ration of neighborhoods can be of two types: (a) steepest descent and (b) first descent. The
steepest descent and first descent heuristics are detailed in Algorithms 4 and 5, respectively.

For a strong NP-hard problem like the MD-GmTSP, the steepest descent heuristic is a
highly time-consuming process. In this work, a first improvement version of the 2-opt and
3-opt algorithms explores the different neighborhood structures of the MD-GmTSP.

Algorithm 4 SteepestDescent Heuristic by Hansen and Mladenovic [73]

Initialization: Find an initial solution x; Choose the neighborhood structures N(x), and the
objective function f(x) that calculates the length of the longest tour in x,

Repeat:

1. Find ¥’ = argmin,cpy) (%)

2. If f(¥') < f(x) set x" < x” and iterate; otherwise, stop

Algorithm 5 FirstImprovement heuristic by Hansen and Mladenovic [73]

Initialization: Find an initial solution x; Choose the neighborhood structures N(x), and the
objective function f(x) that calculates the length of the longest tour in x,
Repeat:

1.  Find first solution x’ € N(x)

2. If f(x') > f(x) find next solution x” € N(x); set x’ <— x” and iterate (2); otherwise
set x < x’ and iterate (1);

3.  Ifall solutions of N(x) have been considered, stop.

2-opt

Given a solution, the 2-opt algorithm, introduced by Croes in 1958 [74], is a local
search heuristic that explores all possible 2-Exchange neighborhoods of the solution. Its
objective is to gradually enhance a feasible tour by iteratively swapping two edges in
the current tour with two new edges, aiming to reach a local optimum where no further
improvements are possible. During each improving step, the 2-opt algorithm selects two
distinct edges that connect (i,7') and (j, ') from the tour. It then replaces these edges with
the edges connecting (7,j) and (i’,j'), provided that this change reduces the tour length.
This process continues until a termination condition is encountered (See Figure 4).

3-opt

The 3-opt algorithm [75] works similarly to the 2-opt but by reconnecting three edges
instead of two, as seen in Figure 5. There are seven different ways of reconnecting the
edges. Each new tour formed by reconnecting the edges is analyzed to find the optimum
one. This process repeats until all possible three-edge combinations in the network are
checked for improvement. A 3-optimal tour is also a 2-optimal one. A 3-opt exchange
yields better solutions, but it is much slower (O(n%) complexity) compared to the 2-opt
(O(n?) complexity).

On completion of the local search, the cost of x" is compared to the cost of x. If the cost
of x” is less than the cost of x, then x” is set to be x. The current neighborhood of x” is set as
the first neighborhood (x < 1), and the algorithm continues from the shaking step. On the
contrary, if the cost of x” > x, then the solution x” is discarded and search continues in the
next neighborhood x + 1. The algorithm terminates when there are no new neighborhoods
to be explored. The steps of neighborhood change are detailed in Algorithm 6.



Sensors 2023, 23, 6432

11 0f 28

J
-
’
/
/
() v J+1
/
| /
I s/
e
1+ 1 141
Figure 4. A sample 2-opt move for a given tour.
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Figure 5. All possible combinations of 3-Opt moves for a given tour.

Algorithm 6 Steps for neighborhood change by Hansen and Mladenovic [73]

function NE1GHBORHOODCHANGE(X, X’ k)
if f(x') < f(x) then

x—x k<1 > Make a move
else
k—k+1 > Next neighborhood

5.2.2. Variable Neighborhood Descent (VND)

The main difference between the BVNS and the VND approach is that in the VND,
the neighborhood changes are deterministic. Algorithm 7 explains the VND metaheuristic
in detail.

Depending on the problem, multiple local search methods can be nested to optimize the
VND search. The objective of the local search heuristics is to find the local minimum among
all the /4 neighborhoods. As a result, the likelihood of reaching a global minimum is higher
when using VND with a larger /5y than when using a single-neighborhood structure.
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Algorithm 7 Steps of the basic VND by Hansen and Mladenovic [73]

Initialization: Choose a set of neighborhood structures denoted by N;(I = 1,..., Ly.x) that
will be used in the descent process; find an initial solution x; select a termination/stopping
condition and repeat the following steps until the termination condition is met:

1. Setl<+ 1.

2. Repeat the following steps until | = Imax:

(@)  Exploration of neighborhood: Find the best neighbor x’ of x (x" € Nj(x));
(b)  Move or not: If x” is better than the incumbent x, set x < x” and continue the
search process with Nj (I < 1); otherwise set ] <— [ +1;

Exploration of Neighborhoods for MD-GmTSP

We use a combination of four different neighborhood structures to explore the neigh-
borhoods for MD-GmTSP. An x-point move is nested with a k-opt search (2-opt or 3-opt)
to explore distant neighborhoods during local search coupled with greedy and random
insertion techniques. The neighborhood structures are discussed in detail below.

*  One-point move: Given a solution x, a one-point move transfers a target T; from tour
T, to a new feasible position in another tour 7, (#7,). The target to be moved is
chosen from the tour having the largest tour length and is relocated to a tour having
the smallest tour length. The computational complexity of these local search operators
is O(n?) for a given solution x’.

*  Two-point move: A two-point move swaps a pair of nodes rather than transferring a
node between tours as in a one-point move. A target T; belonging to the tour 7, having
the largest tour length is swapped with a target T; belonging to another tour 7, (#7o).
After performing two-point moves from the solution x’, the best solution x” is returned
depending on the search strategy employed (Firstimprovement or SteepestDescent).

5.2.3. General Variable Neighborhood Search (GVNS)

The general variable neighborhood search (GVNS) [73] merges the techniques used in
both VND (deterministic descent to a local optimum) and BVNS (stochastic search) to reach
increasingly distant neighborhoods in the search space. In GVNS, a sequential VND search
(VN Dseq) improves the initial solution as compared to a local search heuristic (as in the case
of BVNS). Algorithm 8 details the steps of GVNS as proposed by Hansen and Mladenovic.

Algorithm 8 Steps of the GVNS by Hansen and Mladenovic [73]

Initialization: Choose the set of neighborhood structures denoted by Ni(x = 1,. .., Kpax)
that will be used in the shaking phase and the set of neighborhood structures
Ni(I =1,..., L) that will be used in the local search process; find an initial solution x;
choose a termination/stopping condition.

Repeat the following steps until the termination condition is met:

1. Setx < 1.
2. Repeat the following steps until ¥ = Kmax:

(a) Shaking: Generate a feasible solution x’ at random from the xth neighborhood

of x(x € Ni(x));
(b) Local search by VND:

e Setl«+1
®  Repeat the following steps until I = ;4

- Exploration of neighborhood. Find the best neighbor x” of x” in N;(x')
-  Moveornot. If f(x") < f(x'), set x’ + x” and I + 1; otherwise set
I+ 1+1

(0) Move or not: If the local optimum x” is better than the incumbent, move there
(x < x”) and continue the search with Ny (x < 1); otherwise set k¥ < x + 1;
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Neighborhood Search Structures for MD-GmTSP

To ensure the effectiveness of GVNS, it is crucial to employ suitable local search
strategies during the execution of Local Search by VND (VNDse). The performance of
VN Dgeq is influenced by the choice of neighborhood structures and the order in which these
neighborhoods are explored. A combination of x—point and k—edge move neighborhoods
are used in this paper to solve the MD-GmTSP. The details of these neighborhoods are
provided below and illustrated in Figure 6.

OOV

1-point move

2-point move

QUC
VANV IARNYY,

3-point move Or-opt2 move

Figure 6. Local search operators. The black and the red paths denote the tours of the vehicles involved
in each move. The blue arrow in the Or-opt2 move shows the string of two adjacent nodes that is
transferred between tours.

1.  One-point move: In GVNS, we use the same One-point move operator as in BVNS.

2. Two-point move: In GVNS, we use the same Two-point move operator as in BVINS.

3.  Or-opt2 move: An or-opt2 move selects a string of two adjacent nodes belonging to
the tour having the maximum length and transfers it into a new tour. After performing
the or-opt2 move for all strings of nodes x/, the best solution x” is returned by the
operator depending on the search strategy employed. The or-opt2 operator generates
x" € Np(x') as compared to generic or-optk move operator generates x” € Ni(x').
For our use case, no improvement was observed for k > 2, which can be attributed to
the complexity in the MD-GmTSP problem.

4.  Three-point move: The three-point move operation involves selecting a pair of ad-
jacent nodes from the tour with the maximum length and exchanging them with a
node from another tour. By repeatedly applying three-point moves starting from the
initial solution x’, the operator generates a new solution x”. Depending on the chosen
search strategy, the best solution x” € N3(x’) is returned by the operator.

5. 2-opt move: We use a 2-opt move operator to improve the resulting tours x” obtained
from the rest of the operators by performing intra-tour local optimization.

Local Search by VND for MD-GmTSP

A nested local search strategy is employed to solve the MD-GmTSP using GVNS. The
VN Dge, as specified in Algorithm 9 explores the neighbors of a given solution according
to a particular sequence. This sequence is determined based on the non-decreasing order
of neighborhood size. Based on the local search in each neighborhood, if the obtained
solution (x”') is better than the current best (x’), the 2-opt search is carried out for possible
intra-tour improvements. The resulting solution replaces the current best (x’ < x”'), and
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the search restarts at the first neighborhood. Otherwise, the search continues with a larger
neighborhood search operator.

Algorithm 9 VN Ds,,

1: procedure VN Dgeq(x', Linax)

2 I+1

3 while ! < [, do

4 if I = 1 then

5: x" < onepoint(x’)
6 if | = 2 then

7 x" « twopoint(x’)
8 if | = 3 then

9: x" « or_opt2(x’)
10: if | = 4 then

11: x" + threepoint(x’)
12: if f(x") < f(x) then
13: x" 2 _opt(x")

14: x x4+ 1

15: else

16: l+—1+1

17: return x’

Using heuristics to solve NP-hard problems provides a distinct advantage over tradi-
tional solvers as it can produce feasible solutions quickly. The quality of the solution can
be further improved by employing improvement heuristics, but this often comes at the
cost of computational power and time. Heuristics are rule-based approaches that prioritize
improving computational efficiency over finding the optimal solution. Recently, there has
been significant interest in learning-based approaches from the combinatorial optimiza-
tion research community. These approaches utilize models that can solve large problem
instances in real-time. The concept behind this approach is that heuristics can be viewed as
decision-making policies which can be parameterized using neural networks. The policies
can then be trained to solve different combinatorial optimization problems. In the next
section, we introduce a reinforcement learning method to develop policies for solving the
MD-GmTSP. This method holds great promise for achieving high-quality solutions in a
shorter amount of time than traditional heuristics.

6. Learning-Based Approach for the MD-GmTSP

Several machine learning techniques, including neural networks [76], pointer net-
works [77], attention networks [78,79] and reinforcement learning [80,81] have been ex-
plored to solve the TSP problem. Wouter et al. [79] extended a single-agent TSP model to
learn strong heuristics for the vehicle routing problem (VRP) and its variants. However,
supervised learning, which is successful for most machine learning problems, is not applica-
ble for combinatorial optimization problems due to the unavailability of optimal solutions
for large instances, especially for co-operative combinatorial optimization problems like
multiple agent TSP, asymmetric mTSP, and multi-agent task assignment and scheduling
problems. These problems pose several challenges, such as an explosion of the search
space with the increase in the number of agents and cities, a lack of data with ground
truth solutions, and difficulty in developing an architecture that can capture interactive
behaviors among agents. Reinforcement learning (RL) is a commonly explored paradigm
to solve problems with the above difficulties, whose solution quality can be verified and
provided as a reward to a learning algorithm. Recent studies [82,83] have investigated
using RL-based approaches to optimize the Euclidean version of MinMax TSP, but no
significant study has been conducted for the Dubins MinMax TSP. The main advantage of
using the RL-based method is that the majority of computational time and resources are
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spent on training. Once a trained model is available, a feasible solution can be inferred
almost in real-time.

In this paper, we utilize the RL framework developed by Hu et al. [82] and expand
its application to the Dubins MTSP. The model consists of a shared graph neural network
and distributed policy networks that collectively learn a universal policy representation
for generating nearly optimal solutions for the Dubins MTSP. To address the challenges of
optimization, the extensive search space of the problem is effectively partitioned into two
tasks: assigning cities to agents with candidate heading angles and performing small-scale
Dubins TSP planning for each agent. As proposed by Hu et al. [82], an S-sample batch
reinforcement learning technique is used to address the lack of training data, reducing the
gradient approximation variance and significantly enhancing the convergence speed and
performance of the RL model.

6.1. Framework Architecture

In this work, the graph isomorphism network (GIN) [84] policy is used to summarize
the state of the instance graph and assigns nodes to each agent for visitation, effectively
transforming the MD-GmTSP into a single-agent DTSP problem. This approach facilitates
the use of algorithms [85,86], learning-based methods [77,79,80], and solvers [87-89] to
quickly obtain near-optimal solutions. Additionally, we utilize a group of distributed policy
networks to address the node-to-agent assignment problem.

6.1.1. Graph Embedding

For eachnode v € V, the graph embedding network GIN [84] computes a p-dimensional
feature embedding f, by information sharing from the neighboring connected nodes ac-
cording to the graph structure. GIN uses the following update process to parameterize the
graph neural network:

£ = MLPO{(1 4+ @) pED 4 ¥ Dy an
ueN(v)

where fff is the feature vector of node v € V at the k—th iteration/layer, N, denotes all the
neighbors of node v, u is neighboring node of v (i.e., u € Ny), MLP represents a multi-layer
perceptron, and € is a learnable parameter.

6.1.2. Distributed Policy Networks

We propose a two-stage distributed policy network-based approach for designing a
graph neural network with the attention mechanism [90]. In the first stage, each agent
autonomously generates its agent embedding by leveraging both the global information and
the node embeddings present in the graph. In the second stage, each node selects an agent
to associate with itself based on its own embedding and all the prior agent embeddings.

Calculation of Agent Embedding
Graph embeddings, denoted as g¢, are computed by max pooling from the set of node

features f = {f1, fo,... fu}, ie.,
gr = max{fi, fa,.--, fu}-

These graph embeddings are then used as inputs to construct an agent embedding,
where f; € RP, n is the number of nodes, p is the dimension of node embedding, and
gs € RP. To construct the agent embedding, an attention mechanism is employed to
generate attention coefficients that signify the significance of a particular node’s feature in
creating its embedding.

*  Graph Context embedding: A graph context embedding is used to ensure that every city,
except the depot, is visited by only one agent and the depot is visited by all agents.
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By setting the depot as the first node in the graph (fg.por = f1), we concatenate the
depot features with the global embedding to create the graph context embedding,
represented as f. € IR?. The concatenation operation is denoted by [;.] and is shown
in Equation (12):

fe= g5 ful- (12)

*  Attention Mechanism: The attention mechanism [90] is used to convey the importance
of anode to an agent a. The node feature set obtains the keys and values, and the graph
context embedding computes the query for agent a, which is standard for all agents.

dkx2p 2
%Zeag pfcp/

dk :
ki =6y "fi=1{23,...,n},

do -
v =00y P fFi=1{2,3,...,n}, (13)

where dy and d, are the dimension of key and values. A SoftMax is used to compute
the attention weights w,; € [0, 1], which the agent puts on node 7, using:
etai .

wai:W,z:2,3,...,n,]:2,3,...,n, (14)
where u,; is the compatibility of the query to be associated with the agent and all its
nodes given by
5]5 Kai i
Vi

e Agent embedding: From the attention weights, we construct the agent embedding using

=2,3,...,n (15)

Ugi =

ha = Zw”jvgj- (16)
i

In this section, we outline the process for determining the policy that assigns an
agent to a specific node. To evaluate the importance of each agent to the node, we utilize
the following set of equations. These equations are applied to each agent individually
as follows:

!
/ d.xp .
kuizﬂa’lz, ip,z:2,3,...,n,

q; _ Gdk,dethv,
C gtk
upy = 1 17)
dk
impg = Ctanh(u;),i =2,3,...,n. (18)

Here, d;( is the dimension of new keys; 6,/ and Gaq/ are parameters of neural networks

to project the embeddings back to d;( dimensions. The importance imp,; is computed by
obtaining u_, for a new round of attention and clipping the result within [~10, 10] using
tanh [80].

Since each agent is limited to visiting only one city, the agent’s importance factor
determines which city it visits. A SoftMax function evaluates the probability of an agents
likelihood to visit a node: ‘

elmpﬂi

T R v

Pai
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where p,; is the probability of agent a visiting node i; imp,; is the importance of node i
foragenta;a €1,2,...,myandi € 1,2,...,n. The SoftMax function is used for creating a
probabilistic policy that can be optimized using gradient-based techniques. In the context
of a policy network, the parameters of the SoftMax function are typically learned from data
that reflects the characteristics of the agents being modeled. As such, the policy network
may need to be retrained when those characteristics change, such as when different turning
radius constraints or a different number of agents are introduced.

S-Samples Batch Reinforcement Learning

The parameter 6 for our model is estimated by maximizing the expected reward of the
policy, i.e.,
0 = arg max Lgr(6).

Lr(0) = E(¢mmu)~DEr~r()R(A)
— E(gmmy-p L 70(A|G,m,n)R(A) (20)
A

where D is the training set, A is an assignment of cities representing which agent visits it,
R(A) is the reward of the assignment, and A, 71y is the distribution of the assignments over
0,ie., mg(A) = [Ticqu,...n} Pai- However, the inner sum over all assignments in Equation (20)
is intractable to compute. REINFORCE [91] is used as the estimator for the gradient of the
expected reward. An S-sample batch approximation decreases variances in the gradient
estimate and speeds up convergence.

S
LR(G) ~ E(G,m,n)ND Z 7‘[9(/\5|G, mrn)R(AS)' (21)
s=1

The variance during training is decreased by introducing an advantage function A(As):

S
A(As) = R(As) — % Y R(Az). (22)
z=1

This results in a new optimization function:

S
0" = arg max Lgr(0) = arg max Ep ) ma(As)A(As), (23)
s=1
S n
VQLR(G) ~ ED Z (ZVQ logpm-)A(/\s). (24)
s=1 i=1

The pyDubins [92] code computes the rewards for every assignment, which calculates
the DTSP tour lengths and returns the negative of the maximum tour length over all agents
as the reward for the assignment.

7. Computational Results

Algorithms were implemented using an Intel NUC Kit (NUC8i7HVK) equipped with
an Intel Core i7 processor and 32 GB of RAM. The effectiveness of the proposed methods
was evaluated by solving instances from the TSPLIB library [40], which contains sample
instances for the TSP and related problems with varying sizes ranging from 16 to 176 cities.
To adapt the TSPLIB instances for the MD-GmTSP, each city was associated with a set of
h = 8 candidate heading angles. The minimum turning radius (p) was calculated for each
instance based on the layout of the cities. Specifically, p was computed as follows:

p= {0.1 X max (\/(yj —yi)*+ (xj — xi)2>-‘

ijel
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where (x;,y;) and (x;,y;) are the 2D coordinates of city i and city j, respectively, for all
i,j€l

7.1. MILP Results

Each instance was solved using the MILP formulation for MD-GmTSP described
in Section 3. The CPLEX 12.10 [87] solver was used with a computational time limit of
10,800 s (3 h) to generate optimal results. Table 1 presents the results of the MD-GmTSP for
m = 3 homogeneous vehicles and = 8 heading angle discretizations. CPLEX was able to
generate feasible solutions within the time limit only for instances with fewer than 52 cities
and did not find optimal solutions for any of the instances. The optimality gap for the best
result, obtained on the Ulysses-22 instance with 22 cities, was 14.09%.

Table 1. MD-GmTSP results for m = 3 vehicles and h = 8 discretizations on TSPLIB instances using
CPLEX 12.10 with a runtime of 3 h (10,800 s). Instances that CPLEX could not solve are indicated by *.

Instance Targets Turning Radius (p) Minmax Cost Optimality Gap (%)
att48 47 394 28,315.3486 42.23
berlin52 51 55 5433.474 43.54
ch130 * 129 39 - -
eil101 * 100 4 - -
eil51 50 4 333.7285 46.46
eil76 * 75 4 - -
grl37 * 136 4 - -
gro6 * 95 4 - -
kroA100 * 99 200 - -
pri3e6 * 135 516 - -
pr76 * 75 980 - -
rat99 * 98 5 - -
rd100 * 99 57 - -
st70 * 69 6 - -
ulysses16 15 2 57.7487 19.27
ulysses22 21 2 58.0386 14.09

7.2. VNS-Based Heuristics Results

The algorithms discussed in Section 5, including the construction heuristics and the
variable neighborhood search (VNS)-based improvement heuristics, were implemented
in Python3 and tested on the same set of TSPLIB instances for m = 3 vehiclesand h = 8
(discrete heading angles).

7.2.1. Quality of Initial Feasible Solutions

Table 2 presents a comparison of the performance of different construction heuristics
(k = 0 relaxation) on the MD-GmTSP. The construction phase allowed angle optimization
only for new unvisited targets to be inserted into tours while keeping the rest of the
tour unchanged (k = 0). The initial feasible solutions were generated without imposing
any time limit. The results demonstrate that the cheapest construction method produced
min-max tours with an average cost that was 11.81% higher than the nearest construction
method. However, the nearest and farthest construction methods produced tours with
identical min-max costs. Additionally, the cheapest-insertion heuristics generated solutions
approximately 2.5 times faster than the nearest-insertion method.
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Table 2. Comparison of MinMax costs of feasible solutions obtained from insertion heuristics for the

MD-GmTSP for m = 3 vehicles, C = 8 angle discretizations, and k = 0 relaxation. Times are specified

in secs.
Cheapest Insertion Farthest Insertion Nearest Insertion
Instance  Radius - - - 2 (%)
Cost (c.) Time (t)) Cost (cf) Time (tf) Cost (c;) Time (t,) ™

att48 394 32,336.39 43.38 28,197.11 108.72  28,197.11 10747  114.68
berlin52 55 6025.99 54.05 5453.38 138.37 5453.38 138.63 110.50
ch130 39 6472.87 751.58 5998.74 1904.17 5998.74 194428  107.90
eil101 4 554.77 361.14 450.26 898.30 450.26 900.88 123.21
eil51 4 308.30 50.70 277.73 126.92 277.73 128.76 111.01
eil76 4 416.51 157.05 345.66 394.27 345.66 402.35 120.50
grl37 4 847.06 850.68 701.39 2154.25 701.39 221790  120.77
gro6 4 551.00 311.42 488.93 770.56 488.93 780.32 112.69
kroA100 200 27,236.35 35599 2259295 87253 2259295  879.44 120.55
prl3e6 516 98,637.39  842.15  82,162.29  2130.30 82,162.29  2191.75  120.05
pr76 980 97,434.78 156.94  99,02343 39898  99,02343  400.01 98.40

rat99 5 798.94 337.41 819.30 841.77 819.30 850.65 97.51

rd100 57 8679.56 343.93 6833.40 870.01 6833.40 869.33 127.02
st70 6 593.76 125.90 550.76 310.80 550.76 318.95 107.81
ulysses16 2 66.40 2.57 76.34 5.50 76.34 5.94 86.97

ulysses22 2 88.00 5.26 80.49 12.78 80.49 12.94 109.33

7.2.2. Analysis of VNS Improvements for MD-GmTSP

The impact of different neighborhood structures on improving the MD-GmTSP tours
using BVNS, VND, and GVNS heuristics is shown in Tables 3-5, respectively. These im-
provement heuristics were executed with a computational time limit of ;5 = 600 s (10 min)
as the stopping criterion, with FirstImprovement used to switch between neighborhoods.
The presented results in each row of Tables 3-5 represent the average MD-GmTSP solutions
for all TSPLIB instances considered. The analysis reveals that the improvement heuristics
can achieve solution quality improvements of up to 30.78%. Furthermore, the average time
required to solve these instances ranged from 898.6 s to 1439.96 s. Refer to Figure 7 for
sample solutions with respect to the GVNS heuristic.

Table 3. Influence of different neighborhood structures in the BVNS heuristic on improving the
MD-GmTSP solutions with ¢, = 600 s time limit.

Construction M N2 Average Max Standard Average.
Heuristic Move Insertion Local Search Improvement Improvement Deviation Con?putatlon

(%) (%) Time (s)
Cheapest Shake Greedy 2-opt 3.201 21.627 6.225 900.413
Cheapest Shake Greedy 3-opt 2.750 19.456 5.648 909.045
Cheapest Shake Random 2-opt 1.987 17.399 5.309 899.961
Cheapest Shake Random 3-opt 2.091 17.082 5.244 907.608
Cheapest Shake,,,; Greedy 2-opt 2.802 15.755 5.392 900.571
Cheapest Shake,,,; Greedy 3-opt 2423 13.508 4.017 916.210
Cheapest Shake,,,; Random 2-opt 1.823 14.484 4.640 900.069
Cheapest Shake,,,; Random 3-opt 1.938 14.484 3.921 919.457
Farthest Shake Greedy 2-opt 2.785 24.736 7.609 1354.735
Farthest Shake Greedy 3-opt 2.585 25.342 6.969 1381.107
Farthest Shake Random 2-opt 1.703 18.939 5.043 1359.844
Farthest Shake Random 3-opt 1.650 20.988 5.331 1371.328
Farthest Shake,,,; Greedy 2-opt 2.526 26.589 6.931 1366.066
Farthest Shake,,,; Greedy 3-opt 1.986 26.567 6.598 1374.865
Farthest Shake,,,; Random 2-opt 1.470 21.869 5.455 1362.314
Farthest Shake,,,; Random 3-opt 1.135 18.158 4.540 1373.770
Nearest Shake Greedy 2-opt 2.750 25.154 7.015 1355.997
Nearest Shake Greedy 3-opt 2.550 25.025 6.781 1376.476
Nearest Shake Random 2-opt 1.745 20.988 5.415 1363.908
Nearest Shake Random 3-opt 1.896 20.988 5.600 1368.852
Nearest Shake,,,; Greedy 2-opt 2.627 26.589 6.932 1370.339
Nearest Shake,,,; Greedy 3-opt 1.635 26.142 6.535 1375.723
Nearest Shake,,,; Random 2-opt 1.617 20.351 5.173 1359.805
Nearest Shake,,,; Random 3-opt 1.477 16.364 4.335 1378.464
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Table 4. Influence of different neighborhood structures in VND heuristic on improving the MD-
GmTSP tours with £, = 600 s time limit.

Construction M N Average Max Standard Average.
Heuristic Move Insertion Local Improvement Improvement Deviation Con}putatlon
Search (%) (%) Time (s)
Cheapest 2-move  Greedy 2-opt 4.461 26.670 7.283 899.159
Cheapest 2-move  Greedy 3-opt 3.377 21.675 6.248 912.802
Cheapest 2-move Random  2-opt 2.191 18.315 5.487 898.602
Cheapest 2-move Random  3-opt 1.912 16.786 5.201 916.977
Cheapest 1-move  Greedy 2-opt 5.644 29.894 8.035 899.059
Cheapest 1-move  Greedy 3-opt 4.603 26.105 7.240 914.916
Cheapest l-move Random  2-opt 2.547 19.881 5.932 899.179
Cheapest l-move Random  3-opt 2.596 17.557 5.607 913.728
Farthest 2-move  Greedy 2-opt 3.483 25.342 7.802 1372.255
Farthest 2-move  Greedy 3-opt 2.997 25.202 6.868 1373.696
Farthest 2-move Random  2-opt 1.922 20.988 5.633 1365.133
Farthest 2-move Random  3-opt 1.958 20.988 5.514 1381.819
Farthest 1-move  Greedy 2-opt 3.729 25.622 8.050 1356.863
Farthest 1-move  Greedy 3-opt 3.691 25.622 7.486 1374.722
Farthest l-move Random  2-opt 2.200 23.350 6.111 1358.016
Farthest l-move Random  3-opt 2.180 23.913 6.225 1376.558
Nearest 2-move  Greedy 2-opt 3.462 25.342 7.598 1358.205
Nearest 2-move  Greedy 3-opt 3.181 25.342 7.029 1374.512
Nearest 2-move Random  2-opt 1.775 20.988 5.447 1362.595
Nearest 2-move Random  3-opt 1.822 20.988 5.502 1379.830
Nearest 1-move  Greedy 2-opt 4.494 26.589 8.430 1360.322
Nearest 1-move  Greedy 3-opt 4.167 25.622 7.535 1372.429
Nearest l-move Random  2-opt 2.068 23.990 6.232 1367.803
Nearest l-move Random  3-opt 1.855 23.350 5.911 1375.266

Table 5. Influence of different neighborhood structures in GVNS on improving the MD-GmTSP tours
with t5, = 600 s time limit.

N Nz
Construction Average Max Standard Averagn?
Heuristic > Inserti Local Improvement Improvement Deviation Computation
ove nserton Search (0/0) (0/0) Time (S)
Cheapest Shake Greedy ~ VNDsgy 5.862 22.840 6.842 915.206
Cheapest Shake Random  VNDs,, 2.241 21.121 6.233 969.554
Cheapest Shake,,,q  Greedy = VNDsy 6.165 23.141 7.486 919.908
Cheapest Shake,,,; Random  VNDsy 2.902 21.666 6.005 974.873
Farthest Shake Greedy  VNDsgy 2.595 26.589 7.208 1370.046
Farthest Shake Random  VNDseq 2.399 26.589 7.089 1406.246
Farthest Shake,,o; ~ Greedy = VNDgy, 2.996 26.589 7.226 1368.846
Farthest Shake,,,s Random  VNDsg,, 2.813 25.548 7.052 1409.714
Nearest Shake Greedy ~ VNDsgy 3.555 24.363 7.183 1368.566
Nearest Shake Random  VNDs,, 2.176 23.506 6.349 1412.890
Nearest Shake,,,q  Greedy = VNDsgy 4222 25.799 7.535 1391.104
Nearest Shake,,, Random  VNDsy 2.078 23.170 6.161 1433.516
254 25
20 204
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Figure 7. Cont.
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Figure 7. Feasible MD-GmTSP paths for the Ulysses22 instance for m = 3 vehicles and i = 8 angle
discretizations obtained from different tour construction and GVNS heuristics. The vehicle paths are
differentiated by the colors of the paths.
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Figure 8. Feasible MD-GmTSP paths for the att48 instance for m = 3 vehicles and /1 = 8 angle
discretizations obtained from tour construction and improvement heuristics. The vehicle paths are
differentiated by the colors of the paths.

Table 6 presents the best-performing combination of construction and improvement
heuristics for each instance. The most effective results are achieved using cheapest insertion
and nearest insertion as the construction heuristics, in addition to GVNS with Shakemod
and VND with one-point move as the improvement heuristics. Refer to Figure 8 for sample
solutions corresponding to the att48 instance. It should be noted that solutions generated
using the cheapest-insert construction with VNS have, on average, costs that are 14.96%
higher than the solutions produced by the nearest-insert construction with VNS. On the
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other hand, the GVNS + Shake,,,y scheme resulted in an average improvement of 3.46%
over the initial tours, while the VND + one-point move scheme generated an average
improvement of 3.32% over the initial solution. A comparison is made between the best
solutions obtained from VNS-based heuristics and MILP formulations for each instance
in Table 7. It is observed that VNS heuristics generally produce superior solutions in
significantly less time than the MILP solutions obtained from CPLEX.

Table 6. Best-performing combination of heuristics for the MD-GmTSP. Time is specified in secs.

Construction Phase Improvement Phase
- . o
Instance Cities  Radius Heuristic Cost Time Scheme Ny N Cost Time Improvement (%)
Move Insertion Move

att48 48 394 Cheapest  32,336.39 43.90 GVNS Shakey;oq Greedy VNDs,;  25,775.29 646.83 20.29
berlin52 52 55 Nearest 5453.38 139.50 GVNS Shake Greedy VNDs,y 5201.58 744.59 4.62
ch130 130 39 Nearest 5998.74 1931.72 VND 1-point Greedy 2-opt 5839.33 2533.20 2.66
eil101 101 4 Nearest 450.26 901.52 VND 2-point Greedy 2-opt 410.15 1502.13 8.91

eil51 51 4 Nearest 277.73 131.30 VND 1-point Greedy 2-opt 274.60 731.93 1.13
eil76 76 4 Nearest 345.66 397.13 VND 1-point Greedy 3-opt 344.29 1016.68 0.40
grl37 137 4 Nearest 701.39 2196.77 GVNS Shake, o4 Greedy VNDs,, 668.91 2939.97 4.63

gro6 96 4 Nearest 488.93 782.38 VND 1-point Greedy 3-opt 457.93 1401.15 6.34
kroA100 100 200 Nearest 22,592.95 904.13 GVNS Shake,;oq Greedy VNDs,;  22,321.63  1536.18 1.20
prl36 136 516 Farthest 82,16229  2180.81 GVNS Shake,;oq Greedy VNDs,;  81,379.62  2786.21 0.95
pr76 76 980 Nearest 99,023.43 393.95 GVNS Shake,;oq Greedy VNDs,;  90,809.31 997.12 8.30
rat99 99 5 Cheapest 798.94 334.75 VND 1-point Greedy 3-opt 787.09 952.94 1.48
rd100 100 57 Nearest 6833.40 867.27 GVNS Shake,;oq Greedy VNDs,, 6827.48 1472.39 0.09

st70 70 6 Farthest 550.76 318.94 VND 1-point Greedy 3-opt 550.75 951.81 0.00
ulysses16 16 2 Cheapest 66.40 2.24 GVNS Shake, ;o4 Greedy VNDs,, 56.04 614.09 15.60
ulysses22 22 2 Nearest 80.49 12.98 VND 1-point Greedy 2-opt 60.31 613.11 25.08

Table 7. Comparison for best solutions obtained from MILP formulation (¢;4x = 10,800 s) against the
VNS-based heuristics (f,5x = 600 s).

. . VNS Solution MILP Solution C—c
Instance  Cities Radius - - - =1 %100
Cost (C;,) Time (T) Cost(C,,) Optimality Gap I

att48 48 394 25,775.29 690.72 28,315.35 42.23 9.85
berlin52 52 55 5201.58 884.09 5433.47 43.54 4.46
ch130 130 39 5839.33 4464.92 - - -
€il101 101 4 410.15 2403.65 - - -
eil51 51 4 274.60 863.23 333.73 46.46 21.53
eil76 76 4 344.29 1413.81 - - -
grl37 137 4 668.91 5136.74 - - -
gr96 96 4 457.93 2183.53 - - -
kroA100 100 200 22,321.63  2440.30 - - -
prl3e6 136 516 81,379.62  4967.02 - - -
pr76 76 980 90,809.31  1391.07 - - -
rat99 99 5 787.09 1287.69 - - -
rd100 100 57 6827.48 2339.65 - - -
st70 70 6 550.75 1270.75 - - -
ulysses16 16 2 56.04 616.33 57.75 19.27 3.05
ulysses22 22 2 60.31 626.09 58.04 14.09 -3.76

7.3. Learning-Based Approach

In the learning-based approach, training and testing datasets were generated sepa-
rately for m Dubins agents and # cities. Each city coordinate was uniformly generated at
random in the interval (0,1)? and paired with i = 8 heading angles in the range [0, 277].
During training, the data were randomly generated at every iteration. To overcome per-
formance limitations, separate models were trained for different numbers of cities and
radius of curvature (p) specific to each instance. A total of 1000 instances were generated
for each type and utilized to train the RL model described in Section 6. The RL model
was trained using the Adam optimization method with the following hyperparameters: a
learning rate of =1¢ >, a clipping gradients norm of 3, and S set of 10. Figure 9 illustrates
the convergence of a model trained on the pr76 dataset after approximately 2000 iterations
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during the training process. The dataset consists of 1000 instances, each comprising 76 cities
randomly distributed within the original boundaries of the pr76 instances. The tours for
these instances are calculated using a Dubins turning radius (o = 980).

130 4
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lteration

Figure 9. Learning curve for Dubins pr 76.

In order to assess the effectiveness of the RL model, we compare its solutions to those
generated by a heuristics-based approach for the MD-GmTSP. The trained RL model is
utilized to evaluate the min-max tours for the original pr76 instance, ensuring a valid basis
for comparison between the two approaches. Table 8 compares the solutions obtained from
the RL model to the best solutions obtained from the MILP and VNS-based formulation. It
is important to note that due to the absence of pre-existing baselines for the Dubins MTSP,

it was not possible to determine the optimality gap for the solutions obtained from the
RL model.

Table 8. Comparison for best solutions obtained from MILP formulation (¢,x = 10,800 s) against the
VNS-based heuristics (¢, = 600 s).

VNS Solution MILP Solution RL Solution

Instance Cities Radius

Cost (Cj,) Cost(C) @ Cost(Cgy) &
att48 48 394 25,775.29 28,315.35 1.10 22,846.38 0.89
eil51 51 4 274.60 333.73 1.22 252.64 0.92
pr76 76 980 90,809.31 - - 98,174.43 1.08
rd100 100 57 6827.48 - - 7549.84 1.11
st70 70 6 550.75 - - 564.64 1.03
ulysses16 16 2 56.04 57.75 1.03 54.86 0.98
ulysses22 22 2 60.31 58.04 0.96 57.98 0.96

It can be observed that the RL model outperformed both the MILP formulation and
the VNS-based heuristics on smaller instances of the problem. Specifically, the RL-based
solutions performed better in terms of solution quality for smaller instances. However,
as the problem instances became larger, the VNS-based heuristics generated superior
solutions compared to the RL model. This indicates that the RL model is especially effective
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for solving MD-GmTSP instances with a relatively small number of cities and Dubins
agents. This effectiveness can be attributed to the fact that the quality of Dubins tours
used during the training phase is higher for smaller instances, while the training data
quality decreases with the increase in instance size. The RL model’s ability to learn and
generalize patterns from the training data enables it to achieve high-quality solutions in
these instances. There is scope for additional research and experimentation to explore the
potential for enhancing the RL model performance and scalability for larger instances of the
MD-GmTSP by leveraging advanced RL techniques and alternative network architectures.

8. Conclusions

In this paper, we explore different methods to solve MinMax routing problems for a
team of Dubins vehicles. We formulate the routing problem as a one-in-a-set mTSP with
Dubins paths and refer to it as the MD-GmTSP. We then develop a MILP formulation for
the MD-SmTSP and solve it on 16 TSPLIB instances (ranging from 16 to 137 cities) using
CPLEX for finding optimal solutions. We show that this method does not scale well for
large instances involving higher numbers of nodes or robots. As an alternate approach,
we develop fast heuristics based on insertion techniques to obtain good, feasible solutions
for the MD-GmTSP. The results show that, on average, the nearest-insertion algorithm
generates solutions with tour costs 11.81% lower than the solutions constructed using
the cheapest-insertion algorithm. Subsequently, a combination of VNS-based heuristics
with several neighborhood search structures is explored to improve the quality of initial
feasible solution within a 600 s time limit. The neighborhood structures we studied include
2-opt, 3-opt, k-point, Or-opt, Shake, and the Shake,,,;. We solved the TSPLIB instances
to check the performance of different combinations of heuristics and identified the best
combination to solve MD-GmTSP. Overall, GVNS-based heuristics produced the most
promising improvements over the initial solutions. The best-performing combination to
solve the MD-GmTSP was to use the nearest-insertion heuristic to construct the initial tour
followed by a GVNS-type heuristic to improve the solution quality using neighborhood
search structures. Finally, we also explore a learning-based method to generate solutions
for the MD-GmTSP. Our architecture consists of a shared graph neural network, with
distributed policy networks that extract a common policy for the Dubins multiple traveling
salesmen. An S-sample batch reinforcement learning method trains the model, achieving
significant improvements in convergence speed and performance. The resulting RL model
is used to generate fast feasible paths to the MD-GmTSP, and a comprehensive comparison
is presented on the solution quality obtained from each of the other approaches. Overall, the
learning based methods work well for smaller instances, while the GVNS based approaches
perform better for large instances. Future work can address factors related to planning
paths in the presence of obstacles and uncertainties in the position of targets.
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