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Abstract: This paper investigates a class of nonholonomic chained systems with integral input-to-
state stable (iISS) inverse dynamics subject to unknown virtual control directions and parameter
uncertainty included in drift terms. First, the system is divided into two interconnected subsystems
according to the system’s structure. Second, one controller is designed using a switch strategy for state
finite escape. Then, another controller and adaptive law are designed by combining a reduced-order
state observer and backstepping method after input-state scaling. Finally, simulation results validate
the feasibility of the proposed control algorithm.

Keywords: nonholonomic chained system; iISS inverse dynamics; input-state scaling; backstepping;
switching control; reduced-order observer

1. Introduction

In recent years, the control of nonholonomic systems has drawn considerable attention
due to the enormous potential practical values. And nonholonomic systems have pene-
trated deeply into humans’ daily lives, such as in the case of planar space robots, the knife
edge, a rigid spacecraft with two torque actuators, cars towing several trailers and multiple
mobile manipulators [1-3]. Some classical nonlinear control methods have been developed
rapidly in recent years, such as recursive integral backstepping control [4], adaptive output
feedback control [5], sliding mode control [6], etc. Control of nonholonomic systems has
been booming for several years in the nonlinear control field. However, the stabilization
problem for nonholonomic systems, while the systems are subject to nonholonomic con-
straints, makes it difficult to utilize the classical control methods of nonlinear systems [7].
It is further proved by Brockett’s necessary condition that the equilibrium of a simple non-
holonomic system could not be stabilized by any static continuous state feedback control
even for a controllable open loop system [8]. Alternatively, time-varying controllers and
discontinuous controllers have been developed for nonholonomic systems’ stability. For
example, ref. [9] investigated the state feedback and output feedback to address the effects
of nonholonomic constraints in event-triggered control. Ref. [10] developed a continuous
state feedback control strategy for first-order nonholonomic systems.

It is well-recognized that a lot of nonholonomic systems could be transformed into
their corresponding chained forms. Therefore, nonholonomic systems in a chained form as
fundamental systems have been taken much more seriously [11]. Furthermore, the design
of adaptive controllers for nonholonomic systems with unknown control directions is a
considerable concerned problem [12]. The adaptive control problem becomes more difficult
when the sign of virtual control is unknown. Robust control is a common strategy for
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the stability problem of nonholonomic systems with unknown control direction [13]. This
method first designs a controller according to the assumed control direction, and then
identifies the control direction online. If the actual control direction is the opposite of the
assumed direction, then a continuous switching law is applied to modify the controller.

Unlike previous works, in this paper, a class of integral Input state stability (iISS) in-
verse dynamics is introduced to a canonical chained nonholonomic system with parameter
uncertainties, which is shown as follows:

i1 =q(1,x),

to = douo + ¢ (17, %0)6,

X1 = dyugxa + ¢ (0,77, %0, %1)6,

X; = diuoxip1 + 4’1‘T(”0/ 1, %0, x)0, ()
i=2,---,n—1

Xy = dyuq + 47;(140,77,960/3‘)9/

y = (xo,x1),

where uy and u; represent the control inputs; [xo, M7 = [x0,x1,- -, x4)T € R and

n € N1 are system states; 1 is referred to inverse dynamics and is available to control
design; y denotes the measurable output; q(17,x9) € R7 is locally Lipschitz and holds
7(0,0) = 0. ¢o(y,x0) € R, ¢p1(u0,7,%0,%1) € R and ¢;(uo,7,%0,x) € R (2 < i < n)
are smooth vector functions and satisfy ¢o(0,0) = 0, ¢;(19,0,0,0) = 0(1 < i < n);
6 € R! shows a vector of unknown constant parameters; dy, - - - ,d, indicate virtual control
directions while dy, - - - ,d, are unknown but bounded.

ilSS was first defined in [14], and is strictly weaker than ISS. The properties of iISS are
further ventilated in [15]. ISS is a nonlinear extension on the finite gain of the maximum
norm and £, replacing finite linear gains that require too much general nonlinear control
with nonlinear gains. When excited by a uniformly bounded energy signal, a system ex-
hibits a low energy response, which is a highly demanding qualitative characteristic. In this
case, a weaker condition iISS is proposed naturally and applied to nonlinear systems with
good performance [16,17]. AsilSS inverse dynamics are first introduced into nonholonomic
systems with unknown control direction and strong drift, two interconnected subsystems
are divided according to the system’s structure. Then, one controller is designed by a
switch strategy for state finite escape. Another controller is designed by combining a
reduced-order state observer and backstepping method after input-state scaling. Gen-
erally, the control problem of interest is to design adaptive output feedback controllers
up = up(n, x0,0),u; = uq (1, xo, X, @,y), u = v(n,xo,x, @,y) to make the components of
closed-loop system bounded and #(t), xo(t), x(t) converge to its equilibrium when t — oo
on the condition that the inverse dynamics 7 is iISS.

The rest of this paper is organized as follows. Section 2 presents the essential pre-
liminary results. An output feedback controller is provided in Section 3 with the aid of
Section 3.1 controller design for 1y and Section 3.2 controller design for ;. Section 4 ad-
dresses the switch control. Section 5 illustrates the effectiveness of the proposed algorithm.

2. Preliminary Results

Consider the following nonlinear control system
x = f(xu), xeR", ueh™ 2)

where u denotes the control input, x represents the state and f satisfying f(0,0) = Oisa
locally Lipschitz function. Next, let us recall several important definitions and propositions.
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Definition 1 ([18]). A continuous function ¥q : [0,a) — [0,00) is said to be a K-function if it
is strictly increasing and ¥1(0) = 0. The K-function ¥ is called a Keo-function if a = oo and
Y1(r) — coasr — oo.

Definition 2 ([18]). A continuous function ¥, : [0,a) x [0,00) — [0, 00) is said to be a KL-
function if, for every fixed s, the mapping ¥ (r,s) is a K-function with respect to r and, for every
fixed r, the mapping ¥, (r,s) is decreasing with respect to s and ¥ (r,s) — 0as s — co.

Definition 3 ([19]). System (2) is called integral input-to-state stable (ilSS) with respect to u, if
for any initial value x(0) € R" there always exist Koo-functions w, <y, and a KCL-function By such
that

d(x(®) < BallxOLD+ [ (o) ®

The definition of iISS could be equivalently illustrated by the Lyapunov function in
the following proposition.

Proposition 1 ([19]). System (2) is iISS if and only if there is a positive definite and proper function
V(x), referred to an iISS-Lyapunov function, such that

&(Ix‘) < V(X) < R(‘XD, (4)
?T‘;(x)f(x,u) < —p(lx) +v(|u)),

where o, @ and 7y are Keo-functions, B represents a positive definite continuous function.

Before the following proportion, there is a notation for simplicity that oy (s) = O(02(s))
denotes 01 (s) < coy(s) for some constant ¢ > 0 and any s in a small neighborhood of
the origin.

Proposition 2 ([20]). Consider the system (2) with an iISS-Lyapunov function V (x) satisfying
(4). If any smooth function 7t with the property 1%(s) = O(B(s)) is taken. And the additional

2
condition lim sup ”(—(SS)) < oo holds when B is bounded. Then there always exists a positive definite
S—r00
function o and a Ke-function w such that

[ 7 x@har < o(xO))+ [ @iz, ®
[ @ir(x@hic < a(x) + [ @@+ gu@Par. ©
Furthermore, if the iSS-gain -y satisfies y(s) = O(s?), so is w.

Now we start to investigate the nonholonomic system (1). Before the output controller
design, there are some commonly used hypotheses.

Assumption 1. There is a constraint of dq,- - - ,dy that di---d, = 1. Furthermore, for non-
linear vector function ¢ (1, xg), there exists a nonnegative smooth function ¢o (1, xo) such that

[$o (17, x0)| < |x0|o (77, %0)-

Assumption 2. There exist continuously differential matrix functions ¢ (ug, 1, xo, %) € RV™
(i =2,---,n)and continuous matrix functions ¢;(dy,- - - ,d,_1) € gemix! (i=2,---,n), where
X =[x, -, %) and
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Xl = X1,
i} . @)
X :dl---di_lxl-. 122,--~ N
such that (,bl-T(uo,;y,xo, x,dy, - ,dy_1)(i=2,---,n) satisfy 4>iT(u0,17,xo,X, di, - ,dp1) =
(ﬁf(uO/ 77/ X0, x) q)i(dll e /dn—1)~

Remark 1. Transformation (7) takes a major effect in tackling uncertainties in system (1). However,
the unknown parameters are brought into ¢! (ug, 17, x0,%) (i =2, -+ ,n) by (7). There is no doubt
that it becomes more complicated to estimate the uncertainties. So Assumption 2 plays an active
part in separating uncertainties out from ¢! (ug, 17, x0,%) (i =2, -+ ,n).

According to transformation (7) and Assumption 2, system (1) can be converted into:

1= q(1,x0),

to = doto + ¢ (17, %0)8,

%1 = up®o + ¢ (uo,m,x0,%1)6,
% = uo%is1 + ¢} (10,17, %0,%)0,
i=2,---,n—1

®)

fn = Uq + 4_)3;(”0/ 1, Xo, f)®n/

where ¢ (1o, 77, x0, 1) = ¢{ (10,17, X0, 1), @i = dy - - -di_19;(do, - - ,dp1)0 € R"¥1(2 <
i<n).

3. Output Feedback Controller

For system (8), an adaptive output feedback controller will be designed via input-state
scaling transformation and backstepping technique. In detail, this system will be divided
into two subsystems around its inherent structure. First, u(y will be designed to stabilize the
(17, x0)-subsystem under the condition that 7 is iISS. And then, the stability of ¥ —subsystem
is guaranteed by controller u;(t) to be framed later. For clarity, the discussion will be
separated into two categories: x¢(0) = 0 and x((0) # 0. This section is concerned with the
condition of x((0) # 0.

3.1. Controller Design for g

For subsystem

= q(y,x0), ©)
%0 doug + ¢ (17, x0)96, (10)

the following sufficient conditions are required:
(A1) System (9) is iISS, i.e., there is an iISS-Lyapunov function V' (#), such that

a([n]) < Vv(n) <a(lnl),

a‘gi(j)qw/xo) < —B(nl) +r(Ixol), o

where &, & and 7y are K-functions, B represents a positive definite continuous function.
(A2) There is two unknown positive constants pg;, po2, and two known positive
semidefinite smooth functions ¢p1, ¢op such that

g (17,x0)00] < porgpor (|xol, 1Bol) + poagpoz(I]), (12)
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where § denotes the estimate of unknown parameter 6 in xg-subsystem;  is the corre-

sponding estimate error and satisfies 8y = 6 — 6. Then controller 1y and adaptive law 6o
are given in the succeeding theorem.

Theorem 1. Suppose that the conditions A1) and A2) hold with the properties §3,(s) = O(B(s))
and y(s) = O(s?). When B is bounded, there is lim sup #5() < oo. If the control law and

500 PE)

adaptive law are chosen as:

uy = —CdoK(po(Xo,éo)Xo, KZFQD()(JCO,@())X%, K(0)>0, (13)

b = xopo(11,x0) = Bo, (14)

then by appropriately selecting positive smooth function ¢g and positive parameters c, T, we obtain:
(i) the solution of the closed-loop system (9), (10), (13) and (14) are well-defined and bounded
over [0, 00).
(ii)For any initial states,

tim (Jxo(8)| + [ ()] + (D)) = 0. (15)

Proof. (i) For subsystem (10), a candidate Lyapunov function is chosen as Vy(xg) = %x% =+
%53 0. The time derivative of V(xo) along trajectories (10), (13) and (14) is granted by

Vo(xo) = xo(—cd3rgo(xo,00)x0 + g (11, %0) (8o + o)) + 6 6
= —cd%xgoo(xo, Go)xé + xo(,bg(iy, x0)00
< —cdgrgo(xo,80)x§ + por|xoldor (1x0l, 180]) + pozlxoldoz(I7])- (16)

According to Proposition 2, we can achieve

[ @ lga(n@hir < (@) + [ wolxo@hiz, 17

where 0y is a positive definite function, wy € K« and satisfies wp(s) = O(s?). Select a
positive smooth function ¢( such that

x§po(x0,00) > max{|xo|oi(|xol, [6o]), wo(|xo0l), 7 (|x0l)}- (18)

The existence of function ¢q is guaranteed by the fact that ¢¢; is a positive semidefinite
smooth function, wy and  are K- functions. Then with (13), (18) and (16) can be rewritten as

. c . .
Voo < —fdé’f'“r%K+Poz|xo|¢oz(|77|)- (19)
Integrating both side of (19), it yields
Vo(t) — Vo(0) < —%d%xz(t) + Mm) +b, (20)

where b = £d32(0) — BLER2(0) + poacn([5(0)])-

It is assumed that the solutions of the closed-loop system are defined on a right-
maximal interval [0, T) with 0 < T < oco. k() will be proved to be bounded on [0, T) by
contradiction. Suppose that x(t) is unbounded. Since %(t) > 0 that x(¢) is an increasing
function and x(t) — co when t — co. Upon division of both side of (20), we obtain

—W(0)—b  por+ po € o
0 T < ﬁdoK (1). (21)
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Obviously, the left hand of (21) tends to a finite number while the right tends to —cc. It
leads to a contradiction. Therefore, It reveals that «(t) is bounded on [0, T).

According to (13) and (18) and the boundness of x(t), it easily draw a conclusion that
fo (|xo(7)|)dT is bounded on interval [0, T). Moreover, using (11), it follows that # defined
on 1nterval [0 T) is bounded. Based on (20) and the boundness of x, we also obtain that x
and ) are bounded. Finally, T = co can be similarly proved by the proof of Proposition 6
in [21]. The proof of (i) is completed.

(ii) The boundness of x((t) and %o(t) imply that y(|xo(t)|) is uniformly continu-
ous on [0,00). Furthermore, the property [;~ 7(|xo(7)|)dT and Barbalat Lemma yield
lim 'y(|xo( )]) = 0. This, in turn, indicates tll)noio |xo(t)] = 0, tli)n;o lug(t)] = 0. Then, by

applymg Jo 7(|xo(7)])dT and Proposition 6 in [21], it follows that 7 — 0 as t — co. Finally,
the whole proof of Theorem 1 is completed. [

Remark 2. If a nonnegative function is chosen as Wy(xg) = %xg, its time derivative could be
arranged into the form of Wy(xg) > Wo(x0)A(t) coupled with (13) and Assumption 1, where
At) = —2(cd2K(p0(x0, 00) + go(17,x0)|6]). Then, it is easy to note that Wo(xo(t)) > Wo(x0(0))
exp fo T)dt) > 0by Comparison Lemma. In this case, we arrive at a straightforward conclusion
that ug(t) # 0 when xo(0) # 0. As a result, it is of interest to interpret that the input-state
technique to be introduced below is available.

From the above analysis, we are actually aware that the state of xo-subsystem could be
regulated to zero. But ¥-subsystem is uncontrollable. In order to avoid this phenomenon, a
discontinuous input-state scaling transformation is proposed:

Xi

zi = —,i=1-,n—=1 zy =X (22)
o

Under the z coordination, ¥-subsystem is rearranged into

21:22—(n—1)f1 (n—l)f2219~|—lp1(uo,q,xo,zl)e
zi:ziﬂ—(n—z')i—;zi (n—z)fzzewz (o sz 28 ()

i=2,. o n—1
8 T
Zp = U +lpn (u()r’?/x()rzl/' o 1Zn)®n1

where fl = all()dou + auoﬁO + auorq)o(x()/ eo)x()/ f2 = 31718475(77/ xO)/ llJ’]T(uO/ 1, xO/Zl) =

@1 (uo,1,%0,%1) T (ug,%0,%)
Tﬂ/}i (u()/r]/xO/Zl/"'/Zn) ’IT, 1i=2,--

.M.

3.2. Controller Design for uq

Since states x(, x1 are measurable and u is definitely given by Theorem 1 that state z;
which is obtained by transformations z; = ¥1 = x7 is measurable. Therefore, a

0
reduced-order state observer could be proposed for system (23). For notation convenience,
we covert the (zp, - - - ,z,)-subsystem into its compact form:

z = (A- f—lL)z + bup — QQLZ +y’e, (24)
Up Uup
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z o, 00 1 00 0
wherez = | [, @=| : [A=] [ Pofb= e =
Z o, 00 0 01 (1)
000 --- 00
n-2 0 - 00
g2 0 o 0 0 n-3 --- 00
0 %T .0
) ) . ,L = : : . ¢ |. Inaddition, 2, - , 2, de-
s : 0 0o -~ 10
oo T
0 0 ¥ 0 0 --- 00

note the estimate of states zp,- - - ,z,. e is the estimate error and satisfies the equation
e =col(zy, - ,zn) —col(Za, -+ ,2n). §and © represent the estimates of 6 and ©. § and
© are the responding estimate errors, and satisfy 6=0-06,0=0-0, respectively.
T (uo,1,x0,21,22, - -+ ,2n) is the estimate of P (ug, 1, X0,21,22, - - - ,2n)- It is certainly use-
ful to make several assumptions in the following part.

Assumption 3. There are continuous bounded matrix functions K1 (t) € R"=1Dx1=1) K, (t) e
RO=Dx(1=1) 7, (1) € RUDX Hy(t) € RUDXE2 M such that %GLZ — %éLﬁ = Kq(t)e+
Hy ()8, 7O — $TO = Ky(t)e + Hy(t)®, and Hy(t) — 0, Hy(t) — 0, when t — o,

Assumption 4. Matrix A — %L — K1 (t) 4+ Ka(t) is negative definite, which makes the following
n — 1 dimension reduced-order state observer feasible .

We now establish the n — 1 dimension reduced-order state observer

- (A_i:iL)erbul—Z—zéL2+t/fT@+§1Té—§2T®, (25)
0 0
where [T = [T10,+,01n)T € ROV and ¢ = (70, , ou|T € RIVXEi2mi are,

respectively, generated by

Ol = (A- %L —Ki(t) + Ka (1)1 " — Hy(t),
(26)
&' = (A- I%L — Ki(t) + Ka(1)) 22" — Ha(1).

Under the condition of (24), (25) and Assumption 3, we obtain the following differential
equation of observer error vector ¢ after a simple manipulator

¢ = (A-Liok e mei+ BnOo-div o @)

If we perform & = e — {10 + {1 © and substitute (26) into it, a new differential equation is
achieved

& = Ag (28)

where A = A — %L — Ki(t) + Ky (t). Furthermore, according to Assumption 4, a positive
parameter ¢ is properly chosen such that the following linear matrix inequality(LMI) holds

PA+ATP+Z(S—11 < -0 (29)

where P, Q are positive definite matrix; I denotes identity matrix. Now we can rewrite the
feedback control system into
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&= Az,

o a s A TE AT nh 2 T

21 =2+ &+ 10 — 50 — (n 1)u021 (n 1) 219+9”19
ﬁzz‘l“f(n—z)fl (nfl)f2A9+<D®+Ch€ iré, (30)

i=2,--,n—1
Z.\l’l == ul +¢n®_§gn®,
where ®; = [0,---,0,9,0,---,0],i =2, ,n.

Remark 3. There are always solutions for LMI (29) by appropriately choosing 6. For example, if
matrix Q > 0 is arbitrarily given, we can select a suitable 6 so that a positive definite matrix P
exists and satisfies inequality (29). On the other hand, we can also solve the inequality (29) by LMI
tool box. According to Schur Lemma [22], (29) can be rewritten into its LMI form

PA+ATP+Q I
<
( ! i) ) 0. (31)

Then we can arrive at P, Q by LMI toolbox in Matlab.

Now, we are in a position to sketch the controller of the system (30) based on the
backstepping technique.

Step 1. Consider (¢, ¢;)-subsystem and define new state variables ¢; = z1, § =
2y — wq, where a1 (7, xo, 0o, «, G1, é) is applied as a virtual control input. Our candidate
Lyapunov function is introduced as

v, = é'pe+ 1@% +lgrg lere (32)
2 2 2
Then its derivative V| with respect to t is
Vl = éT(PA+ATP)E+§1§2+§1(a1—(n—l)%él—(n— )fZg 9+lpl )+§1€~2
T+ i~ (- DG+ 5in) + 070 - 2122 )

Using the property of perfect square yields {18, < %(5 ~1eTe + §¢2. If virtual control law

and tuning functions 1, T of adaptive control law 9, ® are picked as
a0 = —plgl—éél—i—(n—l)%él—i—(n )f2§19 ¥io, (34)

G181 — (n— 1)§2f2 +¢1p1, T = —C102, (35)

B1

where p; > 0, then V; is rendered into
. _ _ 1 P 2 ~ X
v, < e (PA+ATP+ Z(5—11)5 — B+ EEH+OTO4B1)+OT(O+T7). (36)

It is obvious that a1 (17, xo, fo, x, &1, 8) is a smooth function and satisfies a (0,0, 6, x,0,8) = 0.
Stepi 2 < i < n—1). For system (¢, --,{;), redefine state variable ;1 =

2i11 — a;, where a;(17, xo, B9, x, G100, G 0, @) is the virtual control input to be designed in

step i. Before step i, we have already received the smooth virtual control input a; 1 and
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Vo <@ (PA+ATP 4 o 116*ZP]§]+61 18+ 070+ Bioa) + 0T (O + 7). (37)

Now, we augment V;_; with a quadratic term of state ¢; to acquire the Lyapunov function
V; = Vi1 + 3¢ Its derivative is

o i—1
Vi <&l (PA+ATP+ — =6~ 11e—2p]§ + 8iGie1 + 8l + G 1—<n—z)fl—;<@+ai_1>
) A A A A on;_ A O
—(n— l)§(§i+ai_1)6+¢i®+§£6—§gj La(y, xo)—aé(douomge)— =g,
0 X0 a6y
on;_ on; Boc
- gyt - Gt @ m - - D2 e - -0 20+ yTo) - 2 Sy 8)
' f1 sz 3061 14 3061 16 alxz L1 g7

aﬂél 1 ale 1

R e <§z—<n—z>¢1f2 +¢1>>+@T<®+n_1+aa§éllgzz>.

With the help of perfect square property, it holds

on;_q 5 1 g1 i 1\2»
— < = :
Ci—=a o, < 4(5 e e+§( 3, ) Gis (39)
We will attempt to employ the following control law «; and tuning functions to cope

with (38)

81xi 1

2
wi =pii—( S5 é‘i*CHJr(n*i)%(é‘iﬂéﬂ)ﬂ"* )f (E+ai1)8- 2071

E)le 1

+ % gnlﬂ(ﬂrxo)ﬂLgTol(douo-HPg@ /5 + a ag L@+
~-0 8 - - 26 yTo) +Z 5 (5 - <nf]>ﬁ2] (n - 220
A A A a“l a A
+ @0+ 1,6 - 5,0) + 6919+ a@)l@’
Br= piy — & gy i1 1(§1z—(”—1)§1f2 ), =T G, (41)
1 i— i ax i E)@ i—1 1 ag ’

where p; > 0. It is interesting to note that a; (1, xo, 0o, &, -+ ,Ci,0, @) is a smooth function
and satisfies «;(0,0,6p,0,- - - ,0,6, @) = 0. Eventually, in view of (39)—(41), it is easy to show
that

. i . . .
v, < éT(PA+ATP+ié*I)é— Y PG+ 8 +07(0+B) +OT(O+1). (42)
j=1

Step n. Investigate the system (&, &1, - - - , &n ), where state variable ¢, = 2, — a1, the
smooth virtual control input &, _1 (7, xo, 6o, 1,0, Cnl1, 0, @) is already designed in step
n — 1. The basic idea of step n is to exploit the real control law u1 and adaptive laws 6, © to
guarantee that the derivative of the suitable Lyapunov function is nonpositive. Now let us
introduce the augmented candidate Lyapunov function V, = V,,_1 + 1Z2. With repeated
application of V,,_1, its time derivative along trajectory is
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V,<é

B _ n— 1 B . n—1 ~ A
T(PA+ATP+T§ "Ne= Y pigi+En(n+31+2n0-73,
j=1

on,_
8"17 Lq (17, x0)

ooy 1 _»aanfl 2 day 1 o Ii .
douo + ¢ ) 260 Po— =5, Toxg o, (C2tar—(n 1)u0§1 (n
ot A
L %5t Gt — (e e+l - o) )
a“n 1 A awn 1~ AT a“n 1 a“n—l
8@ ) ‘:n a(’; 2+ 0 (9+ﬁn 1 f:n 470 Cnﬁ(éu

m—n-ﬁ+¢m+®ﬁ®+ml+a“"%m

%1

Similarly, by the choice of control law

o, _ 2 A A o, _ A
u1=—pncn—5( ag 1) & = Gu 1~ ®uO+], Hq(1,%0) + 5= (dowo + 956)
day, B f1 B Q A TA
P —Po + ag L& +a—(n 1) 61— (n 1)u0§19+¢19) (44)
"1 on, 4, R 00,1 A
+) Ll(zjﬂ (n— ])ﬂz] (n— ])Qzﬂ%—@ @4—51]9 @2] 9) + 89 a"®1®,

where p, > 0, and adaptive laws

oy 1
a1

O = 71+ “g S, (45)

the time derivative becomes V,, < —é1 Qé — Z;‘:l p]-cj]2 and is guaranteed to be nonpositive.

aan 1

0 Bu-1—Cn—— 4>0 n (C12 (”—1)§1f2 + 1),

The analysis of the adaptive controller will be further extended into the following
theorem.

Theorem 2. For x-system in (1), if the controller and adaptive controllers are established as (44)
and (45) under the assumption of 3 and 4, then the x-system is globally requlated at the origin when

x0(0) # 0.

Proof. Under Theorem 1, we can conclude that tlim x9 = 0. Then for subsystem (30),
—» 00
it is easy to testify that &,z1,2; (i = 2,---,n), 0,0 are bounded and tlim(\é| + |z1| +
— 00

Y7 5 |2i]) = 0. Inturn, the fact thaté = e — {10+ (1O, e = col(za, - ,zn) —col (2, -+, 2n),
Assumption 4 and (26) implies hm (|e| + Y7 |zi]) = 0. Finally, frorn the transformatlons
(7) and (22), we can prove that thm Y1 |xi| = 0. So the x-system is globally regulated at

—00

the origin when x((0) # 0. O

4. Switching Controller

As we all know, ug is commonly applied as a constant controller in multiple works
when x(0) = 0. However, in this paper, due to the nonlinearity ¢] (17, x0)6 in the first
equation of (8), finite escape may occur in subsystem x(. To avoid this phenomenon, we set
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ug = —cdoxeo(xo,00)x0 + 10,
if —cdoreo(xo,00)x0+ 1o > up
ug = —cdoko(xo,00)xo, else (46)

k= Too(xo,00)x3,

b = xoo(n,x0),

where 0 < uj; < 19. The positive constant g in ug drives the state x((t) away from zero.
Assuming that t = t* when ug = uj, it can be known that x((t) is bounded for 0 < t < t*.
We also learn that xo(t) is bounded and tli_>r£10(|x0( )+ 17(t)] + |uog(t)]) = 0 for t > t*
according to the similar procedure of proof in theorem 1. Therefore, xo(t) will not blow up
under the control (46) when x((0) = 0. Next, it is easy to show that x((t) does not cross
zero by the fact of Remark 2. Meanwhile, the control input u1 (t) is essentially designed as
same as the case of xy(0) # 0.
The above analysis is summarized into the following theorem.

Theorem 3. For system (8), if the control inputs and adaptive controllers are organized as (46),

Uy = uj‘(uo, 1,%0,2, 9,@),9 = B 0= T,; under assumptions listed above, then the reconstructed
closed-loop system is globally requlated at the origin when x((0) = 0.

5. Simulation Example

In this section, a three-dimensional nonholonomic system with iISS inverse dynamics
is proposed to illustrate the effectiveness of the derived control laws.

. _n
= +x3,
. 1 1 Ui
Xg = dou() + Exo + EXOW, (47)
X1 = dyugxy +0x3,
X = doup—xy,

where 0 is an unknown parameter. The original goal of this simulation is to design control
inputs 1y, uy such that (r(t),xo(t),x1(t), x2(t)) — 0 when t — oo. There is no loss of
generality in assuming initial state xo(0) nonzero. Then system (47) is further divided into
two subsystems:

T = 7 —f n? 3,
Xo = doug+ %xo + ;xoljnz’ 48)
and
X = diugxy + 613,
Xy = dauy —xa, (49)

For system (48), it can be drawn a conclusion that the inverse dynamics 17 = -1 +72 +

x3 is iISS, not ISS. In fact, choosing V(17) = In(1 + 5?), it is easy to testify that V() <
—B(711) + v(|x0]), with B(|5|) = 1+”2 2 Y ¥(]x0|) = x3. Obviously, B is merely a positive

definite continuous function, not belongs to K«-function. Then according to theorem 1,
the control law is constructed as 1y = —cdok@o(xg)xo, &k = F(po(xo)xg. The parameters
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are pickedupasc = 0.1,dy = 1, ¢9 = 10, I' = 0.1. For system (49), it can be converted
into Z; = zp — z—gzl + Guoz%, Zp = U] — 2z by coordinate transformation (7) and (22). A
reduced-order observer is proposed by 2, = u1 — ;. Define the error e = z; — 2, and it
satisfies ¢ = —e. Apparently, assumptions all hold. Then control inputs u; and adaptive

law 0 are obtained by the similar procedure of Section 3.2.

In this paper, a simulation is carried out based on the Matlab software of a 64-bit
operation computer. Some values are set as k1 = 2, ko = 2,d; = 2, dp = 0.5 and the initial
condition is (7(0), x0(0),z1(0),22(0),8(0),e(0),x(0)) = (-0.3,-1,0.4,-0.3,-1,0.1, 0.3).
Figure 1 depicts the control inputs designed by Theorem 1 and the reduced-order state
observer-based backstepping method. The adaptive estimation of the parameter 6 is given
in Figure 2. It can be observed that the parameter estimation keeps stable after 0.15 s and
nearly converges to its actual value. Figure 3 shows the inverse dynamic and states. As
studied, 77 and xg are regulated to their original equilibriums after 5 s under the controller
ug. The states x; and x; are stable after 0.5 s under the controller u;. This phenomenon
is consistent with the tendency of controllers to some extent and the effectiveness of the
proposed strategies is also shown.

control input ug

control input u;

500

-500 1

-1000 [

Uy

-1500 [

-2000

-2500
0

Figure 1. The control inputs 1y and u;.

-0.9965 T

-0.997 - 4

-0.9975 — -

-0.998 - -

-0.9985 -

-0.999 - T

-0.9995 — -

Figure 2. The unknown parameter estimation.
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0.6

0.4

0.2

1

Figure 3. The corresponding states of the systems.

0.8

0.6

02r

-0.2

Figure 4. The control inputs 1y and 17 without inverse dynamics.

t(s)

To

Ty

-0.5

-0.1

-0.2

-0.3

-0.4

o

To comprehensively illustrate the influence of the iISS inverse dynamics, a simulation
is performed in a system without inverse dynamics. Figures 4—6 are controllers, parameter
estimation, states, and errors between z; and desired values, respectively. It can be noticed
from Figure 6 that all the states converge to their equilibriums at similar times. Thus, it can
be seen that the inverse dynamic affects the convergence time of the system.

Uy

100

-100

-200

-300

-400

-500

-600

— 1y

[\'

0.5

-05

2.5
t(s)

4.5 5

Figure 5. The unknown parameter estimation without inverse dynamics.
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Figure 6. The system states without inverse dynamics.

6. Conclusions

In this paper, an adaptive output controller is designed for a class of nonholonomic
chained systems with iISS inverse dynamics. Specifically, the nonholonomic system sub-
jected to unknown virtual control directions and parameter uncertainty is divided into two
subsystems. Two different controllers are designed for avoiding state finite escape and
adaptive control objectives. One controller is designed by a switch strategy. Another is
designed by combining a reduced-order state observer and backstepping method. How-
ever, there are still some problems unsolved in our work. Our future research will focus
on more general nonholonomic systems with modeling uncertainties and environmental
disturbances. And another coming issue is to take nonholonomic systems with iISS inverse
dynamics and time delay into account.
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