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Abstract: This paper investigates the problem of formation fault-tolerant control of multiple quadro-
tors (QRs) for a mobile sensing oriented application. The QRs subject to faults, input saturation and
time-varying delays can be controlled to perform a target-enclosing and covering task while guaran-
teeing the state constraints will not be exceeded. A distributed formation control scheme is proposed,
using a radial basis function neural network (RBFNN)-based time-delay position controller and an
adaptive fault-tolerant attitude controller. The Lyapunov-Krasovskii approach is used to analyze the
time-varying delay. Barrier Lyapunov function is deployed to handle the prescribed constraints, and
an auxiliary system combined with a command filter is designed to resolve the saturation problem.
An RBFNN and adaptive estimators are deployed to provide estimates of disturbances, fault signals
and uncertainties. It is proven that all the closed-loop signals are bounded under the proposed
protocol, while the prescribed constraints will not be violated, which enhances the flight safety and
QR formation’s applicability. Comparative simulations based on application scenarios further verify
the effectiveness of the proposed method.

Keywords: time-varying formation; time-delay; RBFNN; fault-tolerant control; adaptive control;
state constraint

1. Introduction

Formation control technology, which is based on the theory of multi-agent systems
(MAS), enables multiple unmanned aerial vehicles (UAVs) to efficiently complete a shared
task and is widely used in aerial mapping, atmospheric environment monitoring and even
coordinated military missions [1-3].

As a typical small-scale UAV, quadrotor (QR) is qualified to be a formation platform for
a variety of applications due to its simple structure, strong maneuverability and hovering
capability [4], particularly for mobile sensing tasks, such as target-enclosing and covering,
which have been studied by several works so far. The main purpose of the former was
to control several mobile sensors to rotate around or above a detected target to obtain
detailed information from all angles [5-7]. The objective of the latter was to optimize the
deployment location of multiple sensors to achieve effective coverage of the interest area,
where the methods are mainly Voronoi partitioning-based [8,9], coverage cost function-
based [10], K-means-based [11] and reinforcement learning-based [12]. However, these
methods cannot be directly applied to small-scale aerial platforms due to the contradiction
between the complex location optimization algorithms and limited computing resources.
In this paper, a consensus-based formation controller was designed. The UAV’s movement
and placement can be directly and flexibly set by time-varying formation functions and
virtual leader trajectory, which ensures that the mobile sensing task, including the above
two, can be performed when the formation tracking is realized by QR members.
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With the expansion of formation technology applications, formation operation reliabil-
ity has become more prominent, with the fault-tolerant control (FTC) being one of the most
important factors. Due to the possibility of a topological chain reaction [13,14], a formation
composed of multiple interconnected individuals is more susceptible to malfunction effects
than a single system. In recent years, formation FTC has garnered considerable interest,
and typical methods can be categorized as either active or passive. In the active FTC design,
actuator faults are diagnosed, and parameters can be reconfigured online to achieve the
desired performance [15]. An iterative learning observer-based reconstructive-FTC protocol
for spacecraft formation was designed in [16]. A reinforcement learning-based data-driven
active FTC method for multiple QRs was studied in [17]. However, active FTC approaches
are also difficult to implement with small UAVs due to their complexity and high com-
putational requirements. In contrast, the passive FTC requires less computational power
due to its algorithm’s simplicity [18,19]. The actuator fault effect for multiple aircraft is
addressed in [20] using an adaptive He scheme. A projection-based adaptive FIC protocol
was proposed in [21] for a group of UAV formation systems. In [22], a sliding mode-based
adaptive FTC scheme for a heterogeneous MAS is presented. Taking into account the
limited computing resources of QRs, the adaptive FTC method is adopted in this paper,
which is one of the state-of-the-art FTC methods.

Even though UAV formation FTC has made significant progress, there are still prob-
lems, obstacles and limitations to its practical application. The fact that practical engineering
systems have limitations is one of them. On the one hand, due to the hardware’s physi-
cal limitations, the control forces and torques generated by UAV actuators are naturally
constrained, also known as the saturation phenomenon, which may result in a decline
in performance [23]. In [24], anti-windup compensators are employed against input sat-
urations of a linear MAS. In [25], an auxiliary dynamic system is introduced to address
the saturation problem for multiple UAVs. On the other hand, due to safe operation or
system-specific requirements, certain UAV system states must be constrained. For example,
Some sensor payloads that directly attached to the UAV frame require that the UAV’s
attitude angular velocity be constrained within the sensor’s allowed range, and the pan-
tilt-zoom (PTZ) system used to stabilize optical sensors also has constraint requirements on
UAV’s attitude states [26]. Such consideration is crucial, particularly when actuator faults
exist and may result in constraints being violated. According to [27], the associated state
constraint problem for a second-order MAS was resolved using a combination of the barrier
function and sliding mode control technique. According to [28], motion and visibility
constraint problems for multiple robots were resolved by planning a feasible trajectory. By
employing performance function and error transformation, Ref. [29] solved the field of
view constraint problem for mobile robots formation. However, without modifying the
control structure, the methods in [27-29] cannot be applied to unconstrained scenarios.
Moreover, the aforementioned two types of constraints are typically studied separately and
have never been investigated simultaneously in the formation FTC domain.

In addition, due to the formation network’s limited communication capabilities, time
delays are unavoidable, which may reduce system performance [30,31]. Based on LMIs
theory, Ref. [32] solved the equality communication time delay problem for a group of
UAVs. By developing the Lyapunov—Krasovskii (L-K) function, Ref. [33] addressed time-
varying delay problem for a 2nd-order MAS. By applying generalized Halanay inequality,
Ref. [34] investigated the formation tracking control of 2nd-order MAS with time-varying
delays. However, the formation configuration cannot be adjusted dynamically in these
works, limiting the application scope. In addition, wind disturbance has a significant
impact on the movement of small UAVs in the real world, particularly when the modeling
is inaccurate. To circumvent this issue, the mainstream techniques typically include neural
networks estimators [35-37], nonlinear observers [38,39] and adaptive estimators [40,41],
etc. On the basis of the aforementioned factors, we neutralize the effect of disturbances,
uncertainties and time-varying communication delays and achieve precise control of time-
varying formations.
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In light of the aforementioned obstacles, we propose a novel QR formation FTC
framework for a mobile sensing oriented application. The main contribution of this work
is threefold. Firstly, based on a distributed adaptive FTC mechanism, the effect of time-
varying multiplicative and additive faults can be effectively compensated for each QR,
and the desired formation flight can still be achieved. Secondly, by applying the barrier
Lyapunov function (BLF) technique and designing an auxiliary system, the attitude states
of QRs can be constrained in the presence of input saturation, and our BLF analysis
can also be applied to unconstrained scenarios without modifying the control structure.
Compared to the methods in [27-29], the scope of application is expanded. Thirdly, the
time-varying delay of each QR is different. Only delayed neighbor information is needed to
realize formation flight; that is, the proposed protocol is distributed, and the time-varying
formation configuration can be flexibly designed to adapt to target enclosing, area covering
and other scenarios. Meanwhile, the disturbances and uncertainties are handled properly
by radial basis function neural network (RBFNN) and an adaptive estimator; the application
restrictions in real-word environments are relaxed compared to [32-34].

Notations : Let a ® b denote the Kronecker product of matrices a and b, and 0,,;,,(e)
and 0.y () indicate the minimum and maximum singular value of a matrix. We denote
|e| as the absolute value of a real number, ||e|| the Euclidean norm of a vector and ||e||r the
Frobenius norm of a matrix.

2. Preliminaries and Problem Formulation
2.1. Basic Concepts on Graph Theory

An undirected graph G = {V, £, W} represents the communication topology of the N
QRs, which contains a setof nodes V = {1, 42, ..., qn }, asetof edges £ C {(q;,4;) : qi,9; € V}
and a weighted adjacency matrix W = [a;] € RN*N_If agent i is connected by an
edge with agent j, that is (g;,9;) € &, then a;; = a;; > 0. Otherwise a;; = a; = 0,
and a;; = Oforalli € £ = {1,2,...,N}. The set of neighbors of node g; is defined by
Ni={q; € V: (4i,q;) € £}. The out-degree of node g; is defined by Degout(q;) = Ljen; ij-
The degree matrix of graph G is represented by D = diag{Degout(q;),i € £}, and the Lapla-
cian matrix of graph G is represented by £ = D — W. The undirected graph § is said to be
connected if a path exists between any two nodes g;,q; € V, where the path represents a
series of diverse adjacent points from g; to g;. If g; can access information from the leader,
then the connection weight between them b; > 0. Otherwise b; = 0, and the matrix form is
B = diag{by, b, ..., bx }. Throughout this brief, the following assumption is made for the
communication topology.

Assumption 1. The undirected graph for N QRs is connected, and there exists at least one path
between the leader and follower.

2.2. Problem Formulation and Modeling

Consider a group of N QRs following a virtual leader labeled as 0, of which the
interaction topology is described by an undirected graph G; it is assumed that graph
G is connected. Taking practical factors into account, the dynamic model of QR can be
formulated by using Newton’s laws [42]:

P =V,
Vi = —ges + Ritles + Fip(P;, Vi, 1)

{Ai = R;Q); @)

O; = AFFp + 7 'Uip + Dig
where i € £, P, = [Py, Pp, P3lT, V; = [Vi1, Vip, Vis]T and A; = [¢;,0;, 4] are position,

velocity and attitude of the i-th QR in inertia frame, respectively. Q; = [p;, q;,;]T repre-
sents the angular velocity in a body-fixed frame. In addition, m; and J; = diag{ Jxis Jyis ]zi}
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represents the total mass and inertia matrix, respectively. T; represents the total thrust,
e3 = [0,0,1]" and g represents the gravity constant, and Fp(P;, V;,t) = [fi, fio, fi3]" rep-
resents the lumped uncertainty term including disturbance and inaccurate modeling in
(). Fa = —J7'S(0)]iQ — J; 'KipQy, Kip = diag{Kj1p,Kinp, Kizp } represents the aero-
dynamic damping coefficient. Ujs = [Uja, Uipa, Uizal T represent the control input torque.
Unknown time-varying function AF; € R**3 and D; 4 represent parameter perturbation
and external disturbance in (2), respectively. Rj;, R;, and S(Q;) are shown below:

Co:Cpi S0;CpiSpi — S 59,CiCpy + S Sy
Ry = |cosy  So,Sy:Spi +CpiCor 50,Sy:Cop — CyiSo |

56 Co;5¢: Co;Ce;
1 Cgi S,piS@i C,piS@x. 0 =t qi
Rm‘ = Cf 0 C(pngl. *S(Pngi ,S(QZ) = ri 0 *pi ,
6; 0 S‘Pi C‘Pi —{qi pi 0

where s, = sin(x), c(4) £ cos(*).
The model of input saturation is expressed as follows:

Uir, if Ugar > Upn
Uika = § Uikar, if UL < Ugar < U (3)
Uik, if Uar < Ui

where k = 1,2,3, Uisr(t) = [Upar, Unar, Ui ar]T € R3 represents the control input free
from limits but subject to actuator faults, which are expressed as follows

Uiap(t) = Ti(H)Uiac(t) + 6;(t) (4)

where J;(t) = [0i1,6,03]7 € R® and T;(t) = diag{T;1,Tip, Ti3} € R*>*3 are time-varying
additive and multiplicative actuator faults, respectively. U;oc(t) € R is generated by the
attitude controller to be designed.

Considering that most sensors and PTZ systems have constraint requirements for
rotational motion, the attitude states of QRs will be constrained and are defined as follows

{|Ai|| <Calt) )
19| < Cin(t)
where C;,,(t) € R,m = 1,2 represents the time-varying constraints.
The formation center is regarded as the virtual leader, which is specified by Py = %Zf\[ p;,
and its trajectory is Py = [Py4(t), Pay(t), P34(t)]T, which is piecewise 2nd-order differentiable.
The time-varying formation pattern is set by a vector Ap(t) = [Al(t), Al (t),..., AL(H)]T
with the geometric center set as Ag = %Z{\’ A;(t), where A; = [An(t), An(t), Ais(t)]T,
i=1,---,N, Aj(t) are 2nd-order differentiable functions defining the motion mode of i-th
QR with respect to the geometric center, k = 1,2, 3. Based on consensus theory, we give the
following definition:

Definition 1. The formation tracking flight is said to be achieved when

lim; oo (P; — P;) = Ay, Vi, j € X
lim¢ 00 Py = Py

where Aij = Ai — A]
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Except the communication delay T;;(t) between i-th QR and j-th QR, this paper also
considers the self delay T;(t) of i-th QR caused by calculation or measurement. T;(t)
and T;;(t) are generally regarded as uniform delay 7;(t) in the MAS consensus control
problem [43].

Assumption 2. The time-varying delay has upper bound, that is, T; < Ty, i € 2.

2.3. Control Objective

As depicted in Figure 1, the objective of this work is to design a formation control
scheme for the QR mobile sensing platforms to perform the following tasks. The first one is
a covering task, in which the QRs can follow the virtual leader to track a moving target
and fully cover the target’s adjacent area to carry out sensing or surveillance. The second
task is target enclosing, in which the QRs can be controlled to gather and rotate above
the moving target to monitor or observe it. The detailed control objectives of proposed
formation control protocol are as follows:

¢  Consensus-based time-varying formation control protocol (10) is designed based on
the demands of the target-enclosing and covering tasks;

e Distributed adaptive FTC mechanism is deployed to compensate the fault signals (4);
¢ BLF and auxiliary system are designed to ensure that the constraint requirements
(5) of sensor payload will not be violated in the presence of input saturation (3);

*  The influence of time-varying communication delay 7; can be eliminated by the

LK technique;
*  The problem of uncertainties and disturbances in (1) and (2) can be neutralized RBENN
(12) and adaptive estimators (49).

Target adjacent area fully coverage Target enclosing

Figure 1. Depiction of the target-enclosing and covering task.

3. Main Results

The desired formation control scheme is proposed in Figure 2, which can be divided
into a RBFNN-based time-delay position controller (NTDPC) (outer-loop) and an adaptive
fault-tolerant attitude controller (AFTAC) (inner-loop). The inputs of outer-loop, including
time-delayed neighbor information (Pj, Vj7)jecn;, time-delayed self information Pi, Vi
and time-delayed leader information P;;, Ar; are entered to NTDPC. In the mean time,
the lumped uncertainties Fip(P;, V;, t) are compensated by the RBFNN approximation
law. Then, the command attitude signals ¢;c, 0;c and total thrust Tjc are calculated from
the outputs of NTDPC. The inputs of inner-loop, including command attitude signals
¢ic, Oic, Yic, are transferred to AFTAC. Meanwhile, the external disturbances D; 4, actuator
faults I';, ; and model uncertainties AF; are compensated by adaptive estimation laws.
Finally, the control inputs U;4 and T;; are applied to i-th OR for formation flight. It should
be pointed out that the derivatives of ¢;c, 6;c are obtained from Command Filter_1 for the
sake of reducing computational burden.
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NTDPC

REFNN | (Outer-loop)
Fip(P, Vi, 0)

U;p Command |\;q, 0ia

[ Position Atitude& Thrust
| Control Calculation
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- ¢ Quadrotor [
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I
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U

D
Ziy a

i-th
Quadrotor
Attitude Model

AFTAC

(Inner-loop)

Figure 2. Block diagram of proposed formation control scheme scheme.

3.1. RBENN Approximation

Suppose an unknown smooth nonlinear function f(x) : R™ — R can be approximated
over a prescribed compact set Zg € R as follows

flx) =WT¥(x) +e (7)

where ¥(x) = [¢1(x), -, ¥;(x)]T : Zr — R! denotes the radial basis function vector, of
which the element is expressed as follows

Clrmad?y

Pi(x) = exp 2

where ¢y € R™ and yj € R are the center and spread. € € R is the bounded RBFNN
approximation error on Ly, that is, |e| < & with ¢ is an unknown constant. W* € R/ is the
ideal RBFNN weight vector expressed as follows

W* = argmin
w

swVwWWwG

XEXR

where W represents the estimation of W*.

3.2. Design of NTDPC

For i-th QR, the local tracking errors are defined as follows

eip = Z/\:/ a;i[Pi(t) — Pi(t) — 8;j(t)] + bi(P;(t) — Pa(t) — Ajo(t)) (8)
JEN;

ey = ZN aij[Vi(t) = Vi(t) = Ayi(£)] + bi(Vi(t) — Py (t) — Djo(t)) 9)
JEN;

where Al] = Ai - A], AiO = Ai — A().
Then the error dynamics of system (2) can be expressed in a compact form as follows

N (10)
éy = ((L+B)® Iy3)(Up+ Fp — ey ®Pd — AZ)
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where ep = [elTP,eZTP,...,e{]P]T, ey = [elTV,ezTV,...,eIT]V]T, Uup = [UlTP, UZTP,..., UI\TH,]T,

T,
Up = -—ges+ Riztes, Fp = [FpEp o Fpl', Ax = [Bfy, A%, Bl

() — h(t — )] TUR(E) — h(t — 1)) < /t

en = [1,1,..,1]T € R™.

Assumption 3. The second derivatives of Py and Ay, are bounded,; there exists positive constants
Pyg and Ay, such that ||e, ® Py|| < Py and ||Ag|| < Ay

To obtain the approximation of the lumped uncertainty F;p, we adopt an adaptive
RBFNN with time-delayed states P;(t — 7;) and V;(tf — 7;) as inputs and approximation
value as output, which is expressed as

Ep =Wy, 11
1

where W; = diag{VVil, Wy, [/'Vlg,} is the current RBFNN weights estimation value of i-th
OR,¥; = [¥], YL, ¥L]T, Wy € Rli, ¥y € Rlr, k = 1,2,3.
Then Fp can be expressed as

Fp=WT¥ ¢ (12)

where W* = diag{W;, W;,..,W};}, ¥ = [¥], ¥}, .., ¥, e = [el,el, ... el]T with
€; = [ei1, €, €i3]T, the approximation of Fp is

B=WTYy (13)

where W = diag{Wl, Ws, ..., WN}.
In addition, the RBFNN weights estimation error is denoted as W = W* — W.

Remark 1. In the light of Stone—Weierstrass approximation theorem [44], ¥, W* and € are bounded,
namely, ||| < ¥, |W*|| < Wy and ||€|| < ep, ¥ p, Wi and ey are positive numbers.

Now we design the control inputs U;p of i-th QR position subsystem (2) and update
laws of RBFNN weights W; as:

Up = —kpeipr — kyeyyr — WY + Ay, (14)

W; = IL;(Y; (Kpeipr + Kyejy.) — KwW;) (15)

where kp, ky > 0. Ajpr = Ap(t — 7;), eipr = eip(t — 1) and ejyr = ey (t — 7). Kp, Ky
and Kyy are positive design constants, ¥; = diag{¥;1, ¥i2, ¥i3}, II; = diag{Il;;, I, I;3},
Iy = xiLy, x5, is positive definite with x; > 0,k =1,2,3.

Combining (14) and (15), we have

ey = ((ﬁ + B) & ngg)(—kpep-[ —kyeyr + wTy +e—e;, ® pd + AZT — Az) (16)

where ep; = ep(t — T;), ey = ey (t — 7;) and Ay = Ag(t — T5).

Lemma 1. Under Assumption 1, G = (L + B) ® Iz3x3 is positive definite [45], so
|Ap|| < lleplle, L (G) and |Ay|| < |lev|o, L (G) [44], in which Ap and Ay are formation

tracking errors, Ap = P — e, @ Py — Ay with P = [Py, Py, ..., Py]T, Ay = Ap.

Lemma 2. According to [46], we can conclude that the following inequality is always valid:

[ @ui@a < [ @) (17)

where t > 0, h(t) € R" and T(t) € [0, 10| are arbitrary differentiable vector and scalar functions,
respectively, and Ty > 0. U = U is an arbitrary positive definite constant matrix.
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Theorem 1. Under Assumptions 1-3, with the control law (14) and update law (15), the time-
varying formation tracking for N QRs position systems (2) subject to time-varying delays and
uncertainties can be achieved if the positive design constants Kp = 4M2T]%/Ikv, Ky = 4M2T1%/Ikp,
Ko = 4Mytikpky and kp, ky, Ky, My, My are chosen appropriately to make the symmetric
matrix M be positive definite, which is

kPKV — 2M2T1%Ak%, 0 0 0 0
kyKp — M1t — Ky Oax (G™1) — 2Mp13,K3, 0 0 0
M = 0 0 My —2Myt4k3 —2MyT2kpky J;TV‘PM (18)
0 0 0 MZ(Umiﬂ(Bil) 72T1%Ak%/> 7TP‘YM
0 0 0 0 Ky — 2My 1%,
where B = GTG.

Proof. Consider the Lyapunov—Krasovskii candidate function as V() = V;(t) + Va(t) +
V3(t) + V4(t) with

Vi(t) = %eracflev + %Koe};ep +KyehGley (19)
t
Valt) = Mt | (&= t4Tm)ép(Q)én(@)de (20)
ot
Va(t) = MaTua | (§—t+Tw)éy (§)B™ év(§)dS (21)
Vy = tr{WTII’lVV} (22)

where IT = diag{I1;, Iy, ..., IIx }.
Taking the time derivative of V; and V; we have
Vi + Vi =(Kpel, + Kyeh)G ey + Koehey + eLKy G ey + tr{WTH*W}
=(Kpel 4+ Kyeb)(—kpAep — kpep — kyAey — kyey) + Koebey
+ (Kpel, + Kyel)H + el Ky G ey + tr{WTKWW}
+ tr{WT‘I’ [(Kpel, + Kye}) — (Kpel . + Kyebh,)] } (23)
=(Kpey, + Kyep)(—kpAep — kpep — kyAey — kyey) + KwWatr|W|
+ (Kpel, + Kyel)H + Koebel, + el Ky G~ ley — Ky |W||2
+ tr{WT‘I’ [(Kpel + Kyeh) — (Kyeh + Kyheh + Kpel, + KpAel)] }
where Aep = ep; — ep, Aey = ey —ey and H = € — e, ® Py + Ay — As.
By Lemma 2, we obtain the time derivatives of V, and V3 as follows
Vo = Mychie()en(t) — My | e (@)en(E)d
—M;iAebAep + Mytiel (tey(t)
—M||Bep > + Mty [lev?

VANVAN
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and
V3 ZMzT]%,Iég(t)BiléV(t) — Moty t ég(C)BiléV(C)dg

t—Tpm
< — MpAeL, B Aey + Mytael (1) B Ley (t)
< — MaOin(B™1) || Aey ||* + Moty (—kpAep — kpep — kyAey — kyey
+ WTY + H)T (—kpAep — kpep — kyAey — kyey + WY + H)
< — MoGyin(B™1) || Bey[|* + 2Ma iy | W3 ¥ +2Motiy (—kplep —kpep  (25)
— kyAey — kyey + H)T (—kpAep — kpep — kyAey — kyey + H)
< — MaGyin(B71)||Aey |2 + Mot (2k3| | Aepl|? + 4k3ebAep
+ 4kkaAeVAep + 4kkaeVAep + 4kpkv€VEp + 2k3 ||epH2
+ dkpky Aelep + 2k || Aey||? + 4k el Aey + 2k3| ey ||
+2H3, +2|W||3¥ s + 4HT (—kpAep — kpep — kyAey — kyey))

where Hyr = 2Ap + Py + ep1. By applying (23)—(25) we obtain
V=Vi+WV+WB+V<—-eMetelz4+0=—-V,(e) (26)

o AT
where e = [|lep||, [lev ||, [|Aep]l, || Aev], [W][E] , z = [0,0,4kpHp, 4kv Hy, WyKw]?, and
o= 2M2T]%AH]2VI, M are defined by (18). If M is positive definite, then V,(e) > 0, and

—llzll + V=l + 40in (M)®

ell >
H H - 2Umin(M)

(27)

Thus, e is uniformly ultimately bounded (UUB) according to [47]. Moreover, ep, ey
are bounded stable referring to the definition of e, and following Lemma 1, the formation
tracking errors Ap and Ay are also UUB. So, the desired position control for formation
flight can be realized by control law (14) and RBFNN update law (15). O

Remark 2. In matrix M, kp, ky, Kp, Ky and Ky are control and adaptive parameters, and Ko,
M, and M, are constants to be selected. Ty is the upper bound of time delays. Except Ty, all of
the above parameters are adjustable to ensure the solvability of M. Besides, one can see that all of
the diagonal elements of M are positive when tas being a certain value. Therefore, M is solvable in
Theorem 1.

3.3. Design of AFTAC

The command attitude A;c(t) = [pic, fic, ¥ic]” and total thrust Tjc of i-th QR can be
obtained from U;p = [Uj;p, Ujop, Uizp]T, which is derived as

ml\/ ap T ui22p + (ui3P +g)2

Ui psinypic— UIZPCOSlpiC

= arcsin(—

e — arcin i Uarcoti (28)
11P0051/ch+uzzpsm¢fc

Bic = arctan( Ut g )

where ;¢ is a free variable and can be set to 1;c = 0 for simplicity.

Remark 3. It is feasible to ensure Ujzp + g is constantly posztwe to avoid singularity because Ujsp
is bounded by selecting suitable gain constant kp,ky and WI'¥;, Ao, is in a cetain range when
calculating 0;c in (28).

To deploy the attitude control scheme, the following assumptions and lemma need to
be made:
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Assumption 4. There exists a 2nd order differentiable continuous bound Ci;(t) € R of command
attitude A;c within the constraint Cjy, namely, || Aic(t)|| < Cig(t) < Ci1(t). The initial state of
the attitude subsystem needs to be within the constraints C;y,, m = 1,2, which is the (3 — m)-th
order differentiable.

Assumption 5. The actuators will not completely fail during operation, and the fault signals
Tk (t) and 6;(t) change continuously within certain ranges, that is, 0 < Tix in < Tir(t) < Tig maxs
tr(fTT;) < E; < oo, where Tigmin, Titmax are known constants with k = 1,2,3, and
[6:(B)]] < 6i < 0, [|0;(t)[| < dip < oo.

Assumption 6. The model uncertainty factor AF;(t) and its derivatives and unknown distur-
bances D; 4 are bounded, which are expressed as tr (AFZ-TAE) < 5 < oo, tr (APZ.TAE-) < &,
IID;all < Dia, Dia > 0 € R can be unknown.

Lemma 3. By [48], we know that the following inequality holds:
0<|p| - ptanh(%) < kg (29)
where A > 0,p € R are arbitrary numbers, kg = 0.2785.

The attitude tracking error of i-th QR is z;; = A; — Ajc, of which the dynamic can be
derived as
21 = Ry (zip + &) — Aic (30)

where z;, = Q); — &; is angular velocity tracking error, «; is the command filtered signal of
designed virtual control law «;c, in which the command filter limits the magnitude, rate
and bandwidth of «;c and is shown in Figure 3.

a;

—_— 5

1] @
H

Aic w? |
—>7|C—>( — ——(O—{ 2¢;pw;
_ 2§ipwip | _ Sip®ip

Magnitude Limiter Rate Limiter

0| =

Figure 3. Framework of the command filter, with w;p and ;5 being design constants, i € X.

In order to deal with the constraints on the attitude states, we adopt the tan-type BLF

as follows
C? nzlzi
Vip = -2 tan( = (31)
T 2Ci1

where C;; = Cj; — Cjy. It is easy to see that when ||z, || = Ciy, then Vj,,p — oo; thus,
[|zim || < Cin, holds if and only if Vj;,p is bounded, m = 1, 2.

Remark 4. When there is no attitude constraint on i-th QR, then C;,, — oo; thus, Cj,, — 0o,
m = 1,2, and we have

1
lim Vj,p = Sz}, Zim (32)

Cim—)oo 2 im

that is, our BLF analysis method is also available for the unconstrained circumstance.
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For simplicity of notation, define v;,, = —~%——,m = 1,2 and take the derivative

of Vj1p with respect to time, and we have

. 2C'1C'1 7[21121‘1 T R C'l T
Viig = Zn ! tan( 2&121 + ;1 (Rir(zi2 + &) — Aic) — C*:l vizil (33)
The designed virtual control law «;c is shown as below
2 T T 2
| Zi1 C'l . TZ;1Z11 TTZ;1Z11 ; K'l
wic = R;, ( — Kita T - sm( 26121 ) cos( 2&121 ) + KieEit — Kirczin + Aic — 12“1/1‘1> (34)

where ;1 is a positive small constant, Kj1, > 2Kj1c > 0, Kj1, is a design parameter, and

Kiic = (%)2 + €j1c with the small constant €;;¢c > 0.

Remark 5. To make V;1p be negative definite, the terms — (%) v}{zﬂ, v Alc, 1/51/11 in (33)

will be canceled by terms —K;jiczi1, Aic, — K’ Jay;1 in (34), respectively. Noticing that

2 T T 2 T
r_zin Ci . 7ZaZn Tzjzin i Tz Zi
—Kinavjy ——— sin 5 cos 5 = —Kjj,—=* tan 5 ,
z4z1 7T 2C5 2C5 T 2C5

this will generate the negative definite BLF-form term in (33).

The auxiliary system E;; is designed as

= —KineEin — 21 Ein + vingAw;, l:f | Enll > §i1 (35)
0, if ||[Eal| <E

where E;; € R3, E;; > 01is a small constant, Kjjz > 1, i1z > 0 are design constants,

T 1,2 T
|1/1 RirA'xi1|+§7,-15A'x,- Aw; o .
Eal? Awj = w; — aic.

Il —
Remark 6. When saturation occurs, the auxiliary system will respond to it. Otherwise, Aw; = 0,
then E;; = —Kj1pEj; thus, E;; will converge into |Ej|| < Ejp, after which, if saturation occurs

again, E;1 can be reset so that |[Ejy|| > E;1. Then, the auxiliary system can be made responsive again.

As can be seen from (33),

~ T .2 T 2 T
2CnCa 7TZ,'1221‘1 _ 2 Gy ﬂzilzzil - 2KincChy | ﬂzilzzﬂ '
7T 2Cil Ch m 2Ci1 7T 2C1~1

2
Besides, v; KﬂaEll K’M v 11/11 +1 7E; Ei1. Set Kf} = Kj1, — 2Kjic, then we have
. c2 nzlzi 1
Vip < —Kj =2 . tan (11 + ;1 Ripzip + 2E11511 + | v Ry Aa (36)
i1
The Lyapunov function for this step is constructed as
* Tt
in = Ve + 5EnEi (37)

2
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Taking the time derivative of (37) and notice that

2

Vi 1
ElvieAa; < gE Aal Aa; + EE,»TlEﬂ (38)
then we have
. C? izl zy
Vi< -— Z‘l?ﬂ tan( zgzl — (Kig — 1)E{En + viiRyyzip (39)
il
where Vng’rZiz will be compensated later.
Similarly, the BLF for m = 2 is
C> nzlzi
Vo = ran T2 (0)
1

where Cp = Cp —®; > 0, and ||| < &;
The dynamics of the angular velocity tracking error z;, is derived as

zip = AFiFig + 7 (AUjp + Uipp) + Dig — & (41)
where AU;4 = U;4 — Ujap. According to (4), the following inequality holds:
[Uia — Wiar| < [[Uiall + [T [ Wiacl + 16:]] < [U;all (42)

where ||U;4]| is the given input, ||U;4c|| is produced by our desired control law and ||T|
and || ;|| are known from Assumption 5; thus, U;4 can be determined. Define U; 4 as

Ujpc =T '®; (43)
where T'; is the estimation of the multiplicative fault I';, ®; will be designed later. Notice that
Ji "Wiar = J; M (Tilliac + 67)
= I;lfsi + Iiil (fz’fflq)i — f‘if‘;1¢i + l"iLIl-Ac) (44)
=J7 16— JT ' Tilliac + J; ' @

where I; = I'; — T; is the estimation error of multiplicative fault I';. Then, the desired
control law ®; is designed as

8 2 mzhzio \ o7 . P Kho
®i == 0i+]i| —Kiczip —cos”| — 5= | R, vin + & — Alikiy — —vip + Ko By
B

2 T T
R v; zin Co . [ mzihzip TZHZin
—Dja tanh<a> — Ko TZZ —2 gin 27 | cos 2
Hi2 ZpzZip 7T 2G5, 2C5,

where €c > 0, ujp > 0 are small constants, Kjpp > 0 is a design parameter and
Kpe > 2Kpc with Kppc = 4/ (%)2 +€jpc, Diy is the estimation value of disturbances’
upper bound D; 4.

The update law for AE;, §;, T'; and D;4 are constructed as

(45)

AF; = yiaEav) — BiaAF; (46)

0 =k Tvip — m;0; (47)
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. 0, if Tie = Tik i, and, xi(t) <0
Fik _ lf ik ik,min, AN sz( ) (48)
Xik(t), else
A - T Vi A
Dia = Cia (Viz tanh (;42) - /\z‘ADz‘A> (49)
1

where xi(t) = kpvh ] ' WUiac — YT, k =1,2,3, 72 > 0, B > 1,17 > 1,1 > 0,k > 0,

Y >1,¢4 > 0,A;4 > 0 are design constants.
Similarly, auxiliary system E;; is designed as
E,— —KipEp — #Ep + vieUia, if ||Enll > En
12 — . =
0, if |Enll <E

v T I Tiall+ 375 [ Wiall?

where s, = Eal?

is a small constant.
Set K3, = Kipe — 2Kjo¢, similarly as (36), and we can obtain

‘/izB N Klz? tan 2C12 + VzZDlA + E12E12 lleA tanh %2

VHAETFp — v [T T Uiac + v A4 | —

T -1 T -1
vl zio —vpJ; 0

(50)

,Kioe > 1, 7o > 0 are design parameters and E;» > 0

(51)

where AF; = AF, — AF; and §; = §; — J; are estimation errors of model uncertainty and
additive fault, respectively. The Lyapunov candidate function for this step is derived as

1 L 1 - .
R EVE t (APTAP) P2, 4T t (rTP) 2
1t 1234—2 n 12+2'Yi2r : : +2€iA 4t o 5(54—21{127’ i T (52)
where D;4 = Dijs — Djy. Taking the time derivative of V;; and observing that
~ A ~ ~ — )\ iA )\'A—2
—Ai1DiaDjg = —=AjaDia(Dia + Dia) < —— DzA + é Dia (53)
T T i a Vik2 -
vhDia — visDia tanh( ) +v;5Dia taﬂh( ) < Y (lvik2|Dia — Diavirr fanh( ‘ )) < 3xoDiapin (54)
Hi2 Hi2 k=1 Hi2
i §T & i §TS i <2
{_Kll i d; < _2;<115i 1+2K11512 (55)
1 5T 1 §T% 1 5
T xn i J; < T 2kp Y 0i + 21 )
Yi o (FTF Y; =T
{_K,-ztr(rl rl) < T 2K tr(ri T; ) + Kin Zk 1 zk max (56)
1 (7T 1 =T 1
@tr (rl rl) < 21(1‘2 tr rl rl) + 2K1'2 1
then we have
. 2 C2 nzl z; 4 —1 T Aig ~ 2
Vs <— Y Kp,—m tan( S )~ B’ZA —tr(AF]AR) = ZADY — Y (Kine = 1)E], Ein + S;
m=1 Tt sz TiA m=1 (57)
Yi—1 rars Ni—1er 1 <2 12 Y &,
— tr(I: T B 0; —dp I
2Ki2 ( ! l) 2Ki ! it 21{1'2 it 2Ki1 it 2K o, ZKZ Zl ikmax
i = — /\ D}
where S; = 2/5%?2 i + 2;]_2 Hio + TADIA + SKODlAylz
qc. — 1 =. 1
Now, denote S; = S; + il o Zk 1 lkmx 2K15 + 7 (510, si = min(K? ,

,BiA — 1, C:iAAiAIZ(KimE -1 /Yi — 1, N — ) where m = 1 2 S; > 0. FI'OI’I‘[ (57), we have

Vi < =5V + 5

(58)
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Theorem 2. Under the Assumptions 4-6, with the adaptive estimation laws (46)—(49) and control
laws (43), (45), the attitude subsystem (3) of i-th QR subject to input saturation (3), actuator faults
(4) and state constraints (5), possesses the following properties:

i.  The attitude state constraints (5) of i-th QR will not be exceeded during formation flight.

ii.  The attitude and angular velocity tracking error will exponentially converge into the set
lzinll < /B m=1,2.

iti. The estimation errors T;, &;, AF;, D;a and the closed-loop signals E;,, will be bounded,
m=1,2.

Proof. By (58), we have V}; < (VE(O) - %)e’sit + % ; thus, V7 has upper bound, which
means the BLF is bounded. Besides,

2C2 T S, T S; 2C% 7
2 ¢ Sxim -1 =y R A P Sim 2
| zim|” < p tan Cizm 12(0) 5; e + Ci2m s; < T 2 Cim (59)

then we get ||zj, || < Cjy, m = 1,2. Due to A; = zj; + Ajc and Q; = 2z + &;, we have
Al < llzall + [[Aicll < Cia —Cia +Cig = Cip and || Q]| < [|zi2l| + [Jail| < Cip — @ +
w; = Cjp; hence, during formation flight, no violation of attitude state constraints will
occur. Additionally,

| C? mzl zim S\ ., S
Iy . < zmt im g * 0 1 sit 1 60
zzlmzzm p an —zcizm 12( ) s e S; ( )

where m = 1,2, which indicates that z;,, will exponentially converge into ||z, || < 1/ 25—31',
and the estimation errors and closed-signals mentioned above will also be bounded. O

4. Simulations

To demonstrate the effectiveness of the proposed scheme, some comparative simula-
tions were carried out, which were programmed via Matlab 2016a and performed on a PC
with a 4-core Intel i7-4980HQ@2.8 GHz CPU and 16 GB of RAM. The application scenario
of using 5 QRs to enclose and cover a moving ground target is considered. Suppose a target
is detected at t = Os and moving along T, = [15sin(0.026t), 15c05(0.026t),0]”. Meanwhile,
the QRs will follow the virtual leader to fly right above the target and cover its adjacent
area to monitor or sense. Then, the QR formation will converge towards its center at T,
start spinning at T and lower the altitude at T3 to enclose the target closely. The target’s
adjacent area is defined as a circular area with the radius being 3.5 m and centered on
the target. The coverage area of i-th QR is centered on [P;1, P, 0] , with the radius being
Pistan 975, and 65 = 50° represents the angle of view of the sensor payload. The trajectory of
the virtual leader is set as Py = (1 — e~ 2)T, + (0,0, (5 + ) (1 — e~ 3)]T, with by = 2atan
(Ts — t(i)) — 1. The formation function is designed as Ar = [A], AT, AT]T, where
A; = Ailcos(wi(t — To) + (4i_1'r()1)ﬂ), sin(w(t — Tp) + W), 07, with Ay = Larctan
(5(—t(i) + T1)) + 0.5, w; = “Llarctan(50(t — Tp)) + 5] and wy = 0.8(rad/s). The topology
graph is shown in Figure 4, which is undirected and connected, with the weights being
a1p = dy1 = 1,a23 = dazy = 1,&134 = a43 = 1,&145 = 54 = 1andb1 Ib5 =1.

Remark 7. In practical applications, the motion information of some non-cooperative targets may
not be directly obtained. In this case, the estimated motion information can be obtained by other
means and used for formation control, but it is not within the scope of this study. More details can
be seen in [49,50]. (A, Py) can be designed carefully according to different sensing tasks, sensor
performances and quality-of-service policies. The (Af, Py) chosen in this paper is a basic example to
demonstrate the effectiveness of the proposed method.
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do

Virtual leader

Figure 4. The communication topology graph.

With reference to a physical product, the parameters of the QRs are set as m; = 0.856 (kg),
J; = diag{0.02351,0.02351,0.04701} and K;p = diag{0.003,0.003,0.003}. The time-varying
delays are set as 7 = 0.025 4 0.01sin(0.15t) (s), 2 = 0.03 + 0.0125sin(0.15¢) (s) and
73 = 0.035 + 0.015sin(0.15t) (s). The initial conditions are P; = [0,17.64,0]T (m),
P, = [-25,1583,0]T (m), P; = [-1.56,12.88,0]" (m), P, = [1.54,12.86,0] (m),
Ps = [2.51,15.8,0]T (m), A; = 0 (rad), and V; = 0 (m/s), Q; = 0 (rad/s). The con-
straints on attitude state A; is C;; = || Ajc|| + 0.065 (rad) and the angular velocity state Q; is

constrained by C;; = %’T (rad/s). The control input saturation of attitude controller is set as

U; pax = [04,0.4,2]T (Nm), U; gin = [—0.4, —0.4, —2]T (Nm). The position controller pa-
rameters are kp = 4.9, ky = 6.85, Kp = 0.0024, Ky = 0.0036, Ky = 0.001725, «;;, = 1824
(k =1,2,3). The attitude controller parameters are K;;, = Kpe = 3.9, pj1 = ppp = 0.0012.
The adaptive laws parameters are ;4 = 8.5, Aj4 = 0.022, x;; = 0.31, ; = 1.52, x;p = 0.7,
Y; = 0.85. The design constant of command filter are w;p = 22, ;3 = 1.6. The parameters
for RBFNN are [;; = 10 and the initial weights are set randomly, where k = 1,2,3. The
lumped uncertainty terms of position subsystem are given as

Fip = [sin(0.2Pyy + V1), sin(0.1Py5 + Vip),sin(0.15P;3 + V)T

Ep = [sin(0.15Py + Va1),0.9sin(0.2Py; + Vap), sin(0.1Po3 + V)T

F3p = [sin(0.1P3 + Va1),sin(0.2Ps; + V32),0.8sin(0.1P33 + V)T (61)
Eyp = [sin(0.12Py + Vi), sin(1.6Pgy + Vi), sin(0.1Pg3 + V)]T

Fsp = [sin(0.18P5 + Va1), sin(1.2Ps; + Vsp), 0.7sin(0.12Ps5 4 V)] T

Besides, the external disturbances of the attitude subsystem containing stable, periodic
and aperiodic components are set as follows

[D14l| = 0.015(sin(t + 3.4) + cos(e®*t + 6.2)) + 0.01cos(5¢ + 1.2) + 0.18

[|Doa |l = 0.015(cos(t +5.7) + cos(e® 1t +5.9)) 4 0.01cos(5¢ 4 4.3) + 0.2

D34 = 0.015(sin(t — 2.4) + cos (€%t +4.2)) + 0.01cos(5¢ + 0.6) + 0.22 (62)
[Dyal| = 0.015(cos(t — 1.6) + cos(e®1t +5.1)) + 0.01cos (5t +0.9) + 0.26

D54l = 0.015(sin(t + 1.8) + cos(e®t +3.3)) + 0.01cos(5¢ + 1.7) + 0.24

The time-varying multiplicative and additive actuator fault signals are considered

as follows
I = diag{0.7,0.85,0.77} + diag{0.3,0.15,0.23 } ¢~

I, = diag{0.8,0.75,0.85} + diag{0.2,0.25,0.15} ¢~

Ts = diag{0.69,0.75,0.82} + diag{0.31,0.25,0.18} " (63)
T, = diag{0.73,0.8,0.81} + ding{0.27,0.22,0.19}¢ "

Ts = diag{0.82,0.78,0.86} + diag{0.18,0.22,0.14}¢~"
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8 =[0.1,0.1,—1.3]T(1 — e *) + [0,0.05sin(0.27t),0.5] T

5 = [0.15,0.1,1]7(1 — e~*) + [0,0.05c0s(0.27t) (1 — e~0-05), —0.5]T

33 = [-0.1,0.1, —=1.2¢700*]T(1 — ¢=*) + [0, 0.05sin(0.27t)e =003, 0.7¢ =005 T (64)
84 = [—0.15,0.1,0.8]T(1 — e~*) + [0,0.055sin(0.2¢) (1 — e~ 005), —0.6]T

J5 = [0.12,0.12,0.7]T(1 — e~*) + [0,0.045c0s(0.15¢) (1 — e~007*), —0.4]T

with Ty =1, 6 =0, i,k = 1,2,3 as the initial estimation values.

The simulation results of trajectory, position, attitude, attitude constraints, angular
velocity constraints, control inputs, RBFNN, disturbance estimation, multiplicative fault
estimation and additive fault estimation are demonstrated in Figures 5-14, respectively.
The trajectory and position snapshots of QRs and a moving target are illustrated in Figure 5.
It can be seen that the QRs can successfully form the desired formation pattern Ar and track
the desired trajectory P;, thereby achieving the full coverage and close-range enclosing.
Figure 6 shows the position tracking errors with and without RBFNN. In the case of
with RBFNN, the tracking errors converge to the neighborhood of zero rapidly under the
influence of lumped uncertainties. The effectiveness of RBFNN is demonstrated by the fact
that tracking error cannot be reduced to near zero and continues to oscillate in the absence
of RBFNN. Figure 7 demonstrates the robust learning ability of RBFNNs, convergence
of approximation errors takes only a few seconds and oscillation at the beginning is
caused by randomly selected initial weights. Figure 8 depicts the tracking performance of
AFTAC, which, despite initial misalignments, tracks the command signal exceptionally well.
Furthermore, Figures 9 and 10 show the norm of attitude || A;|| and norm of angular velocity
| Q]| always satisfy the predefined constraints C;; and C;; during the whole process. In
Figure 9, the unconstrained AFTAC in [51] is compared under identical conditions, and
the parameters of the comparison AFTAC are adjusted to achieve relatively good tracking
performance. One can observe that the comparison AFTAC tracks the command signal
closely throughout the whole process, but it cannot guarantee the state constraints will
always be met; the constraints are occasionally exceeded, particularly when the command
signal changes rapidly. The comparison results demonstrate that the specific system states
can be constrained within a certain range to meet safety or sensor payload requirements,
which is an advantage of our method. Figure 11 depicts the input signals of QRs, which
contain large spikes at the beginning, T; and T,. These spikes are effectively filtered out by
input saturation, where the actuator’s limitations are fully reflected. As demonstrated by
the proof of Theorem 2, the upper bound of external disturbance and actuator fault signals
are effectively estimated in Figures 12-14.

—Quadrotor1
Quadrotor2

—Quadrotor3
Quadrotor4

—Quadrotor5

— Virtual Leader

—Moving Target

Figure 5. Trajectory, position snapshots and coverage areas of Quadrotors (QRs) and a moving target
with T; = 35s, T, = 40s, Tz = 45s.
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Figure 6. Comparison of position tracking errors
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5. Conclusions

This article presents a distributed formation control scheme for a group of QRs subject
to constraints and time-varying delays. The proposed scheme consists of NTDPC for posi-
tion control and state-constrained AFTAC for attitude regulating. In NTDPC, an adaptive
RBFNN is utilized to compensate the lumped uncertainties, and a Lyapunov-Krasovskii
analysis is applied to handle the time-varying delay. Based on the backstepping tech-
nique, AFTAC employs a tan-type BLF to handle the state constraints, an auxiliary system
combined with a command filter to deal with input saturation and adaptive estimators
to compensate fault signals and disturbances. To determine the efficacy of the proposed
method, comparative simulations were conducted. We demonstrate that the proposed
method can be applied for a mobile sensing task; the formation tracking errors are UUB; the
estimation errors of actuator faults, uncertainties, and disturbances are also bounded; and
the predefined constraints will never be violated during formation flight. However, the cur-
rent method has some limitations, such as symmetric state constraints and a fixed network
topology. Additional research will yield asymmetric state constraints and a mechanism for
switching topologies.
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