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Abstract: This paper deals with the problem of vertical oscillation of rail and road vehicles under
symmetrical and asymmetrical loading and symmetrical and asymmetrical kinematic excitation.
The term asymmetry is understood as the asymmetric distribution of vehicle mass and elastic
and dissipative elements with respect to the axes of geometric symmetry, including asymmetric
kinematic excitation. The various models used (spatial, planar, quarter-plane) are discussed and their
analytical solutions are outlined. The theory of the spatial model is applied to the chassis of a model
railway vehicle. The basic relations for the calculation of the equations of motion of this vehicle are
given. In the next section, the experimental solution of a four-axle platform rail car is described and
the measurements of vertical displacement and accelerations when crossing wedges (representing
unevenness) are given.

Keywords: vehicle model; symmetry and asymmetry loading; kinematic excitation; motion equations;
experimental results

1. Introduction

The problem of vibration in wheeled vehicles, both road and rail, is solved based
on different assumptions and models, under different operating conditions. There is
extensive literature on this issue, e.g., [1–7]. The solutions are represented by numerical
methods [8] considering bogie track interaction with a system of nine degrees of freedom.
The track unevenness excitation of vibration has been investigated by several authors [9]
using a 68-degrees of freedom model, where results are compared with experiments.
Various frequency ranges of dynamic system behaviour were investigated in [10]. One
review summarises actual state of art of the results of railway vehicle vibration induced by
dynamic impact loadings [11]. Furthermore, interaction between the wheel and the track
has significant impact on the ride safety and control, resulting in the wearing of the wheel.
A review of this problem is presented in another study [12]. The wheel flat defect caused
by the above-mentioned phenomena and its impact on the wheel/rail dynamics can be
described by a simple 3D model [13]. The excitation of the mechanical system (railway car)
oscillation is usually modelled by passing the wheel over the uneven section of the road.
Other types of irregularities such as stiffness irregularities, irregularities from different
track positions, and irregularities in the wave propagation are investigated in [14] and also
have an import role in drive comfort and safety. Other authors also paid attention to this
issue from an experimental work perspective [15].

An overview of the solution to the vibrations of a spatially elastic body with consider-
ation of various influences are given, for example, in [16]. The suppression of the influence
of inadmissible vibrations and shocks in the investigation of the vibrations of suspended
parts of rail and road vehicles is dealt with, for example, in [17–20]. The initial problem lies

Sensors 2022, 22, 4033. https://doi.org/10.3390/s22114033 https://www.mdpi.com/journal/sensors

https://doi.org/10.3390/s22114033
https://doi.org/10.3390/s22114033
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/sensors
https://www.mdpi.com
https://orcid.org/0000-0001-7937-3755
https://orcid.org/0000-0002-1845-2000
https://doi.org/10.3390/s22114033
https://www.mdpi.com/journal/sensors
https://www.mdpi.com/article/10.3390/s22114033?type=check_update&version=2


Sensors 2022, 22, 4033 2 of 22

in investigating the vibrations of more complex systems of rigid bodies by elastic couplings.
The most commonly used model for investigating the vibrations of a real structure is a
system model with one or more degrees of freedom, solved as a one-dimensional chain of
material points moving along a single line (or along straight parallel lines), possibly with
the consideration of energy dissipation [21].

A major disadvantage of the current models, i.e., most often quarter-plane or planar,
but also spatial, is the neglect of the effect of asymmetry on their driving characteristics.
Therefore, only solutions to partial problems are given, mostly for half-plane (planar)
models, which assume planar symmetry with one longitudinal axis of symmetry, respect
the effect of the displacement of the centre of gravity from the centre of geometry, or
consider different intensities of viscous damping and their combination. However, the
most common solutions to the oscillation of vehicle models are based on quaternion
models, usually vertical and elastic coupling with dissipative elements, and with different
numbers of bodies—these are models with multiple degrees of freedom with coupled
vertical displacements. In the application of the quaternary model, two axes of vehicle
symmetry are assumed, i.e., full symmetry and its kinematic excitation.

It is known from practice that vehicle crashes, both road and rail, often occur for
reasons that are difficult to explain. In the case of road vehicles, the cause is often cited
as not adapting the speed to the road conditions, etc. In the case of railway vehicles, the
causes are often more difficult to determine, apart from the obvious causes such as rail
breakage, rail gauge collapse, etc. The cause is often due to incorrect load distribution and
the resulting asymmetry of the load on the individual axles or wheels. In the case of vehicle
oscillation, vertical vibrations can cause loss of wheel contact with the road (loss of vehicle
controllability), and in the case of railway vehicles, loss of wheel contact with the rail due
to unevenness of the rail, resulting in derailment.

Therefore, the investigation of the effect of asymmetry on the vertical oscillation of the
model vehicle must be carried out by analysing the various causes and their consequences
on spatial models.

When analysing the effect of asymmetry on the vertical oscillation of vehicles, we must
distinguish three basic cases of the effect of asymmetry with respect to the axes of geometric
symmetry, which are determined by two mutually perpendicular axes, the symmetry of the
vehicle’s track and wheelbase, and the intersection at the geometric centre of the vehicle:

• Asymmetry of the vehicle weight distribution with respect to the axes of geometric
symmetry, the position of the centre of gravity, the directions of the main central axes
of inertia, both of the vehicle structure itself and of the loaded vehicle

• Asymmetry of the geometry of the distribution of elastic and dissipative elements
of the couplings of the individual bodies of the vehicle system, their mechanical
properties, spring stiffnesses, intensity of viscous damping assuming linear couplings
of the individual quantities, and small displacements and rotations of the parts of the
system

• Asymmetry of kinematic excitation, i.e., the field of unevenness of the road or track
surface, which define the kinematic excitation of the system at the point of contact
between wheel-vehicle or wheel-track.

The above types of asymmetry can exist separately or together, and the third case is
the most common.

The basic prerequisite for investigating the influence of asymmetry on the vibration of
a system of bodies (a vehicle) is the choice of a suitable simple spatial model that allows
for the investigation of different cases of asymmetry and the comparison or verification
of the results obtained by different methods, i.e., theoretical (analytical, numerical, and
simulation) and experimental. Most often, we compare the vertical displacement of the
centre of gravity and the rotation about the axes passing through the centre of gravity and
the vertical movements of any point of the vehicle.

In this study, a methodology for solving the vertical vibration of a vehicle was de-
veloped and this methodology was applied to several real vehicle cases (wheeled and
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tracked) to verify its applicability to a large set of vehicles. The methodology also allows
for the determination of the magnitude and time history of wheel forces, the deformation
magnitude or allowability of the individual elements of the spring links and parts of the
structures, and the damping intensity criteria, including the fulfilment of the physiological
requirements for the vehicle ride.

2. Theoretical Solution

We use the basic theory of motion equations of an elastically supported rigid body
when solving the vertical vibration of the vehicles, both road and rail. A rigid body
of general shape can be elastically supported or suspended in an inertial orthonormal
Cartesian space, which is defined by a stationary component system. In our case, it is a more
complex system where we solve the vertical oscillation of the vehicle (model) including the
effect of asymmetry based on various assumptions. As already mentioned, a quarter, half,
or full 3D model of the mechanical system with several degrees of freedom, with different
mass distributions and with different elastic and dissipative elements (bindings) is used.
The kinetic excitation is considered, and the solution will be demonstrated analytically,
numerically, and experimentally.

For the basic analytical derivation, a simple but sufficiently general 3D model was
designed to meet the requirements outlined in the previous section. The proposed model
(Figure 1) is suitable for both the analytical derivation of relationships and experimental
verification.
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Figure 1. Simple general model of the vehicle.

The model consists of a rigid plate, which is supported on four springs (k1–k4). The
springs are supplemented by dampers (b1–b4). Weights z1 and z2 are placed on the plate to
simulate the imbalance of the vehicle. The centre of gravity of the vehicle T is displaced in
the x-axis direction by ex and in the y-axis direction by ey relative to the geometric centre C.
The x and y axes passing through the geometric are the axle base and wheel spacing axes.
The rotation of the model about the x-axis is ϕx and about the y-axis is ϕy. The value of h is
the height of the road unevenness.

The time course of vertical displacement, i.e., the change in the position of the centre
of gravity wT(t) and the rotation of the model about the central axes of inertia ϕx(t), ϕy(t),
was chosen as the criterion for comparing the individual cases.

In general, we can describe the motion of any point A (xA, yA) in terms of its vertical
displacement, velocity, and acceleration versus time (e.g. at the suspension location) and
determine the wheel pressures of the vehicle (Equations (1)–(3)).

wA(t)= wT(t)+xA ϕy(t)− yA ϕx(t), (1)

.
wA(t) =

.
wT(t) + xA

.
ϕy(t)− yA

.
ϕx(t), (2)
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..
wA(t) =

..
wT(t)+xA

..
ϕy(t)− yA

..
ϕx(t). (3)

2.1. Individual Models Motion Equations

The solution was carried out for a spatial model (3D), a planar model, and a quartic
model. The solution is found by determining the equations of motion of a mechanical
system with three degrees of freedom.

2.1.1. Spatial Model

The equations of motion for the vibration of a spatial model of an elastically supported
rigid body were determined from the Lagrange equations of the second kind

d
dt

(
∂Ek

∂
.
qj

)
− ∂Ek

∂qj
+

∂Ep

∂qj
+

∂Rd

∂
.
qj

= Qj for j = 1, 2, . . . p, (4)

where p—number of degrees of freedom, qj—generalised coordinate, Ek—kinetic energy,
Ep—potential energy, Rd—Rayleigh dissipated energy, Qj—excitation forces.

The solution procedure is known from the literature. After substituting for the indi-
vidual variables and performing the appropriate derivations, we obtain a system of linear
inhomogeneous equations, which can be written in matrix form

Mh
..
qj + Mb

.
qj + Mkqj = Qj

(
qj′

.
qj′ t
)

for j = 1, 2, 3, (5)

where Mh—mass matrix, Mb—damping matrix, Mk—stiffness matrix, Qj—vector of gener-
alised excitation function (in our case kinematic excitation of the type Q = k jqj + bj

.
qj).

To solve Equation (5), we use Laplace integral transforms, modifying the elements of
the matrix Mh by multiplying it from the left by the diagonal matrix D = (dij) of the third
order, whose elements are equal to the inverse of the diagonal elements of the matrix Mh.

In the case of a symmetrical mechanical system, the mass matrix is unitary. If we
multiply Equation (5) by the diagonal matrix D from the left, we get

DMh
..
qj + DMb

.
qj + DMkqj = DQj. (6)

We rewrite this equation in the form

M
..
qj( t) + B

.
qj(t) + Kqj( t) = Fj(t), (7)

where M—mass matrix, B—damping matrix, K—stiffness matrix, Fj—vector of generalised
kinematic excitation function.

The solution to Equation (7) is found by determining the elements of the damping
matrix bij and the stiffness matrix aij. The calculation of these elements is given, e.g., in [22].

If the vertical component of the force at the m-th wheel location between the wheel
and the ground is given by

Φm(t) = kmhm(t)+ bm
.
hm(t), (8)

where km—spring stiffness of m-th wheel, hm(t)—the height of the unevenness at the point
of contact of m-th wheel, bm—damping coefficient of m-th wheel, then the component of
the generalised function F1(t)—is physically the acceleration component of the vertical
displacement [ms−2] and is given by the ratio of the product of the vertical components of
the wheel forces and the mass of the vehicle model

F1(t)= m−1
4

∑
m=1

Φm(t). (9)
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The component of the generalised function F2(t)—the physical component of the
angular acceleration with respect to the x-axis [s−2]—is given by the ratio of the product of
the moments of the components of the wheel forces to the x-axis and the moment of inertia
of the vehicle model to this axis

F2(t)= J−1
x

[
−

2

∑
m=1

Φm(t)lym +
4

∑
m=3

Φm(t)lym+ey

4

∑
m=1

Φm(t)

]
. (10)

The component of the generalised function F3(t)—physically the component of the
angular acceleration with respect to the y-axis [s−2]—is given by the ratio of the product of
the moments of the wheel force components to the y-axis and the moment of inertia of the
vehicle model to this axis

F3(t)= J−1
y

[
∑

m=1,4
Φm(t)lxm + ∑

m=2,3
Φm(t)lxm+ex

4

∑
m=1

Φm(t)

]
, (11)

where lxm a lym for m = 1, 2, 3, 4 are the distances of the support (elastic viscoelastic damping)
from the axes x and y of the geometric symmetry with the origin at point C, Jx, Jy—moments
of inertia of the vehicle mass to the respective axes lxm, lym.

By defining the elements of the matrices M, B, K and the components of the vector
F, a system of simultaneous linear inhomogeneous differential equations, the equations
of motion of a spatial model of a vehicle with three degrees of freedom, with complete
asymmetry: the mass distribution of the system (ex 6= 0, ey 6= 0, Dxy 6= 0, Dyx 6= 0)
of the geometry and stiffness of the elastic support, the geometry and intensity of the
viscous damping, and with the asymmetry of the kinematic excitation defined by the road
roughness h(x)→ h(t) is determined.

It should be emphasised that the investigation of vehicle oscillations assuming a planar
vehicle model with a longitudinal axis of symmetry, and especially assuming a quarter
vehicle model with both longitudinal and transverse axes of symmetry, will substantially
change the definition of the elements of the matrices of the equations of motion (7) and
thus the required solution. This can be documented by comparing the matrix elements of
the single-individual vehicle models.

2.1.2. Planar Model

For spatial mode of vehicle with a longitudinal axis of symmetry, which has only two
degrees of freedom, w(t) and ϕy(t), the following can be assumed:

• Mass matrix M is diagonal and unit, and for mass distribution is valid Dxy = Dyx = 0,
=> S23 = S32 = 0, ey = 0.

• The geometry of support is defined by dimensions ly1 = ly4, ly2 = ly3, lx1 = lx4, lx2 = lx3.
• Damping intensity b1 = b4, b2 = b3.
• Stiffness of elastic support is given by formulas k1 = k4, k2 = k3.

Then damping matrix B elements are

b11= 2m−1(b1+b2), b12= 0, b13= 2m−1(b1lx1 − b2lx2)− exb11,

b21= 0, b22= J−1
x 2

3
∑

j=1
bjl2

yj b23= 0,

b31 = mJ−1
x b13, b32= 0, b33= J−1

y

[
2

2
∑

j=1
bjl2

xj+e2
xb11m

]
.

(12)
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Stiffness matrix K elements are

a11= 2m−1(k1+k2), a12= 0, a13= 2m−1(k1lx1 − k2lx2)− exa11,

a21= 0, a22= 2J−1
x

2
∑

j=1
k jl2

yj, a23= 0,

a31 = mJ−1
x a13, a32= 0, a33= J−1

y

[
2

2
∑

j=1
k jl2

xj+e2
xa11m

]
.

(13)

Based on the above relations, we can determine the components of the vertical forces
acting at the location of the m-th wheel between the wheel and the road (rail) for crossing
over unevenness of height h1 = h4, h2 = h3

F1 = 2m−1

[
2
∑

j = 1
k jhj(t) +

2
∑

j = 1
bj

.
hj(t)

]
, F2 = 0,

F3(t) = J−1
y

[
∑

m = 1,4
Φm(t)lxm − ∑

m = 2,3
Φm(t)lxm + ex

4
∑

m = 1
Φm(t)

] (14)

2.1.3. Quarter Model

For quarter model of vehicle with a longitudinal and transverse axis of symmetry, i.e.,
for a system of one degree of freedom w(t) the following is assumed:

• Mass distribution Dxy = Dyx = 0→ S23 = S32 = 0, ex = 0, ey = 0.
• Mass matric M is unit, the centre of gravity of the system is identical to the centre of

geometric gravity C, the main central axes of inertia are identical to axes of geometrical
symmetry.

• The support geometry is determined by dimensions lxj = lx, lyj = ly for j = 1, 2, 3, 4.
• Damping intensity j = b, for j = 1, 2, 3, 4.
• Stiffness of elastic support is given by kj = k.

Then, damping matrix B elements are

b11= 4m−1b, b12 = 0, b13 = 0,
b21= 0, b22= 4J−1

x kl2
y, b23= 0,

b31= 0, b32 = 0, b33= 4J−1
y kl2

x.
(15)

Stiffness matrix K elements are

a11= 4m−1k, a12= 0, a13= 0,
a21= 0, a22 = 4J−1

x kl2
y, a23= 0,

a31= 0, a32= 0, a33= 4J−1
y kl2

x.
(16)

Components of the generalised kinematic excitation function vector for kj = h

F1 = 4m−1
[
kh(t) + b

.
h(t)

]
, F2 = 0, F3 = 0. (17)

2.1.4. Models Discussion

From the brief analysis of the equations of motion discussed above, and the forces on
the individual wheels, it follows that both the plane and quarter models require complete
symmetry along the longitudinal axis (plane model) or along both the longitudinal and
transverse axes (quarter model).

Due to the distribution of the different structural groups in the vehicle, no vehicle is
geometrically symmetrical, it is clear that neither the quarter nor the half model are able
to determine the dynamic properties of the vehicle with sufficient accuracy. In addition,
the asymmetry in the loading of the vehicle (both cargo and possibly passengers) must
be taken into account. For this reason, it is advisable to use a full spatial model for the
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further solution, which may be generally unsymmetrical (inertia and geometric axes are
not parallel) or only unsymmetrical but with parallel inertia and geometric symmetry axes.

2.2. Simple Model of Four Axles Wagon

We will show the solution of this system on the chassis of a model of a railway vehicle,
considering the effect of asymmetry. We assume a forced oscillation of the model, which is
represented by a spatially elastically supported rigid plate with single and multiple primary
linear suspension by coil springs (two-axle railway vehicle model). It is a kinematically ex-
cited system of three rigid bodies elastically supported and bounded, considering the effect
of asymmetry [1,23,24]. However, these authors did not address the issue of asymmetry.

A simple computational model of the vehicle chassis was chosen for the calculation.
The model consists of two two-axle chassis with simple primary suspension and simple
vehicle body suspension. The chassis are replaced by rigid plates of mass m1 and m2 with
symmetric mass distribution (centre of gravity is identical to the kinematic centre, and the
main central axes of inertia are identical to the axes of geometric symmetry). However, we
consider the asymmetry of the spring stiffness parameter and their geometrical support.
The model of the vehicle body is considered as a rigid plate of mass m for which an
asymmetric mass distribution is considered (the position of the centre of gravity is deflected
by ex and ey from the geometric centre, and the main central axes of inertia are rotated with
respect to the axes of geometric symmetry). The computational model is shown in Figure 2.
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The derivation of the following relationships is based on general assumptions, i.e.,
body stiffness, small displacements and rotations, and linear spring characteristics. We
consider only the vertical displacements of arbitrary points of individual bodies. This
vertical change in the position of a point of a body is determined by the displacement of
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the body’s centre of gravity w, w1 and w2, the rotations ϕx, ϕx1, ϕx2, ϕy, ϕy1, ϕy2 about the
central axes of inertia of individual masses m, m1, m2 and its distance from these axes. Thus,
we solve a system of bodies with nine degrees of freedom.

The equations of motion are derived from the Lagrange equations of the second kind
(4). Kinetic energy of the system

Ek =
1
2 m

.
w2

+ 1
2

(
Jx

.
ϕ

2
x + Jy

.
ϕ

2
y − 2Dxy

.
ϕx

.
ϕy

)
+ 1

2 m1
.

w2
1 +

1
2 Jx1

.
ϕ

2
x1 +

1
2 Jy1

.
ϕ

2
y1+

+ 1
2 m2

.
w2

2 +
1
2 Jx2

.
ϕ

2
x2 +

1
2 Jy2

.
ϕ

2
y2,

(18)

where Jx, Jy—moments of inertia, Dxy—deviation moment to central axes of inertia of
chassis with mass m, Jx1, Jy1, Jx2 and Jy2—inertia moments to the main central axes of bogies
with mass m1, m2.

The potential energy of the system depends on the displacements of the individual
masses in the places of their elastic support, i.e., in the places of their elastic bound. In
our case, in the chassis model we have chosen the system of marking for points Ajki, their
coordinates xjki, yjki, vertical displacements wjki and stiffness constants kjki. The individual
indices correspond to masses j = 1, 2, quadrants k = 1, 2, 3, 4 and spring order i = 1, 2, ...., n
(for the case of multiple support).

Similarly, the vertical change hjki is marked, which is at the point of contact of the
axle (spring) with the rigid base, to which we relate the position of the body. This vertical
change represents crossing over an unevenness in the road (rail)—kinematic excitation.

We can therefore determine the displacements of the individual points of the chassis,
which are given by the relations for body m1, j = 1

Point Vertical displacement Stiffness constant
A111 w111= w1 − y111 ϕx1+x111 ϕy1 − h111, k111

(19)
A121 w121= w1 − y121 ϕx1 − x121 ϕy1 − h121, k121
A131 w131= w1+y131 ϕx1 − x131 ϕy1 − h131, k131
A141 w141= w1+y141 ϕx1+x141 ϕy1 − h141. k141

For body m2, j = 2
Point Vertical displacement Stiffness constant
A211 w211= w2+y211 ϕx2+x211 ϕy2 − h211, k211

(20)
A221 w221= w2 − y221 ϕx2 − x221 ϕy2 − h221, k221
A231 w231= w2+y231 ϕx2 − x231 ϕy2 − h231, k231
A241 w241= w2+y241 ϕx2+x241 ϕy2 − h241. k241

In the case of a model of a body with a simple spring suspension in the axis of the
chassis, the division into quadrants cannot be used to mark the individual points of action
of the springs. Marking of the points, coordinates, and stiffness constants Bjki, xjki, yjki, kjki,
j = 0 body, mass m, k = 1, 2 marking of chassis 1 and 2, respectively, i = 1, 4 belonging to the
half-point A111, respectively, A141 follows from Figure 2.

Displacement of individual point of body are given by
Point Vertical displacement Stiffness constant
B011 w011= w + y011 ϕx+x011 ϕy − w1 +

(
y011+ey

)
ϕx1, k011

(21)
B014 w014= w + y014 ϕx+x014 ϕy − w1 −

(
y014+ey

)
ϕx1, k014

B021 w021= w − y021 ϕx+x021 ϕy − w2 +
(
y021 − ey

)
ϕx2, k021

B024 w024= w + y024 ϕx+x024 ϕy − w2 −
(
y024 − ey

)
ϕx2. k024

Potential energy of bogies m1, m2 and body m is

Ep =
1
2

2

∑
j=1

4

∑
k=1

kj

∑
i=1

k jkiw2
jki +

1
2 ∑

j=0
∑

k=1,2
∑

i=1,4
k jkiw2

jki. (22)
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Kinetic energy from (18) and potential energy from (22) are substituted into the
Equation (4) resulting in

d
dt

∂Ek

∂
.
qj
− ∂Ek

∂qj
+

∂Ep

∂qj
= Qj j = 1, . . . , 9, (23)

where j—degree of system freedom, qj = (ϕx, ϕy, w, w1, w2, ϕx1, ϕy1, ϕx2, ϕy2)T and
Qj—generalised forces.

The solution (after derivation with respect to individual coordinates) is given by
motion equations in matrix form

Jx −Dxy 0 0 0 0 0 0 0
−Dxy Jy 0 0 0 0 0 0 0

0 0 m 0 0 0 0 0 0
0 0 0 m1 0 0 0 0 0
0 0 0 0 m2 0 0 0 0
0 0 0 0 0 Jx1 0 0 0
0 0 0 0 0 0 Jy1 0 0
0 0 0 0 0 0 0 Jx2 0
0 0 0 0 0 0 0 0 Jy2


·



..
ϕx..
ϕy..
w
..
w1..
w2..
ϕx2..
ϕy1..
ϕx2..
ϕy2


+

+



κ11 κ12 κ13 κ14 κ15 κ16 0 κ18 0
κ21 κ22 κ23 κ24 κ25 κ26 0 κ28 0
κ31 κ32 κ33 κ34 κ35 κ36 0 κ38 0
κ41 κ42 κ43 κ44 0 κ46 κ47 0 0
κ51 κ52 κ53 0 κ55 0 0 κ58 κ59
κ61 κ62 κ63 κ64 0 κ66 κ67 0 0
0 0 0 κ74 0 κ76 κ77 0 0

κ81 κ82 κ83 0 κ85 0 0 κ88 κ89
0 0 0 0 κ95 0 0 κ98 κ99


·



ϕx
ϕy
w
w1
w2
ϕx2
ϕy1
ϕx2
ϕy2


=



0
0
0

Q4
Q5
Q6
Q7
Q8
Q9


·

(24)

The individual elements of the stiffness matrix κij are functions of stiffness constants
kjki, the dimensions of support xjki, yjki and the eccentricities ex and ey. The detailed solution
of the individual elements is given, e.g., in [22].

The generalised force functions Qj ((23) and (24)) are again functions of the stiffness
constants of the chassis springs kjki and functions of the road unevenness (elevation) at
time h(t) at the location of the wheel springs. Then the kinematic excitation functions in
Equation (24) are given by

Q1= Q2= Q3= 0,
Q4= k111h111+k121h121+k131h131+k141h141,
Q5= k211h211 +k221h221+k231h231+k241h241,

Q6 = − k111h111y111 − k121h121y121+k131h131y131+k141h141y141,
Q7= k111h111x111 − k121h121x121 − k131h131x131+k141h141x141,

Q8 = − k211h211y211+k221h221y221 − k231h231y231+k241h241y241,
Q9= k211h211x211 − k221h221x221 − k231h231x231+k241h241x241

(25)

where kjkihjki(t)—the shape of the time function of kinematic excitation at individual axle
points and their sequence.

Equation (24) can be rearranged to

Mh
..
qj+Mkqj= Qj(t). (26)
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Then the equation is multiplied by matrix D (dij) from the left, where dij = 1/αij—
diagonal elements of mass matrix Mh(αij). After arrangement, the result is [25,26]

M
..
qj+Kqj= Fj(t). (27)

Mass matrix can be expressed in form M = E + S and is substituted into (26)

(E + S)
..
qj+Kqj= Qj(t), (28)

where elements of matrix S are sij. These elements are given by equations s11 = s22 = 0; sij =
0 for i = 3, . . . , 9; j = 3, . . . , 9; s12 = −Dxy/Jx; s21 = −Dxy/Jy. These quantities represent the
effect of asymmetric distribution of mass, i.e., rotation of main central inertia axes to central
axes parallel with geometric axes of the plate (vehicle). Similarly, the elements aij of matrix
K are determined by division of i-th row of stiffness matrix by i-th element at diagonal of
inertia matrix. Excitation function of time Fj(t) is determined by the same procedure with
function Qj(t).

System of motion equations in case of symmetry is transformed into

E
..
qj+Kqj= Fj for i = 1 . . . 9. (29)

where stiffness matrix is

K =



a11 0 0 0 0 a16 0 a18 0
0 a22 0 a24 a25 0 0 0 0
0 0 a33 a34 a35 0 0 0 0
0 a42 a43 a44 0 0 0 0 0
0 a52 a53 0 a55 0 0 0 0

a61 0 0 0 0 a66 0 0 0
0 0 0 0 0 0 a77 0 0

a81 0 0 0 0 0 0 a88 0
0 0 0 0 0 0 0 0 a99


. (30)

Elements of stiffness matrix are function of spring stiffness k12 and k0 and function
of displacement x12, y12, x0, y0. In the case of complete symmetry, the system of nine
differentiated simultaneous equations is transformed to the system of seven simultaneous
equations and two independent equations of harmonic motion for q7 and q9(y9).

..
q7+a77q7= F7(t)

..
y9+a99y9= F9(t). (31)

The solution of the system of Equation (26) can be performed by any of the numerical
methods (MATLAB, MAPLE, etc.). Analytical solution is possible by applying matrix
calculus, Lagrange’s method of variance of constants, or by Laplace transform. The Laplace
transformation yields a system of linear algebraic equations for zero initial conditions [27].

As indicated, the solution can also be done by applying the Laplace transformation,
where Equation (27) after modifications becomes[

(E + S)p2+K
]
yi(p) = Fi(p), (32)

where yi(p) and Fi(p) are images of function qj(t) and Fj(t) for j = 4 . . . 9, p—parameter
of Laplace transformation. By rewriting the Equation (32) into the matrix form, it is
recommended to solve the system of linear algebraic equations by Cramer rule

yi(p) =
Dj(p)
D(p)

=
n=9

∑
I=4

(−1)j+iFi(p)
Dji(p)
D(p)

, (33)
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where D(p)—determinant of matrix of above-mentioned system of equations, which is
defined as

D(p) = CA I for n = 9 CA= 1− s12s21. (34)

Equations for evaluation of real coefficients A2(n − i) can be found in [12]. These
equations are generally valid for n ≥ 2 and 0 ≤ i < n.

Equations for evaluation of coefficients A2(n − i) for 2 < i < n are very complex and
should be determined using MAPLE or MATLAB.

To determine the search required function qj(t) by reverse transformation of the images
yi(p), it is convenient to modify the ratio of the determinants Dji(p) and D(p) so that
the product of the expression and image Fi(p) obtained by the modification allows the
application of the image convolution theorem.

The polynomial in Equation (34) with real coefficients can be replaced by the product
of quadratic binomials

n

∑
i=0

A2(n − 1)p2(n − 1) =
n

∏
i=1

(
p2+ω2

i

)
. (35)

After performing the product on the right side, a polynomial is obtained

n

∑
i=0

A2(n − 1)p2(n − 1) =
n

∑
i=0

B2(n − i)p2(n − i), (36)

where real coefficients B2(n−i) are given by

B2n = 1, B2(n − 1) =
n
∑

i=1
ω2

i ,

B2(n − 2) =
n − 1

∑
i=1

n
∑

j=i+1
ω2

i ω2
j , B2(n − 3) =

n − 2
∑

i=1

n − 1
∑

j=i+1

n
∑

l=j+1
ω2

i ω2
j ω2

l ,

B2(n − 4) =
n − 3

∑
i=1

n − 2
∑

j=l+1

n − 1
∑

j=1

n
∑

k=l+1
ω2

i ω2
j ω2

l ω2
k , B2(n − n)= B0

n
∏
i=1

ω2
i .

(37)

By comparing the coefficients of the polynomials for the same powers of the parameter
p2(n − i) on both sides of Equation (36) A2(n − i) = B2(n − i) a system of equations is obtained
to determine ωi, ωj, ωl, . . . .

By comparing Equation (37) with the relations determining the coupling of the coeffi-
cients of the algebraic equation and its root factors, the algebraic equation is obtained

f
(
ω2)= ω2n − A2(n−1)ω

2(n − 1)+A2(n − 2)ω
2(n − 2) − A2(n − 3)ω

2(n − 3)+

+(−1)n − 1 A2ω2 + (−1)n A0= 0.
(38)

Determining the roots of the frequency Equation (38) is the most complicated part
of the proposed solution, especially in terms of numerical accuracy, i.e., ω2—the circular
frequencies of the functions yj(t), for j = 1, 2, 3, . . . , n. The next solution, after modifications
and back-transformation, would give the convolution integral

qj(t) =
n

∑
i=4

(−1)j+i
n

∑
k=1

Lji,k

ωk

t∫
0

Fi(τ)sin ωk(t − τ)dτ (39)

where ωk is the solution of Equation (38). From the known functions qj(t), i.e., the solution
of the system of Equation (26), the required quantities of the system of Equation (24) are
determined.

This method makes it possible to determine the vertical displacements of arbitrary
points of the chassis or body of the vehicle, for example, the displacements of the points
described by Equations (19)–(21). Thus, a program can be developed to calculate the vertical
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displacements of arbitrary points of railway vehicle chassis models with a large range of
design variations.

3. Experimental Methods

The above method was experimentally verified on a real railway vehicle. A four-axle
railway freight car of the Smmps series was used for the experiment. The aim of the
measurements was to determine the geometrical, mass, and stiffness parameters of the
single-individual parts of the freight car. The main objective was to establish the oscilla-
tions of the individual parts of the wagon when crossing the wedges at different wedge
locations and load placements on the wagon platform (wedges = kinematic excitation, load
placement = symmetrical or asymmetrical load). The measurement requirements were
specified, and the wagon was modified for these specific requirements.

3.1. Description of Vehicle Arrangement

Due to the requirements for suspension linearity, the original chassis with leaf springs
(type 26-2.8) were replaced by chassis with coil springs (Y25). For the new chassis, the outer
springs of the primary suspension were removed (Figure 3a), and a secondary suspension
was created by placing three springs on the longitudinal beam of each chassis (Figure 3b).
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For all springs (internal and external) of both chassis, their characteristics and stiff-
nesses were determined, and based on these characteristics the selection was made so that
the resulting stiffnesses of the primary and secondary suspension on the wheel, wheelset,
chassis, and car were distributed with maximum symmetry to the longitudinal and trans-
verse axes of the car.

The flatcar was loaded with two loading units (Figure 4b), each weighing 4000 kg (the
units were made up of concrete blocks with dimensions of 4900 × 1000 × 300 mm). For the
chassis, the masses of the parts, their centre of gravity coordinates, and the moments of
inertia to the axes passing through the centre of gravity were experimentally determined.
Similar parameters were determined for the vehicle body. For these measurements, a
proprietary methodology was developed.

3.2. Methodology

The modified vehicle was subjected to wedge crossing tests (Figure 5). The car was
loaded with loading units (either symmetrically or unsymmetrically). The location of the
wedges was varied during the tests depending on the kinematic excitation requirement
(symmetrical, asymmetrical, single axle, both axles, single chassis, both chassis).
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Figure 5. Wedge locations at rail.

The relative vertical displacement of the chassis frame relative to the wheelset (9 sensors),
the car body relative to the chassis frame (4 sensors), and the vertical acceleration of selected
points on the body (5 sensors) and chassis (2 sensors) were measured. The location of the
sensors can be seen in Figure 6. During the tests, time histories of the measured quantities
were recorded and used to verify the theoretical model.
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Strain gauge track sensors (chassis frame × wheelset) and cable track sensors (box
frame × chassis frame) were used to measure vertical displacement. Acceleration was
measured with B12/200 Hz inductive sensors (Figure 7).
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Figure 7. Acceleration sensor location: (a) at frame of backward car; (b) at platform of car—
transversal axis.

The experiments were carried out according to an optimised test plan. Selected
combinations of experiments arose from statistical analysis of combinations of all possible
experimental settings. These combinations were sufficient to achieve the goals, i.e., to
identify critical situations in which derailment may occur [28]. The tests were carried out
for different cases of load distribution on the car platform and wedge placement on the rails,
taking into account the wheelbase of the bogies (1800 mm) and the car wheelbase (9400 mm).
The test plan can be seen in Figure 8, where the different variants of the car crossing the
wedges are shown. A total of 30 combinations were measured. Each measurement was
repeated 3 times and a total of 90 tests were performed. Prior to the actual car crossings
over the wedges, the front and rear heights of the bogie frames and car body above the tops
of both rails were measured. The static seating of the primary and secondary suspension
springs under a given load (symmetrical, unsymmetrical) was checked. The car was pulled
over the wedges by a motorised locomotion system using a steel cable. The wedges were
attached to the rail sections that were part of the block for dynamic measurements.
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3.3. Experimental Results

Due to the scope of the measurements, only selected results for symmetrical and
asymmetrical loading and for symmetrical and asymmetrical excitation are presented in
this paper. The labels of the locations where the relative deflections between the case and
chassis, chassis, and wheelset were measured are shown in Figure 9.
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Figure 9. Location of relative vertical deflection and vertical acceleration sensors at selected points.
B—handbrake, 1L/R—chassis frame vertical deflection sensor, first wheelset, left/right side, 2L/R—
chassis frame and body vertical deflection sensor, left/right side, 3L/R—car body vertical acceleration
sensor, left/right side.

(a) The time trend of the deflections when the car crosses the wedges under symmetrical
loading of the car and symmetrical kinematic excitation is shown in Figures 10 and 11.



Sensors 2022, 22, 4033 16 of 22

Sensors 2022, 22, x FOR PEER REVIEW 16 of 23 
 

 

 

Figure 9. Location of relative vertical deflection and vertical acceleration sensors at selected points. 

B—handbrake, 1L/R—chassis frame vertical deflection sensor, first wheelset, left/right side, 2L/R—

chassis frame and body vertical deflection sensor, left/right side, 3L/R—car body vertical accelera-

tion sensor, left/right side. 

(a) The time trend of the deflections when the car crosses the wedges under symmetrical 

loading of the car and symmetrical kinematic excitation is shown in Figures 10 and 

11. 

 

Figure 10. Relative vertical displacement between chassis frame and wheelset—variant A–I. 

In this case, the symmetrical load is represented by the symmetrical positioning of 

the load with respect to the geometric centre of the car. Figure 10 shows the time history 

of the vertical displacement of the first wheelset relative to the chassis frame. The wave-

form is symmetric about zero displacement. The only damping that affects the deflection 

is material damping. The variation in the vertical displacement is due to slight differences 

in the material properties of the springs of the first wheelset. The displacements show an 

excellent agreement. 

  

Figure 10. Relative vertical displacement between chassis frame and wheelset—variant A–I.

Sensors 2022, 22, x FOR PEER REVIEW 17 of 23 
 

 

 

Figure 11. Relative displacement between car body and chassis frame—variant A–I. 

Figure 11 shows the vertical displacement of the chassis frame at two locations, see 

Figure 9 (2L, 2R), relative to the car body. Both places are located off the geometric centre 

of the chassis, therefore, in agreement with Equation (1), the waveforms are displaced off 

the axis of symmetry. Again, the waveforms show a very good agreement, and it can be 

seen that the chassis frame is rotated relative to the longitudinal and transverse axes when 

crossing the wedges. 

(b) Time trends of displacement when the car crosses the wedges under symmetrical 

loading, asymmetrical kinematic excitation—Figures 12 and 13. 

 

Figure 12. Relative displacement between chassis frame and wheelset—variant A–IV. 

Figure 12 shows the vertical displacement between the first wheelset and the chas-

sis frame under symmetrical loading and asymmetrical kinematic excitation (variant A–

IV). In this kinematic excitation, there is a different excitation of the first wheelset on the 

left and right side, which can be seen in the deflection of waveforms. In this kinematic 

excitation, the wheelsets rotate about the longitudinal axis of the car. The whole chassis 

and body of the car are also rotated about the longitudinal and transverse axes. The fig-

ure also shows that at certain stages the chassis wheel loses contact with the rail (loss of 

adhesion). 
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In this case, the symmetrical load is represented by the symmetrical positioning of the
load with respect to the geometric centre of the car. Figure 10 shows the time history of
the vertical displacement of the first wheelset relative to the chassis frame. The waveform
is symmetric about zero displacement. The only damping that affects the deflection is
material damping. The variation in the vertical displacement is due to slight differences
in the material properties of the springs of the first wheelset. The displacements show an
excellent agreement.

Figure 11 shows the vertical displacement of the chassis frame at two locations, see
Figure 9 (2L, 2R), relative to the car body. Both places are located off the geometric centre
of the chassis, therefore, in agreement with Equation (1), the waveforms are displaced off
the axis of symmetry. Again, the waveforms show a very good agreement, and it can be
seen that the chassis frame is rotated relative to the longitudinal and transverse axes when
crossing the wedges.

(b) Time trends of displacement when the car crosses the wedges under symmetrical
loading, asymmetrical kinematic excitation—Figures 12 and 13.
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Figure 13. Relative displacement between car body and chassis frame—variant A-IV.

Figure 12 shows the vertical displacement between the first wheelset and the chassis
frame under symmetrical loading and asymmetrical kinematic excitation (variant A–IV). In
this kinematic excitation, there is a different excitation of the first wheelset on the left and
right side, which can be seen in the deflection of waveforms. In this kinematic excitation,
the wheelsets rotate about the longitudinal axis of the car. The whole chassis and body of
the car are also rotated about the longitudinal and transverse axes. The figure also shows
that at certain stages the chassis wheel loses contact with the rail (loss of adhesion).

From the above time trend (Figure 13), it is clear that due to the oscillation and the
resulting rotation of both the wheelset and the chassis frame at the measuring points,
there is also a rotation of the body. This kinematic excitation causes the wheel to bounce
significantly off the rail and, under certain conditions (e.g., in a horizontal curve, on a
turnout), could cause a derailment due to the large displacement.

(c) Time trends of displacement when the car crosses the wedges under asymmetrical
loading, symmetrical kinematic excitation—Figures 14 and 15.
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Figure 15. Relative displacement between car body and chassis frame—variant D-I.

The displacement of the front wheelset relative to the chassis frame (Figure 14) show a
difference in position relative to the zero deflection axis even under symmetrical kinematic
excitation and asymmetrical loading. This is due to the non-symmetrical load distribution
and hence the rotation of the car body and the different loading on the left and right side of
the chassis. The maximum displacement is less than that of variant A-IV.

The relative deflection between the chassis frame and the car body is again shifted
relative to the axis through the centre of gravity in the case D-I, i.e., under asymmetrical
loading and symmetrical kinematic excitation (Figure 15). The displacements are much
larger at their maximum values than between the chassis frame and the wheelset. The
difference in their trends is due to the fact that in one case (2R) the displacement is in the
axis of transverse symmetry of the chassis frame. In 2L case the displacement is affected
by rotation and displacement from the transverse axis—see Equation (1). The maximum
deflections are again quite significant and reach a maximum of about 18 mm.

(d) Time trends of displacement when the car crosses the wedges under asymmetrical
loading, asymmetrical kinematic excitation—Figures 16 and 17.
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Figure 17. Relative displacement between car body and chassis frame—variant D-IV.

The load distribution is the same as in the previous case, but the kinematic excitation is
asymmetrical (Figure 16). Displacement trend between the chassis frame and the wheelset
reaches more than 20 mm at the maximum (this is less than the wedge height). The decay
to an acceptable value occurs relatively quickly, in about 20 s. It is also clearly visible in the
figure that the first and second wheelsets are repeatedly dropped on each side (the wedges
are directly connected to each other).

The difference in the position of the vertical displacement between the car body and
the chassis frame (Figure 17) at points 2L and 2R is due to the different position of these
points relative to the transverse axis of the chassis frame and the transverse axis of the
car body. The magnitude of the displacement is influenced by the asymmetrical loading
(variant D-IV) which caused the car body to rotate relative to its longitudinal and transverse
axes. The consequence is also a different load on the left and right side of all wheelsets.

In addition to the measurements of the relative vertical displacement, measurements
of the vertical acceleration were also carried out. Most of the acceleration measurement
points were located on the vehicle body (five sensors in total). In this paper we present the
vertical acceleration waveform of the vehicle body in its transverse axis on the left and right
side (points 3L and 3R) for asymmetrical loading and asymmetrical kinematic excitation
(variant B-III). To illustrate this situation, the time history of the relative displacements at
points 1L, 1R (Figure 18), 2L, 2R (Figure 19) is also shown for this case.
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Figure 19. Relative deflections between car body and chassis frame—variant B-III.

Figure 18 shows the relative displacement between the chassis frame and the wheelset
(B-III). This variant is characterised by an asymmetrical load (load placed on the right
side of the car body symmetrical to the transverse axis). The kinematic excitation is also
asymmetrical. This load has caused the car body to rotate about the longitudinal axis and
thus also the load on the chassis to be unequal. From the displacement waveforms it is
evident that the larger amplitude after dropping from the wedges are on the unloaded
side. After the last wedge jump on the loaded side the displacement is maximum. The
displacement on the unloaded side reached almost the same values immediately after the
wedge crossings. A gradual damping of the deflections occurs after 27 s. On the unloaded
side, there is a significant loss of wheel-rail contact after each wedge, while on the loaded
side there are only two significant peaks, after the first and last wedges.

The relative displacement between the car body and the chassis frame (Figure 19)
are relatively far apart (about 35 mm) due to the rotation of the car body and therefore
the different loads on the left and right sides. The time histories of the deflections are
almost identical, but it is clear that the left side was already lightened before the test. The
maximum deflections of the loaded side are higher than those of the unloaded side when
jumping off the wedges, which is consistent with the nature of the oscillation of the car
body. Such a load distribution under asymmetrical kinematic excitation may also cause the
car to derail.
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The vertical acceleration in the middle of the car body on both the left and right sides
(Figure 20) was higher on the unloaded side (3L) than on the loaded side (3R) at the peak
of the wedge jump. The maximum value was reached after crossing the first wedge, and
the maxima decreased when crossing the other wedges.
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4. Conclusions

The paper deals with the theory of oscillations of mechanical systems of elastically
supported and bound bodies. The application of this solution to vehicle models has been
carried out. The methodology of the model solution is proposed and the application of this
methodology to a real vehicle under different operating conditions has been carried out. The
application has been made, among other things, to a railway chassis vehicle—its solution is
the subject of this paper. Based on the developed methodology, an experimental solution
of a four-axle railway vehicle without damping (shock absorbers) was implemented. The
results of the experimental solution, i.e., the time course of vertical displacement, are
presented in the previous section.

From the given results, it can be seen that in the case of asymmetrical kinematic
excitation (e.g., rail fracture, unevenness on the rail), the vertical oscillation of the car will
cause the vertical oscillation. The consequence of this oscillation is the loss of contact
between the wheel and the rail (loss of adhesion). In any case where the critical value of
vertical displacement of the wheel, which is equal or higher than height of axle, is achieved,
the vehicle may be derailed. These vertical deflections are also strongly influenced by the
asymmetry of the weight distribution of the vehicle and, in particular, by the asymmetry
of the load. From the results obtained, it is necessary to pay particular attention to the
distribution of the load (especially piece loads) on the railway carriage.
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Republic, 2008; Volume 227, ISBN 978-80-7414-020-4.
23. Bauer, R. Erzeugung von Räumlichen Fahrbahnmodellen für Komfortunter-Schungen im Labor. Diploma Thesis, Steyer-Daimler-

Puch AG, Steyr, Austria, 1987.
24. Ellis, J.R. Road Vehicle Dynamics; USA, 1989.
25. Festa, M.; Stalter, F.; Tavornmas, A.; Gauterin, F. Human Response to Vehicle Vibrations and Acoustics during Transient Road

Excitations. Vibration 2021, 4, 357–368. [CrossRef]
26. Abuabiah, M.; Dabbas, Y.; Herzallah, L.; Alsurakji, I.H.; Assad, M.; Plapper, P. Analytical Study on the Low-Frequency Vibrations

Isolation System for Vehicle’s Seats Using Quasi-Zero-Stiffness Isolator. Appl. Sci. 2022, 12, 2418. [CrossRef]
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