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Abstract: The radial vibration of a radial composite tubular transducer with a large radiation range
and power capacity is studied. The transducer is composed of a longitudinally polarized piezoelectric
ceramic tube and a coaxial outer metal tube. Assuming that the longitudinal length is much larger
than the radius, the electromechanical equivalent circuits of the radial vibration of a piezoelectric
ceramic long tube and a metal long tube are derived and obtained for the first time following the
plane strain theory. As per the condition of the continuous forces and displacements of two contact
surfaces, the electromechanical equivalent circuit of the tubular transducer is obtained. The radial
resonance/anti-resonance frequency equation and the expression of the effective electromechanical
coupling coefficient are obtained. Then, the effects of the radial geometry dimension of the transducer
on the vibration characteristics are analyzed. The theoretical resonance frequencies, anti-resonance
frequencies, and the effective electromechanical coupling coefficients at the fundamental mode and
the second mode are in good agreement with the finite element analysis (FEA) results. The study
shows that when the overall size of the transducer is unchanged, as the proportion of piezoelectric
ceramic increases, the radial resonance/anti-resonance frequency and the effective electromechanical
coupling coefficient of the transducer at the fundamental mode and the second mode have certain
characteristics. The radial composite tubular transducer is expected to be used in high-power
ultrasonic wastewater treatment, ultrasonic degradation, and underwater acoustics, as well as other
high-power ultrasonic fields.
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1. Introduction

Longitudinal sandwich piezoelectric ceramic ultrasonic transducers, which are also called Langevin
piezoelectric composite ultrasonic transducers, are widely used in high-power ultrasound [1–4].
The traditional sandwich ultrasonic transducers have the advantages of a simple structure,
adjustable performance, and high electro-acoustic efficiency. However, their radial dimension is
required to be much smaller than 1/4 wavelength so that the power capacity, radiation area, and output
power of the transducers are all limited. Piezoelectric ultrasonic vibration systems with radial
composite structures are widely used in ultrasonic cleaning, ultrasonic degradation, and underwater
acoustics because of their two-dimensional radiation surface, high power capacity, large output power,
and uniform directivity [5–8].

Until now, the research on radial composite ultrasonic transducers has been relatively
comprehensive. According to the ratio of the longitudinal length of the radius, the research can be
divided into the following three categories: When the ratio is small, the model of the piezoelectric
element is mainly a thin solid disk or a hollow ring. Iula et al. analyzed the radial symmetry
mode of the thin piezoelectric ring [9,10]. Ganilova and Guo analyzed the radial vibration of the
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disc-type transducer using an analytical method [11] and a finite element method [12], respectively.
Lin et al. deduced the electromechanical-equivalent circuits of longitudinally polarized piezoelectric
ceramic discs and rings [13–15]. In the derivation, based on the plane stress theory about mechanics,
the vibration of the transducers is considered to be a uniform axisymmetric radial vibration. When the
longitudinal length is comparable to the radius, the piezoelectric element is mainly a hollow cylinder.
In this case, the vibration of the transducer is such a complex coupled vibration that there are only
a few theories about it [16,17]. In general, the finite element analysis method is used to analyze the
coupled vibration of the transducer [18–20]. When the longitudinal length is much larger than the
radius, the piezoelectric element is usually a hollow long tube. Lin et al. deduced the electromechanical
equivalent circuit of the radial vibration of the radially polarized piezoelectric ceramic long tube with
an arbitrary wall thickness [21]. In the analysis, the vibration theory of the long tube is regarded as a
plane strain problem, which is completely different from the two categories mentioned above.

Generally speaking, there are many methods to analyze the vibrations of piezoelectric ceramic
vibrators, and the most widely used is the equivalent circuit method [22–25]. Mason used the
electromechanical properties of piezoelectric vibrators to calculate the impedance and resonance
frequency [26]. Martin derived the equivalent circuit of the longitudinally polarized thin-walled
ferroelectric ceramic tube in a longitudinal vibration [27]. Until now, some basic piezoelectric vibrators
have had corresponding electromechanical equivalent circuits [28–31].

Along with the development of ultrasonic technology, the optimization of high-power ultrasonic
transducers is mainly focused on two aspects. On the one hand, the power capacity of the piezoelectric
vibrator is expected to improve in order to increase the power of the whole transducer. On the other
hand, the tool heads of the different models are designed to increase the displacement amplitude of
the radiated end face of the transducer. In order to enlarge the radiation area, improve the power
capacity, and improve the equivalent circuit theory of the piezoelectric vibrator, the radial vibration
of a high-power longitudinally polarized radial composite tubular transducer is studied. In the
analysis, the plane strain theory is considered, and the vibration of the transducer can be regarded as
an axisymmetric radial vibration. Based on the theoretical analysis, the electromechanical equivalent
circuit of the radial vibration of the transducer is derived. In order to verify the correctness of the
analytical theory, finite element analysis (FEA) is employed to simulate the vibrational modes of
the transducer.

2. Theoretical Analysis of Radial Composite Tubular Transducer

Figure 1 illustrates a radial composite tubular transducer. In the figure, a cylindrical coordinate
system is established, with the central position of the transducer as the origin, and r and z as the
radial and axial directions, respectively. The transducer is composed of a longitudinally polarized
piezoelectric ceramic tube and a coaxial outer metal tube in the radial direction. The radius of the
transducer is a, b, and c from inside to outside; the height of the transducer is h, and h is much larger
than c. The direction of the applied electric field of the piezoelectric ceramic tube is parallel to its
polarization direction.



Sensors 2020, 20, 4785 3 of 16Sensors 2020, 20, x FOR PEER REVIEW 3 of 19 

 

Figure 1. Radial composite tubular transducer. 

2.1. Equivalent Circuit of the Piezoelectric Ceramic Tube 

In the cylindrical coordinate system, the motion equation of the radial vibration of the 
piezoelectric ceramic tube [16] is 

2

2
1 θ θξρ

θ
∂ −∂ ∂ ∂= + + +

∂ ∂ ∂ ∂
r rr r rz

r
T T TT T

t r r z r
 (1) 

where iT  (i = r, θ, rθ, rz) are the stress components of the piezoelectric ceramic tube, ξr  and θξ  
are the radial and circumferential displacement components of radial vibration of the piezoelectric 

ceramic tube, and ρr  is the density of the piezoelectric material. The relationships between the strain 
components and the displacement components are 

ξ∂=
∂
r

rS r
 (2) 

1 θ
θ

ξ ξ
θ

∂= +
∂

rS
r r

 (3) 

where iS  (i = r, θ) are the radial and circumferential strain components. Because the vibration of 

the transducer is an axisymmetric radial vibration, 0θ = =r rzT T , θξ  = 0. Equations (1) and (3) can 
be simplified as 

2

2
θξρ −∂ ∂= +

∂ ∂
rr r

r
T TT

t r r
 (4) 

θ
ξ= rS
r

 (5) 

In the cylindrical coordinate system, the linear piezoelectric constitutive equations of a 
longitudinally polarized piezoelectric ceramic tube [32] are as follows: 

r 

c 
a 

h 

b 

Vi 

z 

Figure 1. Radial composite tubular transducer.

2.1. Equivalent Circuit of the Piezoelectric Ceramic Tube

In the cylindrical coordinate system, the motion equation of the radial vibration of the piezoelectric
ceramic tube [16] is

ρr
∂2ξr

∂t2 =
∂Tr

∂r
+

1
r
∂Trθ
∂θ

+
∂Trz

∂z
+

Tr − Tθ
r

(1)

where Ti (i = r, θ, rθ, rz) are the stress components of the piezoelectric ceramic tube, ξr and ξθ
are the radial and circumferential displacement components of radial vibration of the piezoelectric
ceramic tube, and ρr is the density of the piezoelectric material. The relationships between the strain
components and the displacement components are

Sr =
∂ξr

∂r
(2)

Sθ =
1
r
∂ξθ
∂θ

+
ξr

r
(3)

where Si (i = r, θ) are the radial and circumferential strain components. Because the vibration of the
transducer is an axisymmetric radial vibration, Trθ = Trz = 0, ξθ = 0. Equations (1) and (3) can be
simplified as

ρr
∂2ξr

∂t2 =
∂Tr

∂r
+

Tr − Tθ
r

(4)

Sθ =
ξr

r
(5)

In the cylindrical coordinate system, the linear piezoelectric constitutive equations of a
longitudinally polarized piezoelectric ceramic tube [32] are as follows:

Sr = sD
11Tr + sD

12Tθ + sD
13Tz + g31D3 (6)

Sθ = sD
12Tr + sD

11Tθ + sD
13Tz + g31D3 (7)

Sz = sD
13Tr + sD

13Tθ + sD
33Tz + g31D3 (8)

E3 = −g31Tr − g31Tθ − g33Tz + βT
33D3 (9)
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where Sz is the axial strain component, SD
βγ (β = 1, 3, γ = 1, 2, 3) are the elastic compliance constants, g31

and g33 are piezoelectric constants, and βT
33 is the free dielectric isolation rate. E3 and D3 are the applied

excitation electric field and the electric displacement vector, respectively. When the longitudinal length,
h, of the tube is much larger than the radius, c, the plane strain theory about mechanics can be applied
to analyze the vibration of the transducer, so Sz = 0. By combining Equations (8) and (9) with Sz = 0,
the following expressions can be obtained

Tz =
−g33

βT
33sD

33 + g332
E3 −

βT
33sD

33 + g31g33

βT
33sD

33 + g332
Tr −

βT
33sD

33 + g31g33

βT
33sD

33 + g332
Tθ (10)

D3 =
sD

33

βT
33sD

33 + g332
E3 −

sD
13g33 − g31sD

33

βT
33sD

33 + g332
Tr −

sD
13g33 − g31sD

33

βT
33sD

33 + g332
Tθ (11)

Substituting Equations (10) and (11) into Equations (6) and (7), the expressions of the radial strain
component, Sr, and circumferential strain component, Sθ, can be simplified as

Sr = A1Tr + A2Tθ + A3E3 (12)

Sθ = A2Tr + A1Tθ + A3E3 (13)

where A1, A2, and A3 are constants, which are defined as A1 = sD
11 −(

βT
33sD

13
2 + 2g31g33sD

13 − g2
31sD

33

)
/
(
βT

33sD
33 + g2

33

)
, A2 = sD

12 −
(
βT

33sD
13

2 + 2g31g33sD
13 − g2

31sD
33

)
/
(
βT

33sD
33 + g2

33

)
,

and A3 =
(
g31sD

33 − g33sD
13

)
/
(
βT

33sD
33 + g2

33

)
.

From Equations (12) and (13), the radial stress component and the relationships between the radial
and circumferential stress components can be obtained as

Tr =

(
Sr + Sθ − 2A3E3

A1 + A2
+

Sr + Sθ
A1 −A2

)
/2 (14)

Tr − Tθ =
Sr − Sθ
A1 −A2

(15)

Tr + Tθ =
Sr + Sθ − 2A3E3

A1 + A2
(16)

Substituting Equations (2) and (5) into Equations (14) and (15), and then substituting the obtained
results into Equation (4), the wave equation of the piezoelectric ceramic tube on the radial vibration
can be obtained. The simple harmonic motion is considered as ξr = ξr0 exp( jωt). The wave equation
can be further written as

d2ξr0

dr2 +
1
r

dξr0

dr
+ (k2

r −
1
r2 )ξr0 = 0 (17)

where kr = ω/cr is the wave number of the radial vibration, cr =
√

A1/(ρr(A2
1 −A2

2)) is the speed of
sound, and ω is the angular frequency. The displacement expression of the radial vibration can be
obtained from Equation (17) as

ξr = [B1J1(krr) + B2Y1(krr)] exp( jωt) (18)

where B1 and B2 are the constants that are determined by the boundary conditions. J1(krr) and Y1(krr)
are the Bessel functions of the first and second kinds of order one, respectively. From Equation (18), the
radial velocity amplitude can be obtained as

vr = jω[B1J1(krr) + B2Y1(krr)] exp( jωt) (19)
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Substituting boundary conditions vr|r=a = va, vr|r=b = −vb into Equation (19), constants B1 and
B2 can be obtained as

B1 = −
1
jω

vaY1(krb) + vbY1(kra)
Y1(kra)J1(krb) −Y1(krb)J1(kra)

(20)

B2 =
1
jω

vaJ1(krb) + vbJ1(kra)
Y1(kra)J1(krb) −Y1(krb)J1(kra)

(21)

Substituting Equation (18) into Equations (2) and (5), and then substituting the result into Equation
(14) and combining it with Equations (20) and (21), the radial stress component can be further written as

Tr =
1

jω∆1(A2
1 −A2

2)


A1kr[Y0(krr)J1(krb) − J0(krr)Y1(krb)]vb

+A1+A2
r [J1(krr)Y1(krb) −Y1(krr)J1(krb)]vb

+A1kr[Y0(krr)J1(kra) − J0(krr)Y1(kra)]vc

+A1+A2
r [J1(krr)Y1(kra) −Y1(krr)J1(kra)]vc

−
A3E3

A1 + A2
(22)

where ∆1= Y1(kra)J1(krb)−Y1(krb)J1(kra). Substituting the boundary conditions of the external forces
Fa = −Tr|r=aS1 and Fb = −Tr|r=bS2 into Equation (22) and applying the relationships F′a = n1Fa,
F′b = n2Fb, v′a = va/n1, v′b = vb/n2, n1 = πkrb/2, and n2 = πkrc/2, the expressions of the external
forces can be obtained as

F′a =
(πkrb)2Z1

4 j

[
J0(kra)Y1(krb)−Y0(kra)J1(krb)

∆1 + A1+A2
kraA1

]
v′a

+ jπkrbZ1
2∆1 v′b +

π2krabA3
A1+A2

Vi

(23)

F′b =
(πkra)2Z2

4 j

[
J0(krb)Y1(kra)−Y0(krb)J1(kra)

∆1 −
A1+A2
krbA1

]
v′b

+ jπkraZ2
2∆1 v′a +

π2krabA3
A1+A2

Vi

(24)

where Z1 = ρrcrS1, Z2 = ρrcrS2, S1 = 2πah, and S2 = 2πbh, and Vi = E3h is the applied voltage whose
direction is parallel to the polarization direction. Equations (22) and (23) can also be rewritten as

F′a = (Zp11 + Zp13)v′a + Zp13v′b + N31Vi (25)

F′b = (Zp12 + Zp13)v′a + Zp13v′b + N31Vi (26)

where Zp11, Zp12, and Zp13 are the impedances and N31 is the electromechanical conversion coefficient
of the piezoelectric ceramic tube, whose expressions are

Zp11 =
(πkrb)

2Z1

4 j

[
J0(kra)Y1(krb) −Y0(kra)J1(krb)

∆1
+

A1 + A2

kraA1

]
− j
πkrbZ1

2∆1
(27)

Zp12 =
(πkra)

2Z2

4 j

[
J0(krb)Y1(kra) −Y0(krb)J1(kra)

∆1
−

A1 + A2

krbA1

]
− j
πkraZ2

2∆1
(28)

Zp13 = j
πkrbZ1

2∆1
= j

πkraZ2

2∆1
(29)

N31 =
π2krabA3

A1 + A2
(30)

The current flowing into the slender tube is I31 = dQ/dt = jωQ, where Q = 2π
∫ b

a D3rdr is the
surface charge. From Equations (8) and (9), the expression of D3 can be written as

D3 =
sD

33

βT
33sD

33 + g2
33

E3 −
sD

13g33 − g31sD
33

βT
33sD

33 + g2
33

Tr −
sD

13g33 − g31sD
33

βT
33sD

33 + g2
33

Tθ (31)
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Substituting Equation (16) into Equation (11), the expression of D3 can be further written as

D3 =

 sD
33

βT
33sD

33 + g2
33

−
2A2

3

A1 + A2

E3 +
A3

A1 + A2
(Sr + Sθ) (32)

From Equation (32), the current, I31, can be obtained as

I31 = jωCrVi −N31(v′a + v′b) (33)

where Cr = (S/h)
[
sD

33/
(
βT

33sD
33 + g2

33

)
− 2A2

3/(A1 + A2)
]

is the clamping capacitance in the radial
vibration and S = π(b2

− a2) is the cross-sectional area of the tube. According to Equations (25),
(26) and (33), the electromechanical equivalent circuit of the piezoelectric ceramic tube on the radial
vibration can be obtained as shown in Figure 2.
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Figure 2. Electromechanical equivalent circuit of the piezoelectric ceramic tube on the radial vibration.

2.2. Electromechanical Equivalent Circuit of the Metal Tube

In the cylindrical coordinate system, according to the generalized Hooke’s law, the relationships
between the stresses and strains of a metal tube [33] are

T′r = E1S′r + σ1(T′θ + T′z) (34)

T′θ = E1S′θ + σ1(T′r + T′z) (35)

and T′z = E1S′z + σ1(T′θ + T′r) (36)

where T′α(α = r,θ, z) are the radial, circumferential, and axial stress components, respectively.
S′α(α = r,θ, z) are the radial, circumferential, and axial stress components, respectively. E1 and
σ1 are the Young’s modulus and Poisson’s ratio, respectively. The wave equation of the radial vibration
of the metal tube and the relationships between the strain components and the displacement are

ρ1
∂2ξm

∂t2 =
∂T′r
∂r

+
T′r − T′θ

r
(37)

S′r =
∂ξm

∂r
(38)

S′θ =
ξm

∂r
(39)

where ρ1 is the density of the metal tube. ξm is the displacement component of the radial vibration.
According to the plane strain problem, substituting Sz = 0 into Equation (36), the expression of T′z can
be further written as

T′z = σ1(T′θ + T′r) (40)
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Substituting Equation (40) into Equations (34) and (35), T′r and T′θ can be further written as the
following forms

T′r =
E1

(1 + σ1)(1− 2σ1)

[
(1− σ1)S′r + σ1S′θ

]
(41)

T′θ =
E1

(1 + σ1)(1− 2σ1)

[
σ1S′r + (1− σ1)S′θ

]
(42)

Substituting Equations (38) and (39) into Equations (41) and (42), and then substituting the results
into Equation (37), the wave equation of the radial vibration of the metal tube can be further written as

d2ξm0

dr2 +
1
r

dξm0

dr
+ (k2

r1 −
1
r2 )ξm0 = 0 (43)

where ξm = ξm0 exp( jωt), kr1 = ω/cr1 is the wave number of the radial vibration, cr1 =√
[E1(1− σ1)]/[(1 + σ1)(1− 2σ1)ρ1] is the speed of sound of the radial vibration in the metal tube,

and ω is the angular frequency. The displacement expression of the radial vibration can be obtained
from Equation (43) as

ξm = [C1J1(kr1r) + C2Y1(kr1r)] exp( jωt) (44)

where C1 and C2 are the constants determined by the boundary conditions. J1(kr1r) and Y1(kr1r) are
the Bessel functions of the first and second kinds of order, respectively. From Equation (44), the radial
velocity amplitude can be obtained as

vm = jω[C1J1(kr1r) + C2Y1(kr1r)] exp( jωt) (45)

Substituting boundary conditions vr|r=b = vb and vr|r=c = −vc into Equation (45), constants C1

and C2 can be obtained as

C1 =
1
jω

vbY1(k1c) + vcY1(k1b)
Y1(k1c)J1(k1b) −Y1(krb)J1(krc)

(46)

C2 = −
1
jω

vbJ1(kr1c) + vcJ1(kr1b)
Y1(kr1c)J1(kr1b) −Y1(kr1b)J1(kr1c)

(47)

Substituting Equation (44) into Equations (38) and (39), and then substituting the results into
Equation (41) and combining this with Equations (46) and (47), T′r can be further written as

T′r =
jE1(1−σ1)

(1+σ1)(1−2σ1)

 J1(kr1c)Y′1(kr1r)−J′1(kr1r)Y1(kr1c)
∆2ω vb

+
J1(kr1b)Y′1(kr1r)−J′1(kr1r)Y1(kr1b)

∆2ω vc


+

jE1σ1
(1+σ1)(1−2σ1)r

 J1(kr1c)Y1(kr1r)−J1(kr1r)Y1(kr1c)
∆2ω vb

+
J1(kr1b)Y1(kr1r)−J1(kr1r)Y1(kr1b)

∆2ω vc


(48)

where ∆2 = J1(kr1b)Y1(kr1c) − J1(kr1c)Y1(kr1b). Substituting boundary conditions Fb = −Tr|r=bS2 and
Fc = −Tr|r=cS3 into Equation (48), the external forces of Fb and Fc can be obtained as

Fb =
Z3

jkr1

{
[
J1(kr1c)Y′1(kr1b) − J′1(kr1b)Y1(kr1c)

∆2
−

σ1

(1− σ1)b
]vb +

2
πb∆2

vc

}
(49)

Fc =
Z4

jkr1

{
2

πc∆2
vb + [

J1(kr1b)Y′1(kr1c) − J′1(kr1c)Y1(kr1b)
∆2

+
σ1

(1− σ1)b
]vc

}
(50)

where Z3 = ρ1cr1S2,Z4 = ρ1cr1S3, S3 = 2πch. Equations (49) and (50) can also be rewritten as

Fb = (Zm11 + Zm13)vb + Zm13vc (51)

Fc = Zm13vb + (Zm12 + Zm13)vc (52)
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According to Equations (51) and (52), the electromechanical equivalent circuit of the radial
vibration of the outer metal tube can be obtained as shown in Figure 3.
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In Figure 3, Zm11, Zm12, and Zm13 are the impedances, whose expressions are the following forms:

Zm11 =
Z3

jkr1

[
J1(kr1c)Y′1(kr1b) − J′1(kr1b)Y1(kr1c)

∆2
−

σ1

(1− σ1)b
−

2
πb∆2

]
(53)

Zm12 =
Z4

jkr1

[
J1(kr1b)Y′1(kr1c) − J′1(kr1c)Y1(kr1b)

∆2
+

σ1

(1− σ1)c
−

2
πc∆2

]
(54)

Zm13 =
2Z3

jπkr1b∆2
=

2Z4

jπkr1c∆2
(55)

According to the above theoretical analysis, considering the load mechanical resistance and by
combining Figures 2 and 3, the electromechanical equivalent circuit of a radial composite tubular
transducer can be obtained as shown in Figure 4.
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Where Zl1 and Zl2 are the load mechanical resistances of the radial composite tubular transducer
at the inner and outer surfaces, respectively. The mechanical impedances of the outer metal long tube
and the transducer are defined as Zmo and Zm, respectively. The input electrical impedance of the
transducer is defined as Ze. The expressions of Zmo, Zm, and Ze can be written as

Zmo = Zm11 +
(Zl2 + Zm12)Zm13

Zl2 + Zm12 + Zm13
(56)

Zm = Zp13 +
(Zp11 + n1

2Zl1)(Zp12 + n2
2Zmo)

Zp11 + n1
2Zl1 + Zp12 + n22Zmo

(57)

Ze =
Zm

N31
2 + jωCrZm

(58)
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Under the no-load state, the resonance frequency equation, anti-resonance frequency equation,
and the expression of the effective electromechanical coupling coefficient are

Ze = 0 (59)

Ze →∞ (60)

Ke f f =
√

1− ( fr2/ fa2) (61)

where fr, fa, and Keff are the resonance frequency, anti-resonance frequency, and the effective
electromechanical coupling coefficient, respectively. According to Equations (59)–(61), when the
geometric dimensions and the basic material parameters of the transducer are given, the resonance
frequency, anti-resonance frequency, and the effective electromechanical coupling coefficient can
be obtained.

3. Effects of Radial Geometric Dimension and Load Mechanical Resistance of the Radial
Composite Tubular Transducer on the Vibration Characteristics

Because Equations (59)–(61) are transcendental equations, Wolfram Mathematica 11.3 was used
to calculate the radial resonance frequencies and anti-resonance frequencies of the transducer at
the fundamental mode and the second mode. In order to verify the correctness of the theoretical
results, the theoretical results were compared with the FEA results, which were obtained by COMSOL
Multiphysics 5.3a. PZT-4 was selected as the material of the piezoelectric ceramic tube, which had
the following standard material parameters: ρr = 7500 kg/m3, sD

11 = 10.9 × 10−12 m2/N, sD
12 =

−5.42 × 10−12 m2/N, sD
13 = −2.1 × 10−12 m2/N, sD

33 = 7.9 × 10−12 m2/N, g31 = −11.1 × 10−3 Vm/N,
g33 = −26.1 × 10−3 Vm/N, d33 = 496 × 10−12 C/N, εT

33/ε0 = 1300, and ε0 = 8.842 × 10−12 F/N.
Aluminum was chosen as the material for the outer metal tube, whose standard material parameters
were E1 = 7× 1010 Pa, ρ1 = 2700 kg/m3, σ1 = 0.33.

Under the no-load state, Zl1 = Zl2 = 0. The ratio of the radial geometric dimension of the
transducer was defined as τ = (b− a)/(c− a). In the calculation, b was gradually increasing and other
geometric dimensions were fixed (a = 0.010 m, c = 0.030 m and h = 0.240 m). When the transducer
vibrated at the fundamental mode and the second mode, the relationships between the radial resonance
(fr)/the anti-resonance frequency (fa), the effective electromechanical coupling coefficient (Keff), and the
radial geometric dimension τ were analyzed as shown in Figures 5–7. It can be seen from Figures 5–7
that the theoretical and simulation results of the transducer are basically consistent.

It can be clearly seen from Figure 5 that as τ increased, the radial resonance (fr1) and the
anti-resonance (fa1) frequency of the transducer at the fundamental mode decreased. The reason
is that when the overall size of the transducer is unchanged, τ increases, the radial dimension of
the piezoelectric ceramic tube increases, the radial dimension of the outer metal tube decreases,
and the overall elasticity of the transducer is reduced. It can be seen from Figure 6 that as τ increases,
the variation curves of radial resonance frequency (fr2) and the anti-resonance frequency (fa2) at the
second mode of the transducer are relatively complex. There are two inflection points in Figure 5 at
τ = 0.3 and τ = 0.6.

It can be seen from Figure 7 that when τ increases, the effective electromechanical coupling
coefficient (Keff1) at the fundamental mode increases significantly. However, as τ increases, the effective
electromechanical coupling coefficient (Keff2) at the second mode decreases first and then increases.
When τ is between 0.75 and 0.85, Keff2 is basically unchanged. When τ is around 0.1, Keff2 is almost zero.
In the actual engineering design of the transducer, the situation where Keff is zero should be avoided.
The effective electromechanical coupling coefficient should be as large as possible to ensure a higher
electromechanical conversion.
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As can be seen from Figures 5–7, the radial resonance/anti-resonance frequency and the effective
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4. Finite Element Analysis of the Radial Composite Tubular Transducer

In this section, COMSOL Multiphysics 5.3a was applied to simulate the vibrational modes of
the transducer. The radial relative displacement distribution curves and the modulus of the input
electrical impedance can then be obtained. The radial geometric dimensions of the two different radial
composite tubular transducers are shown in Table 1. In addition, the ratio of the longitudinal length to
the radius of the transducer is defined as τ1 = h/c.
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Table 1. Radial geometry dimensions of the two radial composite tubular transducers.

No. a/m b/m c/m

1 0.016 0.020 0.022
2 0.010 0.016 0.030

The vibrational modes and radial relative displacement distribution curves of No. 1 transducer,
with τ1 = 5 and τ1 = 8 at the fundamental mode are shown in Figures 8–10. It can be seen from
Figures 8 and 9 that the vibration of the longitudinally polarized radial composite tubular transducer
is an axisymmetric radial vibration. It can be seen from Figure 10 that the radial relative displacement
distributions along the z-axis on the outer surface of the transducers are not completely uniform.
Compared with the transducer with τ1 = 5, the radial relative displacement distribution of the
transducer with τ1 = 8 is more uniform.
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Figure 8. Vibrational mode of the No. 1 transducer withτ1 = 5 at the fundamental mode (fr1 = 33,997 Hz):
(a) expansion; (b) shrinkage.
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Figure 9. Vibrational mode of the No. 1 transducer with τ1= 8 at the fundamental mode (fr1 = 33,541 Hz):
(a) expansion; (b) shrinkage.

The frequency curves of the input electrical impedance of the No. 2 transducer are shown in
Figure 11. It can be seen from Figure 11 that the theoretical results and simulation results of the radial
vibration of the transducer at the fundamental mode and the second mode are roughly the same.
Compared with τ1 = 5, the frequency curve at τ1 = 8 is closer to the theoretical result. Compared with
the theory, the frequency curve of FEA has multiple vibration modes. The reason for this is that in
the process of finite element simulation, multiple modes, such as the longitudinal vibrational mode,
radial vibrational mode, and bending vibrational mode of the transducer, were simulated.
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Figure 10. Radial relative displacement distributions of the No. 1 transducer with τ1 = 5, 8 at the
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The comparisons between the theoretical and simulation results of the No. 1 and No. 2
transducers at the fundamental mode at τ1 = 5, 8 are shown in Tables 2 and 3. Where ft−r1 and ft−a1

are the theoretical resonance frequency and anti-resonance frequency, respectively; fn−r1 and fn−a1 are
the radial resonance frequency and anti-resonance frequency calculated by COMSOL, respectively;
and ∆3 =

∣∣∣ fn−r1 − ft−r1
∣∣∣/ fn−r1 represents the error between the theoretical and simulation results of the

resonance frequency at the fundamental mode. ∆4 =
∣∣∣ fn−a1 − ft−a1

∣∣∣/ fn−a1 represents the error between
the theoretical and simulation results of the anti-resonance frequency at the fundamental mode.

Table 2. Comparisons between the theoretical and simulation results of the No. 1 transducer at
τ1 = 5, 8.

τ1 ft−r1/Hz fn−r1/Hz ∆3% ft−a1/Hz fn−a1/Hz ∆4%

5 33,286 33,997 2.09 33,465 34,007 1.59
8 33,286 33,541 0.76 33,465 33,583 0.35

Table 3. Comparisons between the theoretical and simulation results of the No. 2 transducer at
τ1 = 5, 8.

τ1 ft−r1/Hz fn−r1/Hz ∆3% ft−a1/Hz fn−a1/Hz ∆4%

5 42,288 42,495 0.49 42,495 42,622 0.30
8 42,288 42,338 0.11 42,495 42,456 0.09

As can be seen from Tables 2 and 3, the analytical theoretical results and COMSOL results are
in good agreement. The main reason for the errors (∆3, ∆4) is that the analytical theory in this
paper is based on the plane strain problem, and the vibration of the transducer is regarded as pure
radial vibration. Therefore, the analytical theoretical results of the model with an infinite length are
inconsistent with the results of the simulation model with a finite length (Figures 10 and 11).

5. Conclusions

In this paper, based on the plane strain theory, the equivalent circuits of a longitudinally polarized
piezoelectric ceramic long tube and a metal hollow long tube are derived and obtained for the first time.
In addition, the electromechanical equivalent circuit of a longitudinally polarized radial composite
tubular transducer is obtained. Then, the effects of the radial geometry dimension of the transducer on
the vibration characteristics are analyzed. Through the analysis of the research results, the following
conclusions can be drawn:

(1) Under the no-load state, when the overall size of the transducer is unchanged, as the proportion
of piezoelectric ceramics increases, there are two inflection points on the variation curves of the
radial resonance frequency and anti-resonance frequency at the second mode.

(2) The resonance/anti-resonance frequencies of the No. 1 and No. 2 transducers under different
ratios of length to radius are obtained using COMSOL. After comparison, the analytical theoretical
results and COMSOL results are in good agreement.

(3) In the present work, the vibration characteristics of the transducer at the fundamental mode and
the second mode are analyzed. In future work, the higher vibrational order and the effects of the
dielectric and load losses on the vibration characteristics will be studied.

(4) The derivation of the electromechanical equivalent circuit of the radial vibration of a longitudinally
polarized piezoelectric ceramic tube completes the equivalent circuit theory. The tubular
transducer with a large radiation range and power capacity has certain application prospects
in the fields of high-power ultrasonic wastewater treatment, ultrasonic degradation, and
underwater acoustics.
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