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Abstract: This article presents the full analytical derivations of the attitude error kinematics equations.
This is done for several attitude error representations, obtaining compact closed-forms expressions.
Attitude error is defined as the rotation between true and estimated orientations. Two distinct
approaches to attitude error kinematics are developed. In the first, the estimated angular velocity is
defined in the true attitude axes frame, while in the second, it is defined in the estimated attitude
axes frame. The first approach is of interest in simulations where the true attitude is known, while
the second approach is for real estimation/control applications. Two nonlinear kinematic models
are derived that are valid for arbitrarily large rotations and rotation rates. The results presented
are expected to be broadly useful to nonlinear attitude estimation/control filtering formulations.
A discussion of the benefits of the derived error kinematic models is included.

Keywords: attitude error kinematics; attitude parameterization; Kalman filter

1. Introduction

Many attitude representations are available for modeling problems in science and
engineering [1-9]. Nonlinearity of the representation of a given physical motion and location of
geometric singularities are dependant on (1) the true motion, (2) the attitude representation selected,
and (3) the particular choice of estimated axes. Selecting the appropriate representation is highly
linked with the kind of problem being considered. The most popular attitude parameterizations are as
follows [1,10-12]:

e  Direction Cosine Matrix (DCM): nine-parameter matrix representation subject to orthogonal
constraint, non-singular;

e  Principal axis and angle: three-parameter representation (the axis is a unit vector), singular (axis
undefined when the angle is zero);

e  Euler-Rodrigues parameters (quaternion): four-parameter vector representation subject to unit
norm, non-singular;

e  Rodrigues parameters (RP; Gibbs vector): three-parameter representation, singular (infinite values
for 7t rotations);

e Modified Rodrigues parameters (MRP): three-parameter representation; and

e Cayley—Klein parameters: 2 X 2 complex matrix representation subject to unitary constraint.

Definitions, characteristics, and transformations between these representations can be found
in many references [1,4-6,8,10,13]. For applications requiring large and rapid rotational dynamics,
there exists a need for developing attitude error kinematic models that exactly describe arbitrary
large rotational motions. In particular, for control problems, Markley [8] has considered different
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attitude error representations for estimating the state of a maneuvering spacecraft. He has clarified the
relationship between the four-component quaternion and the Multiplicative Extended Kalman Filter.
Cao et al. [14] developed an unscented predictive filter for satellite formation. Later, Cao et al. [15]
proposed a huber-based Kalman filter for the attitude estimation problem of small satellites. Batch
and Paielli [16] investigated the rigid-body attitude error using inversion techniques to obtain a robust
linearized model of attitude control error dynamics. Sun et al. have derived relative rotational and
transnational dynamics error for spacecraft rendezvous control [17]. Crassidis et al. [18] studied a
variable-structure control strategy for maneuvering vehicles. In their work, they used a feedback
linearizing technique and added an additional term to the spacecraft maneuvers to deal with model
uncertainties, which they demonstrated always provides an optimal response. Ahmed et al. [19]
extended previous work to consider adaptive asymptotic tracking during maneuvers while estimating
inertia properties. They used a Lyapunov argument to generate an unconditionally robust control law
with respect to their assumed parametric uncertainty. Bani Younes et al. [20,21] considered generalized
optimal control formulations that handle nonlinear system dynamics and enable the development
of control gain sensitivities to handle plant model uncertainties during maneuvers. Sharma and
Tiwari [22] introduced MRP for parameterization of the orientation error. They defined the attitude
error as an additive quantity. Their work is extended by retaining a rigorous nonlinear MRP-based
error equation. Schaub et al. [23] developed a new penalty function for optimal control formulation
of spacecraft attitude control problems. This function returns the same scalar penalty for a given
physical attitude regardless of the attitude coordinate choice. A recent work by Tanygi investigated
the projective geometry of vectorial attitude parameterizations with applications for control [24] and
estimation [25]. Junkins [26] discussed the link between designing a good controller and the choice
of coordinates to represent the attitude kinematics. He linearized the attitude error equations by
defining the departure motion as an additive error from a nominal trajectory. Unfortunately, the error
in orientation cannot be rigorously represented as additive (linear) because of the nonlinear behavior
of underlying kinematical descriptions [2].

Error equations are challenging to define for quaternion variables because of the implied coupling
effects between the quaternion components and the implicit norm constraint. The position error is
linear and, therefore, can be described by the distance between the two vectors representing the true
and the estimated position states. Unfortunately, the error in orientation in not linear and, therefore,
must be described by a matrix product (corrective attitude matrix [2]). An exact quaternion error
equation is defined as the quaternion product between the true quaternion and the inverse quaternion
of the estimated (or reference) state. The significant advantage of this approach is that the norm
constraint is preserved and, most importantly, that the quaternion error product remains valid for
arbitrarily large relative rotations. This fact is exploited to develop equivalent arbitrarily large relative
rotational representations for the vehicle attitude motion. The resulting expressions are compact,
accurate, and computationally efficient.

The primary goal of this paper is to develop uniformly valid kinematics equations to describe
the time-evolution of the attitude error. References [1,3-5,10] contain good review for the attitude
kinematics equations. This paper presents compact nonlinear attitude error kinematics equations that
can be used in attitude control and/or estimation dynamics problems. Exact analytical (closed-form
and no approximations) attitude error kinematic equations are derived for most popular and known
attitude representations. This paper extends previous work originally initiated by the authors on
developing attitude error kinematics [27-30], where the estimated angular velocity is defined in the
true attitude axes frame. It builds on our initial findings and extends the formulations to address more
detailed developments and to present two distinct error kinematics approaches treated with more
compact depth and insights in the derivations. It also presents simulation examples that demonstrate
the applications in attitude filtering and tracking control. The multiplicative Kalman filter is discussed
to enable the use of these attitude error kinematics for two different coordinate choices. The resulting
expressions have been optimized to obtain the most compact and computationally efficient forms.
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Also, the applications of these formulations are discussed by solving the open-loop optimal spacecraft
tracking control problem.

The major contribution of this paper is the complete development of attitude error kinematics
equations where the estimated angular velocity is defined in either the true attitude axes frame or in
the estimated attitude axes frame. These equations can be used for arbitrarily large relative rotations
and rotation rates. These attitude errors represent rotations between estimated and true attitudes.
Numerical integrations of these kinematic equations are performed to validate the machine error
accuracy for each attitude representation. Singularities and constraints are discussed for minimum and
non-minimum attitude parameter representations, respectively. Applications are expected in rotational
dynamics problems for both nonlinear attitude estimation filtering and attitude tracking.

2. Attitude Error Kinematics

With reference to Figure 1, let C be the true attitude matrix (DCM) of which the axes are [x, y, z]
(dashed, black) and let C be the estimated attitude matrix of which the axes are %, 7, 2] (dashed, red).

Figure 1. True and estimated (8) attitude frames and angular velocities

The relationships between the DCM with the corresponding Euler’s angles associated with the
rotation axes and sequences are given in Table Al. The attitude error is described by the corrective

attitude matrix:
sC=CC". (1)

In fact, the product between 6C and the estimated attitude C provides the true attitude:

A

scC=(ccnHcC=CcC.

In particular, matrix 6C is the transformation matrix for vectors from the estimated [, ¢, 2] frame
to the true [x, y, z] frame.

Let w be the true angular velocity vector (black solid in Figure 1) of which the elements are defined
in the [x, y, z| axes of the true attitude. Now, consider @ to be the estimate of the true angular velocity
vector (red solid in Figure 1). Two distinct cases appears:

(1) The estimated w is defined in the true body axes frame (x, y, z). In this case, w and w are defined
in the same reference frame. Therefore, the angular velocity error vector is as follows:

ow=w—w. ()

This case finds application in simulations when the true attitude is known.
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(2) The estimated @ is defined in the estimated body axes frame (%, §, 2). In this case, w and @
are defined in two different reference frames. Therefore, the angular velocity error vector is as
follows:

‘w=w-0Cw, 3)

where 5C is provided by Equation (1). This case is important in real applications as the true
attitude is always unknown and the estimated angular velocity can be defined in the estimated
attitude frame only.

The true attitude dynamics is defined by w and C. They satisfy the DCM kinematic equations:
[wx] =—-CC".
The estimated angular velocity satisfies the dynamic equation:
& =—[@x]Id+u,

where I € 133 is the moments of inertia tensor and u € R is the torque acting on the system. We
assume that the system parameters are deterministic.

To develop the attitude error kinematics equations, two distinct analysis must be performed.
These two derivations are associated to the two angular velocity errors definitions provided in
Equations (2) and (3), respectively. The following two sections derive the attitude error kinematics
equations valid for arbitrarily large angles and rate errors.

2.1. Simulation Case: Estimated Angular Velocity Given in the True Attitude Frame

In this section, the estimated and the true angular velocities are expressed in same coordinate
frames, dw = w — w. This approach is suitable in simulations where the true body attitude is known.
When using the same reference frame for true and estimated angular velocities, the angular velocity
error dynamics equation is written as follows [21,27,28]:

bw = —I"H[@x]I - [(I&)x]}ow — [ [(bw) x| I6w + T 'u — & — I Hax]I@. (4)

In the following subsections, the attitude error kinematic equations are derived for the most
important attitude representations and for arbitrarily large rotational angles and angular rates. These
equations are mathematically simple and compact. They can be used, for instance, to validate novel
control theories and/or attitude estimation filtering techniques.

2.1.1. Quaternion Error Kinematics

The quaternion error is a four-dimensional vector defined as follows:

where dq, = {691, 092, Jq3}" = e sin <(§>, 64y = cos <(§>, e is the principal axis, and ¢ is the

principal angle. The kinematic solution for the true quaternion trajectory defines the desired relative
rotational motion for the spacecraft. Equation (1) written in term of quaternion is as follows:

bg=q24 !, ©)

where ! is the inverse of the estimated quaternion rotation and ® represents the quaternion product.
Note that the error, g, is also a quaternion, that is, a unit vector representing the rotation from the
estimated axes to the true axes. This expression is valid for arbitrarily large rational motions and
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provides a foundation for developing all other kinematic variable generalizations presented. We follow
reference [1] in writing the quaternion product as follows:

4o+ 4u9s — 4y X g
"o g =790 T T v ol
74 0494 — 95 - o

where g’ and q represent two arbitrary quaternions. The quaternion error rate is as follows:
=424 +q@q . (6)

Quaternion kinematics evolves according to the kinematic equation:

o= {s)erma [T 5l dowon ”

The derivative of the identity § ® 41 = {0,0,0,1} " leadsto § ® 4! + 4§ ® §~! = 0. Hence, the
inverse quaternion evolves:

. 1, @ 1|[wx] @]| ,._ 1 _
PO N e | __1 P D S PR |

where I'(@) is the estimated angular velocity matrix. Substituting Equation (7) and Equation (8) into
Equation (6), yields the following:

1 1 . fe)] 1 1 @
5qf20(w)(5q 2q®q ®{0}20(w)5q 2(5q®{0}.
This allows us to write the following:

5q® {‘g} _ I(@)dq.

The quaternion error rate equation becomes the following:

.1 .
5 = 5[0(w) ~T(@))5g. ©)
Now, by substituting the angular velocity error given in Equation (2) into Equation (9), the bilinear

differential equation for the tracking error kinematics becomes the following:

1 1 -
o = E[Q(&w +w)—-T'(w)]oqg = E[Q(&w) +T(w)]og, (10)
where I'(@) is a matrix defined as follows:
F(6) = Q@) ~T(@) = | 2&x] Gl
01x3 0

Equation (10) can be rewritten in the following compact form:

. 1| —([dwx]+2[@x]) dw| |iqo
01=75 [ —dw" 0 ] {(5q4} ' (11)
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This equation can be split into the scalar and vector part of the quaternion as follows [28]:

1
Sg, = 5= ([bwx] +2[@x]) éqo + 6qs0w} 12)
5q.4 = *%5WT§q'g .

These above equations are exact for arbitrarily large and rapid relative rotational motions.

2.1.2. Rodrigues Parameter Error Kinematics

Rodrigues parameters are a minimum attitude parametrization. The RP vector is defined in terms
of quaternion parameters as follows [10]:
) , (13)

p:qv:etan<
1 P

q4
= — d = —
PV T T e

where p? = p"p. Note that the attitude error given in Equation (12) is represented in the quaternion
form. An exact nonlinear model for the quaternions with no approximation is used to preserve the
quaternion unit norm. This implies that the quaternion error still represents a finite orientation that can
be mapped to any other attitude representations. Here, the quaternion error to RP using Equation (13)
is mapped. Thus, the RP error vector is simply expressed as follows:

N[

where the inverse transformation is given as follows:

5p = 200 (14)

044
The inverse mapping for quaternion variables follows:

1 op

Sga= ————  and g = —P
U= ir o0 (N

where 6p? = J5p"dp. The RP error differential equation is obtained by taking the derivative of
Equation (14) and substituting Equations (12) and (15), which yields the following [28]:

(15)

1 1
Sp = > [— ([dwx] +2[(2)><])5p+5w]+§ (6w'dp) dp. (16)
Equation (16) provides the desired RP attitude error nonlinear kinematic differential equation.

2.1.3. Modified Rodrigues Parameter Error Kinematics

Modified Rodrigues parameters are an elegant addition to the family of attitude representations.
MRP vector is defined in terms of the quaternion parameters by the following [10]

_ 1 _ 4
0'—1+q4—etan<4>. 17)

The inverse transformation is given by the following:

1-02 and 20
1402 =172

q4
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Similarly, since the attitude error in Equation (12) is expressed by quaternion, the mapping into
MRP can be performed using Equation (17). Thus, MRP error vector is expressed as follows:

_ %
oo = T+ oas (18)
The inverse mapping for quaternion variables follows:
1— 0 260
M= 1352 M 0= (19)

The MRP error differential equation is obtained by taking the derivative of Equation (18)
and substituting Equation (12) and Equation (19), which yields the following compact, nonlinear,
third-order form [28]:

1

6o = ; [—2 ([wx] +2[@x])do + (1 — 502)&0] + % (bw'dc) bor. (20)

Equation (20) provides the exact MRP attitude error kinematic differential equation.

2.1.4. Euler Angles Error Kinematics

The most famous attitude representation is described by three angles, known as Euler angles,
(61,65, 03) associated with subsequent rotations about three coordinate axes. The variations of these
angles represent the attitude error of 6C. There are several conventions for Euler angles, depending on
the axes about which the rotations are carried out. In the following, we assume the rotation is 3-1-3
(yaw-roll-yaw) sequences, then we generalize the expression for arbitrary rotation sequence. We start
from the mapping equations from quaternion to Euler angles [6]. For the 3-1-3 set, the transformation is
as follows:

sin(%) cos(‘selg‘%)
5111; Sln(%) 51n( (5915(593 )
= = @313(0601, 36, 603). 21
{(5‘74} COS(%) sin(591J2r593) 313(001, 062, 663) (21)
cos(%2) cos(2011%8s) "

Differentiating Equation (21), we obtain the following;:

y 56,
To b — Hai5(061,56,,565) { 66, ,
044 565

313

where Hz13(661,062,003) is a 4 x 3 matrix. Thus, Euler angle rates can be written in the following
least-squares solution:

561 .y
66y o = (Hzy3 Ha13) ™' Higg {542} :
003 ) 315

Substituting Equation (12) and making use of Equation (21), we obtain the following;:

564

. _ —([dw x| + 2[wx Sw

60y 0 = 3 (H33Hz13) 1H§13l ( —]5(UT[ ) 019313(591/592/593)
003 J 313
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In general, for the generic i-j-k Euler angles sequence, the formula is as follows [28]:

36;

. 1 | —([dwx] 42w x ow

66 ¢ = 5(HjyHije) "Hy ( _](W[ ]) o | @ik (961,62,663). (22)
36y

ijk
Equation (22) represents the attitude error kinematic equation using any Euler angle sequence.

2.1.5. Principal Axis and Angle Error Kinematics

Any rigid-body rotation can be obtained by a single rotation about a principal axis, e, by a
principal angle, ¢. To derive the kinematics of the principal axis/angle for attitude error, we start from
the definition of the quaternion:

0q4 = cos(6¢/2) and  dq, = desin(é¢p/2). (23)

Taking the derivative of Equation (23), substituting Equation (12), and solving for §¢ and é¢, we
obtain the following [28]:

5 = dw'de, (24)
5 Je
where 0é = N/ and
5é = —% (15w + 20 x]) 52 + [(dw’52)52 — 5] cot(5/2) ). (25)

Equations (24) and (25) are the desired nonlinear kinematic differential equation of the attitude
error using principal axis and principal angle.

2.1.6. Direction Cosine Matrix Error Kinematics

The DCM error can be written as follows:

5C=CC". (26)
Performing the derivative of Equation (26) and making use of the attitude kinematics,

C = — [wx] C,and the DCM inverse identity, CT = —C7CCT, we obtain the following [28]:
6C = —[6wx]6C — [@x]6C + 6C[wX]. (27)

2.1.7. Cayley—Klein Error Parameters Kinematics

Cayley—Klein parameters is an attitude representation provided by a 2 x 2 complex matrix. This
matrix is as follows:

0qs +1dq3  Oq2 +idq

6K =6q4 Ihyo +1i (56]10’1 +6g202 + 5Q30'3) = _Sqp+idq1 Oqs — idgs ,

(28)

01 0y = 0 i and 03 =
1 0" |—i o/

angle can be computed from the following:

where o = 1 are the three Pauli spin matrices. The principal

-1

0¢p =2cos ! Btr (5K)} .
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Rewriting Equation (28) in column form, we obtain the following:

5K1,1 5(]4 + Z(SI]CJ, 0 0 i1
0Ky —0q2 +16q1 i -1 0 0 0qy
1(0K) = Ty = = =Yyo 29
collOK) =1 5k, 82+ i5q1 i1 0 o o[ T @)
5K2/2 51]4 - i5q3 0 0 —i 1

where ¥ is a non-singular constant matrix. Differentiating Equation (29), substituting Equation (12),
and using g, = ¥ 1col(dK), we obtain the following [28]:

Yo |—Pwx]+2[@x] dw| g
1(6K ¥, col(6K
col(4K) = > ST 0 o col(JK), (30)
where the col(dK) has to satisfy the constraint equation dg'6g = 1 that leads to

col(6K)"¥; T¥, ' col (6K) = 1 or col(6K)"col(6K) = 2.

2.2. Estimation/Control Case: Angular Velocity Estimated in the Estimated Attitude Frame

In this section, the estimated and the true angular velocities are expressed in different coordinate
frames: dw = w — 6Cw.

This equation explicitly accounts for the obvious truth that the estimated and true angular velocity
vectors are expressed in different coordinate frames. This definition explicitly computes the angular
velocity error in the current body frame. This kinematic variable definition leads to the following
angular velocity error dynamics equation:

0w = — I ([0C@x]I — [I6C@x]) dw — [ How x| Idw + I Lu+

31
+ [bwx]é cb—d;—l‘l[(SCd;x]I(SCd;. G1)

It is clear that the angular velocity error dynamics equation is coupled with the attitude solution.
This is expected as the estimated angular velocity has to be mapped to the true frame using the attitude
corrective matrix, 6C.

2.2.1. Direction Cosine Matrix Error Kinematics

To investigate the new attitude error parametrization for the estimation/control case, the direction
cosine matrix is differentiated for the attitude error given in Equation (1):

5C=CC" — 6C=CC +CC (32)

~ Recall the attitude kinematics of the current motion C = —[wx]C and the estimated motion
C = —[@x]C. Equation (32) can be written:

5C = —[wx]5C + 6Cl @ x]. (33)

The angular velocity error is dw = w — éCw. Therefore, we obtain the following:
6C = —[bwx]6C — [6Cwx]6C + 6C[ @ x]. (34)
Using the transformation of skew-symmetric tensor identity [4], we obtain the following:

[6Ca@x] = 6C[@x]5C". (35)
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Also, since 6C is an orthogonal matrix, Equation (34) reduces to the following:
5C = —[swx]éC. (36)

It is interesting that the attitude error kinematics equation is similar to the attitude kinematics
equation. This result agrees with the demonstration presented in Tanygin’s work [24]. Hence, the
attitude error kinematics using other attitude parameterizations can be simply obtained.

2.2.2. Quaternion Error Kinematics

The quaternion error is a four-dimensional vector defined as follows:
oq1
5Q4 5Q3
n
The transformation from quaternion error, dg, to DCM error, 4C, is given by the following:
oC = [(Mi = 0q50q0) 1 + 204004, — 20q4[6q0 X]] : (37)

The inverse transformations is as follows:

0q4 = i%,/l + tr[6C] (38)

0Co3 — 0C3p
0qp = . {0C31 —3Cy3 ¢ . (39)
46
4 0Cyp —6Cyy

This transformation shows the redundancy in selecting the sign of the scalar parameter, 6g4. The
positive sign is associated to d¢ < 71, while the negative is associated to 7t < d¢ < 271.

The kinematics differential equation of the quaternion error is derived by differentiating
Equation (38):

_ 5C11 + 5C22 + 5C33

0 4
da 8544 (40)
Substituting the expressions of the diagonal elements
6Cy1 = — (6Ca3 — 0C32)dwy
6Cpp = — (6Cs1 — 0C13)dwwr
6Cs3 = — (0C12 — 6Ca1)dw;
in Equation (40) yields the following:
1 1.,
04y = E(—5Q15w1 — 020wy — 6q3dw3) = —E(quéw. (41)

Similar derivations are applied on 41, 44z, and 443 in Equation (39). The kinematic error
differential equation for quaternion is then the following:

.1 0q415x3 + [ 690 X] 1 —[dwx] dw
o= 2[ o, =3 ewr 0| 42
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where 3,3 is the 3 x 3 identity matrix.

2.2.3. Rodrigues Parameter Error Kinematics

Rodrigues parameters error vector is simply expressed by the following:

_ O _ o (92
op = 541 —tan( 2)(5e, (43)

Also, the inverse mapping for quaternion variables follow:

1 op

0y = —— and oGy = ——,
U= Siror = T v o0

where Jp?> = 5p"6p. The differential equation for the RP error follows by taking the derivative
of Equation (43):

(44)

5p = 20 _ 24400 (45)

091 (5q4)*
Substituting Equation (42) into Equation (45) yields the following:

5P:% (5q413><35+[5qvx]+ oqy
4 (094)

504y | dw.

This equation can be further simplified by substituting Equation (44) to yield the compact
quadratic form:

1
0p = 5 [ + [0px] + 6pdp'] dw. (46)

Equation (46) is the RP attitude error kinematic differential equation. The above form approaches
singularity when |d¢| — £71.

2.2.4. Modified Rodrigues Parameter Error Kinematics

Modified Rodrigues parameters error vector is expressed as follows:

_ O (00
o=7 Foq tan ( 1 de, (47)
The inverse mapping to quaternion is as follows:
160 20
= = ) 4
M= Tise A M= #8)
The differential equation for the MRP error follows from the derivative of Equation (47):

o 1+6qs (1+6qa)%

Substituting Equation (42) into Equation (49) yields the following:

. 1 [0qal353 + [6gv %] 3q,0q%
5,7*2 { 1+ 043 (1 + 00,)2 Sw.

This equation is simplified by substituting Equation (48) to obtain a compact quadratic form:

5o — i (1= 60%) Iy + 2060 x] + 260760 ] dcw. (50)
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Equation (50) provides the MRP attitude error kinematic differential equation. The above form
approaches singular behavior as |6¢| — 2.

2.2.5. Euler Angles Error Kinematics

There are 12 distinct Euler angles sequences, depending on the axes about which the rotations are
carried out. Review the development in Section 2.1.4; similar derivations are followed here that yield
to the general i-j-k Euler angle error kinematics equations:

56;

/ . -
o0 0 = 3(HpyHyj) " Hpy [
56,

—[bwx] dw

5wt 0 0;;x (661,662, 003). (51)

ijk

Equation (51) is the desired kinematic differential equation using Euler angles to represent the
attitude error.

Alternatively, the Euler angles error kinematics can be derived by writing the angular velocity
error vector in the body frame in terms of the Euler angles error rates. For example, the angular
velocity error vector for 3-1-3 rotation sequence is given by the following;:

0 592 0
dw = R313(001,067,0603) ¢ 0 5 + R31(062,0603) ¢ 0 » +R3(d63) ¢ 0 o, (52)
56, 0 565

where R313(661,0602,603) = R3(863)R1(562)R3(661) is the 3-1-3 rotation sequence, where

1 0 0
R1(060) = |0 cos(60) sin(d0) |,
0 —sin(d0) cos(d0) |
[cos(66) 0 —sin(56)]
Ry(60) = 0 1 0 , and (53)
sin(60) 0 cos(d0)
[cos(50) —sin(56) O]
R3(60) = |sin(66) cos(66) O] .
0 0 1

Equation (52) can be written in the compact form:

564
bw = Mz134 66 ¢, (54)
563

where
sin(46,) sin(d63)  cos(d63) O
M3i3 = |sin(86;) cos(663) —sin(663) 0O
cos(66,) 0 1

The kinematic differential equation of 3-1-3 Euler angles error is the inverse of Equation (54):
591 5(01

80 p = M35 < dwy ¢ = Myjsdw. (55)
(593 (5(,03
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The complete set of 12 Euler angles error kinematics in terms of Ml;kl and the angular velocity
error vector is provided in Appendix A.

2.2.6. Principal Axis and Angle Error Kinematics

To derive the kinematics of the principal axis/angle for attitude error, we start from the definition
of the quaternion:
0q4 = cos(6¢/2) and  dq, = desin(é¢/2).

Taking the derivative and solving for é¢ and é¢, we obtain the following:

0p = —————= 20 and dé = 040 %.(Seéq'b cos(¢/2)
sin(d¢/2) sin(d¢/2)

Substituting Equation (42) and making use of dq, = Jésin(é¢/2) and the identity

[0 éx] [0éx] = déde" — I35, we obtain the following:
5P = dw'de, (56)

de
where 6é = and
VideTde

e = 5 {[o0x] — [ex]oex] cot(69/2)} dw. (57)

Equations (56) and (57) represent the kinematic equations of the attitude error using principal
axis and principal angle.

2.2.7. Cayley—Klein Error Parameters Kinematics

Cayley—Klein parameters is an attitude representation provided by a 2 x 2 complex matrix. This
matrix is as follows:

(51]4 + 15!]3 5!]2 + i&ql

0K = 094 Lz +1 (00101 + 09202 + 0303) = —0q2 +ibq1  0qs —i0q3 |’

where 01, 0, and o3 are the three Pauli spin matrices. The principal angle can be computed from
the following:

8¢ =2cos ! Etr (5K)} .

It has been already shown in (Section 2.1.7) that the Cayley—Klein parameters can be written in
the column form:

0Ky 1
1(0K) = = Yodq,
5K2,2
0 0 1 1
i -1 0 0f. . . . . .
where Yy = i1 o ol non-singular constant matrix. The kinematics equation of the
0 0 —i 1

Cayley—Klein error column vector is as follows:

col(6K) = ¥oéq. (58)
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Substituting Equation (42) into Equation (58) and making use of col(dK) = ¥(dq, the kinematics
equation of the Cayley—Klein error column vector yields the following:

) 1 —|bwx]| dw
col(JK) = ETO [ —[(SwT} 0

] ¥, 'col(dK), (59)
where the col(JK) has to satisfy the constraint equation col(dK)*col(6K) = 2.

Appendix B summarizes the attitude error kinematics using the two definitions of the angular
velocity error.

2.3. Numerical Validation

Numerical integrations of all the kinematic equations presented are performed for arbitrary initial
conditions to validate the machine error accuracy for each attitude representation. For this particular
example, the initial conditions are given in Table 1, where constant angular velocity is considered.
The validation test is performed as follows:

1. Integrate the true attitude kinematics for each attitude representation using the attitude
kinematics equations;

2. Transform the time history solution of the true attitude for each attitude representation to the
direction cosine matrix C or quaternion g;

3. Integrate the estimated attitude kinematics for each attitude representation using the attitude
kinematics equations;

4. Transform the time history solution of the estimated attitude for each attitude representation to
the direction cosine matrix C or quaternion 4;

5. Calculate the attitude error of the two solutions in steps 2 and 4 using 6C = CC" orég = g ® 4~ %;
then, calculate the principal angle of the attitude error, ¢*;

6.  For approaches 1 and 2, integrate the attitude error kinematics for each attitude representation
using the attitude error kinematics equations in Appendix B (Table Al); then, calculate the
principal angle of the attitude error 5¢ for each approach;

7. Calculate the absolute error A(d¢) = |0¢* — d¢|, as shown in Figure 2.

Table 1. Initial conditions.

Parameter Initial Condition

w (rad/s) {0.7972, 0.5202, 0.3064}"

w (rad/s) {0.7931, 0.5898, 0.1521}"
q {-0.3112, —0.2937, 0.5374, —0.7267}"
4 {—0.0104, —0.8248, 0.4319, 0.3647}"

Figure 2 represents the validation test of the two approaches (step 6) compared to the classical
approach (step 5). Figure 2a,b show the computation error, A(é¢) = |[6¢p* — d¢|, of the attitude error
computed using the first approach (Figure 2a) and the second approach (Figure 2b) for the following
attitude representations: direction cosine matrix, quaternion, Rodrigues parameters, and modified
Rodrigues parameters. The first approach represents the simulation case, denoted by kinematic
error 1. The second approach represents the estimation/control case, denoted by kinematic error
2. The two figures Figure 2¢,d show the computation error, A(d¢) = |d¢* — d¢|, of the attitude
error computed using the first approach (Figure 2c) and the second approach (Figure 2d) for the
following attitude representations: principal axis/angle, Euler angles (3-1-3), Euler angles (1-2-3), and
Cayley—Klein parameters. The computation error retains the accuracy level of the numerical integrator
used (MATLAB® function ode45).
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Figure 2. Validation test. (large angular rotation ¢ = [145, 170] deg). (a) Kinematics error 1.
(b) Kinematics error 2. (c) Kinematics error 1. (d) Kinematics error 2. DCM = Direction Cosine
Matrix; RP= Rodrigues parameters; MRP= Modified Rodrigues parameters.

3. Kalman Filter

In this section, a sequential extended Kalman filter (EKF) formulation is developed and presented
for the two approaches. The development of compact forms of nonlinear attitude error kinematics
enables the applications of arbitrarily large relative rotations and rotation rates in different attitude
coordinates. Since quaternions present no singularities, it is the most popular coordinate for attitude
estimation. However, it must obey the norm constraint.

3.1. Estimated Angular Velocity Defined in the True Attitude Frame

The estimated angular velocity vector @ is defined in the true body axes frame (x, y, z). In this
case, w and @ are defined in the same reference frame. Therefore, the angular velocity error vector is
as follows:

bw=w—w.

This case finds application during simulations when the true attitude is available. The quaternion
error kinematics is given by Equation (12), which can be linearized for first-order approximation to the
following [8]:

1
o4y, ~ —|wx]o ~dw
5Q4 ~ 0.

Unfortunately, this linearization requires that the estimated quaternion is close to the true

quaternion to preserve the normalization constraint.
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A common sensor model to measure the angular rate is the rate-integrating gyro, which is
defined by the following:
w = @=p-m (61)
ﬁ = Hu,
where 7, ~ N (0, 021353) and 7y ~ N (0, 0213.3) are zero-mean Gaussian noise with variances given
by 02 and 02, respectively; B is the gyro bias vector; and @ is the measured angular velocity, which is
given by the following:
@=a+p, (62)

where @ and § are the estimated angular velocity and the estimated gyro bias vectors, respectively.
Hence, the angular velocity error is given by the following:

dw=—(0B+10), (63)
where 0§ = B — B. The multiplicative extended Kalman filter error model is now given by the
following (note: B = 0):

. . 1
‘5qu ~ _[wx]éqﬂ_i((sﬁ‘*"h) (64)
0B =~ 1.
3.2. Estimated Angular Velocity Defined in the Estimated Attitude Frame

In this section, the estimated and the true angular velocities are expressed in different coordinate
frames, éw = w — éCw. It has been discussed earlier that the attitude error kinematics equations for
this approach take the same form as the attitude kinematics equations; see Figure A1l. The quaternion
error kinematics is linearized for first-order approximation to the following:

, 1
5Q4 ~ 0,
where the first-order approximation of the attitude error matrix is given by the following;:
0C = I3y3 — 2[0q0 X]. (66)

Considering the same rate-integrating gyro sensor model defined in Equation (61) and the
observed angular velocity definition in Equation (62), the angular velocity error is written as follows:

Sw = (I3x3 — 6C)@ — (3B +110) = —2[(@ + B) x|6q0 — (8B + 110), (67)

where 0 = B — (5Cﬁ: The multiplicative extended Kalman filter error model is now given
by the following (note: B = 0):

8410
op

3.3. Extended Kalman Filter Error Model

—[(@ + B)x]6g0 — 5 (3B + 110)
fu + [6w x]5CB. ’ (68)

QX

For a single sensor, we define the true and estimated body vectors as follows:

b = Clq)r
b= )
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where r = {x, y, z}" is the 3 x 1 vector of the vehicle position in the earth-centered, earth-fixed (ECEF)
coordinates, the true attitude matrix is C(q) = C (d9)C(§~), C(dq) is defined in Equation (37), and

AT A

C(g) = [ (42 — 4%G0) I + 2406475, — 244G X ]} . Thus, the estimation error of the body vector is defined
as follows:
Ab=b—b" =2[C(§7)rx]éqy. (70)

The sensitivity matrix of n measurement sets is given by the following:

Jrix] Osx3
Jrax|  Ozx3
H= : e (71)
2[C(47)rax] Osx3
The EKF error model is given by the following:
Ax = F(x(t), t)A%(t) + G(t)w(t), (72)
where A%(t) = [0q} 6B"]"; w = [y}, 3,]"; and F(2(t),t), G(t), and Q(t) are given by Table 2:

Table 2. The extended Kalman filter (EKF) model.

w=w—w ow=w—0Cw
F - {*[‘UX] *%hxﬂ r - { ~[(@+B)x] —%Iaxs]
033 033 2[Bx][(@+B)x]  [BX]
—Iys O3z —Iys O3x3
G :|: 7 13x ><:| G :|: 213x X
03x3  I3x3 [Bx]  Ixs
0 = {Uglsx:s 03x3 } 0 = {Ugfsxa 033
03x3 03343 03x3  02l3x3

Discrete-time attitude observation # x 1 model at time t; is given by the following:

b = : 9 - = Iy (%) + v, (73)

[C(é)”n] e V‘n

tr

where vy ~ N(0, Ry) is zero-mean gaussian measurements noise with covariance error matrix Ry.
Thus, the error state update is given by the following:

A%y = Kelgie — (%), (74)

N N 2+
where Af,j = [57; OB ", ¥ is the measurement output, hi (%, ) is the estimate output, and K is
Kalman gain, as given in Equation (75).
The EKF is implemented following the below sequential steps [30,31]:

e Initialization: at ty and for given initial states xo = [§o, Bo]” and initial value of the covariance
matrix Py, the initial values are given by the following:

£ (0) E{x(0)} = xo
P=(0) = E{(x(0) —x0)(x(0) —x0)"} = Py,

(75)

where the superscript (—) denotes priori values and E{ } is the expectation operator. Assume that

x(0) ~ N (0, P(0)).
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e  Gain: compute the Kalman gain matrix:

-1
Ki = P HE (50) [He(g0) P HE (50) + R (76)

where Hy(,) = 9 %, is given in Equation (71).

e  Update: update the state estimate 3?k+ and covariance Pk+ at each measurement:

g = 2+ Kl — (%))

X (77)
P = [I3xz — KeHe (%)) P,

where the superscript (4-) denotes posteriori values.
e  Propagation: propagate both the state estimate £; and covariance P using the posteriori estimate
£ and posteriori covariance P;". The estimated angular velocity, @ = @ — B, is used to propagate

the quaternion kinematics:
1| -[wx] @],
2| —or ol

p =0
P = FP+PFT +GQGT,

<
|

(78)

where the matrices F, G, and Q are given by Table 2.

3.4. Numerical Simulation

This section presents simulation results that utilize data provided by a star tracker to estimate the
attitude of slow spinning spacecraft under the following scenario:

e  Optical axis aligned with £ axis of the body reference frame.

e  Sensor field of view: 10° x 12°.

e  Star catalog with magnitude threshold = 6.

e  Observed stars affected by multiplicative Gaussian noise [32] due to centroid error, 3¢ = 20”.
e  spacecraft is spinning about the # axis with constant angular velocity 1.01 rad/s.

e  Simulation time is 300 s with sampling frequency of 10 Hz.

08
o4
02 w
FAN v
0. M
~
™ .02
04
-08
-08
04”7 e .
St =
2 \:\‘_ il 04
L e 02
02 i
> e 0
il e 04
087 o7 o
08
Y
X L b3

Figure 3. Stars view over the trajectory. (a) Stars sphere. (b) Observed stars by an orbiting spacecraft.
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Figure 4. Attitude estimation. (a) Attitude estimation error: principal angle. (b)Attitude estimation
error: Euler’s angles.

The directions captured by the sensor field of view during the whole trajectory is shown
in Figure 3. Figure 4 shows the attitude estimation error, which is defined as the principal angle
between estimated and true DCM and is small and within the predicted covariance (£3¢) error.

4. Optimal Tracking Control

A general scalar nonnegative attitude penalty function is utilized to formulate an optimal feedback
control for the spacecraft tracking problem. This new variable yields identical performance index
values, regardless of the attitude variables selected. The general final finite-time optimal control
formulating is given by minimizing the following performance index [29]:

1 1 [ty
e — _
S = 2<1>(tf,5w(tf),5g(tf))+ 5 /to L(éw,dC,u,t)dt, (79)
which is subject to ¥ = [6w"6L"]" = f(dw,éL,u), where dw is the angular velocity error, 67

is an arbitrary attitude representation of the attitude error, and the penalty functions are (using
dw(ts) = dwr, and 6L(tf) = 004,):

D(ty, ow(ty), 64(tr)) = Q8(88:,) + dwi Qadwr,
and L(éw,dC,u,t) Q32(80) + 6w Quéw + u'Ru. (80)

The weights Q1 and Q3 are scalars, and the weights Q», Q4, and R are 3 x 3 matrices. The
f(dw, 6T, u) is the spacecraft error dynamics. The scalar function g(40) is a general nonnegative
attitude penalty function. The function is chosen to produce the same cost for a given physical
orientation [23,29]:

$(16C(5%,69)]) = 3 (3 — tr((6C])) = sin®(59/2), (81)

when using exact nonlinear attitude error kinematics, the orientation will work for large angles;
0¢ = £180°. Therefore, the function is bounded 0 < g(6C) < 1 for all possible rotations. Thus,
the attitude cost reaches its highest value at the maximum rotation angle. Defining the attitude cost
function in terms of the DCM makes it universally valid for arbitrary choice of attitude coordinates.
It can be simply parameterized by any other attitude coordinate. The universal quadratic penalty
function for arbitrary attitude error representations is given in Table 3. This penalty function returns
the same cost for a given physical attitude, thereby eliminating the dependency of the optimal control
solution on the choice of the attitude coordinate.
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Table 3. Universal penalty function for attitude error.

Attitude Parameter Penalty Function
DCM 2(6C) = i( — 1(5C))
Quaternion g(6C(3q)) = 6q3 + (5q2 + 643
_oplop
CRPs g(6C(dp)) = T 5€T‘5P
MRP 6C(0 =4 —
° 8(6C(40)) (1 +5(7T5(7)
Euler Angles* g(6C(80)) = 3[3 — (1 + cos 86;) cos(861 + 663) — cos 665]
Principal angle/axis g(6C(38,0¢)) = sin®(5¢/2)
Cayley-Klein g(6C(6K)) =1 — Ltr(6K)?

* For the 3-1-3 rotation sequence.

4.1. Reference Angular Velocity Defined in the Body Attitude Frame

The reference w, and current w angular velocities are expressed in the same coordinate frames;
ie., dw = w — wy. It can be shown that the general expression of the attitude error kinematics of this
set can be given as follows:

67 = [fsg (670w — [w; X167, (82)

with initial state d{ () = 6{o. The Hamiltonian H for this system of equations is defined, for the given
optimal control problem in Equations (79) and (80), as follows:

H= %(Qgg(ég) + 0w Quéw + u"Ru)—
AL I (X = [(Iwr) X])dw + [w x| [6w — u + L@, + [wr x| Lw,)+ (83)

Ase ([fog (60)16w — [wr x]0T),

where A5, and As; are the co-state variables for the angular velocity error and the attitude error,
respectively. Invoking the standard necessary condition for optimality, the co-state differential
equations are given by the following:

Asw = —Qudw — [f(;g'(ég)]TAgjg — (I[dwx] = [(I6w)x] — ([wy X ]I = [(Tw;)x])) T A

a (84)

The two co-state differential equations are integrated backward in time with given terminal
5 L L - ‘s o -
values As,(tr) = 5 50) ‘tf and A5z = 360) ‘tf' The optimal control is given by the first-order necessary

conditions for an extremum, H, = 0, leading to u = —(I R) A0

4.2. Reference Angular Velocity Defined in the Reference Attitude Frame

The reference and current angular velocities are expressed in different coordinate frames, i.e.,
dw = w — 0Cw;. Therefore, this definition explicitly computes the angular velocity error in the current
body frame. As an important result of this set, the expressions of the attitude error kinematics follow
the attitude kinematics equation for any given attitude representation choice. Therefore, the general
expression of the attitude error kinematics of this set can be given as follows:

67 = [fsr(60)] 6w, (85)
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with initial state ¢ (ty) = d{o. The Hamiltonian H for this system of equations is as follows:

H= 2(Q:3(67) + 6w Qubw + u"Ru) -
AL IH([6Cwr x]I — [16Cwy X]) bw + [ Swx]I6w — u— (86)
[[dwx]6Cwr + Iy + [ 6Cw, x]J6Cwy) + A [f57(67)]0w.

Invoking the standard necessary condition for optimality, the co-state differential equations are
given by the following:

.A(Sa) B —Q4(5w - [fgg(ég)]TAgz - (I[J(UX} - [(I&w)x] - ([§er><]l - [(1§er)><})T+ [5CMVX}I)171A§W

9 9 (87)
7([f5§(5€)]5w)TA5C - [er]A(Sg - W[J‘U]TA&W

.1 a8

Mo = 739560 A
The optimal control is given by the first-order necessary conditions for an extremum, H, = 0,
leading to u = —(IR)’lA(;w. Note the last term in the ()\gg) expression involves calculating the

partial derivative of the angular velocity error kinematic, 360 [0w], which obviously leads to difficult

math. This step is also required when performing coordinate mapping between the DCM into other
attitude parameters.

4.3. Numerical Simulation

This section presents simulation results of a fixed final-time and final-state open-loop optimal
control solution for the spacecraft tracking problem. Modified Rodrigues parameters are used for the
attitude motion. The initial and final state variable conditions for this example are given in Table 4.
The spacecraft moment of inertia tensor is given in Table 5. For simplicity, the weighting matrices
are Q1 = 0, Q3 = 1, Q2 = 03«3, and Q4 = R = I343. However, one can sweep those penalties to
obtain different solutions sets. This example stands to solve the open-loop optimal control problem
for the spacecraft tracking problem using arbitrary attitude representation. We consider the universal
performance index given in Table 3. The state and co-state differential equations are solved in a
Boundary Value Problem (BVP) framework using a shooting method (MATLAB fsolve) [29,33]. The
optimal open-loop solution is shown in Figure 5. The time history of the optimal trajectory and control
is shown in Figure 5a for MRPs representation. The trajectory is controlled to drive the spacecraft for
a given initial state error, éw(0) and 6Z(0), to rest at zero attitude error after 25 seconds. It is noted
that the optimal open-loop solution obtained for various attitude representation produces the same
angular displacement é¢ and total cost, as given in Figure 5b.

Table 4. Initial/boundary conditions.

Time (s) Attitude Error (MRPs) 6 Angular Velocity Error éw (rad/s)
0 LR (0.1, —02, —0.3]"
25 [0, 0, 0] [0, 0, O]

Table 5. The spacecraft principal moment of inertia components (kg-m?).

L 86215
L 85.070
I, 113565



Sensors 2019, 19, 4682

0.2 B et P :
1 —— L
& B L o em——z=====
P AL el e |
h 5 10 15 20 *
MRPs Error
04 NS ]
Qo2 STime _
=l R s T
5 5 10 13 20 *
Control [N.m]
e — 7
5 0 e s S " e —
2 ‘ . R R
i & 10 15 4 *
Time [sec.]
(a)

22 of 25

10 15 20

ﬂlo 1I5 26
Time [sec.]
(b)

25

Figure 5. Open-loop optimal solution for the tracking motion. (a) Time history of the optimal trajectory,
w and MRPs, and control. (b) Time history of the principal angle and the total optimal cost.

5. Conclusions

Full analytical derivations of attitude error kinematics equations have been presented. Compact

forms of attitude error kinematics equations are derived for various attitude parameterizations.
The attitude error is defined as the rotation error between the true and estimated orientations. Several

attitude error representations are developed for describing the orientation error kinematics. Two
approaches to attitude error kinematics are introduced. The first one considers the estimated angular
velocity defined in the true body axes, while in the second one, the estimated angular velocity is
defined in the estimated body axes. These two angular velocity definitions are usually adopted in
simulations and in real estimation/control applications, respectively. These two nonlinear kinematic

models are valid for arbitrarily large relative rotations and rotation rates. These results are expected

to be broadly useful for generalizing extended Kalman filtering formulations and optimal control

tracking problems.
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Appendix A. Angular Velocity Error Vector and Euler Angle Error Rates Mapping

This appendix presents forward and inverse mapping between the angular velocity error vector

Sw and the Euler angle error rates 60 = {(591 56, (593}T in the following form:

Note that the shorthand notations ¢; = cos(d6;) and s; = sin(66;) are used in Table A1.

50 = M

~1
ijk Sw
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Table Al. Angular velocity error vector and Euler angle error rates mapping.

-1

-1

i-j-k . M i-j-k ”, Mijk
1 0 53 c3 I Co 0 1] 1 0 Cc3 —83 [ 52 0 1]
1-2-1 — |0 52C3 —S2C3 5283 Cc3 0 2-3-1 — 10 €283 CaC3 CaC3 53 0
2 Sy —(C283 —(2(C3 |S2€3  —S3 0_ €2 Cy —82C3 S283 | —C253 (€3 O_
1 [ C3 —S3 0] [ C2C3 S3 0] 1 Cc3 0 S3 _52C3 —8S3 0]
1-2-3 — C283 CaC3 0 —C283 (3 0 2-3-2 — | —8283 0 S2C3 Cy 1
€2 | —S203 5253 (2| L S2 0 1_ 52 —CpC3 Sy —(C283 15253 C3 0_
1 [0 —C3 53 ] [ Co 0 1] 1 —s3 0 Cc3 _—C253 Cc3 0]
1-3-1 ; 0 5283 52C3 —S3C3 S3 0 3-1-2 Cf CC3 0 €283 S2 0 1
2 |52 C2C3 —C283 ] | 5253 Cc3 0_ 2 $283 €2  —S2C3 | C2C3 53 0_
1 [ 0 53 | [coc3  —s3 0] 1 S3 c3 0 [s3s9 ¢35 O]
1-3-2 — | —C283 0 CaC3 —Sy 0 1 3-1-3 — S$2C3 —8283 0 SpC3 —S3 0
©2 | 52€3 C2 5253 | C253 C3 O_ 2 —C283 —C203 So L €2 0 1_
1 [ S3 0 *C3_ [ S$283 Cc3 0] 0 0 C3 _752 0 1]
2-1-2 — S2C3 0 S$283 Co 0 1 3-2-1 — 10 CaC3 —C283 C2S3 C3 0
52 | —C283 S (C2C3] | —S203 S3 O_ ¢ Cp  S2S83 52C3 [C2C3  —S3 0_
1 I 53 c3 0- -C253 Cc3 O- 1 —C3 53 0 -—52C3 53 0-
2-1-3 — | C2C3 —(253 0 CC3 —S3 0 3-2-3 — |85283 S$2C3 0 5283 C3 0
€2 | 5253 S$2C3 C2 | | —S2 0 1_ 52 CxC3 —C283 S2 L C2 0 1_

Appendix B. Attitude Error Kinematics

Attitude error kinematics equations for various attitude representations and for the two
approaches—estimated angular velocity defined in the true attitude frame (for simulations) or defined
in the estimated attitude frame (for real applications)—are summarized in Figure A1l. These equations
are used to integrate the attitude error rate.

Attitude N N
So=0-0 dw=w-6Co
Parameter
DCM 5C ={Swx]6C —[ax]5C + 5Cax] 5C = [Swx]6C
5q, —8g, &g,
2[w 1 5 2 & o 5
- sg= 1| ~([6e] —;[zax]) &aH q‘}; R PN }[ <54, | 5a [T 607 (54,
Quaternion 2 - 0 ||dq, 2| -oq, g oq, o, 0 J 1 2| —So 0 5q,
—6g, —og, —0g,
1 . - 1 ;
RP 5p:£[[]3x3]+[5px]+5p5p oo -1ax15p 5p:5[[1;x3]+[5px]+5p5p ]oe
MRP 56 :%[(1—50'1'50')[13)6]+2[é‘o’x]+250’50’71é'w—[rr")x]ﬁcr 56 :i[(l—5a'r50')[]3x3]+2[50'x]+ 250507 | 50
%, 1 ([6wx]+2[@x]) S %
; _ —([Swx]+2[@x (] ; -
Euler Angles” 59_1 :Z(H,,T[H,«T.() 1H;{ s’ 0 }em ’59_1 :J\/f"’kl(,Sﬂl,ﬁBl!é‘Hg)é’m
56, | 56,
ik ik
o S = Sw'5é = Sé” 5o 8= 6" 56 = 5" S
Principal 1 L
angle/axis Sé = 5[[5éx] —cot(8p / 2)[8ex][6¢x]| Se —[@dx]5¢ Se = [[6ex]~ cot(dp / 2)[Séx][5éx])5er
| —([6ox]+2[ax]) Sl _ 1. [16ex] el _ .
col(8K) = E‘I—’{ sel 0 ¥, 'col(5K) col(5K) :E\FD o 0 ¥ 'col(5K)
[ ] i 1 o 0 i 1
Cayley-Klein
RN 5 P00 5
where ¥ = , and i =-1 where ¥ = , and © =-1
R I B i1 0 0
0 0 - 1 0 0 - 1

"See Ref [2] for H and ©,, definitions, and see Appendix B for / -1(56,.80,. 58,) definition.

Figure Al. Summary of the attitude error kinematics equations. The terms in red indicate the

differences between the two forms
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