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Abstract: The micro-electro-mechanical system (MEMS) dynamic inclinometer integrates a tri-axis
gyroscope and a tri-axis accelerometer for real-time tilt measurement. The Stewart platform has the
ability to generate six degrees of freedom of spatial orbits. The method of applying spatial orbits
to the testing of MEMS inclinometers is investigated. Inverse and forward kinematics are analyzed
for controlling and measuring the position and orientation of the Stewart platform. The Stewart
platform is controlled to generate a conical motion, based on which the sensitivities of the gyroscope,
accelerometer, and tilt sensing are determined. Spatial positional orbits are also generated in order to
obtain the tilt angles caused by the cross-coupling influence. The experiment is conducted to show
that the tested amplitude frequency deviations of the gyroscope and tilt sensing sensitivities between
the Stewart platform and the traditional rotator are less than 0.2 dB and 0.1 dB, respectively.
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1. Introduction

Thanks to recent advances in micro-electro-mechanical-system (MEMS) technology, the size of
the sensor can be dramatically reduced to the chip size, along with reductions in cost and power
consumption [1,2]. Inclinometer sensors for tilt measurements have been widely applied in many
industrial applications, such as structural health monitoring, ground movement measurement, and
attitude dynamic measurement and control [3–6].

The MEMS dynamic inclinometer integrates a tri-axis gyroscope and a tri-axis accelerometer for
real-time tilt measurement [7,8]. As the data from the accelerometer are in general very noisy and
susceptible to external acceleration interference, a gyroscope offers unsusceptible angular velocities
around the axes. The data from a gyroscope have a tendency to drift, because of the angular velocity
data bias accumulation over time; therefore, the data fusion of the gyroscope and accelerometer is a
complete solution for the dynamic tilt measurement.

The MEMS sensor must be calibrated before being used and re-calibrated periodically for precision
applications. The six-position static test and the rate test are among the most commonly used methods
for the calibration of MEMS accelerometers and gyroscopes [9,10]. The six-position method requires a
perfect cube shaped mounting frame to make each sensitive axis of the accelerometer point alternatively
up and down. To estimate the axis misalignments, an improved six-position test can be performed,
which takes into account bias, scale factors, and non-orthogonalities. The rate test is typically done using
a precision rate turntable by rotating the gyroscope through the given turning rates, and comparing
them with the outputs of the gyroscope. A multi-axis turntable is often used for the IMU calibration by

Sensors 2019, 19, 4233; doi:10.3390/s19194233 www.mdpi.com/journal/sensors

http://www.mdpi.com/journal/sensors
http://www.mdpi.com
http://www.mdpi.com/1424-8220/19/19/4233?type=check_update&version=1
http://dx.doi.org/10.3390/s19194233
http://www.mdpi.com/journal/sensors


Sensors 2019, 19, 4233 2 of 13

making use of gravity and Earth rotation rates as references. This method is not applicable to MEMS
gyroscopes, as the Earth’s rotation is a very weak signal that is typically buried within the sensor noise.

The current methods for MEMS sensors are applicable for calibrating the error models of MEMS
inclinometers, including scale factors, bias, and non-orthogonalities [11–14]. Less attention has been
paid to the dynamic performance of the MEMS inclinometer. To evaluate the tracking performance
and cross-coupling of MEMS dynamic inclinometers, a testing device for multiple degrees of freedom
of tilt motion and positional motion is required. The Stewart platform consists of two plates jointed by
six prismatic actuators that allow it to be precisely adjusted and controlled [15,16]. Devices placed
on the top plate can be moved in six degrees of freedom, as follows: Three linear movements and
three rotations [17]. Spatial orbits that are generated by the Stewart platform have an advantage over
uniaxial motion in dynamic performance testing for MEMS inclinometers.

This paper performs research on a new approach for testing a MEMS dynamic inclinometer by
using a Stewart platform. The paper is organized as follows: Section 2 introduces the kinematic
analysis and spatial orbits of the Stewart platform for testing purpose; Section 3 discusses the testing
method for the MEMS inclinometer using spatial orbits; Section 4 presents experimental investigations
on the tracking performance and cross-coupling influence, and a comparison with the rotator; and the
last section provides conclusions of the paper.

2. Stewart Platform

2.1. Kinematic Analysis

As shown in Figure 1, the Stewart platform consists of a fixed base, a moving platform, and six
limbs. The limbs are composed of two parts, an upper link and a lower link, connected by a prismatic
joint. The upper link connects the moving platform using a spherical joint, and the lower link connects
the fixed base using a universal joint. A servo motor via a linear ball screw is used to change the length
of each limb so as to generate the position and orientation of the moving platform.
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Figure 1. Schematic view of the Stewart platform. 

Let ( )qt,  stand for the position and the orientation of the moving platform, where q  is the 
quaternion defined by a single rotation about a vector. Inverse kinematics is implemented for the 
control of the Stewart platform [18]. As shown in Figure 2, the length of the ith limb, il , is calculated 
from the desired trajectory of the position and the orientation ( )qt, . The servo motors are controlled 
to drive the limbs to follow the corresponding calculated lengths. However, amplitude attenuation and 
phase lag exist between the actual lengths, il′ , and the calculated lengths, il , between the 

Figure 1. Schematic view of the Stewart platform.

Let (t, q) stand for the position and the orientation of the moving platform, where q is the
quaternion defined by a single rotation about a vector. Inverse kinematics is implemented for the
control of the Stewart platform [18]. As shown in Figure 2, the length of the ith limb, li, is calculated
from the desired trajectory of the position and the orientation (t, q). The servo motors are controlled to
drive the limbs to follow the corresponding calculated lengths. However, amplitude attenuation and
phase lag exist between the actual lengths, l′i , and the calculated lengths, li, between the characteristics
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of the closed-loop frequency responses of the servo motors [19,20]. The actual trajectory (t̂, q̂) is
generated on the moving platform by the six extension limbs, and is further used for testing.
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Figure 2. Control and measure of the position and orientation of the Stewart platform.

The Stewart platform that was used to test the MEMS inclinometer was calibrated in advance, and
all of the kinematics parameters, including the length offsets of the limbs, positions of the spherical
joints, and positions of the universal joints, were identified and compensated. The calibration was
implemented by means of extra measurements, such as by a laser tracker or a bar ball, to compare
with the internal encoders of the mechanism [21]. Therefore, it is acceptable to measure the position
and orientation of the platform by using the internal encoders, as the kinematics parameters were
compensated after the calibration.

As there may be deviation between the desired trajectory and the actual trajectory, forward
kinematics is implemented to get more accurate trajectories of the position and orientation (̃t, q̃) from

the six actual limb lengths, L′ =
[
l′1, · · · l′6

]T
. The position and orientation

(̃
t, q̃

)
can be solved by the

following nonlinear equations [22].

2.2. Spatial Orbits

The spatial orbits generated by the Stewart platform can be applied for the testing of the
MEMS dynamic inclinometer. The conical motion around the Z-axis is generated to test the tracking
performance of the inclinometer. As illustrated in Figure 3, the conical motion around the Z-axis
is formed by a single rotation about a vector, OL, through an angle, and the vector, OL, rotates at a
constant angular velocity in the XOY plane. The attitude representation in terms of the quaternion is
described as follows:

q(t) =
(

cos α2 sin α
2 cosωt sin α

2 sinωt 0
)T

(1)

where α is the constant rotation angle and ω is the angular velocity of vector, OL. The conical motion
has advantages over the one-dimensional rotation motion in dynamic tilt testing, because first, it
provides two degrees of freedom of tilt motion, that is, cyclic symmetry, and second, it is a kind of
dynamic orbit with sinusoidal components of a specific frequency.

The angular velocity of the conical motion around the Z-axis is given by the following:

ω(t) =
(
−ω sinα sinωt ω sinα cosωt −2ω sin2 α

2

)T
(2)

Here, the X- and Y-axis components of the angular velocity both have simple harmonic motion,
which can be used to test the gyroscope mounted on the inclinometer, while the Z-axis component is
just a small constant value, so that is not applicable for testing.
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Furthermore, according to the authors of [23], the acceleration components along the three axes
due to the tilt angles in the Earth gravity field are derived as follows

ax/g
ay/g
az/g

 = R(q)T


0
0
1

 =

− sinα sinωt

sinα cosωt
cosα

 (3)

where R(q) is the rotation matrix expressed in terms of the quaternion; ax, ay, and az are the acceleration
components; and g is the local gravity. Here, the harmonic motion of the X- and Y-axes is useful for
testing the accelerometer mounted on the inclinometer.

Besides the conical motion for the angular motion excitation, the positional motion is generated
to test the cross coupling influence of the inclinometer. As discussed in the literature [24], harmonic
positional vibrations along the three orthogonal axes with the same frequency are bound to composite
a spatial positional elliptical orbit, as depicted in Figure 4; the shape and orientation depend on the
amplitudes and phases of the harmonic vibrations. The three orthogonal positional vibrations at a
specified angular frequency, ω, can be written as follows:

Si(t) = Ŝi sin(ωt + φi) i ∈
{
x, y, z

}
(4)

where Ŝi is the amplitude of the positional vibration and φi is for the phase.
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3. Testing Using Spatial Orbits

3.1. Gyroscope and Accelerometer

The MEMS dynamic inclinometer consists of a tri-axis gyroscope and a tri-axis accelerometer for
real time tilt sensing. The gyroscope and the accelerometer give six degrees of freedom capable of
measuring the angular velocity around the three axes and the acceleration along the three axes. However,
because of the imprecision in the construction of the inclinometer, the three axes of the gyroscope and
the accelerometer form two distinct non-orthogonal frames. Let us define a reference coordinate frame
on the inclinometer. Both the gyroscope and accelerometer frames are unaligned with the reference
coordinate frame. Calibration is implemented by manufacturers to transform the non-orthogonal
gyroscope and accelerometer sensitivity axes into the reference orthogonal coordinate frame. Then,
the inclinometer output is proportional to the physical quantities sensed by the accelerations and the
angular rates, respectively. As shown in Figure 5, the relationship between the output and the physical
quantity acting along the reference coordinate frame can be expressed by a diagonal sensitivity matrix

S j = diag
(

S j
x S j

y S j
z

)
j ∈

{
a, g

}
(5)

where S j
x, S j

y, and S j
z are the X-, Y-, and Z-axial sensitivities, respectively; j = g is the gyroscope case;

and j = a is the accelerometer case.
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For the gyroscope case, from Equation (2), we can get the X- and Y-axial sensitivities as follows:{
Sg

x = Yg
x/(ω sinα)

Sg
y = Yg

y/(ω sinα)
(6)

where Yg
x and Yg

y are the X- and Y-axial amplitudes of the gyroscope output under the excitation of
the conical motion around the Z-axis, and α and ω are the conical angle and angular frequency of the
conical motion generated by the Stewart platform, respectively. The Z-axial sensitivity, Sg

z , needs to be
determined through the conical motion around the X- or Y-axis.

For the accelerometer case, from Equation (3) we can get the X- and Y-axis sensitivities as{
Sa

x = Ya
x/(g sinα)

Sa
y = Ya

y/(g sinα)
(7)

where Ya
x and Ya

y are the X- and Y-axial amplitudes of the accelerometer output under the excitation of
conical motion around the Z-axis, and α is the conical angle of the conical motion generated by the
Stewart platform. The difference here is that it is impossible to be obtain the Z-axial sensitivity, Sa

z,
through other conical motions, unless the inclinometer is re-installed so that its Z-axis is horizontal.
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3.2. Tilt Sensing

The tilt of the sensor is usually defined in terms of the roll angle, ϕ, and the pitch angle, θ, while
the yaw angle, ψ, is not provided. The orientation is determined by both the rotation angles and

the order in which these rotations are to be applied. The angle set
(
ϕ θ ψ

)T
is not a completely

informative vector as the rotation order is still needed to express the orientation. To be unaffected by
the rotation order of the orientation angles, the sensitivity needs to be defined on the condition that
only one orientation angle input is active and the other two are zero. However, this kind of angular
sensitivity is deficient if multiple orientation angles are active at the same time.

Therefore, we define the sensitivities based on a quaternion that has nothing to with the rotation
order. If the conical motion around the Z-axis is acted on the inclinometer, the desired tilt output in
terms of the quaternion should match with Equation (1), based upon which the sensitivities are given
by the following  SC

x = YC
x /

(
sin α

2

)
SC

y = YC
y /

(
sin α

2

) (8)

where YC
x and YC

y are the amplitudes of the X- and Y-axial components of the rotation vector in the
quaternion, and α is the conical angle of the conical motion generated by the Stewart platform.

If the roll and pitch angles are offered by the inclinometer, the quaternion output needs to be
derived first. The last column of the rotation matrix formulated by the rotation angles at any orientation
is given by the following:

R(ϕ,θ,ψ)T


0
0
1

 =

− cosϕ sinθ

sinϕ
cosϕ cosθ

 (9)

where R(ϕ,θ,ψ) is the rotation matrix expressed in terms of the Euler angles.
By comparison with the angle formulated by the quaternion in Equation (3), we can derive the

rotation angles for the conical motion around the Z-axis as follows:{
sinϕ = sinα cosωt
tanθ = tanα sinωt

(10)

Equation (10) describes that the sine of roll angle, ϕ, and the tangent of pitch angle, θ, are both

harmonic vibrations with amplitudes of sinα and tanα, respectively. If we take
(

sinϕ tanθ
)T

as
the tilt outputs, we can define the following sensitivities as follows:{

SC
sϕ = YC

sϕ/sinα
SC

tθ = YC
tθ/tanα

(11)

where YC
sϕ and YC

tθ are the amplitudes of the tilt output
(

sinϕ tanθ
)T

.
The dynamic inclinometer offers real-time tilt measurement by data fusion from the gyroscope

and the accelerometer. The positional motion may have an influence on the tilt measurement of an
inclinometer because of the produced acceleration. The tilt output resulting from the positional motion
is the cross coupling that it is hoped to be reduced to minimum. Let us define the cross-coupling of an
inclinometer as the maximum tilt angles under the action of a spatial positional orbit generated by the
Stewart platform.

4. Experimental Investigation

In this experimental investigation, we applied the Stewart platform to generate spatial orbits for
the testing of the MEMS inclinometer. As shown in Figure 6, the MEMS inclinometer was mounted with
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its sensitivity axes parallel to the reference coordinate frame of the moving platform. The characteristics
of the MEMS inclinometer (model number: BW-VG 527) are provided in Table 1.
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Table 1. Micro-electro-mechanical system (MEMS) inclinometer characteristics.

Dynamic Accuracy 0.1◦ Tilt Range Pitch ± 90◦, Roll ± 180◦

Static accuracy 0.01◦ Start delay <50 ms
Resolution 0.01◦ Maximum output frequency 100 Hz

The lengths of the six limbs are calculated from the desired spatial orbits by implementing inverse
kinematics. The servo motors are precisely controlled to dynamically follow the calculated lengths. The
outputs of the MEMS inclinometer that respond to the spatial orbit are acquired and in the meantime,
the actual lengths of the six limbs are measured through the encoders of the servo motors. Forward
kinematics is implemented to solve the position and orientation of the moving platform, by comparing
which can be used to test the MEMS inclinometer.

4.1. Tracking Performance

The conical motion around the Z-axis, with various frequencies from 0.1 Hz to 3.15 Hz, was first
generated as the spatial motion excitation to test the tracking performance of the MEMS inclinometer.
A constant rotation angle of 5◦ was selected as the desired command at low frequencies, while in the
case of exceeding the maximum acceleration capacity of the Stewart platform, gradually declining
rotation angles were selected from 1 Hz to 3.15 Hz. Figure 7 shows the amplitudes of the orientation
and position that are solved from the measured encoders. As shown in Figure 7a, the amplitudes of
the position are less than 0.017 mm over the whole frequency range, so we can neglect their influence.
Figure 7b shows the amplitudes of the orientation in terms of the quaternion elements. According
to Equation (6), the second and third quaternion elements are both simple harmonic signals with a
specific amplitude, while the fourth quaternion element is a constant zero. As shown in Figure 7b,
the X- and Y-axis components of the quaternion elements have a nearly identical amplitude, and the
amplitude of the Z-axis component is far less than the other two. This shows that the generated conical
motions around the Z-axis are well qualified for testing purposes.
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Figure 7. Conical motion around the Z-axis generated by the Stewart platform. (a) Amplitudes of
position; (b) amplitudes of orientation where the legend Q(i) (i = 2, 3, 4) stands for the ith element of
the quaternion for the orientation expression.

The outputs of the tilt angles at the conical motion around the Z-axis with 0.5 Hz are depicted in
Figure 8. There are obvious trend components in the period tilt angles because of integration errors.
Note that the waveforms are very close to, but not identical to, simple harmonic signals, while the
sine of the roll angle and the tangent of the pitch angles are simple harmonic signals according to
Equation (10).
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Figure 8. Tilt angles of the MEMS inclinometer at a conical motion around the Z-axis.

Then, according to Equations (6) and (7), we can determine the sensitivities of the gyroscope and
accelerometer, respectively, as shown in Figure 9a,b. From Equation (11), the sensitivities of the tilt
sensing can also be determined after eliminating the trend components, as shown in Figure 9c. The
sensitivity frequency curves of the gyroscope, accelerometer, and tilt sensing have a similar trend,
that is, the amplitude attenuation increases with the frequency, but the attenuation rates are different.
The sensitivity attenuation of the gyroscope is only below 2.5 dB at a frequency of 2.5 Hz, while
the attenuation of the accelerometer exceeds 4 dB at the same frequency. The sensitivity frequency
curve of the tilt sensing is very close to that of the gyroscope, and seems to be unaffected by the
sensitivity attenuation of the accelerometer. This is not difficult to understand, because the data from
the accelerometer focus on remedying the drift rather than the amplitude. It can be seen that the
sensitivity attenuation of the tilt sensing already exceeds 3.6 dB at a frequency of 3.15 Hz, which
demonstrates that only 66% of the tilt can be sensed. Therefore, the MEMS inclinometer has a poor
performance in tracking dynamic the tilts with a frequency of above 3.15 Hz.
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4.2. Cross Coupling

Furthermore, positional orbits from 0.1 to 0.8 Hz are generated as the spatial motion excitation, in
order to test the cross coupling influence of the MEMS inclinometer. The desired amplitudes of the X-,
Y-, and Z-axial positional vibration amplitudes are all set to 20 mm. Figure 10 shows the amplitudes
of the orientation and position that are solved from the measured encoders. Figure 10a shows that a
slight amplitude attenuation occurs as the frequency increases from 0.1 to 0.8 Hz. Figure 10b shows
that the amplitudes of the orientation angle are less than 0.005◦ over the whole frequency range, so we
can neglect their influence.
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Figure 10. Positional orbit generated by the Stewart platform. (a) Amplitudes of position; (b) amplitudes
of orientation in terms of Euler angles.

The outputs of the tilt angles at the positional orbit with 0.4 Hz are depicted in Figure 11. It can
be seen that both the roll and pitch angles are periodically repeated signals that are not ideal simple
harmonic signals, because of the complex data fusion algorithm implemented. The repeated frequency
is identical to that of the positional vibrations. The maximum and minimum deviations of the tilt
angles are 0.5◦ and 1.0◦, respectively. Figure 12 shows that the peak to peak values of the tilt angles
increase with the frequency. This is easy to understand, because the acceleration disturbance caused by
the positional vibration with a certain amplitude of displacement increases as the frequency increases.
The change trend of the roll and pitch angles is very close and the peak-to-peak value of the tilt
angles exceeds 2◦ at frequencies above 0.5 Hz. The MEMS inclinometer has an obvious cross-coupling
influence because of the positional vibration with frequencies of above 0.5 Hz. For the sake of the
accurate dynamic tilt measurement, the MEMS inclinometer should be mounted without a predominant
positional vibration.
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4.3. Comparison with the Rotator

An experiment comparison with the rotator was conducted in order to verify the effectiveness of
the proposed method. The two-axis rotator was employed to sequentially generate a single tilt motion.
As shown in Figure 13, the same MEMS inclinometer was mounted on the table of the rotator. The two
axes of the rotator were firstly positioned so that the roll axis of the inclinometer was parallel with the
outer axis of the rotator. By controlling the outer axis to angularly vibrate, the roll-axis sensitivities of
the gyroscope and tilt sensing were determined. Then, the pitch axis of the inclinometer was tuned to
be parallel with the outer axis of the rotator, by which the pitch-axis sensitivities of the gyroscope and
tilt sensing were determined.Sensors 2019, 19, x FOR PEER REVIEW 11 of 13 
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Figure 13. Two-axis rotator for MEMS inclinometer testing.

As illustrated in Figure 14, the tested amplitude frequency deviations of the gyroscope sensitivities,
and the tilt sensing sensitivities between the Stewart platform and the traditional rotator were less than
0.2 dB and 0.1 dB, respectively. The results of the conical motion generated by the Stewart platform
match well with that of the uniaxial rotation generated by the rotator, which verifies the effectiveness
of the proposed method.

However, the Stewart platform has an advantage over the uniaxial rotation device in dynamic
tilt testing because of the following facts: (1) the generated conical motion provides two degrees of
freedom of tilt motion based on which the accelerometers, gyroscopes, and tilt sensing of the MEMS
inclinometer can be tested by just a single motion orbit, without being remounted; (2) the tip of the
conical motion that is generated by the Stewart platform can be set flexibly instead of being fixed, as
generated by the multi-axis rotator; (3) spatial positional orbits can also be generated for testing the
cross coupling influence of the MEMS inclinometer.
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5. Conclusions

We studied a new approach for the use of the Stewart platform to generate spatial orbits for testing
a MEMS dynamic inclinometer. The results obtained from this study are summarized as follows:

The six limb lengths were calculated from the desired spatial orbits by implementing inverse
kinematics, and were regarded as references to control the servo motors. The actual position and
orientation of the moving platform were obtained from the six measured limb lengths by implementing
forward kinematics.

Conical motion around the Z-axis, which provides two degrees of freedom of the dynamic tilt
motion was generated for the dynamic tilt testing. To be unaffected by the rotation order of the
orientation angles, the sensitivities of the tilt sensing in terms of the quaternion were defined. The
sensitivities of the gyroscope, the accelerometer, and the tilt sensing were determined.

The experiment showed that the tested amplitude frequency deviations of the gyroscope
sensitivities, and the tilt sensing sensitivities between the Stewart platform and the traditional
rotator were less than 0.2 dB and 0.1 dB, respectively. The proposed method was verified to test the
tracking performance and cross coupling of the MEMS inclinometer.
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