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Abstract: This paper proposes a novel filtering design, from a viewpoint of identification instead of
the conventional nonlinear estimation schemes (NESs), to improve the performance of orbit state
estimation for a space target. First, a nonlinear perturbation is viewed or modeled as an unknown
input (UI) coupled with the orbit state, to avoid the intractable nonlinear perturbation integral (INPI)
required by NESs. Then, a simultaneous mean and covariance correction filter (SMCCF), based on a
two-stage expectation maximization (EM) framework, is proposed to simply and analytically fit or
identify the first two moments (FTM) of the perturbation (viewed as UI), instead of directly computing
such the INPI in NESs. Orbit estimation performance is greatly improved by utilizing the fit UI-FTM
to simultaneously correct the state estimation and its covariance. Third, depending on whether
enough information is mined, SMCCF should outperform existing NESs or the standard identification
algorithms (which view the Ul as a constant independent of the state and only utilize the identified
Ul-mean to correct the state estimation, regardless of its covariance), since it further incorporates the
useful covariance information in addition to the mean of the Ul Finally, our simulations demonstrate
the superior performance of SMCCEF via an orbit estimation example.

Keywords: stochastic dynamic system; nonlinear filter; perturbation identification; simultaneous
correction; space target orbit estimation

1. Introduction

The orbit estimation problem is to obtain an accurate estimation of a space target’s (e.g., satellite)
position and velocity from noisy observations. The dynamic model of a space target is given below by
considering ], perturbations [1]:

P = —%r+F,,+w,

where r = [x,y,z]T is the position of the space target in the inertial coordinate frame (I-]J-K),
R = \/x? +y? 4 22, w is the white Gaussian noise process, and F, is the instantaneous acceleration
due to the ], perturbation [2]. ], is the dimensionless second zonal harmonic that quantifies the major
oblateness effect of the Earth. Specially, the ], perturbation may cause a noticeable precession of
low-earth orbit (LEO) satellites, and makes the orbital dynamics model to be a strongly nonlinear
function. Thus, solving the orbit estimation problem essentially depends on designing a kind of
nonlinear state estimation schemes.

At present, nonlinear estimation schemes (NESs) are generally developed from a Bayesian
inference framework (BIF) [3] and employed as the widely accepted methods for estimating the
space target orbital state. The BIF framework structure is given in Figure 1.
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Figure 1. Bayesian inference framework.

Obviously, to implement BIF in order to estimate the orbit state, NES requires one to compute the
strongly nonlinear integral of the perturbation. As an example for Gaussian filters [4]:

/Fpp<7k—l | Z—1)dri_1,

where p(ry_1|Zx_1) is assumed to be a Gaussian distribution, and Z;_; denotes the sequence of
measurements. The numerical computation of such an integral is both complicated and intractable,
such that orbit estimation accuracy may be weak and cannot meet real-time performance requirements.
For orbit tracking of a space target, a data-starved and uncertain state evolution [5] requires that the
tracking algorithm should be rapid and high-precision.

1. Here, data-starved does not mean a lack of measurements. Rather, it implies that due to the large
number of space objectives, the collection, association, processing, and fusion of the measurements
needs a lot of time. Hence, the measurement update rate and period are relatively elongated.
This requires the tracking algorithm deals with data as efficiently and rapidly as possible.

2. Under a data-starved environment or long data update period, as a result of the consistent
long-term (usually several orbital periods) propagation of state uncertainties in high fidelity
physics models between measurement updates, a state which is initially Gaussian will inevitably
become significantly non-Gaussian or uncertain if propagated over a sufficiently long time span.
This requires that the tracking algorithm should be accurate when estimating the uncertain or
non-Gaussian state.

The traditional NES, based on BIF, does not meet the rapidity and high-precision requirements
due to the complicated and intractable nonlinear perturbation integral.

In order to avoid the nonlinear perturbation integral computation, a joint estimation and
identification scheme (JEIS) simply views F, as an additional unknown input (UI) and analytically
identifies F, to accurately correct the orbit state estimation [6]. Such analytical identification in JEIS
decreases the algorithm complexity while improving the orbit estimation accuracy to some degree
by feedback correction. In other words, this paper mainly aims to transfer the intractable nonlinear
perturbation integral issue into that of perturbation (viewed as Ul) identification, to simplify the orbit
estimation algorithm complexity and improve its accuracy.

As a classical representative of JEIS, the expectation maximization (EM) algorithm has received
continuous attention and research. The EM framework fits in with the requirements of JESI, as shown in
Figure 2. However, the existing EM algorithms always model the Ul as a constant variable, independent
of the state [6], and only identify the mean of the UL In the ], perturbation, F, (viewed as Ul in JEIS)
depends on the state, so it requires at least the first two moments (FTM), i.e., the mean and covariance.
To further improve the accuracy of orbit estimation, it is important to research the novel EM algorithm;
to identify the UI-FTM (i.e., perturbation-FTM) which simultaneously corrects the state estimation
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and its covariance. Unfortunately, the existing EM is incapable of dealing with the case when the Ul is
associated with the state.
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Figure 2. Schematic of the expectation maximization (EM) algorithm, where BIF refers to the Bayesian

inference framework.

Following this idea, that the original orbit estimation is transferred into JESI, we design a novel
two-stage EM algorithm (Figures 3 and 4) to deal with the key difficulty of how to simultaneously
fit or identify the FITM of Ul associated with the state. The main contributions are that: (1) The
first EM executes joint orbit state estimation and pseudo measurement (PM) identification using
networked multi-sensor observations. PMs can be understood as the indirect reflection of UI from the
real observed measurements. (2) The second EM is designed for fitting the UI-FTM by UI-PMs from
different sensors, and then used to simultaneously correct the orbit state estimation and its covariance
in the first EM. Finally, (3) the identification and fitting computations in these two EMs are analytical,
which contributes to rapid and efficient implementation. The simultaneous correction of UI-FTM
to the state estimate, as shown in Figure 3, improves the orbit state estimation accuracy. By doing
this, a novel simultaneous mean and covariance correction filter (SMCCF) is proposed and achieved.
Indeed, vastly different from the standard EM-based filtering scheme, which only estimates the mean
characteristic of Ul, the novel SMCCF scheme further determines the covariance characteristic of
UL In other words, the joint properties (i.e., both mean and covariance) characterizing the Ul in the
new scheme provide richer information compared to the single one (i.e., only mean) of the standard
approach, which contributes to improved state estimation.

In this paper, the first EM is called the EM-AM since from the signal input viewpoint it mines
the actual measurements (AMs) to characterize the Ul, as shown in Figure 3. Similarly, we call the
second EM as the EM-PM since it utilizes the PM as input to further fit the UI-FTM. However, different
from Reference [7], the expanded contributions of this paper lie in that: (1) we specifically define
the pseudo measurement and explain its physical implication (see the test following Equation(19));
(2) initialization of EM-AM plays a key role on the SMCCF performance, so we refine initialization
of the EM-AM by using a relatively simple forward-backward smoother, instead of the previous
two-filters (see Figures 5 and 6, and Remarks 2 and 3); (3) we elaborate the relationship between
EM-AM and EM-PM (see Figures 7 and 8), and the algorithm execution program of SMCCEF (see
Figure 9 in Section V-A), in order to facilitate application of SMCCEF in practical engineering; and (4)
the performance of SMCCEF is thoroughly demonstrated by a space target orbit estimation problem
and compared to the present classical methods (see Section VI-B). Also different from other EM-based
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Ul identification issues, for example Reference [6], which are only concerned with the mean of UI,
this paper designs the novel SMCCF which simultaneously fits the UI-FTM.
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Figure 3. Two-stage EM algorithm.

This paper is organized as follows. Section 2 formulates the problem. Sections 3 and 4 design the
first and second EMs in the two-stage EM algorithm, respectively. Section 5 gives the fusion structure
for combining the two EMs and achieving SMCCE. Section 6 demonstrates the superiority of SMCCF
to the standard NES, including the extended Kalman filter (EKF) and the cubature Kalman filter (CKF),
by an elaborate simulation of a space target orbit estimation. Finally, some conclusions are drawn in
Section 7, including the future work.

Notations. The superscripts -1 and T represent the inverse and transpose operations of a matrix,
respectively. If X is a positive semi-definite or positive definite matrix, we simply write X > 0 or
X > 0. N (x; u, 2) denotes the variable x obey a Gaussian distribution with mean y and covariance X.
p(.) is the probability, for example p(A|B) describes the conditional probability of the variable A on
B. E(.) and E(.|.) represent the expectation or conditional expectation, respectively. We define two
operations D(x,P) =xTPx and C(x) = xx”. The symbols " and ~ on top of a random variable, represent
an estimate and its error, respectively. For example, £ denotes the estimate of variable x and its
estimation error is ¥ = x — £. Tr(.) denotes the trace of matrix.
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2. Problem Formulation

Consider a general discrete-time stochastic system with additive Uls in the dynamic and
measurement models:
X = f(xp-1) + W1 + Mi1ax )
Yk = h(xi) + vk + Niby

where x € R",y € R™ represent the state and measurement vectors, and f(-), andh(-) are the known
dynamic and measurement functions, respectively. The matrices M € R"*F, and N € R"*1 are
known. wy € R" and v, € R™ are uncorrelated, zero-mean Gaussian white noise terms satisfying
E [wkwlT] = Qidy and E [vkvlT] = Rydy1, where ¢y, is the Kronecker delta function. The initial state x
is a Gaussian vector with mean £y and covariance Py. Here, wy, vy, and x( are mutually independent.
The parameters a; € R?, and by € R7 are unknown Uls which are associated with the state. Also,
we set 0 = {ay, by} .

Remark 1. The model in Equation (1) is common in practical engineering. Consider the example of space object
tracking, whose dynamic model is formulated as follows:

2
; NE LR x(75% —15
. 2
pl=-p|v +r3]2(;> y(75% —15) |. 2)
Z z z (755 — 45

The last term in Equation (2) is known as the |, perturbation, F,, which is obviously associated with the state.
If we regard the perturbation as UI, space object tracking can be modeled by Equation (1). Another example
is tracking a maneuvering non-cooperative target, whose dynamic model, due to the modeling error, can be
represented by:

xp = (F+AF)x_q + wg_1. ®)

If AFxy_q is considered as the UI, which is obviously coupled with the state, we can also formulate maneuvering
target tracking in terms of the model in Equation (1).

Due to the characteristic that the UI 6y is highly coupled with the system state, 6 possesses the
FTM. In this case, if we only consider the UI’s mean to correct the state, the estimation accuracy may be
undesirable. A feasible method to improve the accuracy is to correct the state by using both the UI-FTM
simultaneously. Hence, our objective is to not only identify the mean but also to fit the covariance of
the UL Unfortunately, the existing methods, such as JESI or the standard EM, always regard the Ul as a
constant. So they all ignore the covariance property of Ul, which limits to solving the state estimation
problem corresponding to Equation (1).

Combining Equations (1) and (2), we view the perturbation in space target orbit estimation or
in tracking as a Ul associated with the state. Our aim is to explore the novel EM algorithm for fitting
the UI-FTM based on the actual measurements (AMs) Y,L = {yL e ,y};} (i=1,2,---,N) from
multi-sensors, where I represents the sliding window length. Furthermore, the orbit state estimation is
simultaneously corrected by using the fitted UI-FTM.

Different from the classical EM algorithm in Reference [6], a two-stage EM scheme is proposed, as
shown in Figure 4 which is a further refinement of Figure 3. In the first stage, for each sensor with Yli—l: kr
EM carries out joint state estimation and UI-PM identification, where PM refers to pseudo measurement.
N sensors need N EMs, which run in parallel. All EMs output two groups; the state estimation
{32,1, 321%,~ -, 32}(\] } and the UI-PM identification {él, é,%, e, GA,?] }, where {J?L, é,’c} corresponds to the
i-th sensor or the i-th EM. Indeed, the EM in the first stage reflects or characterizes UI by the output PM
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from the input AM. Thus, we also call the first EM as EM-AM, from a signal input viewpoint. The state
estimation £} in EM-AM running process is only corrected by the PM é,i(. In the second stage, we further
fit the UI-PM by a Gaussian mixture distribution with mean ¢ and covariance P¢, which can be fed
back into the first EM to jointly correct the state estimation and its covariance. Similarly, we name the
second EM as EM-PM. By linking these two EMs, the SMCCEF is proposed by designing the fusion
structure. From a sense of whether enough information is mined or utilized, the ﬁ,f by SMCCEF should
be superior to the £ by the existing nonlinear filters or algorithms in accuracy, since the former further
mines covariance information in addition to the mean of UL

The first EM: Joint state estimation and UI-PM identification

Only mean
correction

Sensor

(Kalman-based filters]

nl pH2 NN
oL,02,....60

Simultaneous
correction

The second EM: UI-FTM fitting

Figure 4. The basic building blocks of the simultaneous mean and covariance correction filter (SMCCEF).

Following Figure 4, Sections 3 and 4 derive the EM-AM and EM-PM, respectively. Section 5
further links these two kinds of EMs, and clarifies the single input-output relationship between them,
by designing a new fusion structure. By doing this, the SMCCEF is achieved.

3. EM-AM

The EM algorithm was introduced by Dempster et al. [8] to solve maximum likelihood (ML)
estimation with incomplete or missing data. If we consider the state in Equation (1) as the missing
data and 6, as the parameters which need to be identified, then the EM framework [9] is suitable for
joint state estimation and UI-PM identification precisely.

To implement the EM-AM algorithm in each sensor in Figure 4, we first need to compute the
conditional expectation, Q(6, ér), of the complete data log-likelihood function Ly (X]’L 1’ Y]{‘i ;) in the
E-step. Before addressing this, by first using Bayes’ rule and the Markov property of the model in
Equation (1), we have:

k k
Lo(XE_,_q, YE_)) =logpe(XE_,_1, YE ) = log pg(xx—i—1) + % llog po(xilxio1) + % llog po(yilxi) . (4)
1=K— 1=k—

Then, applying the following Gaussian approximation:

po(xilxi—1) = N(x; — f(xi—1) — Mj_18;_1;0,Q;_1) 5)
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po(vilxi) = N(yi — h(xi) = Nibi; 0, R;), (©)
Equation (4) can be rearranged to yield:
Lo(Xiio1 Vi) = Lo+ L+ Ly + Ly ?)

where L is a constant independent of 6, and is thus omitted, and:

= log po(xx_1-1) 8)
1k
=5 ;ID f(xiq)=Miqa;-1,Qi1) )
i=
1k
-5 ;ID — Nib;, R;). (10
i=

The following subsections outline the steps to achieve EM-AM according to Figure 2; the E-step and
M-step.

3.1. E-Step in EM-AM
Taking the expectation of Equation (7) with respect to the probability density function
Pg, (X’,i_,_l |Y,f_ ;), We can obtain:

Q(6,6,) = E, [LQ(X,’;Z, Ylf—l)‘ylf—l] JLo(XE 0 YE ) - pa, (XE Ve AXE = lo+h+ L+ 15, (11)

where Ij is a constant corresponding to Ly. Note that this posterior probability, Pér(Xlli—l—lwlf— s
corresponds to the state estimation on knowing the identification value 6, at the r-th iteration of
EM-AM. It can be computed by Kalman-based estimators, such as Gaussian filters including EKF,
and CKFE, among others. Thus, we have:

I = Ey [Ly| Y )] = / log po (Xii-1)- Py, (et [YE 1) dxiia (12)
k 1 k Lo
b= Eg [Lo[Yiy] = —5Try 6L, — Y. Qi Pt (13)
ikl

k .
glfz:ZQ?—ll/ C [fz’\kfl:k — flxi1) — Miflaifl)} pa, (X1 |YE_ ) dxi
=1 :
1
Iy = Eg, [LalYE ] = —5Tr {611(3} (14)
k - koyk
L= 2 R /C [yi — h(xi) — Nibilpg, (X | Yi_p)dxi,
=k
where the computations of Equations (13) and (14) refer to:

y . )
Fo, {xl"”k—l:k(f(xi*l) + M 1a;1) |YI§—I} = By, [(f(xifl) + M;_1a;1) xiT,i\kfl:k|YI§—l}
¢ T
= Ey, [xi,i\k—z:k(xi — Wi_1) |Y,ffl]

i,ilk—I:k
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and #;;_;x and P, ;5 are the posterior estimates of the state x; under the measurements Y,’(‘_ ; from
the interval [k — [, k] with the minimum mean square error (MMSE) criterion:

Rik—1x = Eg, {xiw]&l] = /xipé,(xi‘ylffl)dxi (15)

_ = =T k _ T k " ~T
Pijjk—1x = Eg, [xi|kfl:kxi\k71:k‘ykfl} = /xixi po, (xilYi_p)dxi — iR (16)

In Equations (8) and (12), the terms L; and I; are associated with the UI 6, but 6 is hidden in
the probability pg(xx_;_1). Hence, we can not obtain the dominant expressions of L and I; like we
can for Ly, L3, I, and I3. In order to compute the dominant derivative of Q(6, @r) with respect to
0, we have to ignore Ly and I;. But ignoring L; and I; is reasonable in some sense, because: (1) if
I =k —1, then L equals log py(xo), which is independent of 6, and (2) since the Ul is associated with
the state in our problem, 0 is time-varying. In order to quickly reflect or sketch this time-varying UI,
it should gradually forget the previous information while preserving the current information in a
sliding window of length I. This means that the previous measurements in interval [1,k — I — 1] are
given up.

In order to compute Q(6,8,), the state estimation Xi|k—1:x and its covariance P, ;x4 in the interval
[k—1, k] must be computed first, which is known as a smooth problem and can be implemented by
using a fixed interval smoother. One example is the two-filter smoother [10], which is formulated
as follows:

{fﬂmzk = Pi,i\kfl:k[(Pi;ﬂkfl:i)713?i|kﬁl:i + (Pi,i\i+1:k)7l3ei\i+kk] 17)
Pk = [(Porad) "+ Prijpan) ]

where, as shown in Figure 5 the first filter (i.e., £;x_p;, P; jjx_1;) is computed by Kalman-based filtering
under the model in Equation (1) and the second filter (i.e., £;; 1., P; iji+1:4) is also computed with a
similar Kalman-based filter but under the inverse form of Equation (1), which runs backwards in time.
The unscented Kalman filter (UKS) presented in Reference [11] can be understood as an approximate
implementation of this form of smoother in nonlinear systems.
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Figure 5. The two-filter smoother and its initialization in EM-AM.

Another type of smoother is the forward-backward smoother [12], names as Rauch-Tung-Striebel
(RTS) Smoother:

z|k Ik = xz|k 1+ Ai[Ri ek — R k-]
Piijk—t:k = Piijk—t:i + AilPistiv1jk—ik — Pivtisaji—ril AT (18)
Ai= P1ﬂ+1\k*lilpi-&-ll,i-i-llk—l:i'

Here, the forward pass applies Kalman-based filters to compute the filtering estimates 2;x_;.;, P; jjx—p.;
and the predictive estimates £; x_1.;, Pi11,i41k—1.i» Which are same as those in two-filter smoother.
But in the backward pass, the smoothing recursion starts from last time step k and proceeds backwards
in time. That is, to compute the smoothing estimation from £; 1k 1.k, Pij1,iv1k—1:x t0 Lijk—rr Piijg—1:60
which is different from the second filter in the two-filter smoother. A derivation of the structure in
Equation (18), can be found in References [13-15], and its computation program is shown in Figure 6.

Kalman-based Filter

______________________________________________________________________

E(k Ik— IkMk I+1\k Ik~ |+D—>

_________________________________________________________________

sseq
pIemIo

sseq
plemyoeg

RTS Smoother

Figure 6. The forward-backward smoother.

Remark 2. A key point of implementing Equation (17) is initialization. If we regard the interval
[k —1, k] as [1, | + 1] (where the initial value is %o ), the first filter in Equation (17) should be initialized
by £ _j_1|k—1—1:k—1—1, Which is obtained in the proposed SMCCF by knowing the identified UI-FTM in the
interval [k — 1 — 1,k — 1]. In more detail, the first filter is easily initialized by a standard Kalman-based filter
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with the initial state value Ry _j_qx_j_1.x—;—1. The initialization of the second filter depends on that of the first
filter. In other words, the second filter also operates a standard Kalman-based filter but under the inverse form of
Equation (1) with the initial value Ry _j.x, which is obtained by the first filter. The details of the second filter
are elaborated in Reference [11]. The inverse computation of Equation (1) complicates the two-filter smoother.
Specifically for nonlinear systems, it is intractable and even infeasible to obtain the model’s inverse form.

Remark 3. In the forward-backward smoother, only the forward filter needs to be initialized, which is similar to
the initialization of the first filter in the two-filter smoother. While the backward smoothing computation in
Equation (18) proceeds backwards in time, i.e., from Ry _p.x to £x_j 1k Note that Ry is obtained by the
forward filter. Hence, from the viewpoint of a simpler initialization, the forward-backward smoother outperforms
the two-filter one in operation. More importantly, the former contributes to simply achieving the following
M-step in EM-AM, without computing the inverse form of the nonlinear model. Due to the above two reasons,
this paper implements the forward-backward smoother for the state estimation in EM-AM.

3.2. M-Step in EM-AM

So far, we have completed the computation of the expectation Q(6,8,) with respect to 6 by the
E-step. Before maximizing Q(6, ,), the pseudo measurement (PM) of Ul is defined as follows:

Opm= / GPé,(X]li—le]f—l)Xmlg—l ’ (19)

where 6 is coupled to the state, but the inherent coupling characteristic is unknown. Equation (19)
indeed implies the posterior identification of UI under actual measurements, i.e., that Y]fi ; affects the
state estimation py (Xk_,|YF ) and further acts on the Ul identification (fpy1). Hence PM’s definition
concretely links estimation and identification in EM-AM.

The M-step requires a maximization of Q(6, 6,) with respect to . Here, we let the first derivatives
of Q(6,8,) with respect to 8 to be zero directly:

20(6,6, k o
E;a ) D MiT—lQi—ll[xi\kfl:k_/f(xifl)'Pé,(xifﬂyll:fl)dxifl — Mi_y [ apg, (XE[YE )dXg ] =0 (20)
i=k—1
0Q(6,6 k
$: Y NTR My~ [ () g, (elYE s — Ni [ by (XK IYE paxE ] =0, @)
i=k—

Thus, we have:

LAlpM:Ak X

k
Y M0 (fikzzk - /f(xi—1) ‘Po, (xi_1|Y;ilz) dxi—l)] (22)
ikl

R k
bpm = Bx l Yy NIR? (yi - /h (xi) pg, (xi|Ylf—z) dxi)z] (23)

i=k—1

where:

—1
( Z M 1Q1 1Ml 1)

k -1
By = ( Y NZ-TRilNZ-) :
1

i=k—1

In other words, from Equation (20) to (23), PM can be understood as an average and indirect
measurement of Uls by allowing actual observations to further influence UI-PM identification.
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The derivatives in Equations (20) and (21) essentially treat Uls (2 and b) as kinds of average values
in the interval [k — [, k]. Thus UI-PM identification in Equations (22) and (23) indeed determines the
estimated values 4,1 and Br“ at the r + 1-th iteration:

dy41 = apm, by11 = bpm.

Further, the second derivatives of Q(6, 9,) with respect to 6:

0°Q(6,6,) S T o1
MZ?:DZALMF@Fmg4<0 (24)

#0(6,0,) - NTR-
= _i}kil N/R;'N; <0, (25)

are strictly negative-definite only if Q; > 0 and R; > 0, which can be always guaranteed in
practice. This implies that Equations (22) and (23) uniquely maximize the convex Q(6, 8,). However,
Equations (22) and (23) are only formally analytical and optimal since they need to approximately
compute the following general integrals:

L:/ﬂﬂwwﬂn 26)

where g(x) generalizes the functions f(x;_1) and h(x;), while w(x) describes p; (xi—1|Y;If,l) or

Pa, (xi |Y,f_ l) . As mentioned in Remark 3, if we use Kalman-based filters to compute such integrals,
for example the Gaussian filter, w(x) denotes the corresponding Gaussian distribution. So numerical
approximations such as EKF, and CKF can implement this integral computation (see References [16,17]).
To avoid repetition, the process is omitted.

After identifying the UI-PM, how to further fit the UI-FTM with the PM will be dealt with in
designing the EM-PM. According to Figure 4, every sensor runs one EM-AM to output a group of
{32;'(, é}(} In fact, only J?;c is directly corrected by UI-PM é,i( in the EM-AM. The following section designs
the EM-PM for fitting the covariance of UI-PM to correct the estimation covariance P;.

Remark 4. At each recursion, the PM parameter is initialized with the previous PM identification, i.e., 0 with
Or_1. At the beginning time, Oy can be initialized by prior information. For example, 0y is computed from % and
Py by performing one recursion of the conventional nonlinear filtering, i.e., through the perturbation nonlinear
integral to compute Q:

0o = /FpP(Xo)dxo, (27)

whose implementation is similar to that in Equation (26).

4. EM-PM

This section will fit the UI-FTM from the identified UI-PM in the probability domain, not the
time-domain, by the EM algorithm. The UI-FTM fitting issue is to find the available probability density
p(0) for describing the stochastic property of UI-PM, 6;={0: }I¥ |, where p(i) corresponds to the i-th
sensor. It has been proven that a Gaussian mixture (GM) form can approximate any probability density
function as closely as desired [16]. In order to determine the underlying probability distribution p(8;)
of the identified UI-PM set, §;={6! }¥ | at time k, we assume that the stochastic property of UI-PM is
generated using M probability distributions where each is a Gaussian function with weight a;, mean y;,
and covariance X;:

M
p (Oclo) = Y_ ajpj (6klnj %) (28)
j=1
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where p = {«j, ijz‘j}jl\il are the associated parameters with UI-FTM fitting, '%1 aj =1, M is the
=

number of Gaussian components in the GM, and p; (9k|y 2 ]-) =N (ék S Wis Z]-) is a multi-dimensional
Gaussian probability density. The UI-FTM fitting is further transferred into the parameter identification
of p.

A detailed discussion for GM fitting based on the EM framework has been proposed in
Reference [19]. Here, we only give a brief derivation about how to apply EM for fitting UI-FTM.
First, the log-likelihood function of p(f) can be written as:

N N N M
Lo(B) = Inp(flo) = 1n11 p(Bilo) = Zilnp(éziIP) =) In 21 2;p;(Ohl9;), (29)
i= i= =

where ¢; = {y;,X;}. Direct maximization of Equation (29) can not be achieved since we don’t know
which Gaussian component in the GM is the most suitable for expressing or fitting the probability p(é}()
of the j-th UI-PM . For dealing with this key point, a missing variable z = {Zi}ﬁ1 is introduced,
which establishes a simple relation between the UI-PM and Gaussian components. Elaborately,
zi = {1,2,---,M} 2 T and z; = j denotes that the i-th PM, é,i, is probably characterized by the
j-th Gaussian component, i.e., p; (é;(| i, Zj). By doing this, {ék, z} constructs the complete-data set for
further establishing the complete-data likelihood function:

A N AL N AL N AL
Inp (B, zlp) =] ]p (e,i,zi|p) =Y Inp (9,’(,zi|p) =Y Ina,ps, (9,@|yzi,zzi), (30)
i=1 i=1 i=1

where the subscript z; denotes all of the Gaussian components which the i-th PM, 9,"{, may correspond
to. Indeed:
Rz = Oz;=]

Pz; (éli(“/lzi’zzi) = Pzi=j (élicmzz':]" ZZiif)

with j € {1,2,---, M}. It should be emphasized that é,i( and z; have a one-to-one correspondence,
which well explains Equation (30).
Then, the E-step needs to evaluate the conditional expectation of In p (8, z[p) under p (z|8L, p):

Qplpm) = Ez\(f)k,p,,, Inp (éer|P) , (31)

where py, is the fitting result of p in the m-th iteration.
Application of the following equation:

N N A
p (zlo o) =T T (zil8f, o)

i=1

to further arrange Equation (31) obtains:

Qelpm) = Ep, 5, np (Br2lp)
= Y [Inp (O zlp) ] p (zl0k pm)
ZI\G/IF
= .;1 E Ina;p; (9 |VJ/ ]) ( Allcf) ) (32)
"m Ni o M N N o
=j§1i§11n(“f)r7(]|9’/pm) E Pl [Inp; (611, %)) p (7164 om),
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with: . . .
pig.) — _ (g _ . =1 (pi _ .
Pi (ka]) o (2n)d/2|2]-\1/2 exp{ 2(9" H]) Zf (9" ]4])} (33)
JAi A ) oA ) P(éziazi :f|f’m) &f,mP](Allc@Jm)
p (]|9k,Pm) =p (Zz = ]|9ker) = p (é[i{mm) M A (34)
Zl D‘s,mps( klﬂs,m)
s=
IR 1 1 /.. T, .
(01|9:,,) = —————ex {— 0 — i1 (g — g }, 35
P]( A ],m) (27T)d/2|2j,m|1/2 P 2( k F‘],Vn> im < k l‘],m> (35)

where d is the dimension of 6, p (z; = j|9,i,pm) denotes the estimated probability that the j-th Gaussian
component matches the i-th PM, 9,"{, under knowing p,;, and &j,m and 1A9]-,m are the m-th identification
values of weight and mean/covariance corresponding to the j-th Gaussian component.

In the M-step, by making the following first derivatives as zero:

=

|
Fe
Nag
=

.
Il
—

9Q(plpm)

LT [lnp] (BilmiZ5)] v (16} om)

=
—.
Q:»

10} o )ay Inp; (6117, %)) (36)

) 6~ ) "5 =0

MziMz

I
—

=
~.
>
==
S
e

9Q(plpm)
ox 1

[inpj (Bl )] p (7164 o)

[
Mo
L
[NagkS

1Mz

-
—
~

>az rInp; (9 |mj, & ) (37)
UWﬁmL~ ~ 30— w) G -m)| =0,

the parameters of ¢ are re-estimated with the updated probabilities:

=
=.
>
=
‘t))

] MZEF’JZ

flimn = S (38)

Simi1 = = N : (39)
;1 p (710 om)

Identifying « requires optimization of the following term of Equation (32):

™M=

M
)
j=1i

P (]|éll</pm> In (’X]') ’

Il
—_

M

with the constraint }° «; = 1. However, direct optimization with respect to a is difficult. For simplicity,
j=1

we equivalently construct:

N M
(@) = Y Y- p (1184, pm ) In () +B(L & — 1. (40)

j=1i=1 j=1
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Thus, making the first derivative of Equation (40) with respect to « zero, one obtains:

N OAT A
Ly (716}, pm)
71: .

nj = 41)
I
Finally, applying the following equation:
L ¥ p (o)
f,omal N
j=1 ! _AB _:B ’
to rearrange Equation (41), gives the weight update:
. Lh (ani s
i1 = 37 P <]|911</Pm)~ (42)
1

Il
—

Summarizing the above, the fit mean, yz, and covariance, P,f , of the UI-PM set, 9k, are obtained
as follows:

M
He =) Rjudik (43)
=
0 M T M M T
Pe= 2 &S+ ikftyp) — (o &igfip) (1 &) (44)
j=1 j=1 j=1

which corresponds to the output of the EM-PM in Figure 4. Here, &j,kr ﬁ]-,k, and 2]-,;( are the terminatively
optimized parameters serving for the j-th Gaussian component at time k.

Remark 5. EM-PM is initialized by directly computing the stochastic characteristics (average and variance)
of Oy from multi-sensors in time-domain. Although it may be simple and obvious, such the initialization is in
line with the stochastic essence. Moreover, the initialization has no effect on the terminative convergence of the
EM-PM, since the convex optimization of Equations (36) and (37) uniquely maximize the expectation.

5. SMCCF

After achieving EM-AM and EM-PM, this section aims to link them and further clarify
their input-output relationship with each other. Before doing this, as a comparison, we first
show the execution program of directly using the state estimation from the EM-AM output in
Figure 7 (as a refinement of the first EM in Figure 4). By using EKF to implement the state estimation
computation in the EM-AM, we have:

1. DPrediction

{ &;%kal - Fk—l’?fis—l J;M"‘lai (45)
Pie1 = BB B + Qe
2.  Update
K = Pii\qukT (Hkpli|klekT + Ri) B
%= Hpo T K (Vfc — Hifjyy — NkB;c) ' (46)
P = (I - KgHy) By

where é,i = {a;'(, B;(} denotes the identified UI-PM by the EM-AM corresponding to the i-th sensor,
F._1 and Hy are the Jacobian matrices of the dynamic and measurement models. Obviously, in each
EM-AM, only the state estimation is corrected by the UI-PM while its covariance computation is
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the same as that in standard Kalman-based filter. Besides EKF, one has a freedom to select other
Kalman-based filters for implementing the state estimation in EM-AM, such as the above-mentioned
nonlinear Gaussian filters including UKF, and CKF, among others.
After obtaining N groups of {J?;(, A]i}, we use the well-known Federal structure to directly fuse
{&i, Pi} as follows:
H =B [(]) s (BY) Y]

_ , 47
(IR O 7

where corresponding to Figure 7, the filter weight g; = P (P{)~1. Of course, there also exist other
estimation fusion structures, which have been well studied at present. However, this paper mainly
wishes to focus on demonstrating the feasibility and superiority of the simultaneous correction
forms in the following (Equation (48)), as compared to the standard mean-based correction form in
Equations (45) and (46). Thus, we choose the relatively simple Federal structure for trying to
best eliminate the possible influence or interference of fusion on the proposed simultaneous
correction here.

Obrit dynamic
of space traget Fusion Filter
Re-initialization: #f , PF
T — |
| Vi, | .’2,{,’, Pkl’ 91%: Kalman-based
|| Sensor 1 ~ Y » EM-AM L b local filter (only
: : state estimation is
R Tee i directly corrected
.5F pF ¥
: ! Re-initialization: &}, , P| by UL-PM)
| l ' S
! Yi i | &, PG : , i, P
: Sensor i Y— EM-AM i » ., Bi, Py —
| |
| ! Re-initialization: i’kF ,Pf \
I T
| l | Fusion structure
| —— y b gN pNay
|| Sensor ¥ ——*¥ o EM-AM  A—F
|
| |
i

The first EM: Joint state estimation |
| and UI-PM identification |

Figure 7. Direct estimation fusion from EM-AM.

The following continues to combine the EM-AM and EM-PM as shown in Figure 8 (which is a
refinement of Figure 4). Different from Figure 7, the SMCCF adds the EM-PM between the EM-AM
and Federal fusion structures to fit the UI-FTM. Before carrying out fusion, the state estimation
and its covariance are simultaneously corrected by the UI-FTM. This means that if the EM-PM fits

;4,‘3 = {yﬁ, y,ﬁ} and Pke = {P,?, P,f} as given in Equations (43) and (44), then employing EKF again as an
example, we have:

yé\kfl = By + Mgy

Pli\kfl = kalpliflkafl + Mk—lpi‘Mﬁl + Q;cq

K = Bl HE (HBly (HE + NePENT +R)) )
% = 5‘;;\1(71 + K (3/;( = Nigig — Hk’%;;\kq)

Pl = (1-KiHy) P, (1- K,in)T + (KiNe) PP (KiNG ) T KR(K)T.
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v
Obrit dynamic i
of space traget

Re—initiu/izalion:i}?, Pf Fusion Filter

(m——— ===

~1 1 Al nl
Y E—\ Ly, Py, Oy 4
| L EM-AM : : » £ Kalman-based

| local filter (The

| Re-inirialization:.@f, PE Stéte estimation is
| | simultaneously

| fi Pli corrected by Ul-
1= T | i, P

| FTM)
; 3 pi gt i 0 po
| I Ik7/6i7PAL4
|
I

|

| |

| I Re-initialization: ff7P]§

| | V|

k

| . N pN 4N -
: Zy g 0 By B

| Vilie EM-W‘: k% k 97k B | :'IA ko

| |

The first EM: Joint state estimation l?he second EM:
L and UI-PM identification | LUI—F TM fitting |

] ]

Fusion structure

Figure 8. SMCCFE.

Again the above-mentioned Federal structure in Equation (47) is used to fuse the state estimation
and achieve the SMCCEF, denoted as 5c,f and f’ks In fact, Figure 7 is based on the standard filter
structure in Equations (45) and (46), where the UI-PM identification values (9}; = {fz;;, 13;(} are
directly used for correcting the state prediction and the measurement prediction, regardless of their
covariances. But Figure 8 is based on the SMCCF structure in Equation (48), where {ﬁg, P,f} are
further mined from 6; by adding the second EM part to simultaneously correct the predictions and the
corresponding covariances.

Remark 6. Of course, there are other execution programs which link the EM-AM and EM-PM to achieve
SMCCE. For example, at each iteration of the EM-AM, the output PM identifications by multi-sensors are fit
by EM-PM, and fed back to simultaneously correct the state estimation and its covariance. But, this paper
mainly aims to demonstrate the superiority of the novel JESI to the standard NES, and SMCCF to the standard
nonlinear filters, including EKF, and UKF, among others. The performance analysis or comparison of different
fusion structures will be explored in the future work.



Sensors 2018, 18, 1444 17 of 24

Remark 7. Maybe, one can find that the state estimation forms between Equations (17), (18), (45), (46), and
(48), are slightly different from each other. At each time-recursion, the former is located in the EM-AM by applying
these measurements in a sliding window interval [k — I, k| for identifying UI-PM, and further for fitting UI-FTM.
Similarly, the latter is located in the fusion center by applying Kalman-based filters for recursively updating
the state estimation, which is simultaneously corrected by UI-FTM. Thus, the former needs to be continuously
initialized at each recursion as discussed in Remarks 2 and 3, while the latter is only initialized once by % at the
beginning time.

Final Algorithm of SMCCF

Referring to Figures 8 and 9, the final implementation algorithm of SMCCEF is as follows.

Algorithm 1:
Step 1: Initialization—%, Py and B in Equation (27).
Step 2: The first-stage EM: Joint state estimation and UI-PM identification.

1. Re-initialization—as discussed in Remarks 2 and 3.

2. Parallel EM-AM of multi-sensors for identifying UI-PMs. Given the measurements Y,ﬁ_ Lkr
iteratively compute the analytical UI-PM identification in Equations (22) and (23) until
EM-AM terminates (r > 74x), to finally output a group of UI-PM identification values
b = {03 .

3. Parallel state estimation of multi-sensors. Given the full measurements Y], implement
Kalman-based filters for Equation (1) to recursively output N groups of {%}, P }. As an
example the EKF of Equations (45) and (46) (if only corrected by the corresponding UI-PMs
0, = {@,l( f\i 1)- Note that Yllc‘_ ; and Equation (26) only service for UI-PM identification.

Step 3: UI-FTM fitting.

1. Re-initialization—average and variance of {8 }¥ , as analyzed in Remark 5.

2. EM-PM: Given a group of {9]2}?; 1, iteratively compute the fit UI-FTM as shown
in Equations (38), (39), and (42) until EM-PM terminates (m > 1,,4y), to finally
output ‘u,‘z, P,f of Equation (43).

3. SMCCF: Apply {u{, P} to simultaneously correct the Kalman-based state
estimation {1, Pi}, for example, the EKF of Reference (48).

Step 4: Fuse {2}, P} by the Federal structure, as given in Equation (47), or other fusion
schemes.
Step 5: Repeat Step 2 to Step 4 with time proceeding.

Remark 8. Compared with the standard NESs, the main factor, affecting the complexity of the SMCCF
scheme, Figure 8, lies in the EM-AM iteration times. Owing to the analytical characteristics and to the
convex optimization of identifying UI-PM, a direct method of improving EM-AM execution efficiency is
to let rax = 1; at each time-recursion, EM-AM is executed only once. However, to guarantee accuracy,
the measurement may be extended to many samples. On the other hand, compared with the standard EM which
only use the Ul-mean to correct the orbit state estimation, the SMCCF scheme is slightly more computational
complex because it needs EM-PM to further fit the UI-FTM. Besides the above-mentioned differences, the
involved fusion structure and orbit state filtering computation in various algorithms are set to be consistent.
This allows us to highlight the superiority of the SMCCF design as compared with the standard NES and EM
algorithms, and further facilitates the following demonstrations of the different algorithms under a uniform
benchmark by eliminating the interference of other factors.
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Figure 9. SMCCF execution program.
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This section considers the space target orbit estimation with the J, perturbation. Let the target’s

position and velocity characterize the system’s state,i.e, x = | A ¢ h vy v, v

dynamic equation is:

T
, then the
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A (D)

=0y

h Oy )

on = —HA+4D(%) A (755 —15) (49)

r
, 2 2
g =g+ %]2(%) P (7.5’%2 - 1.5)
; 2 2
o = — b+ 5o (8 ) h (7505 — 45)
where the target velocity is directly disturbed by the J, perturbation, which further and indirectly

affects the target position. If we view the orbit perturbation as a UI coupled with the target state,
then the above dynamic equations can be further simplified and rearranged as:

() =F(t)x(t) + MO (t)+w(t) (50)

0 0 0 1 0 0] [0 0 0]
0 0 0 010 000

0 0 0 001 000 T

where F (t) = M= 0(t)=1]a(x) b(x) c(x

®) -5 0 0 000 100 ()[” () ()}
0 -5 0 000 010
L 0 0 -5 00 0] |0 0 1 |

with

In Equation (50), F(t) is the transfer matrix of the orbit state, § denotes the orbit perturbation
which can be understood as an unknown input coupled with the state, and M is the multiplicative
matrix serving for 6. Indeed, Equation (50) is equivalently derived from Equation (49) and the
derivation process is relatively simple so we omit it and only give the result. The reason of deriving
Equation (50) from Equation (49) lies in that Equation (50) has the same functional structure as
Equation (1), which facilitates application of the SMCCEF algorithm for dealing with the practical orbit
state estimation issue.

Discretizing Equation (50) by the fourth-order Runge-Kutta yields:

T8 T

TZ
X1 = (1 + TF + 7sz + ?F,f + 24F,§> X + M6y + wy, (51)

where T is the sampling interval. The measurement equation to observe the space target is:

Yk = \/(Ak —20)% + (¢ — 90)* + (g — ho)* + v = I (x) + vy, (52)

where (A, @o, hp) denote the sensor location. By setting different (A, o, h1p), multi-sensors observation
system can be established.
The model parameters are set as follows:

T=1s

Earth’s mass, M = 5.965 x 10% (kg)

Gravitational constant, G = 6.67259 x 10~ (N - m2/ kgz)
Earth’s gravitational constant, y = GM

Earth’s radius, Re = 6,874,140 (m), ], = 1.0826269 x 10~3
The simulation sampling length, K = 5000 s
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e The true and initial orbit state,
X = [4590 x 10° 4.388 x 10° 3228 x 10° —4.612 x 10> 5.014 x 10> 5.876 x 10> |T
e The covariances of wj and vy,

Qc = diag( (1072)* (1072)> (1072)° (6x107%)" (6x1073)" (6x1073)* ), Ry = 10

The simulated tracking parameters are set as follows: the window length | = 2, five iterations
are employed for EM-AM, and 30 for EM-PM, and the number of sensors and GM models are 10 and
5, respectively. Finally, our simulation results are obtained by running ten independent Monte Carlo
runs. The initial orbit state estimation is:

%9 = xo+[ 400 400 400 0.8 0.8 08 |7

Py = diag( 400°> 400°> 400> 0.8% 0.82 0.8% ).

For spatial scales, define the root mean square errors (RMSE)s of position and velocity at time k as:

RMSE k) = 1 Ny Ame }\mc 2 mc ~mc)2 Jme ]flmc 2 (53)
pos (k) = ﬁzl (AR = AF)" + (o — 94) +<k _k>
mc=
S k) = 1 - mc e 2 mc e 2 mc 2MC 2 (54)
RMSEy (k) = | 5 21 (%,k - v)\,k) + (%,k - %,k) + (vh,k - vh,k) '
mec=
For the time scale, define the RMSEs as:
- 1 X
RMSE pos = X Y RMSE s (k) (55)
k=1
- 1 K
RMSE, = K Z RMSEy, (k)r (56)
k=1

where N is the independent Monte Carlo running times and K is the simulation sampling length.

Figure 10 gives the space target trajectory. In Figures 11-16, all the involved algorithms are obtained by
fusing the state estimation results from multiple sensors under the Federal fusion structure. The proposed
SMCCEF obviously outperforms the other methods, which demonstrates the feasibility and effectiveness
of the two-stage EM design scheme in SMCCEF, as compared to the standard EM and NES schemes.
The J, perturbation directly affects and acts on the orbit velocity. Wonderfully, the velocity estimation
performance is well improved throughout the entire sampling interval, which just demonstrates the
superiority of the novel SMCCF in coping with the perturbation. The above results can also be verified
by Table 1, which computes the RMSE s and RMSE,,;. The velocity estimation accuracy performance
is improved by 23.4%, as compared to the standard EM, and the position performance is improved
by 19.4%.

x 107 Space object trajectory

z~direction
|

0

0

-5 -1
y-direction x—direction

Figure 10. Space target trajectory.
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Table 1. RMSE comparison.

Algorithms EKF CKF Standard EM SMCCF
RMSEPOS 856.0445 329.0306 310.5345 250.2542
RMSE,,; 4.7096 0.3743 0.3584 0.2745

7. Conclusions

In the case that a Ul is associated with the system state, Ul estimation requires the FTM at least.
For these dynamic systems with the above-considered Ul forms, this paper proposes a novel SMCCF
based on a two-stage EM framework, which further improves the state estimation performance by
fitting the UI-FTM and using it to simultaneously correct the state estimation and its covariance.
Through a space target orbit tracking example, the superiority of SMCCEF, as compared to the standard
NESs or EM algorithms, is demonstrated.
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