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Abstract: In this paper a new theoretical model is derived, the results of which permit a 

detailed examination of how the resonant characteristics of a cantilever are influenced by a 

particle (adsorbate) attached at an arbitrary position along the beam’s length. Unlike most 

previous work, the particle need not be small in mass or dimension relative to the beam, 

and the adsorbate’s geometric characteristics are incorporated into the model via its 

rotational inertia and eccentricity relative to the beam axis. For the special case in which 

the adsorbate’s (translational) mass is indeed small, an analytical solution is obtained for 

the particle-induced resonant frequency shift of an arbitrary flexural mode, including the 

effects of rotational inertia and eccentricity. This solution is shown to possess the exact 

first-order behavior in the normalized particle mass and represents a generalization of 

analytical solutions derived by others in earlier studies. The results suggest the potential for 

“higher-order” nanobeam-based mass detection methods by which the multi-mode 

frequency response reflects not only the adsorbate’s mass but also important geometric 

data related to its size, shape, or orientation (i.e., the mass distribution), thus resulting in 

more highly discriminatory techniques for discrete-mass sensing.  
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1. Introduction 

In recent years resonant micro/nanoelectromechanical systems (MEMS/NEMS) [1] have received a 

great deal of attention from researchers in applications such as mass detection [1–19], chemical 

sensing [1,11,20,21], biosensing [1,11,14,16,20–35], and atomic force microscopy (AFM) [36–38]. 

Resonant MEMS/NEMS have also been the focus of numerous studies in the sensors-related area of 

vibration energy harvesting, in which the objective is often to power autonomous sensing systems that 

are remotely deployed [1,39–43]. In all of these fields a fundamental understanding of the influence of 

a perturbing mass on the resonant characteristics of a relatively simple microstructure forms the basis 

of the device’s successful operation. For example, in the aforementioned sensing applications the 

perturbing mass is typically one or more particles or a chemical/biological substance that adheres to or 

is absorbed by the sensor, thereby altering its resonant frequency. In AFM and energy harvesting 

applications the “perturbing mass” is an intentional design feature, e.g., an AFM probe tip that 

interacts with a sample surface or a frequency-tuning seismic mass in an energy harvester. In all of 

these cases the device’s vibration characteristics are influenced by the added mass and a detailed 

understanding of this relationship is a key to optimizing device designs for particular functionalities. In 

the majority of these example applications the underlying MEMS/NEMS structure is a cantilever beam 

due to its many advantages, including relatively low-cost fabrication, portability, sensitivity, and large 

mechanical compliance (i.e., large signal-to-noise ratio), among others [1,11,20,31]. A resonating 

cantilever beam will therefore be the focus of the present study, with the chosen application being 

“higher-order” detection of a discrete mass (e.g., particle, molecule, cell) for sensing applications. 

More specifically, the objective is to quantify the role that an attached discrete particle’s mass, 

position, and geometry have on the resonant characteristics of a cantilever beam. This will be achieved 

through the derivation of a new theoretical model, the results of which will permit the estimation of the 

influence of the finite size and shape of the adsorbate on the resonant frequency and mode shape of an 

arbitrary flexural mode. Thus, we are interested in expanding the conventional definition of mass 

“detection” from that of only “weighing” the adsorbed particle to one in which information about the 

particle’s size, shape, and/or orientation may also be probed. Such higher-order mass detection could 

in theory be capable of discriminating between different particles of identical mass.  

The adsorbate’s geometry will be incorporated into the new theoretical model via its rotational 

inertia (J) and its eccentricity (e) with respect to the beam axis (Figure 1). The model will be based on 

an exact formulation within the context of Bernoulli-Euler beam theory and is therefore not restricted 

by assumptions employed in models used in recently published mass-detection approaches: (a) the 

rotational inertia of the adsorbate is not ignored as in [5,10,15,18,32]; (b) the eccentricity of the 

adsorbate is not neglected as in [5,10,15,32]; (c) unlike the models of [5,10,18,32], the adsorbate mass 

need not be much smaller than the unloaded device mass; (d) the beam’s mode shapes are not assumed 

a priori to be unaffected by the mass loading (compare with [5,10,18,32]); and (e) the added mass may 
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be positioned at an arbitrary location on the cantilever, unlike the model of [3] in which the adsorbate 

is at or near the free end. By virtue of the fact that several assumptions implicit in existing models are 

relaxed in the present study, the results presented herein should include earlier results [3,5,10,15,32] as 

special cases. We do, however, emphasize that the model of this study should be considered 

complementary to that of [18] in the sense that in the earlier study the added material was assumed to 

be thin, soft (deformable), and attached to the resonator surface along a finite length, whereas here we 

ignore the deformation of the particle and assume it to be attached to the beam at a single point while 

considering its rotational inertia and its position with respect to the beam axis.  

 

Figure 1. Schematic of a uniform cantilever beam supporting a rigid mass of arbitrary 

shape and size attached at an arbitrary point. The finite size and shape of the attached  

mass are reflected in its eccentricity e and its mass moment of inertia J with respect to the  

out-of-plane axis through G. (Point G is the center of mass of the attached particle). 

Not only are the theoretical results of the new model expected to provide a fundamental 

understanding of a problem with broad-based applications in mass detection, inertial imaging, and 

chemical/biosensing (among others), but the results may also be utilized to identify the range of 

applicability of other existing models that ignore the effects of rotational inertia and eccentricity and 

assume the adsorbate mass to be much smaller than the device mass. In addition the new solution  

may serve as a benchmark for numerical studies and as a point of departure for future analytical 

models in which other effects (e.g., adsorbate deformation, energy dissipation, finite attachment 

length, and/or fluid resistance) are included. Finally, in a manner analogous to approaches suggested 

recently [5,15,17,19,32], the present solution may serve as the basis for back-calculating adsorbate  

attributes—including those related to adsorbate geometry—from measurements of multiple resonant 

frequency shifts without knowing a priori the position of the adsorbate on the beam. 

The mathematical formulation and results presented in this work are applicable to cantilevers at any 

scale for which the 1-D continuum modeling of Bernoulli-Euler theory applies and, for this reason, 

dimensionless parameters will be employed in the analytical and numerical results without any 

restriction to macro-, micro-, or nano-scale. As is well-known, the influence of the attached body will 

be reflected in the frequency response of the cantilever when the mass of the adsorbate is sufficiently 

close in order of magnitude to that of the beam, regardless of scale. (This is why scaled-down devices 

hold such promise for ultrasensitive mass detection: their mass becomes sufficiently close to that of the 

adsorbate of interest.) A similar argument may be made concerning the dimensions of the cantilever 

and adsorbate: as the cantilever is scaled down in size, the dimensions of a given adsorbate increase 

relative to those of the device, suggesting that the potential also exists for a scaled-down resonator to 

“see” dimension-related attributes of a small adsorbate and for this information to be observable in the 

device’s frequency response. This concept is consistent with the idea of nanobeam-based inertial 
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imaging recently proposed in [18] and the suggestion in [12,13] that the orientation of a bacterium or 

virus of cylindrical geometry, attached to the end of a carbon nanotube resonator, may be reflected in 

the fundamental frequency of the resonator. Thus, despite the generality of the present model from the 

standpoint of scale, our primary interest herein lies within the realm of nanodevices for discrete-mass 

sensing, given the promise that these devices hold for ultrasensitive mass detection and for monitoring 

changes in the attributes of small adsorbates in real time [18,32]. 

2. Theoretical Modeling 

2.1. Problem Statement 

The specific problem to be considered, depicted schematically in Figure 1, is the determination of 

the natural frequencies and mode shapes of a uniform cantilever beam of mass m, length L, and 

flexural rigidity EI when the beam supports a particle (e.g., nanoparticle, molecule, cell, group of cells, 

small organism, etc.) of finite size at an arbitrary location on the beam’s surface. (The terms “particle” 

and “adsorbate” will be used interchangeably in what follows.) Of particular interest is the derivation 

of analytical results for the relative shift in the resonant frequencies of the device due to the binding of 

the adsorbate to the cantilever. The analysis will include the effects of the adsorbate’s (translational) 

mass (M), mass moment of inertia (J) (also referred to as the rotational inertia or rotational mass of the 

adsorbate), and vertical eccentricity (e), the latter being the distance between the center of mass (G) of 

the adsorbate and the neutral axis of the beam. Thus, the particle’s geometric characteristics (size, 

shape, orientation) may contribute to the beam’s resonant characteristics through the inclusion of the J 

and e effects. Moreover, unlike earlier models [5,10,18,32], the present model does not require the 

particle mass to be “much smaller” than the resonator mass.  

2.2. Assumptions 

The free-vibration analysis of the cantilever beam shown in Figure 1 will be based on the  

following assumptions:  

1. The kinematic assumptions of Bernoulli-Euler beam theory apply (e.g., [44]).  

2. The cantilever has a uniform rectangular cross section of thickness h and width b. 

3. The added mass (adsorbate) is assumed to be rigid and rigidly connected to the beam at an 

arbitrary point, i.e., the vertical position and rotational orientation of the attached particle at any 

time are determined, respectively, by the deflection and slope of the deformed beam axis at the 

attachment location. In the undeformed beam configuration the point of attachment is assumed 

to be directly beneath the center of mass (G) of the added mass. 

4. The adsorbate is assumed to have no effect on the cantilever’s stiffness. 

5. Damping is neglected, as are the effects of any surrounding fluid (gas or liquid). 

2.3. Formulation of the Boundary Value Problem (BVP)  

The equation governing the free vibration of the uniform Bernoulli-Euler beam of Figure 1 must be 

satisfied in the sub-domains to the left and right of the attached particle [45]: 



Sensors 2015, 15 29213 

 

 

3

0 0( , ) ( , ) 0 0 and   1
mL

w t w t ,          
EI

ξ ξ ξ ξ ξ ξ′′′′ + = < < < <  (1)

in which ( , )w tξ  is a dimensionless displacement defined by 

( , )
( , )

w t
w t

L

ξξ ≡  (2)

where ( , )w tξ  is the transverse displacement of the beam, /x Lξ ≡  is a dimensionless spatial coordinate, 

and t is time. The parameter 0 0 /x Lξ ≡  identifies the location of the adsorbate attachment, while the prime 

and dot notations appearing in Equation (1) (and in what follows) denote, respectively, differentiation with 

respect to ξ  and t. Equation (1) represents two fourth-order equations, each valid in its respective  

sub-domain, which must be accompanied by eight auxiliary conditions. At the fixed end the displacement 

and slope vanish, while the bending moment and shear force are zero at the free end: 

(0, ) 0w t =  (3a)

(0, ) 0w t′ =  (3b)

(1, ) 0w t′′ =  (3c)

(1, ) 0w t′′′ =  (3d)

The remaining four conditions correspond, respectively, to the continuity of displacement and slope 

and the discontinuity in bending moment and shear force at the added mass location: 

0 0( , ) ( , )w t w tξ ξ− +=  (3e)

0 0( , ) ( , )w t w t  ξ ξ− +′ ′=  (3f)
23

0 0 02
( , ) ( , ) ( , )

ML e J
w t w t w t  

EI L ML
ξ ξ ξ+ −

  ′′ ′′ ′− = +  
   

  (3g)

3

0 0 0( , ) ( , ) ( , )
ML

w t w t w t
EI

ξ ξ ξ+ −′′′ ′′′− = −   (3h)

The final two conditions may be derived by considering the moment and force equilibrium of the 

differential slice of the beam to which the adsorbate is attached, assuming that the displacement and 

rotation of the latter are determined by their beam counterparts at that location. Note that the values of 

the bending moment and shear force discontinuities implied by Equations (3g) and (3h) depend on  

the inertial characteristics of the adsorbate (i.e., its mass M and mass moment of inertia J), as well as 

on the eccentricity e of the particle’s center of mass with respect to the beam axis. Equations (1)  

and (3a)–(3h) constitute the BVP governing the problem of interest. 

2.4. Exact Solution of the Boundary Value Problem 

To determine the natural frequencies and mode shapes, a free vibration of constant shape is assumed: 

1 0

2 0

( ) 0
( , ) ( )

( ) 1

i t
i t

i t

A e   ,     
w t A e

A e   ,     

ω
ω

ω

ξ ξ ξ
ξ ϕ ξ

ξ ξ ξ
 Φ ≤ ≤= = 

Φ ≤ ≤
 (4)

in which ω and ( )ϕ ξ  represent a natural frequency and the corresponding mode shape, the latter  

being defined piecewise by the functions 1( )ξΦ  and 2 ( )ξΦ , with A being an arbitrary constant. 
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Substituting Equation (4) into Equations (1) and (3a)–(3h) results in a BVP involving the unknowns, 

ω, 1( )ξΦ , and 2 ( )ξΦ : 

3 2

1 1 0( ) ( ) 0 0
mL

  ,       
EI

ωξ ξ ξ ξ′′′′Φ − Φ = < <  (5a)

3 2

2 2 0( ) ( ) 0 1
mL

  ,       
EI

ωξ ξ ξ ξ′′′′Φ − Φ = < <  (5b)

1(0) 0Φ =  (6a)

1(0) 0′Φ =  (6b)

1 0 2 0( ) ( )ξ ξΦ = Φ  (6c)

11 0 22 0( ) ( )ξ ξ′ ′Φ = Φ  (6d)
23 2

2 0 1 0 1 02
( ) ( ) ( )

ML e J

EI L ML

ωξ ξ ξ
  ′′ ′′ ′Φ − Φ = − + Φ  
   

 (6e)

3 2

2 0 1 0 1 0( ) ( ) ( )
ML

EI

ωξ ξ ξ′′′ ′′′Φ − Φ = Φ  (6f)

2 (1) 0′′Φ =  (6g)

2 (1) 0′′′Φ =  (6h)

The form of this BVP suggests that we define a dimensionless natural frequency parameter, λ , and 

two dimensionless system parameters via the following relationships: 
3 2

4 mL

EI

ωλ ≡  (7a)

M
M

m
≡  (7b)

2

2 2

2

1eff

eff

e J
e e

L L M
≡ ≡ +
   

     
 (7c)

Parameter M  represents the particle mass normalized by the beam mass, whereas the definition of 

the “effective eccentricity” given in Equation (7c) is motivated by the fact that the adsorbate’s 

rotational inertia has the effect of increasing the geometric eccentricity e by an amount related to the 
“radius of gyration” ( /Gr J M≡ ) of the adsorbate, i.e., 

2 2 2 
eff Ge e r≡ +  (8)

Thus, a point mass (mass M and zero rotational inertia) having a geometric eccentricity effe  will 

have the same effect on the natural frequencies and modes shapes of the cantilever as a finite-size 

adsorbate of mass M and rotational inertia J having an eccentricity e. We emphasize that the effects of 

both the rotational inertia and the eccentricity of the particle are incorporated into the model through the 
single parameter,  

effe , which will later prove convenient in performing a parametric study (Section 3.1). 

The general solutions to Equations (5a) and (5b) may be written as 
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1 1 2 3 4( ) cos sin cosh sinhA A A Aξ λξ λξ λξ λξΦ = + + +  (9a)

2 5 6 7 8( ) cos sin cosh sinhA A A A  ξ λξ λξ λξ λξΦ = + + +  (9b)

Substituting Equations (9a) and (9b) into Equations (6a)–(6h) results in a homogeneous system of 

linear algebraic equations for determining the coefficients Ai, i=1, 2, …, 8: 

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

2 3 2 3 2 3 2 3

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1 0 1 0 0 0 0 0

0 1 0 1 0 0 0 0

[ ] [ ] [ ] [ ]

( ) ( ) ( ) ( )

0 0 0 0

eff eff eff eff

c s C S c s C S

s c S C s c S C

c M e s s M e c C M e S S M e C c s C S

M c s M s c M C S M S C s c S C

c s C S

λ λ λ λ
λ λ λ λ

+ + + + − − − −

− + + + + − − −

+ − + + − + − + − − + +

+ − + + − + − −

− − + +

1

2

3

4

5

6

7

8

0

0

0

0

0

0

0

0 0 0 0 0

A

A

A

A

A

A

A

As c S C

=

+ − + +

    
    
    
    
    
                                      

 
(10)

where the following shorthand notation has been introduced: 

0 0 0 0 0 0 0 0

cos cosh sin sinh

cos cosh sin sinh

c    ,         C    ,         s    ,        S  

c   ,     C   ,     s   ,     S  

λ λ λ λ
λξ λξ λξ λξ

≡ ≡ ≡ ≡
≡ ≡ ≡ ≡

 (11)

Non-trivial solutions to Equation (10) exist only if the coefficient matrix, denoted here by [D],  

is singular: 

( )0det 0effD ; , M, eλ ξ  =   (12)

Equation (12) is the frequency equation whose positive roots are the eigenvalues, 1, 2, ...n  ,  n   λ =  , 

which will exhibit the following functional dependence: 

( )0n n eff, M, eλ λ ξ=  (13)

Once these roots have been determined—either numerically or via analytical estimates as detailed in 
Sections 2.5–2.7—the corresponding eigenvectors {A}n may be obtained by substituting nλ λ=  into 

Equation (10) and solving. This result for {A}n may then be placed into Equations (9a) and (9b) to 
obtain the two portions, 1, ( )n ξΦ  and 2, ( )n ξΦ , of the corresponding eigenfunction (mode shape) 

( ).nϕ ξ  We note that the functional dependence of nλ  implies that the percent change in any natural 

(resonant) frequency due to the added mass (and the corresponding mode shape of the mass-loaded 
beam) depends on three dimensionless parameters: 0ξ , M , and effe . This dependence will be 

explored in Section 3.  

2.5. Linearized Approximation for the Frequency Parameter 

For the case in which the mass of the attached particle is small relative to the beam mass 

( / 1M M m≡  ), a linearized solution for the mode-n frequency parameter, nλ , may be obtained by 

expanding nλ  in a power series in M , the expansion being taken about 0nλ , where 0nλ  is the mode-n 

eigenvalue associated with a uniform cantilever (e.g., 01 1.87510407λ = , 02 4.69409113λ = , etc. [38]). 

The lengthy procedure involves substituting such an expansion for nλ  into the 8-by-8 coefficient 

matrix in Equation (10), expanding the determinant and setting it equal to zero, and demanding that each 

term up to and including the O ( 1M ) term vanish. This procedure yields the exact first-order behavior  
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for nλ  as 0M → . Truncating this power series after the 1M term results in the following analytical 

formulas for estimating the mode-n frequency parameter, nλ , the mode-n natural frequency, nω , (utilizing  

Equation (7a)), and the relative changes in these quantities due to the presence of the adsorbate:  

( ) ( )( ) ( ) 2
0 0 ,

0

1 n n  n
t r eff n

n

e M
λ β ξ β ξ
λ

 = − +   (14a)

( ) ( )( ) ( ) 20
0 0 ,

0 0

n n  n n n
t r eff n

n n

    e M
λ λ λ β ξ β ξ

λ λ
Δ −  ≡ = − +   (14b)

( ) ( ){ }2
( ) ( ) 2

0 0 ,
0

1 n n  n
t r eff n

n

e M
ω β ξ β ξ
ω

 = − +   (14c)

( ) ( ){ }2
( ) ( ) 20

0 0 ,
0 0

1 1n n  n n n
t r eff n

n n

    e M  
ω ω ω β ξ β ξ

ω ω
Δ −  ≡ = − + −   (14d)

where 

2 3
0 0 /n n EI mLω λ≡  (15)

denotes the mode-n natural frequency of the beam in the absence of the adsorbate (e.g., [45,46]).  

Note that, by virtue of the definition of the frequency parameter, nλ , given in Equation (7a), the 

linearization of nλ  results in quadratic estimates for the natural frequencies (Equation (14c)) and their 

relative changes (Equation (14d)) (whose first-order behavior in M  is in agreement with the exact 

model). The functions ( )( )
0

n
tβ ξ  and ( )( )

0
n

rβ ξ , referred to as the translational and rotational inertia 

coefficients for mode-n, are defined by 

( ) ( ) ( ) ( ) ( )

( ) ( )

( )
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

1

2
n

t n n n n n n n n n n n n n
n n n n

n n n n n n n n n n n n

S C c c c s s S S c s s c
C s S c

                                          C s C c S s C s C C S S

β ξ ≡ − + − −−

− + + − 

 (16a)

( ) ( ) ( ) ( ) ( )

( ) ( )

( )
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

1

2
n

r n n n n n n n n n n n n n
n n n n

n n n n n n n n n n n n

S C c c c s s S S s c c s
C s S c

                                          C s S s C c C s C C S S

β ξ ≡ − − + + −−

+ − + − 

 (16b)

in which the following shorthand notation has been introduced: 

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

cos cosh sin sinh

cos cosh sin sinh
n n n n n n n n

n n n n n n n n

c    ,           C    ,         s    ,          S

c   ,      C   ,     s   ,      S

λ λ λ λ
λ ξ λ ξ λ ξ λ ξ

≡ ≡ ≡ ≡
≡ ≡ ≡ ≡

 (17)

Also appearing in Equations (14a)–(14d) is ,eff ne , the modal effective eccentricity parameter for 

mode n, which is related to the adsorbate’s eccentricity and inertial characteristics through 

22 2

, 0 0 0 0 2

eff G
eff n n eff n n n

e e r e J
e e

L L L ML
λ λ λ λ

+  ≡ = = = + 
 

 (18)

The first term within the square brackets of any of Equations (14a)–(14d) is independent of ,eff ne , 

while the second term vanishes only when , 0eff ne = ; this provides the motivation for our interpretation 

of ( )( )
0

n
tβ ξ  and ( )( )

0
n

rβ ξ  as translational and rotational inertia coefficients, i.e., they are  

position-dependent weighting factors that are representative of the degree to which the particle’s 

translational and rotational inertia contribute to the adsorbate-induced resonant frequency shift. We 



Sensors 2015, 15 29217 

 

 

note that Equation (14b) includes the analytical result of [15] as a special case: it reduces to  

Equation (5) of [15] when J = e = 0. 
The coefficients given by Equations (16a) and (16b) are easily calculated and are shown graphically 

in Figure 2 for the first four modes. The plots show that both coefficients are non-negative and take on 

global maxima at the beam tip, indicating that the beam tip is the location of maximum translational 

and rotational mass sensitivity for (at least) the first four modes. The value of the translational inertia 

coefficient is seen to lie in the interval [0, 1], while that of the rotational inertia coefficient, having a 

maximum value slightly in excess of unity for mode 2, in general appears to span a range of values that 

is comparable to that of the translational inertia coefficient. The plots in Figure 2b suggest that the 

peak value of ( )n
rβ  quickly converges to unity (in an oscillatory manner) as the mode number 

increases. (In fact, this may be confirmed analytically.) We note that the term involving the particle’s 

rotational inertia and eccentricity in each of Equations (14a)–(14d) becomes more significant as the 

mode number increases since 2
,

 
eff ne  is proportional to 2

0nλ , i.e., to the square of the eigenvalues for a 

uniform cantilever. (These values grow quickly with mode number: 3.516, 22.034, 61.697, …) Also, if 

the particle binding event occurs at a position where ( )( )
0 0n

tβ ξ = , i.e., at one of the “translational 

nodes” appearing in Figure 2a, any shift in frequency will be associated with rotational effects only, 

suggesting the possibility of ascertaining the center of mass position (particle eccentricity) and/or the 

rotational inertia characteristics of the particle by monitoring frequency shifts. (Knowing these 

parameters may then provide insight into the size, shape, mass distribution, and/or orientation of the 

particle.) Conversely, if the adsorbate attaches at a position where ( )( )
0 0n

rβ ξ = , i.e., at one of the 

“rotational nodes” appearing in Figure 2b, any shift in frequency will be associated with translational 

effects only. This observation suggests that these are desirable binding locations for probing the 

translational inertia characteristics of the attached particle without any interference occurring due to 

the rotational/eccentricity effects. When the particle binds at a general location (different from a 

translational or rotational node), any frequency shift will be due to a combination of translational and 

rotational effects. As expected, Figure 2 shows that the rotational nodes correspond to relative maxima 

in the translational coefficient plots (i.e., points of zero slope on the vibrating beam correspond to 

relative maxima in the amplitude of the translational motion). While less obvious, a comparison of 

Figure 2a,b shows that, for any mode, all translational nodes other than the first (at the support) and the 

last (nearest the free end) correspond approximately to points of relative maxima in the ( )n
rβ  plot, 

while the first and the last relative maxima in the ( )n
rβ  plot, the latter occurring at the free end, do not 

correspond to any translational node. 
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(a) (b) 

Figure 2. Plots of (a) translational inertia coefficient, ( )( )
0

n
tβ ξ , and (b) rotational inertia 

coefficient, ( )( )
0

n
rβ ξ , for an attached particle at position 0ξ ξ=  on a cantilever (modes 1–4). 

2.6. Refined Analytical Solution 

In the previous section a small- M solution was derived from the exact model formulation and, as a 

result, the analytical expressions given by Equations (14a)–(14d) all possess the correct first-order 

behavior in M for small values of M . However, the mathematical forms of these expressions are not 

consistent with those suggested by the physics of a vibrating system involving a perturbation only in 

its inertial characteristics. Therefore, in this section we seek a more physically admissible form of 

solution while demanding that the correct first-order behavior in M  (determined in Section 2.5) be 

maintained as 0M → . As will be seen, the resulting expressions will not only exhibit the correct first-

order behavior at small values of adsorbate mass, but they will also be capable of giving excellent 

frequency estimates for cases in which M  is relatively large.  

Noting that the added particle mass in the model should only alter the effective mass of the 

vibrating beam (not its stiffness), we generalize the uniform beam result (Equation (15)) to write the 

mode-n natural frequency in the form 

2
0 2 31 ( )

n n

n

EI

m a M O M L
ω λ=

 + + 
 (19)

in which na  is a constant. Ignoring the higher-order terms in the denominator of Equation (19) yields 

forms for the natural frequency (and the normalized frequency parameter) that are consistent with the 

underlying physics of the problem and reduce to the correct result when M  = 0: 

0
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1
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n nb M

ω
ω

≡
+

 (20a)

1/ 4

0
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1
n

n nb M

λ
λ

 
≡  + 

 (20b)

with nb  being an M -independent coefficient to be determined by requiring that Equation (20b) have 

the correct first-order behavior in M  as 0M → . In the previous section Equation (14a) was shown to 
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have the correct first-order behavior; therefore, expanding Equation (20b) in a power series and 

comparing to Equation (14a), one may easily show that the required expression for nb  is  

( ) ( )( ) ( ) 2
0 0 ,4 n n  

n t r eff nb eβ ξ β ξ = +   (21)

Thus, the refined analytical solution corresponding to Equations (14a)–(14d) becomes the following 

set of results: 
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1 4
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ω
ω β ξ β ξ
Δ = −
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 (22d)

2.7. Linearized Expressions for the Natural Frequencies; Discrete-Mass Sensitivity  

As stated earlier, both the quadratic estimates and the refined analytical estimates for 0/n nω ω  and 

0/n nω ωΔ  (Equations (14c), (14d), (22c) and (22d), respectively) possess the same first-order behavior in 

the normalized adsorbate mass parameter as does the exact solution. By expanding these equations in 

power series in M , one may easily show that the correct linear estimates for 0/n nω ω  and 0/n nω ωΔ  are 

given by 

( ) ( )( ) ( ) 2
0 0 ,

0

1 2 n n  n
t r eff n

n

e M
ω β ξ β ξ
ω

 = − +   (23a)

( ) ( )( ) ( ) 2
0 0 ,

0

2 n n  n
t r eff n

n

e M
ω β ξ β ξ

ω
Δ  = − +   (23b)

We note that Equation (23b) reduces to Equation (7) of [15] for the special case in which , 0eff ne =  

(i.e., if J = e = 0).  
Defining the discrete-mass sensitivity of the nth mode (in Hz per unit mass) as 

01

2 2
n n n

nS
m M

ω ω ω
π π

Δ −≡ =
Δ

 (24)

it follows from Equation (23a) that 

( ) ( )( ) ( ) 20
0 0 ,

2 n nn
n t r eff n

f
S e

m
β ξ β ξ = − +   (25)

where 0 0 / 2n nf ω π≡  is the mode-n natural frequency of the unloaded cantilever in Hertz.  

Equation (25) shows that nS  is proportional to the natural frequency of the beam in mode n ( 0nf ) and 

inversely related to the beam mass, as is well known (e.g., [6,24]), but it also depends on the 

longitudinal position ( 0ξ ) of the adsorbate through both the translational and rotational inertia 
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coefficients, with the latter playing a larger role as the mode number increases and as the rotational 

inertia/eccentricity of the adsorbate increases. (See definition of ,eff ne  in Equation (18).) Equation (25) 

provides a means for determining when the effects of the adsorbate’s rotational inertia and eccentricity 

will impact the discrete-mass sensitivity of the cantilever and when they may be neglected.  

2.8. Accuracy of the Various Analytical Formulas for the Adsorbate-Induced Frequency Change 

Here we summarize and compare the accuracy of the three analytical estimates we have derived for 

the adsorbate-induced relative shift in the natural frequencies of a cantilever beam. For clarity we shall 

refer to these as the “linear,” “quadratic,” and “refined” analytical estimates:  

( ) ( )( ) ( ) 2
0 0 ,

0 .

2 n n  n
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ω
ω β ξ β ξ
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As mentioned previously, all three formulas possess the correct first-order behavior (in M ) as 

exhibited by the exact solution of the model for small adsorbate mass; however, we expect that the 

increased complexity exhibited by the quadratic and the refined estimates will provide progressively 

better accuracy in most cases. We note that the quadratic estimate should not be interpreted as 

providing the correct second-order behavior as it was derived by linearizing the frequency parameter 

nλ ; thus, the source of the quadratic M -dependence in Equation (26b) is simply through  

Equation (7a) which relates nλ  to nω . (Formulas with the correct second-order behavior could be 

derived by a second-order expansion of the frequency parameter, but this has not been pursued.) 
To examine the relative accuracy of the analytical formulas, comparisons among the results of 

Equations (26a)–(26c) and the exact solution (obtained through numerical solution of the frequency 

equation (Equation (12)) are displayed in Figure 3 for the first three modes for the case in which 0ξ  = 1 

and  
effe  = 0.15. The former value was chosen since the translational and rotational inertia coefficients 

are largest when the adsorbate binds at the beam tip (see Figure 2), while the latter value represents an 

approximate upper bound on the normalized effective eccentricity parameter for most cases of 

practical interest. As can be seen in Figure 3, all three analytical formulas yield the correct slope at 

0M = , thus providing numerical confirmation that they possess the correct first-order behavior. These 

figures also indicate that, as anticipated, the refined analytical solution (Equation (26c)) tends to yield the 

most accurate of the three estimates, while the linear approximation (Equation (26a)) furnishes the least 

accuracy. Nevertheless, the linear estimate of the relative frequency change is excellent for (at least) the 

first three modes if the adsorbate mass is no more than 2% of the beam mass. Figure 3b–d, which focus on 

the range M/m < 0.1, show that the refined estimate is capable of excellent accuracy in predicting frequency 

shifts in multiple modes, even when the adsorbate mass is moderately large, i.e., up to 10% of the beam 

mass. Mode-1 results displayed in Figure 3a over the expanded range M/m < 1 provide evidence that the 

refined estimate is excellent for the fundamental mode even for the case of a very heavy particle (M/m = 1 
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or higher), despite the fact that the formula was based on a linear approximation for the effective mass of 

the system (cf. Equation (20a)). 

The comparisons of Figure 3 were limited to the case in which the adsorbate is located at the beam 

tip. To better observe how the refined analytical formula approximates the exact solution for arbitrary 

adsorbate position, the relative frequency shift is plotted vs. particle position in Figure 4 for  

M/m = 0.01 (Figure 4a) and for M/m = 0.05 (Figure 4b). Again, the effective eccentricity parameter is 

chosen to be 0.15 and the first three modes are considered. The curves of Figure 4 display a trend that 

the accuracy of the analytical formula decreases as the particle mass and the mode number increase, 

although the analytical estimate is still quite accurate, regardless of particle position, even for mode 3 

in the larger-particle case. The discrepancies are negligible for modes 1 and 2, while the maximum 

deviation for mode 3 of the M/m = 0.05 case occurs at 0 0.48ξ = . There, the exact and approximate 

relative frequency shifts are still quite close (−6.97% and −6.34%, respectively). Moreover, a detailed 

investigation of additional numerical results (not shown) indicates that Equation (26c) yields even 

better accuracy for modes 1–3 than that displayed in Figure 4 when M/m < 0.05 and 0.15effe < . 

The results displayed in Figures 3 and 4 are very encouraging in that they provide evidence that the 

complex dynamic interaction of an arbitrarily positioned adsorbate and a cantilever-based sensing 

device can be expressed via relatively simple analytical expressions, even when the effects of the 

particle’s rotational inertia and eccentricity are incorporated in a rigorous manner. 

(a) (c) 

(b) (d) 

Figure 3. Comparison of relative frequency shifts predicted by the exact model and the 
various analytical formulas for effe  = 0.15 and 0 1ξ = : (a) mode 1 for M/m [0,1]∈ ; (b) 

mode 1 for M/m [0, 0.1]∈  (i.e., zoomed view of Figure 3a); (c) mode 2 for M/m [0, 0.1]∈ ; 

and (d) mode 3 for M/m [0, 0.1]∈ . 
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(a) (b) 

Figure 4. Comparison of relative frequency shift as predicted by the exact model and the 

refined analytical formula (Equation (26c)): (a) M/m = 0.01; (b) M/m = 0.05. (For both 
cases 0.15effe = ). 

2.9. Rayleigh-Method Interpretation of Refined Analytical Solution 

As an alternative approach to the foregoing analysis, Rayleigh’s method [45] may be used to derive 

an approximate solution for the natural frequencies of the adsorbate-loaded cantilever. The starting 

point for this approach is to assume a vibrational shape for the mode-n free vibration, thereby 

idealizing the system behavior to that of a single-degree-of-freedom model. A reasonable shape 

function to assume for an arbitrary mode n is the nth mode shape of a uniform cantilever beam (i.e., 

without adsorbate), which is given by [45] 

( ) ( ) ( )0 0 0 0 0cosh cos sinh sinn n
n n n n n

n n

S s

C c
ϕ ξ λ ξ λ ξ λ ξ λ ξ

 −= − − − + 
 (27)

in which the shorthand notation of Equation (17) has again been employed. A straightforward application 

of Rayleigh’s method results in the following approximate forms for the natural frequencies and their 

relative changes, including the effects of the particle’s rotational inertia and eccentricity:  
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in which ( )
0

0 0 0[ ( ) / ]n nd d ξ ξϕ ξ ϕ ξ ξ
=

′ ≡  denotes the slope of the nth mode shape of a uniform cantilever at 

0ξ , which is easily obtained from Equation (27). Numerical comparisons of Equations (28a), (28b), (22c) 

and (22d) show that these formulas are equivalent. In other words, the refined analytical solution could 

be derived in a more direct manner by using Rayleigh’s method. However, the advantage to the more 

rigorous approach used to derive the refined analytical solution via a power-series expansion of the 

exact solution is that we have demonstrated that its first-order (i.e., small- M ) behavior is in agreement 

with the exact solution to the BVP of Section 2.3. (Such a claim could not be made a priori when 
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utilizing Rayleigh’s method.) This feature is especially important in sensing/mass detection 

applications in which the adsorbate mass is often very small relative to that of the cantilever. 

Furthermore, in those instances in which the adsorbate mass is not small (e.g., if the sizes of the device 

and adsorbate are of the same order), the exact solution procedure specified in Section 2.4 (and the 

corresponding exact numerical results to be presented in Section 3) may be employed. 

Finally, we note that Equations (28a) and (28b) (and thus Equations (22c), (22d) and (26c)) represent 

generalizations to the Rayleigh’s method solution presented in [5] and used in other recent studies [10,19]. 

In the earlier study [5] the rotational inertia and eccentricity of the small gold bead used in their 

experiments was justifiably ignored as the value of the effective eccentricity parameter defined in the 

present model is quite small ( effe  = 0.01) and there was apparently no mechanical connection between 

the bead and the cantilever to couple the beam rotation to the particle’s rotational motion (i.e., local 

rolling contact was not prevented). We also note that in the same study the feasibility of back-calculating 

both the particle mass and particle position ( 0ξ ) by measuring the frequency changes in multiple 

modes was demonstrated. Since that method tacitly assumes that eccentricity and rotational inertia 

effects do not appreciably influence the first few resonant frequencies, the generalized solution 

presented herein may be used (a) to estimate the range of applicability for which their approach may be 

used, and (b) to serve as the basis for a more general approach for back-calculating not only particle 

mass and longitudinal position, but also particle size, shape, and/or orientation. 

3. Results and Discussion 

3.1. General Parametric Study: Effects of Adsorbate Mass, Adsorbate Position, Effective Eccentricity, 

and Mode Number on the Frequency Response 

In this section the results of a general parametric study will be presented for the purpose of 

examining how the relative frequency shift of a cantilever-based discrete-mass (i.e., single-particle) 

sensor depends on (a) the position and mass of the adsorbate, (b) the particle’s effective eccentricity, 

and (c) the mode number. The study will be performed using the exact results of the theoretical model 

which were obtained by numerically solving the frequency equation (Equation (12)) for various 

specified values of the system’s normalized parameters 0( )eff, M, eξ . 

The numerical results of the parametric study are summarized in Figure 5, in which the  

particle-induced relative frequency shift is plotted vs. particle position for the first three modes and for 

a small, medium, and large particle mass (M/m = 0.01, 0.1, and 1, respectively). The influence of 

increasing mode number may be observed by reading from top to bottom, while the effect of 

increasing the particle mass may be seen by reading from left to right. Each colored curve on the 

individual graphs in Figure 5 corresponds to a different value of the effective eccentricity parameter, 

with the upper (blue) curve being the case of 0effe =  (i.e., no rotational inertia/eccentricity effects) 

and the lower (cyan) curve representing the maximum value of effe  considered ( effe = 0.15). The trends 

exhibited in Figure 5 may be summarized as follows: 

1. As expected, the frequency shift is strongly dependent on the longitudinal position of the 

particle and its magnitude increases as the particle mass increases. 
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2. An increase in the value of the effective eccentricity parameter increases the frequency change 

magnitude. This is to be expected since larger values of effe  correspond to increased rotational 

inertia contributions to the system’s effective mass. There do exist, however, specific particle 

locations at which the effective eccentricity of the particle has no influence on the system’s 

natural frequency. These are the locations at which the slope of the associated mode shape is 

zero. For mode n there are n such rotational node locations (points of zero rotation in the mode 

shape) as evidenced by the values of 0ξ  at which all four curves meet in each of the individual 

graphs in the figure. 

3. While the role of the effective eccentricity parameter is minimal near a rotational node, it tends 

to be quite significant in the vicinity of a translational node, i.e., at the locations at which the 

mode shape takes on zero values. For the 0effe =  case these translational nodes may be 

identified in Figure 5 as the locations at which the blue curves yield zero frequency shift. For 

mode n there are n such translational nodes. The translational inertia of an adsorbate positioned 

at a translational node will make no contribution to the system’s effective mass, but any 

rotational inertia and/or eccentricity possessed by the particle will make a contribution and, 

thus, affect the natural frequency. Moreover, the plots indicate that the frequency response of 

the system will be rather sensitive to the adsorbate’s rotational inertia/eccentricity when the particle 

binds near a translational node. This is due to the fact that the slope of the mode shape (beam 

rotation) tends to be (approximately) maximal at the translational nodes. Thus, any mass detection 

technique that neglects the adsorbate’s rotational inertia/eccentricity (e.g., [5,10,15,18,32]) may 

result in significant error when the particle binds to the beam near a translational node. Conversely, 

a binding event near a translational node may afford an opportunity to ascertain rotational inertia 

characteristics of an adsorbate, resulting in “higher-order” mass detection possibilities. 

4. Based on the cases considered in the first row of Figure 5, the rotational inertia/eccentricity 

effects have a relatively small influence on the fundamental modal response, even for the case 

of a large adsorbate mass. (There may, however, be other cases in which this is not the case. 

For example, an earlier study focusing on fundamental-mode response [3] noted that the 

particle’s rotational inertia can be “essential” and may account for ~10% of the particle-induced 

frequency shift.) As the mode number increases, however, the relative frequency shift  

becomes much more sensitive to the value of effe . This may be explained by the fact that, as n 

increases, the number of sign changes in the mode shape does as well, meaning that the slopes 

of the mode shape tend to get progressively larger (relative to the displacements) as n increases. 

In the case of small adsorbate mass, this is exhibited mathematically by the presence of 0nλ  in  

Equation (18) and the form of the denominator in the refined analytical solution of Equation (26c) 

(or in the equivalent result of Equation (28b)). Since most proposed discrete-mass-detection 

techniques are based on “point mass” idealizations and multi-modal frequency data (e.g., four 

modes are used in [5]), special care should be taken when applying these techniques due to the 

increased importance of the adsorbate’s rotational inertia and eccentricity as n increases.  
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Figure 5. Relative frequency shifts (based on exact model) for the first three modes of a 

cantilever as functions of binding position of a particle of arbitrary shape. Results shown 

are for three different normalized particle masses and four different normalized effective 

eccentricities (Rows 1–3: modes 1–3; columns 1–3: M/m = 0.01, 0.1, 1). 

3.2. Example of a Spherical Adsorbate  

While the functional dependence of the mode-n frequency response of a particle-loaded cantilever 

suggested the use of the normalized system parameters 0( )eff, M, eξ in the parametric study of the 

previous section, in reality M  and effe  will not in general be independent quantities. For example, as 

the size (dimensions) of an adsorbate increases, this growth will most likely be accompanied by an 

increase in the mass of the particle and changes in its eccentricity and mass moment of inertia. 

Therefore, the purpose of the present section is to examine a more definitive case in which a particular 

adsorbate geometry is considered, thereby resulting in a more easily interpretable set of results. To this 

end, we consider the illustrative example of a solid spherical adsorbate. In doing so we shall examine 

the accuracy of the refined analytical formula in comparison with the exact theoretical results and the 

impact that the rotational/eccentricity effects have on the frequency response. 
Letting R denote the radius of the spherical adsorbate and defining its normalized form to be 

R R/L≡ , one may easily relate M  and effe  to R . Utilizing the well-known results for a sphere’s 
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volume and its mass moment of inertia with respect to a diametral axis ( 22 / 5J MR=  for the latter), 

we have 

3

2

4

3 /
sphere

beam

R
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bh L

ρπ
ρ

   
=    

  
 (29a)

2 2
2 2

2 5eff

h R
e R
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 = + + 
 

 (29b)

To illustrate the impact of adsorbate radius on the frequency response, we neglect the contribution 

of the beam’s half-thickness to the adsorbate eccentricity and specify values of the mass density and 

beam slenderness ratios (ρsphere/ρbeam = 1, L2/bh = 500). In this case Equations (29a) and (29b) reduce to  

32000

3
M R

π=  (30a)

2
2 7

5eff

R
e =  (30b)

Equations (30a) and (30b) permit the theoretical values of the mode-n relative frequency change 

(due to the attached spherical particle) to be related to only two independent parameters: particle size 
( R ) and position ( 0ξ ). This dependence is summarized in Figure 6 for modes 1–3 and for four particle 

sizes spanning 0.02R =  to 0.08R = . (Thus, the particle diameters span roughly L/25 to L/6, which 
correspond to the ranges M ∈[0.017,1.07] and effe ∈  [0.024,0.095].) 

(a) (d) 

(b) (e) 

Figure 6. Cont. 
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(c) (f) 

Figure 6. Relative frequency shift for the first three modes as a function of binding 

position of a solid spherical adsorbate: (a)–(c) (left column) exact model vs. refined 

analytical formula; (d)–(f) (right column) exact model with and without the effects of the 

adsorbate’s rotational inertia and eccentricity. R = radius of spherical particle (system 

parameters: ρsphere/ρbeam =1, L2/bh = 500).  

In Figure 6a–c the results of the exact model are compared with those of the refined analytical 

formula of Equation (26c). While the formula yields excellent estimates for all three modes for the 

case of the smallest particle considered and reasonable approximations for the 0.04R =  case except 

near the beam tip, in general the analytical result tends to lose accuracy as the adsorbate size/mass and 

the mode number are increased. The mode-1 responses predicted by the two models, displayed in  

Figure 6a, indicate that the formula furnishes excellent estimates of the frequency shift even when the 

particle is quite large ( R  values up to 0.08, or adsorbate masses on the order of the beam mass). These 

conclusions reinforce our earlier discussion of the trends exhibited in Figures 3 and 4. 

The relative frequency changes predicted by the exact model, both with and without the  

“higher-order” effects of rotational inertia and eccentricity, are presented in Figure 6d–f. It is clear 

from Figure 6d that ignoring the higher-order effects (by zeroing out effe  in the model) introduces 

negligible error for the mode-1 response for the three smaller particle sizes, and the higher-order 

effects have only a marginal influence on the fundamental frequency response in the case of the largest 

particle considered. Thus, simpler models such as those proposed in [5,15] may be sufficiently 

accurate in estimating mode-1 response even when the adsorbate mass is on the same order as the 

beam mass. However, the results of Figure 6e,f show that the higher-order effects associated with the 

particle’s rotational inertia/eccentricity begin to make more significant contributions to the effective 

mass of the system as the mode number is increased above 1 and as the particle size is increased. This 

means that, if the binding event between the adsorbate and the resonator is such that significant 

coupling exists between the rotations of the beam and adsorbate, then (as noted earlier) simpler models 

that ignore the higher-order effects may incur significant errors in predicting frequency response at 

modes 2 and higher. Moreover, these errors may come into play for relatively small particle 

sizes/masses ( 0.04R =  or 0.13M =  in the present example). Finally, as was observed earlier in 

Figure 5, the intersection points between the two sets of curves in Figure 6d–f occur at those particle 

positions at which no beam rotation occurs and, thus, the rotational inertia and eccentricity attributes of 

the adsorbate are not reflected in the resonator response. 
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4. Summary/Conclusions/Outlook 

A new theoretical model, exact within the context of Bernoulli-Euler beam theory, has been 

presented in an effort to understand how the adsorbate-induced resonant frequency shifts of a 

cantilever depend not only on the adsorbate mass and position on the beam, but also on the rotational 

inertia (J) of the attached particle and its eccentricity (e) with respect to the neutral axis of the beam. In 

addition to incorporating these geometry-related effects, the mathematical formulation and solution is 

not limited by any a priori assumptions such as (a) the vibrational shape being unaffected by the 

particle or (b) the particle being much smaller in mass or size than the beam itself. As a result, the 

model presented herein represents a generalization of several other models that have appeared recently 

in the sensors literature.  

While the general results presented in the paper required a numerical solution of the frequency 

equation, in the special case of small adsorbate mass several analytical solutions have been derived, all 

of which possess the exact first-order behavior for the resonant frequencies in terms of a normalized 

particle mass parameter (M/m = particle mass/beam mass). The most accurate of these solutions 

appeared to be the so-called refined analytical solution, which was obtained by linearizing the effective 

mass of the beam/adsorbate system. Of particular note is that the refined analytical solution displayed 

excellent accuracy in (at least) the first three modes when compared to the exact results over the range 

0 ≤ M/m ≤ 0.1. This solution also exhibited the potential to provide excellent accuracy in mode 1 for 

cases in which the particle mass approaches or exceeds the beam mass, regardless of the particle 

position. However, since the accuracy of the analytical formula tends to deteriorate as the mode 

number increases, one may need to use the exact (numerical) solution of the frequency equation for 

higher modes. The fact that the effects of the rotational inertia and eccentricity of the attached particle 

are reflected in the beam’s frequency response, especially as the mode number is increased, suggests 

that “higher-order” nanobeam-based mass detection methods may be feasible. In other words, the 

multi-mode frequency response of a cantilever-based, discrete-mass sensor may be used to probe not 

only the mass and longitudinal position of an adsorbate, but also important geometric data related to its 

size, shape, or orientation. This suggests the possibility, for example, of employing nanomechanical 

resonators to discriminate between particles of identical mass by detecting differences in their mass 

distributions reflected in the sensor’s frequency response. 

The model presented in this work may serve as the basis for the following future studies: 

1. A robust experimental database on particle-induced frequency shifts needs to be generated. The 

database should span sufficiently broad ranges of particle/beam parameters (a) to provide a 

means of checking the theoretical results presented in the current study, and (b) to 

experimentally examine the feasibility of the concept of “higher-order mass detection” that 

takes advantage of rotational inertia/eccentricity effects to probe additional adsorbate 

information beyond what more conventional mass detection approaches may provide. 

2. A straightforward extension of the cantilever model to the case of a bridge beam may be performed 

and is currently being developed. Recent research has indicated that the fixed-fixed boundary 

conditions of a bridge may yield a device with higher mass sensitivity than the fixed-free 

conditions of a cantilever [15,18,32]; however, the resonant amplitudes will be much smaller 

due to the increased stiffness and stress-stiffening effects may play a role. 
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3. The present work includes the limiting cases in which the adsorbate is rigidly attached 

(“welded”) to the beam and when it is incapable of transferring any rotational loads to the beam 

(“pinned” connection). Results for the latter, corresponding to the case in which a particle rests 

on the beam but experiences local rolling contact, may be generated by the present model by 

setting the effective eccentricity parameter to zero. In reality the actual scenario is expected to 

lie between these two limits, i.e., the binding process will furnish some finite value of 

“rotational adherence” between the particle and the beam surface. Thus, a more generalized 

model that accounts for this interaction is warranted and is currently being developed. 

4. Although it has been demonstrated that one-dimensional continuum modeling based on beam 

theory is applicable for particular nanoscale devices (e.g., [9]), the continued miniaturization of 

mass-detection devices may eventually push the limits of classical modeling approaches. To 

address this issue, an extension of the present model to incorporate small-scale effects such as 

non-locality [14,16,47], surface effects [16,47], couple-stress effects [34], and microstructural 

inhomogeneity [34,35] should be pursued. 

5. Future work may also include a detailed exploration of back-calculation algorithms, based on the 

present model, for converting multi-modal frequency data to information on the position, mass, and 

geometry of the adsorbate. Such an algorithm would be analogous to recently developed 

approaches for cases in which rotational inertia and eccentricity are negligible [5,15,17,19,32]. 

6. Consideration of particle rotational inertia/eccentricity may be warranted in the cases of multiple 

particle masses or in future studies on the stiffening effect of an adsorbate as past studies have 

demonstrated the practical importance of these issues ([8,10,19] and [25–28], respectively).  

Acknowledgments 

This work was partially supported by IdEx Bordeaux. The authors thank Pierre-Henri Ducrot  

for valuable discussions related to the work. Thanks are also extended to the reviewers for their  

valuable comments. 

Author Contributions 

The idea for the study resulted from discussions between both authors that were initiated by  

Isabelle Dufour. Analytical modeling was performed by Stephen M. Heinrich. Both authors 

contributed equally to the interpretation and discussion of the numerical results. The manuscript was 

written primarily by Stephen M. Heinrich with modifications made by Isabelle Dufour.  

Conflicts of Interest 

The authors declare no conflict of interest.  

References 

1. Brand, O.; Dufour, I.; Heinrich, S.M.; Josse, F. Resonant MEMS. Fundamentals, Implementation 

and Application; Wiley-VCH Verlag: Weinheim, Germany, 2015. 



Sensors 2015, 15 29230 

 

 

2. Ekinci, K.L.; Huang, X.M.H.; Roukes, M.L. Ultrasensitive nanoelectromechanical mass detection. 

Appl. Phys. Lett. 2004, 84, 4469–4471.  

3. Ilic, B.; Craighead, H.G.; Krylov, S.; Senaratne, W.; Ober, C.; Neuzil, P. Attogram detection 

using nanoelectromechanical oscillators. J. Appl. Phys. 2004, 95, 3694–3703.  

4. Dohn, S.; Sandberg, R.; Svendsen, W.; Boisen, A. Enhanced functionality of cantilever based 

mass sensors using higher modes. Appl. Phys. Lett. 2005, 86, doi:10.1063/1.1948521. 

5. Dohn, S.; Svendsen, W.; Boisen, A.; Hansen, O. Mass and position determination of attached 

particles on cantilever based mass sensors. Rev. Sci. Instrum. 2007, 78, doi:10.1063/1.2804074. 

6. Chun, D.W.; Hwang, K.S.; Eom, K.; Lee, J.H.; Cha, B.H.; Lee, W.Y.; Yoon, D.S.; Kim, T.S. 

Detection of the Au thin-layer in the Hz per picogram regime based on the microcantilevers.  

Sens. Actuator A Phys. 2007, 135, 857–862.  

7. Jensen, K.; Kwanpyo, K.; Zettl, A. An atomic-resolution nanomechanical mass sensor.  

Nat. Nanotechnol. 2008, 3, 533–537.  

8. Yu, H.; Li, X. Bianalyte mass detection with a single resonant microcantilever. Appl. Phys. Lett. 

2009, 94, doi:10.1063/1.3050460.  

9. Wang, S.-C.; Chang, Y.-C.; Lien, D.-H.; Hsu, T.; Chang, C.-S. Resonance frequency shift of a 

car-bon nanotube with a silver nanoparticle adsorbed at various positions. Appl. Phys. Lett. 2010, 

97, doi:10.1063/1.3493176.  

10. Dohn, S.; Schmid, S.; Amiot, F.; Boisen, A. Position and mass determination of multiple particles 

using cantilever based mass sensors. Appl. Phys. Lett. 2010, 97, doi:10.1063/1.3473761. 

11. Boisen, A.; Dohn, S.; Keller, S.S.; Schmid, S.; Tenje, M. Cantilever-like micromechanical 

sensors. Rep. Prog. Phys. 2011, 74, doi:10.1088/0034–4885/74/3/036101. 

12. Elishakoff, I.; Versaci, C.; Maugeri, N.; Muscolino, G. Clamped-free single-walled carbon 

nanotube-based mass sensor treated as Bernoulli-Euler beam. J. Nanotechnol. Eng. Med. 2011, 2, 

doi:10.1115/1.4003734.  

13. Elishakoff, I.; Versaci, C.; Muscolino, G. Clamped-free double-walled carbon nanotube-based 

mass sensor. Acta Mech. 2011, 219, 29–43.  

14. Elishakoff, I.; Pentaras, D.; Dujat, K.; Versaci, C.; Muscolino, G.; Storch, J.; Bucas, S.; 

Challamel, N.; Natsuki, T.; Zhang, Y.Y.; et al. Carbon Nanotubes and Nano Sensors: Vibrations, 

Buckling, and Ballistic Impact; ISTE-Wiley: London, UK, 2012.  

15. Stachiv, I.; Fedorchenko, A.I.; Chen, Y.-L. Mass detection by means of the vibrating 

nanomechanical resonators. Appl. Phys. Lett. 2012, 100, doi:10.1063/1.3691195.  

16. Elishakoff, I.; Challamel, N.; Soret, C.; Bekel, Y.; Gomez, T. Virus sensor based on single-walled 

carbon nanotube: improved theory incorporating surface effects. Philos. Transact. A Math. Phys. 

Eng. Sci. 2013, 371, doi:10.1098/rsta.2012.0424. 

17. Kim, D.; Hong, S.; Jang, J.; Park, J. Simultaneous determination of position and mass in the cantilever 

sensor using transfer function method. Appl. Phys. Lett. 2013, 103, doi:10.1063/1.4813839.  

18. Hanay, M.S.; Kelber, S.I.; O’Connell, C.D.; Mulvaney, P.; Sader, J.E.; Roukes, M.L. Inertial 

imaging with nanomechanical systems. Nat. Nanotechnol. 2015, 10, 339–344. 

19. Olcum, S.; Cermak, N.; Wasserman, S.C.; Manalis, S. High-speed multiple-mode mass-sensing 

resolves dynamic nanoscale mass distributions. Nat. Commun. 2015, 6, doi:10.1038/ncomms8070. 



Sensors 2015, 15 29231 

 

 

20. Zhu, Q. Microcantilever sensors in biological and chemical detections. Sens. Transducers 2011, 

125, 1–21.  

21. Eom, K.; Park, H.S.; Yoon, D.S.; Kwon, T. Nanomechanical resonators and their applications in 

biological/chemical detection: Nanomechanics principles. Phys. Rep. 2011, 503, 115–163.  

22. Ilic, B.; Czaplewski, D.; Zalalutdinov, M.; Craighead, H.G.; Neuzil, P.; Campagnola, C.; Batt, C. 

Single cell detection with micromechanical oscillators. J. Vac. Sci. Technol. B 2001, 19, 2825–2828.  

23. Gupta, A.; Akin, D.; Bashir, R. Single virus particle mass detection using microresonators with 

nanoscale thickness. Appl. Phys. Lett. 2004, 84, 1976–1978.  

24. Braun, T.; Barwich, V.; Ghatkesar, M.K.; Bredekamp, A.H.; Gerber, C.; Hegner, M.; Lang, H.P. 

Micromechanical mass sensors for biomolecular detection in a physiological environment.  

Phys. Rev. E 2005, 72, doi:10.1103/PhysRevE.72.031907.  

25. Ramos, D.; Tamayo, J.; Mertens, J.; Calleja, M. Origin of the response of nanomechanical 

resonators to bacteria adsorption. J. Appl. Phys. 2006, 100, doi:10.1063/1.2370507.  

26. Tamayo, J.; Ramos, D.; Mertens, J.; Calleja, M. Effect of the adsorbate stiffness on the resonance 

response of microcantilever sensors. Appl. Phys. Lett. 2006, 89, doi:10.1063/1.2388925.  

27. Ramos, D.; Calleja, M.; Mertens, J.; Zaballos, A.; Tamayo, J. Measurement of the mass and 

rigidity of adsorbates on a microcantilever sensor. Sensors 2007, 7, 1834–1845.  

28. Ramos, D.; Tamayo, J.; Mertens, J.; Calleja, M.; Villanueva, L.G.; Zaballos, A. Detection of 

bacteria based on the thermomechanical noise of a nanomechanical resonator: Origin of the 

response and detection limits. Nanotech. 2008, 19, doi:10.1088/0957-4484/19/03/035503.  

29. Braun, T.; Ghatkesar, M.K.; Backmann, N.; Grange, W.; Boulanger, P.; Letellier, L.; Lang, H.P; 

Bietsch, A.; Gerber, C.; Hegner, M. Quantitative time-resolved measurement of membrane  

protein-ligand interactions using microcantilever array sensors. Nat. Nanotechnol. 2009, 4, 179–185.  

30. Park, K.; Millet, L.J.; Kim, N.; Li, H.; Jin, X.; Popescu, G.; Aluru, N.R.; Hsia, K.J.; Bashir, R. 

Measurement of adherent cell mass and growth. Proc. Natl. Acad. Sci. 2010, 107, 20691–20696.  

31. Johnson, B.N.; Mutharasan, R. Biosensing using dynamic-mode cantilever sensors: A review. 

Biosens. Bioelectron. 2012, 32, 1–18.  

32. Hanay, M.S.; Kelber, S.; Naik, A.K.; Chi, D.; Hentz, S.; Bullard, E.C.; Colinet, E.; Duraffourg, L.; 

Roukes, M.L. Single-protein nanomechanical mass spectrometry in real time. Nat. Nanotechnol. 

2012, 7, 602–608.  

33. Maloney, N.; Lukacs, G.; Ball, S.L.; Hegner, M. Device for filamentous fungi growth  

monitoring using the multimodal frequency response of cantilevers. Rev. Sci. Instr. 2014, 85, 

doi:10.1063/1.4854655.  

34. Shaat, M.; Abdelkefi, A. Modeling the material structure and couple stress effects of 

nanocrystalline silicon beams for pull-in and bio-mass sensing applications. Int. J. Mech. Sci. 

2015, 101–102, 280–291. 

35. Shaat, M.; Abdelkefi, A. Modeling of mechanical resonators used for nanocrystalline  

materials characterization and disease diagnosis of HIVs. Microsyst. Technol. 2015, 14, 

doi:10.1007/s00542-015-2421-y.  

36. García, R.; Pérez, R. Dynamic atomic force microscopy methods. Surf. Sci. Rep. 2002, 47, 197–301. 

37. Morris, V.J.; Kirby, A.R.; Gunning, A.P. Atomic Force Microscopy for Biologists, 2nd ed.; 

Imperial College Press: London, UK, 2010. 



Sensors 2015, 15 29232 

 

 

38. Pillet, F.; Chopinet, L.; Formosa, C.; Dague, E. Atomic Force Microscopy and pharmacology: 

From microbiology to cancerology. Biochim. Biophys. Acta 2014, 1840, 1028–1050.  

39. Beeby, S.; White, N. Energy Harvesting for Autonomous Systems; Artech House: Norwood, MA, 

USA, 2010. 

40. Heinrich, S.M.; Boudjiet, M.T.; Thuau, D.; Poulin, P.; Ayéla, C.; Dufour, I. Development of 

analytical models of T- and U-shaped cantilever-based MEMS devices for sensing and energy 

harvesting applications. In Proceedings of the IEEE Sensors Conference, Valencia, Spain, 2–5 

November 2014; pp. 1648–1651. 

41. Sharpes, N.; Abdelkefi, A.; Priya, S. Comparative analysis of one-dimensional and two-dimensional 

cantilever piezoelectric energy harvesters. Energy Harvest. Syst. 2014, 1, 209–216.  

42. Sharpes, N.; Abdelkefi, A.; Priya, S. Two-dimensional concentrated-stress low-frequency 

piezoelectric vibration energy harvesters. Appl. Phys. Lett. 2015, 107, doi:10.1063/1.4929844. 

43. Briand, D.; Yeatman, E.; Roundy, S. Micro Energy Harvesting; Wiley-VCH Verlag: Weinheim, 

Germany, 2015.  

44. Beer, F.; Johnston, E.R.; DeWolf, J.; Mazurek, D. Mechanics of Materials, 6th ed.; McGraw-Hill: 

New York, NY, USA, 2011. 

45. Clough, R.W.; Penzien, J. Dynamics of Structures, 2nd ed.; McGraw-Hill: New York, NY,  

USA, 1993. 

46. Blevins, R.D. Formulas for Natural Frequency and Mode Shape; Van Nostrand Reinhold 

Company Inc.: New York, NY, USA, 1979. 

47. Arash, B.; Jiang, J.-W.; Rabczuk, T. A review on nanomechanical resonators and their applications in 

sensors and molecular transportation. Appl. Phys. Rev. 2015, 2, doi:10.1063/1.4916728.  

© 2015 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article 

distributed under the terms and conditions of the Creative Commons Attribution license 

(http://creativecommons.org/licenses/by/4.0/). 


