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Abstract: In this paper, we propose a new approach based on convex optimization to address
the received signal strength (RSS)-based cooperative localization problem in wireless sensor
networks (WSNs). By using iterative procedures and measurements between two adjacent
nodes in the network exclusively, each target node determines its own position locally. The
localization problem is formulated using the maximum likelihood (ML) criterion, since
ML-based solutions have the property of being asymptotically efficient. To overcome
the non-convexity of the ML optimization problem, we employ the appropriate convex
relaxation technique leading to second-order cone programming (SOCP). Additionally, a
simple heuristic approach for improving the convergence of the proposed scheme for the
case when the transmit power is known is introduced. Furthermore, we provide details about
the computational complexity and energy consumption of the considered approaches. Our
simulation results show that the proposed approach outperforms the existing ones in terms

of the estimation accuracy for more than 1.5 m. Moreover, the new approach requires a
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lower number of iterations to converge, and consequently, it is likely to preserve energy in
all presented scenarios, in comparison to the state-of-the-art approaches.

Keywords: wireless localization; wireless sensor network (WSN); received signal
strength (RSS); second-order cone programming (SOCP) problem; cooperative localization;
distributed localization

1. Introduction

Wireless sensor networks (WSNs) find applications in the most varied areas, such as monitoring
(industrial, healthcare, environmental), energy-efficient routing, exploration (deep water, underground,
outer space), surveillance, and many more [1]. A WSN comprises a number of sensor nodes (in
the further text, called nodes), which are deployed over a region of interest in order to acquire the
desired measurements. Besides sensing, nodes have the capability of communicating and processing the
acquired data. Recent advances in radio frequency (RF) and micro-electro-mechanical systems (MEMS)
permit the use of large-scale networks with hundreds or thousands of nodes [1]. WSNs are subject to
changes in topology (e.g., adding nodes, node or link failures), which aggravates the development of
even the simplest algorithms.

In many practical applications, data acquired inside a WSN are irrelevant if the referred location
is not known. Accurate positioning of objects and people in both indoor and outdoor environments
enables new applications in emergency and commercial services that can improve safety and efficiency
in everyday life [2]. Hence, accurate information about nodes’ positions is a valuable resource, which
offers additional knowledge to the user.

Nodes are commonly deployed over a monitored area with limited to non-existing control of their
position in space (e.g., thrown out of an aeroplane). Installing a global positioning system (GPS) device
in each node would severely raise the network costs and restrict its applicability [1]. In order to reduce the
implementation costs, only a small fraction of nodes are equipped with GPS, called anchor (reference)
nodes. The remaining ones, called target nodes, determine their positions by using a kind of localization
scheme that exploits the known positions of the anchor nodes [1,3].

Localization schemes typically rely on distance measurements between nodes. These measurements
are extracted from the time-of-arrival (TOA), time-difference-of-arrival (TDOA), angle-of-arrival
(AOA), round-trip time (RTT), received signal strength (RSS) information or a combination of them,
depending on the available hardware. Even though less accurate than TOA or TDOA, RSS measurements
are very attractive to system designers, due to the low device cost [4], which is why they caught much
attention in the research society recently [5—12].

The required processing inherent to localization schemes can be executed in a centralized or
distributed fashion. The former approach assumes the existence of a central processor (node or a
base station) which gathers all measurements via wireless transmissions and solves the localization
problem [5-8]. However, in large-scale networks, it is very likely that there would exist a bottleneck at
and near the central processor, causing high energy drain [4]. Additionally, the computational complexity
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of a centralized approach is highly affected by the network size. Many applications do not have a
central processor or none with enough computational capacity to handle the necessary calculations. In
some practical applications, privacy may prohibit sharing objective functions between nodes [13] and
a distributed approach becomes an interesting alternative [1,3]. This approach is characterized by low
computational complexity and high-scalability, which makes it a preferable solution for large-scale and
highly-dense networks [3]. However, distributed algorithms are executed iteratively, which raises the
energy consumption and makes them sensitive to error propagation. In general, when the necessary
number of iterations (until convergence) is lower than the average number of hops to the central
processor, the distributed approach is likely to preserve energy [1].

In [10], a distributed RSS-based localization algorithm for WSNs was presented. This algorithm was
characterized by a spatial constraint that limits the solution space to a region around the current position
estimate. Using discretization of the solution space, the authors in [10] found the position update of each
node by minimizing a local objective function over the candidate set using direct substitution. Although
the computational characteristics of such algorithms are excellent, their performance highly depends
on good initialization, since the objective function is non-convex and the algorithm may get trapped
into a local minimum or a saddle point, causing a large estimation error. Another distributed approach
using consensus and convex optimization for sensor node localization based on RSS measurements was
introduced in [11]. This algorithm employed the semidefinite relaxation technique to transform the
non-convex maximum likelihood (ML) estimator into a convex one. Béjar and Zazo showed in [11]
that applying a distributed algorithm based on an augmented Lagrangian approach using primal-dual
decomposition to the derived convex estimator converges to the solution of the centralized approach.
However, the approach in [11] deals only with a non-cooperative localization problem, where a
single target node emits beacon frames to all anchor nodes in the network. In [12], a distributed
cooperative localization algorithm that dynamically estimates the path loss exponent (PLE) by using
RSS measurements was introduced. In order to reduce the energy consumption and possibly improve
the estimation accuracy, the authors in [12] presented a node selection mechanism to limit the number
of cooperating neighbors. Bel ef al. used a Gauss—Seidel approach where the PLE is fixed first, and
a gradient descent search is applied to estimate the target positions, which are then used to update
the estimate of the PLE. This approach is efficient in the sense of computational complexity, but its
performance highly depends on good initialization and the step size of the search.

All mentioned approaches deal only with the localization problem, where the target’s transmit power,
Pr, is known. In this paper, we design a novel distributed cooperative algorithm based on second-order
cone programming (SOCP) relaxation for node localization in WSNs using RSS measurements. In huge
contrast to the existing work, we investigate both cases of known and unknown Pr. Hence, the main
contribution of our work is two-fold. In the case where Pr is known, the main contribution of our
work is the reduction of the estimation error by more than 1.5 m in comparison to the state-of-the-art
approaches. In the case where Pr is not known, to the best of the authors’ knowledge, there is no existing
solution proposed to overcome the mentioned problem; hence, the main contribution of our work is a
novel distributed SOCP-based algorithm for target node localization in the presence of unknown Pr in a
cooperative network. For both cases, we start by coloring the network to establish a working hierarchy

inside the network. To color the network, we employ the second-order coloring scheme [14], which
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implies that no node has the same color as any of its neighbors nor its neighbors’ neighbors. This way, we
guarantee that our algorithm is completely distributed and efficient (collision-free and fast as nodes with
the same color can work in parallel). Next, we break down the non-convex and computationally complex
ML estimation problem into smaller sub-problems, i.e., we pose the local ML estimation problem for
each target node. We derive a non-convex estimator, which tightly approximates the local ML estimator
for small noise. The SOCP relaxation technique is applied to the derived non-convex estimator in order
to form a convex one, which can be efficiently solved by interior-point algorithms [15]. Each target
node obtains the solution locally, using an iterative procedure. In the case where Pr is not known, we
propose a simple algorithm based on SOCP relaxation, which can be described in four parts. First,
target nodes obtain the estimates of their positions by iteratively solving the proposed SOCP problem
for unknown Pr. Next, the position estimates are fixed and used to attain an estimation of P at each
target node. Target nodes then obtain the average estimated value of P by means of average consensus.
Finally, target nodes update their position estimates by solving the proposed SOCP problem for known
Pr, by exploiting the consensus estimate of Pr. In addition, a possible improvement of the convergence
properties of the proposed algorithm for known Py is investigated, by allowing a first-degree memory
in the nodes. We propose a simple heuristic approach, which combines the previous and the new target
position estimates in order to derive new estimates closer to the true target locations. At last, we provide
details about the computational complexity and energy consumption of the considered algorithms.

The remainder of the paper is structured as follows. In Section 2 the RSS measurement model for
cooperative localization is introduced, and the ML optimization problem for locating multiple target
nodes is formulated. Section 3 provides details about the development of the proposed SOCP estimators
for both cases of known and unknown Pr. The computational complexity and energy consumption
analysis are summarized in Section 4. In Section 5, we provide the computational complexity, energy
consumption and simulation results to compare the performance of the newly proposed estimators with

the existing ones. Finally, in Section 6, we summarize the main conclusions.

2. Problem Formulation

We consider a large-scale WSN with M target and N anchor nodes, randomly deployed over a region
of interest. The considered network can be seen as a connected graph, G(V, ), with |V| = M + N
vertices and || edges, where | e | represents the cardinality of a set. The set of target nodes and the
set of anchor nodes are labeled as 7 = {t : t = 1,..,. M}and A ={a:a =M+ 1,..,M + N},
respectively. Without loss of generality, this paper focuses on the 2D scenario (the extension to 3D
scenario is straightforward), where the true locations of the nodes are denoted as x; (x; € R?), Vi €
V (V =T U A). Due to battery consumption (the lifetime of the network), it is assumed that all nodes
have limited communication range, R (the generalization to other cases is straightforward). Hence, two
nodes, ¢ and j, can exchange information if and only if they are within the communication range of each
other. The set of connections (edges) is defined as £ = {(4,7) : ||&; —x;|| < R, i € T,j € V,i # j}.
Accordingly, the set of neighbors of target node i is defined as \; = {j : (¢,j) € £}.

For ease of expression, let us define X = [x1, @1, ..., & )/] as the matrix of all target node positions that

need to be determined (X € R**M). We assume that the anchor positions are known a priori, while each
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target node 7 is given an initial estimation of its position, :1: Vz € T; hence, X © contains all initial
target node position estimations. Furthermore, sets U = {(¢,7) : ||&; — x;|| < R, Vi € T,Vj € A}
and W = {(i,k) : ||@; — zx|]| < R, Vi,k € T, i # k} denote the existence of the target/anchor and
the target/target connections, respectively.
Using the relationship L;; (dB) = 10log,, %, where L;; is the path loss between two nodes 7 and
J, Pr is the transmission power of a node, and P; is the received power at a distance ||x; — ;| from
the transmitting node, it is easy to see that the localization problem can be formulated by the path loss
instead of the RSS. Under the log-normal shadowing and log-distance path loss model, the path loss
between two nodes ¢ and j can be modeled according to the following radio propagation path loss model
(in dB) [16,17]:
l; — 2]
do
@i — @]
do

where L is the path loss measured at a short reference distance dy (||x; —x;|| > do) from the transmitting

L% = LO —+ 10’}/10g10 + Uij? (7'7.]> S u

LY = Ly + 10ylog,, + v, (i,k) €W (1)

node, vy is the PLE and v;; is the log-normal shadowing term between the i-th and j-th node, modeled

as a zero-mean Gaussian random variable with variance Uu’ e, vij ~N (0, Uw) We assume that the

target/target path loss measurements are symmetric, i.e., LYY = L)Y fori # k.

Given the observation vector L = [L;] (L € RI€l), the conditional probability density function
(pdf) is:
2
u llzi—=;
1 (Lij — Ly — 10v1log,, )
pEIX)= ] exp — 57 “
i 2o o
(17])'(27])62/{ ﬂ-o-l] J

2
(L — Lo — 10v1og, iy mk”)

QO'Z-k

2)

+ exp —
(zk)(llew‘/%m P
The most common estimator used in practice is the ML estimator, since it has the property of being

asymptotically efficient (for large enough data records) [18]. The ML estimator forms its estimate

as the matrix X , which maximizes the conditional pdf in Equation (2); hence, the ML estimator is
obtained as:

. 1 =il
X —agmin 3 | (2l £o) - 10710y, 12

X gygeu T
1 W |@; — 2]
+ § — [ (LY — Lo) — 10ylogyy ————— (3)
. : 0L dy
(3,k):(3,k)EW

Even though the ML estimator is approximately the minimum variance unbiased (MVU)
estimator [18], the least squares (LS) problem in Equation (3) is non-convex and has no closed-form
solution. In the remainder of this work, we will show that the LS problem in Equation (3) can be relaxed
as a SOCP, which can be solved efficiently by interior-point algorithms [15].
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2.1. Assumptions

Before we proceed, let us prompt some assumptions made about the considered WSN:

() of; = 0%, V(i,j) € &;
(2) All nodes are equipped with omnidirectional antennas and have identical Pr;
(3) The network is connected and it does not vary in time;

(4) A coloring scheme of the network is available.

Assumptions (1) and (2) are made for the sake of simplicity (without loss of generality).
Assumption (2) implies that Ly and R are equal for all nodes. In Assumption (3), a network is connected
if and only if there exists a path between each nodes 7,5 € V. Finally, in Assumption (4), a coloring
scheme is an assignment of colors (numbers) to the nodes in order to establish a working hierarchy in the
network. In this work, we employ a second-order coloring scheme, meaning that no node has the same
color (number) as any of its neighbors nor its neighbors’ neighbors [14,19], as illustrated in Figure 1.

Figure 1. A possible second-order coloring scheme for a network with |V| = 13 nodes.

As one can see from Figure 1, the blue nodes will be the first ones to estimate their positions, while
all other nodes are in the idle state. After the blue nodes finish working, they will broadcast the updated
position to their neighbors. The red nodes will be the next ones to work, using the updated information
from the blue nodes, and so on, following the colors (numbers) in Figure 1. Each node in the network
needs to know only its own color and after which color (neighbor) is its turn to operate, rather than all the
colors in the network. Note that, since we employed the second-order coloring scheme, nodes with the
same color may work in parallel without the risk of message collision at the receiving end. According
to Figure 1, the execution time of the algorithm is decreased from the time needed to realize |V| = 13

operations to |C| = 8 operations by working in parallel, where C represents the set of colors of the
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nodes. Note that the network coloring problem may be considered as an optimization problem where
the goal is to minimize the number of different colors. Although interesting in its own right, we did not
investigate this problem here, since it does not follow the main idea of this work. In wireless scenarios,
coloring schemes are used in media access control (MAC) protocols in order to achieve collision-free
algorithms [19].

3. Distributed Approach Using SOCP Relaxation

Note that the objective function in (3) depends only on the positions and pairwise measurements
between the adjacent nodes. Assuming that the initial position estimations of the target nodes are known,
the problem in Equation (3) can be partitioned, i.e., the minimization can be executed independently by
each target node, using only the information gathered from its neighbors. Hence, instead of solving
Equation (3), which can be computationally exhausting (in large-scale WSNs), we break down
Equation (3) into subproblems, which are solved locally (by each target node) using the iterative
approach. Therefore, target node ¢ updates its position estimate by minimizing the following local ML.
problem: ,

A(’H = argmin Z [ Ly — 107logy, —HZEZ — & , VieT 4)

v do

where &; denotes the last position update of the j-th neighbor (if the j-th neighbor is a target node) or
the true neighbor’s position (if the j-th neighbor is an anchor node) received by the i-th target node.
From Equation (4), we distinguish two possible cases of the localization problem: Pr of the transmitting
node is known; and a more practical scenario, where Pr is not known at the receiving end. In the
following text, we deal with these two cases, and we propose a distributed solution based on the SOCP
relaxation for both of them.

3.1. Transmit Power Is Known

From the propagation model (1), the estimated distance between the :-th target node and its j-th
neighbor, CZZ] is given by:

Li;—Lg

dij ~ do10™ 105 (5)

We can rewrite Equation (5) as:

)‘ijdij ~ ado (6)
L;; L
where \;; = 107 and o = 107107, Assuming that the initial target position estimates are available,

from Equation (6), the updated position of the i-th target node, :1:(17“r )

, 1s found by minimizing
the following LS problem. Another possible explanation with more theoretical justification leading

LizLo — Jog | ”ml $J|| + <4 which

to Equation (7) is as follows. We can rewrite Equation (1) as 0, 107

corresponds to \;j||x; — x;|| = ady10T7 . For sufficiently small noise, the ﬁrst—order Taylor series

expansion to the right-hand side of the previous expression is given by \;;||z; — ;|| = ado(1+ 1;10170 Vij)s
i.e., \ijl|lzi — x;|| = ady + €5, where €;; = adolnm

2 19 lnlO)
the variance o dg 5572

v;; 1s the zero-mean Gaussian random variable with

o2. Clearly, the corresponding LS estimator is given by Equation (7). A similar
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processhas been done in [8]. Even though our estimator is derived under the assumption that the noise is
small, it works excellent in the case where this assumption does not hold, as we will see in Section 5:

i:gkﬂ) = argmin Z (Nijll: — ]| — ado)?, Vie T (7)
T jeN;

The LS problem in Equation (7) is non-convex and has no closed-form solution. However, in the
following text, we will show that Equation (7) can be written as a convex optimization problem by
using SOCP relaxation. First, define auxiliary variables d;; = ||x; — ;|| and z = [z;;], where z;; =
)\ijdij — deo, V(Z,j) € &. We get:

minimize Z;
xi,dij,2 ien,
subject to:
zij = Aijdij — ado, dij = || — ;] (8)

Introduce an epigraph variable, ¢. By using the second-order cone constraint (SOCC) relaxation, we
obtain the following convex optimization problem:
minimize ¢
T;,dij,2,t
subject to:
2zt — 1] <t +1, z; = Njdiy — ado, ||z — ]| < diy 9

Problem (9) is an SOCP problem, which can be efficiently solved by the CVX package [20] for
specifying and solving convex programs. Note that by applying the SOCC relaxation, the original set of
feasible points is enlarged, which means that the optimal solution of Equation (9), 7, might not be the
optimal solution of Equation (7). However, if the SOCC of the form ||p|| < ¢ is satisfied as an equality,
we have that the SOCC relaxation is not a relaxation at all and that ; of Equation (9) is also the optimal
solution of Equation (7).

In summary, the derivation of the above SOCP approach can be described in two parts. In the first
part, the local non-convex ML estimator in Equation (4) is approximated by a different non-convex
estimator in Equation (7). The use of the objective function in Equation (7) is motivated by the fact that
we get a much smoother surface in comparison to Equation (4), at a cost of introducing some bias with
respect to the ML solution (see Figure 2). If the bias effect is small, we might reach the ML solution by
employing a local search around the solution of Equation (7). In the second part of our approach, we
convert Equation (7) into a convex problem by applying SOCP relaxation.

Figure 2 illustrates a realization of the objective functions in Equations (4) and (7), for the case where
the true node positions are used (Figure 2a,b) and a realization of Equation (7) when the estimated
positions of the target nodes, obtained by solving Equation (9), are used: after the first and the tenth
iteration (Figure 2c,d), respectively. We randomly placed M = 50 target and N = 25 anchor nodes
inside a square region of the size 30 x 30 m?. The i-th target node is located at [12.8; 23.0] and has
five anchor and five target nodes as its neighbors. All target nodes were given an initial guess of their
positions in the center of the mentioned area. The rest of the parameters are set to: L, = 40 dB,
o = 0dB, v = 3; and the objective functions are plotted versus x and y coordinates (the step in the mesh
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grid is 0.1 m). Figure 2a shows that the objective function in Equation (4), given the true positions of the
target nodes, has a global minimum at [12.8; 23], and some local minima and saddle points. Figure 2b
shows that the objective function in Equation (7), given the true positions of the target nodes, has a global
minimum at [12.8; 23.1] and is much smoother than Equation (4). We can see that the objective functions
Equations (4) and (7) have similar behavior: both monotonically increase and decrease in the same
regions. In Figure 2c, one can see that the global minimum has shifted to [14.4; 17.3]. Furthermore,
it can be seen that the shape of this objective function does not coincide with the objective function in
Figure 2b. This is due to the fact that in the first iteration, target nodes broadcast their initial position
guess to their neighbors, which results in high estimation error. However, as the number of iterations is
increased, the estimation accuracy becomes better, as shown in Figure 2d, where the global minimum
is located at [12.8; 23]. From Figure 2, it is clear that the objective function in (7) is an excellent

approximation of the objective function in Equation (4).

Figure 2. [Illustration of the cost functions (4) and (7) versus x and y coordinates
(target location); the minimum of the cost function is indicated by a white square. (a)
Objective function in Equation (4) using the true target positions; (b) objective function in

Equation (7) using the true target positions; (¢) objective function in Equation (7) after one

iteration; (d) objective function in Equation (7) after ten iterations.
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Algorithm 1 summarizes the proposed distributed SOCP approach for known Pr. Algorithm 1
is distributed in the sense that no central node coordinates the network, all communication occur
exclusively between two incident nodes and the data associated with each node is processed locally.
Lines 5-7 are executed simultaneously by all nodes ¢ € C., which may decrease the execution time of

the algorithm. The only information exchange occurs in Line 7, when the nodes broadcast their position
( (

updates :%Z-kﬂ) to their neighbors. Since ﬁ:ikﬂ) € R?, we can conclude that the proposed algorithm

requires at most a broadcast of 2/, M real values.

Algorithm 1 “SOCP1”: the proposed distributed second-order cone programming (SOCP) algorithm for
known Pry.

Require: X(O), Kina, C, g, Ya € A
1: Initialize: £ < 1
2: repeat
33 forc=1,...,Cdo
for all © € C. (in parallel) do

Collect &; from j € N
(k)

i

4

5

6: x;’ < solve Equation (9)
7 Broadcast ﬁ:gk) toj € N;
8 end for

9:  end for

10: k<« k+1

11: until £ < K

3.2. Transmit Power Is Not Known

In order to minimize the expenses and achieve a low-cost localization system, testing and calibration
of the devices are usually not the priority in practice [1]. This means that the node transmit power, Pr, is
not calibrated, i.e., not known. Not knowing P corresponds to not knowing L in the path loss model;
hence, in this subsection, L is considered to be an unknown parameter that also needs to be estimated.
Adaptation of the SOCP approach for known L is straightforward for the case where L is not known:

minimize ¢
T;,dij,2,ta
subject to:
[2Z7t — 1] S t+ 1, Zij = )\ijdij — Oédo, le - iiJH S dij (10)

Algorithm 2 summarizes the proposed distributed SOCP approach for unknown Pr. This algorithm
can be easily explained in four parts. The first part includes Lines 1-12, where we estimate the targets’
positions by solving the SOCP problem described in Equation (10), Kj,.x number of times. In order to
minimize the oscillations in the position estimates, we employ a weight, w, in Line 7 of our algorithm.
Although the difference in the performance is marginal, according to our simulations, the best choice of
the weight is w = \/LE Then, in Lines 13-17, we use the estimates obtained in the K .x-th iteration to

find the estimate of L, Egi, at each target node. Since we assumed that L is identical for all nodes, an
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average consensus is executed next in order to reach the average estimated value of Ly, EO; lines 18-20.
To realize the average consensus, we employ the local-degree weights method [21], since it is particularly
suitable for distributed implementation and guarantees convergence (if the graph is not bipartite). The
final part of our algorithm involves Lines 21-31, which are executed A,,.x number of times. Here, we
take advantage of Eo and obtain the targets’ position estimates by solving Equation (9) as if L is known,
i.e., we calculate & = IO_ILTOW. Concerning the information exchange of the proposed algorithm, it is easy
to see that it requires at most a broadcast of (2 (K max + Komax) + Dmax) M real values, given that D,y
is the maximum number of communications between nodes in order to reach the consensus.

4. Energy Consumption Analysis

To evaluate the overall performance of an algorithm, besides the estimation accuracy, it is also
important to asses its energy consumption. The trade-off between the estimation accuracy and the energy
consumption determines the applicability potential of an algorithm; thus, it is its key feature.

To prolong the lifetime of a network, i.e., to maintain the lifetime of nodes’ battery, it is very important
to mitigate the energy depletion in a WSN. Two major energy-consuming phases of an algorithm are:
data processing and data communication. In the following text, we provide an analysis of these two
phases. However, in order to provide a more complete overview of the algorithms’ performance, we

present the results of the analysis together with the simulation results in Section 5.

4.1. Data Processing

As we mentioned earlier, data collected inside the network is processed locally by each target
node in a distributed approach. In order to evaluate the efficiency of an approach, in terms of data
processing, we have to determine its computational complexity. The formula for computing the worst
case computational complexity of a SOCP problem [22], given below, is used to calculate the complexity
of the proposed approach:

L L
o|VL mQZni+Zn?+m3 (11)
i=1 i=1

where L is the number of the second-order cone constraints, m is the number of the equality constraints
and n,; is the dimension of the -th second-order cone.

Let us assume that we can always equalize the energy consumption of two algorithms in the data
processing phase through voltage adjustment [23]. Energy depletion of two algorithms is then compared
through the execution time of the algorithms, meaning that a more energy-efficient algorithm is the more
time-efficient one.

4.2. Data Communication

After processing the data in order to update its position estimate, a node immediately broadcasts
this estimate to its neighbors. This phase of the algorithm is the most expensive, regarding the
energy-consumption, since the energy required to transmit one bit could be used to execute thousands of
instructions, depending on the hardware and the range [1,4].
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Algorithm 2 “SOCP2”: the proposed distributed SOCP algorithm for unknown Py.

Require: X(O), Kimax> Komaxs C, o, Ya € A
1: Initialize: k£ < 1
2: repeat
33 forc=1,...,Cdo
for all ; € C. (in parallel) do
Collect ; from j € N;

4
5

6: &\t < solve (10)

7 2 (1—w)a! ™ +wal)
8

9

Broadcast &.") to j € N
end for

10:  end for

1: k< k+1

12: until £ < Kax

13: forc=1,...,Cdo

14:  for all i € C,. (in parallel) do

. .. Lij—10710 laf s
15: Lo DMt 4
16: end for
17: end for
18: begin consensus
19: Lo+ LM T,
20: end consensus
21: k¢ Kipax +1
22: repeat
23: forc=1,..,Cdo
24: for all : € C. (in parallel) do
25: Collect ; from j € N;
26: @5’“’ < solve (9) by using Lo
27: Broadcast " to j € A
28: end for
29:  end for

300 k< k+1
31: until £ < Klmax + KZmax

The formula for computing the total amount of energy consumed by the network in the

communication phase, given below, is employed:

M
=1

where Fp, and Er, denote the energy consumed by a node for broadcasting and receiving data,

respectively, and K4 is the number of iterations required for an algorithm to converge.
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5. Simulation Results

In this section, computer simulations are performed in order to compare the performance of the
proposed approaches with the state-of-the-art. The proposed algorithms were solved by using the
MATLAB package CVX [20], where the solver is SeDuMi [24].

A random deployment of M target and N anchor nodes inside a square region of length B in each
Monte Carlo (M..) run is considered. The random deployment of the nodes is of particular interest,
since a common practical requirement for a WSN is that it is flexible in topology; hence, the localization
algorithms need to be robust to various scenarios. In order to make the comparison of the considered
approaches as fair as possible, we first obtained M, = 500 target and anchor nodes positions, as well
as noise realizations between nodes (i,7) € & in each M, run. Furthermore, we made sure that the
network graph is connected in each M. run. We then solved the localization problem with the considered
approaches for those scenarios. In all simulations presented here, the path loss exponent is set to v = 3,
the reference distance dy = 1 m, the power loss Ly = 40 dB and the communication range of a node
is R = B/5 m. We assumed that the initial guess of the target positions, X (0), 18 in the intersection
of the diagonals of the square area, since the biggest possible error for this case is half of the diagonal
of the area. In the case of known Py, the maximum number of iterations is set to K.« = 200, while
for unknown Pr, Kin.x = 10 and Ky, = 25, unless stated otherwise. The performance metric is the

normalized root mean square error (NRMSE), defined as:

M. M

NRMSE = M%MC SOl — @yl

i=1 j=1

where @j denotes the estimate of the true location of the j-th target, x;;, in the i-th Monte Carlo run.

In Table 1, we provide an overview of the considered algorithms in this section, together with their
worst case computational complexities. To the best of authors’ knowledge, the state-of-the-art algorithms
for the case where Pr is known are described in [10,12], whereas for the case when Py is not known,
there is no existing work.

From Table 1, it is clear that the computational complexity of the distributed algorithms mainly
depends on the size of the neighborhood fragments, rather than the total number of nodes in the WSN.
Although it is theoretically possible to have that max{|N;|} = M + N — 1, fori = 1,..., M, in
practice, the size of the neighborhood fragments are much smaller, due to limited 2. For example, in our
simulations, the majority of nodes had very few neighbors, and the average size of fragments was well
below 10. Increasing the number of nodes in the network does not necessarily impact the neighborhood
fragments (or not significantly), which is why the distributed algorithms are preferable in large-scale and
highly-dense WSNs in contrast to the centralized ones. Table 1 also reveals that the proposed algorithms
are computationally the most demanding, in comparison to the existing ones. However, this fact is
justified by their superior performance in the estimation accuracy, as we will see in the following text.
Additionally, it is important to stress that the communication process is much more energy-consuming

than the computation one [1,4].
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Table 1. Summary of the considered algorithms.

Algorithm Description Complexity
DSCL The spatially constrained algorithm in [10] Kupax X M X FF x O (mlax{\/\/',|})
LS The least squares algorithm in [12] Kpax X M X tiers X O (mflx{|/\/;|}>
SOCP1 The proposed Algorithm 1 for known Pr Kpax X M x O ((mlax{|./\fl|}>35

3.5
SOCP2 The proposed Algorithm 2 for unknown Pr (K jmax + Komax) X M x O ((max{|M|}> ) + M X Dpax

In [10], the authors proposed a discretization of the search region over a 5 x 5 resolution grid, since it
represents the best trade-off between accuracy and computational complexity. In all scenarios considered
here, for the approach in [10], we have discretized the search region with /' = 100 randomly generated
points in order to achieve higher estimation accuracy for this approach. The approach in [12] considers
the localization problem where the PLE is not known. However, it is straightforward to adapt it for the
case of known PLE, by using the true value of the PLE instead of the estimated one. In all considered
scenarios, for the approach in [12], the step size of the gradient descent method is set to v, = 1073, while
the required number of iterations are set to tje;; = Kyax and tiero = 5. Although in [12], the authors
consider node selection mechanisms in order to determine the optimum number of cooperating nodes
and obtain a good trade-off in terms of position accuracy versus energy consumption, we do not employ
it here. The reason is that, for the chosen scenarios, the number of neighbors is below the optimum value
for a majority of the target nodes; therefore, we allow target nodes to cooperate with all neighboring

nodes, independent of the fragment size.

5.1. Known Py

Figure 3 illustrates the NRMSE versus k performance of the considered approaches for different N.
From Figure 3, we can see that the estimation accuracy of all approaches better outcomesas &k and/or N
increases, as anticipated. Moreover, it can be seen that the proposed approach outperforms the existing
ones in both estimation accuracy and convergence sense. In terms of the estimation accuracy, the new
approach reduces the estimation error on average for about 1.5-2 m, when compared to the existing
ones. In terms of convergence, one can see that the proposed approach requires only k£ = 20 iterations
to converge, while state-of-the-art approaches do not converge even after k = 200 iterations. This result
is very important in the sense of energy conservation, since the proposed approach may be stopped
after only £ = 15 iterations, while the existing ones require much more iterations. Finally, it is worth
mentioning that the “LS” approach outperforms the “DSCL” and the proposed one in the first iteration.
This is due to the fact that the “LS” approach uses a weighted mean of the coordinates of the n nearest
anchor nodes to determine the initial guess of the targets’ positions. This method, as well as the other
ones, such as multidimensional scaling (MDS) [25], can also be used to obtain the initial guess for the
proposed approach. However, these methods increase the computational cost, and we do not use them for

our approach.
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Figure 3. Simulation results for cooperative localization when L, is known: normalized
root mean square error (NRMSE) versus k comparison for different N, when M = 50,
c0=0dB,R=6m,B=30m, Ly =40dB, v = 3,dy = 1 m, M, = 500.

M=50,0=0dB, R=6m, B=30m, Ly =40dB, 7= 3, dy = 1 m, M, = 500, L is known
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Figure 4 illustrates the NRMSE versus k performance of the considered approaches for different
M. From Figure 4, it can be seen that all approaches require slightly higher number of iterations
when M is increased. However, the estimation accuracy of all approaches does not deteriorate when
more target nodes are added in the network; the proposed approach performs even better when M
increases. Additionally, Figure 4 exhibits superior performance of the proposed approach in both
estimation accuracy and convergence realizations, in comparison to state-of-the-art. We can see that
the new approach improves the estimation accuracy for more than 1.5 m, thereby requiring not more

than k£ = 20 iterations to converge, while the existing methods require at least £ = 120 iterations
to converge.

Figure 4. Simulation results for cooperative localization when L is known: NRMSE versus
k comparison for different M, when N = 25,0 =0dB, R=6m, B =30 m, Ly = 40 dB,
v =3,dy =1m, M. = 500.
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In Figures 3 and 4, we investigated the case where the wireless channel is noise-free. In practice,
however, the channel is prone to noise influence, which can severely impact the algorithm’s performance.
Hence, in Figure 5, we investigate the influence of noise on the performance of the considered algorithms.

Figure 5 illustrates the NRMSE versus k performance of the considered approaches for o = 6 dB.
As the performance benchmark, we employ the simulation results of the considered methods when the
channel is noise-free, i.e., 0 = 0 dB in this figure. From Figure 5, one can see that as ¢ increases, the
performance of all approaches deteriorates by approximately 0.5 m. Moreover, we can see that the new
approach converges after only k£ = 20 iterations for both choices of ¢, while the existing approaches do
not converge after k = K,,x number of iterations. Finally, Figure 5 shows that the proposed approach
outperforms the state-of-the-art in terms of the estimation accuracy, achieving a gain of more than 1.5 m
for both choices of o.

Figure 5. Simulation results for cooperative localization when L is known: NRMSE versus
k comparison for different o, when N = 25, M = 50, R = 6 m, B = 30 m, Ly = 40 dB,
v =3,dy =1m, Kp, = 100, M, = 500.

N=25,M=50,R=6m, B=30m, Ly=40dB, y=
T

3, dp = 1 m, M, = 500, Ly is known
10 T T T T T : :

Y | ——SOCP1, ¢ =6 dB
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Figure 6. Simulation results for cooperative localization when L is known: NRMSE and k
versus o comparison, when N = 25, M =50dB, R=6m, B =30m, Ly =40dB, v = 3,
do = 1m, Kpa = 100, € = 1073, M, = 500.

N=25M=50,R=6m, B=30m, Ly=40dB, y=3, dy =1 m, e = 1073, M, = 500, L, is known
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From Figures 3-5, one can conclude that perhaps it is not necessary for an algorithm to perform
all K,.x number of iterations, since we might preserve energy if less iterations are performed. Thus,
in Figure 6, we illustrate the NRMSE performance of the considered approaches for different o, as

well as the average number of required iteration, k, when a stopping criterion, ||:i:,gk+1) — :&5’“)|

| < is
introduced. This stopping criterion implies that a target node will stop calculating its position estimate
if two consecutive estimations of its position are sufficiently close to each other. Once this condition is
met by all target nodes, the network will stop working in order to save energy.

In Figure 6, blue solid lines represent the NRMSE performance (left y-axis) and red solid lines
represent k performance (right y-axis) of the considered approaches for different o, when K, = 100
and € = 1073, As can be seen from Figure 6, the new approach outperforms the state-of-the-art by more
than 1.5 m for all ranges of o. Furthermore, we can see that the proposed approach also outperforms
the existing ones in terms of convergence. Our approach requires on average about & = 42 iterations to
converge, while the existing approaches do not meet the stopping condition in K ,,, number of iterations.

Let us interpret the above result in terms of energy consumption. In Table 2, we represent the average
running time per node per M. run of the considered algorithms for M. = 100 runs, which we will use to
analyze the energy consumption of the algorithms.

Assuming that £ is the total energy required for processing the data, £, is the energy spent per
working second in data processing phase, ¢ is the average running time of an algorithm, K, = k,
E.=FEp, M+ Epg, Zf‘il |\;| is the energy spent per iteration in data communication phase, we present

the results for the energy depletion of the considered algorithms in Table 3.

Table 2. The average running time per node per M, run of the considered algorithms
for known Pr, when N = 25, M = 50, ¢ = 0dB, R = 6 m, M, = 100. CPU:
Intel(R)Core(TM)i7-363QM 2.40 GHz.

Algorithm Time (s)

DSCL 0.0013
LS 0.0004
SOCP1 0.36

Table 3. The average energy depletion of the considered algorithms for known Pr, when
N =25,M =50,0 =0dB, R =6m, M, = 100.

Algorithm Eproc @) Ecom (1) Eor () = Eproc + Ecom

DSCL Ep xt X M x Kreq Ee X Kieg 63.4E, + 100E,
LS Eyxt X M x Keq FEeX Keq 21.7E, + 100E,
SOCP1 Epxtx M x Kreq Ee X Kregq 746.48F, + 42E,

From Table 3, one can see that the proposed approach is the most energy consuming in the data
processing phase. This result is expected, since the proposed approach is more computationally complex,
in comparison to the existing ones. Furthermore, we can see that our approach preserves almost 60% of
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energy in the communication phase, in comparison to state-of-the-art. Since the communication phase
is much more energy expensive than the data processing one [1,4], i.e., £, > FE),, we can conclude that
the proposed approach is likely to preserve energy for all values of 0. Moreover, since our approach
requires a significantly lower number of signal transmissions, the utilization efficiency of the radio
spectrum can be enhanced. This result is important, because the radio spectrum is a precious resource
for wireless communications.

5.1.1. Heuristic Approach for Improving the Convergence of the Proposed Algorithm

Although the proposed algorithm converges in less iterations than the existing ones, we have observed
in our simulations that it still has potential for further improvement. In the following text, we give a short
overview of the proposed heuristic approach, which improves the convergence of the proposed algorithm

for known Pp, without a significant increase in the computational complexity.

~ (k+1)
'Lsocp .

Target node ¢ first obtains a solution of the SOCP problem in Equation (9), &

(k+1) 5 action 4 k) 4kt
isocp 101 the direction ; mmcp

Then, the target

node takes an additional step from the point &

is wéfkﬂ)

The size of the step taken

, where w is the weight used to avoid oscillations in the position estimates and:

he1) D

~ (k ~
5 — @ — @]l

o [Nl

L;;—Lg
given that r;; = dy10 157 . The motivation for calculating the step size in this way is that by improving

the position estimates in every iteration, we are also minimizing the difference between the measured
and the Euclidean distances; therefore, we are decreasing the step size in each iteration. Hence, an

intermediate estimate is obtained as:

GUH1) (1) s(et) o
iimp zsocp + 5 [COS(O[Z'), SlIl(Oéi)]
where «; is the angle between points 5:5’“) and :z;§f;p). At last, target node 7 determines its updated
position estimate as:
~(k+1) ~ (k+1) ~ (k+1)
Z; - (1 - w)misocp + #imp

and immediately broadcasts this estimate to its neighbors.

In Figure 7, we have investigated the influence of the chosen weight on the estimation accuracy of the

. (k+1) . (k+1)

proposed approach. Note that the choice w = 0 corresponds to the case where &, = Ljsocp » I-€., NO

additional step is taken after the SOCP solution is attained. Figure 7 shows that a considerable gain in
the estimation accuracy is achieved in the first few iterations by taking the additional step. Moreover, it
can be seen that the new approach converges after only k£ = 5 iterations for the choice w # 0, whereas
k = 15 iterations are necessary for w = (. Finally, even though the difference in the performance is
1

marginal, based on our simulations, we have concluded that the best choice of the weight is w = %

in general.
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Figure 7. NRMSE versus number of iterations comparison of the proposed approach for
different choices of w.
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Figure 8. Estimation process of the proposed approach in the first 10 iterations. (a) Network
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Figure 8b,c illustrate an example of the estimation process in the first ten iterations for the proposed
approach, when w = 0 and w = %, respectively. In Figure 8a, we show the network layout considered
for this particular example.

Comparing Figure 8b,c, one can see that, in general, making an additional step of the length 6i(k) in the
first iteration pushes the estimates much closer to the true target positions. As the number of iterations
increases, the step size, i.e., w, decreases, giving more importance to the solution obtained with the

proposed SOCP approach. Additionally, from Figure 8, we can see that the target node, which has no
(0)

anchor nodes as its neighbors (upper right corner), suffers the lowest, while the target node closest to x;
experiences the highest estimation accuracy in these few iterations. Although we cannot guarantee that

our approach will converge under all conditions, our simulation results show that it is a good heuristic.

5.2. Unknown Pr

Figure 9 illustrates the NRMSE versus k performance of the proposed approach for unknown Pr. As
the performance benchmark, we employ the proposed approach when Pr is known in this figure, since
we are not aware of any existing work that addresses the distributed localization problem for the case
when Py is not known. From Figure 9, it can be seen that the proposed approach reduces the estimation
error as k increases, as expected. Furthermore, the saddle point at £ = 10 is observed. This is because,
at this point, we obtain an estimate of Pr, and we proceed with our algorithm as if Pr is known, using
its estimated value. From Figure 9, we can conclude that the proposed approach provides excellent
estimation accuracy, since it attains the lower bound given by the results of the proposed approach for
known Pr.

Figure 9. Simulation results for cooperative localization for known and unknown Lj:
NRMSE versus k comparison, when N = 25, M = 50, 0 = 0dB, R=6m, B =30 m,
Lo =40dB,y = 3,dy = 1 m, M. = 500.
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6. Conclusions

In this work, we addressed the RSS-based target localization problem in a cooperative WSN. A novel
distributed cooperative algorithm based on SOCP relaxation is presented, for both cases of known and
unknown target transmit power, Pr. For both scenarios, we start with the network coloring to ensure a
completely distributed and collision-free algorithm. We derive the ML estimation problem to localize
all target nodes simultaneously, and we break it down into local ML problems for each target node. The
local ML estimator is tightly approximated by another non-convex estimator for small noise. The derived
non-convex estimator allows the use of convex optimization tools in order to convert the estimation
problem into a convex one. Hence, appropriate convex relaxations are applied to the derived non-convex
estimator, and novel SOCP estimators are proposed to solve the target localization problem for known
and unknown Pr. As we considered a distributed implementation of the proposed algorithms, they
are executed iteratively. In the case of unknown Pr, we solve the localization problem K., number of
times, after which we attain the ML estimate of Pr by fixing the target estimates. We then take advantage
of this estimate in order to further improve the estimation accuracy of the proposed approach; hence, we
proceed in our algorithm as if Pp is known. Additionally, we propose a simple heuristic approach to
further improve the convergence of the proposed approach for known Pp, which requires a first-degree
memory in the target nodes. Moreover, we provided details about the computational complexity and
energy consumption of the considered algorithms. The simulation results confirm the effectiveness of
the proposed algorithms, showing a remarkable improvement in the estimation accuracy of more than
1.5 m in the case of known Pp, in comparison with the state-of-the-art. The new approach requires
less number of iterations to converge and is likely to preserve energy in all scenarios presented in this
work. When P is not known, the simulation results certify the excellent performance of our approach,
attaining the lower bound defined by the new approach for known Py.

Acknowledgments

This work was partially supported by Fundacdo para a Ciéncia e a Tecnologia under Projects
PEst-OE/EEI/UI0066/2014, EXPL/EEI-TEL/0969/2013-MANY2COMWIN and EXPL/EEI-TEL/
1582/2013—GLANC, PEst-OE/EEI/LA0008/2013 (IT pluriannual founding and HETNET), PEst-OE/
EEI/UI0066/2011 (UNINOVA pluriannual founding), EnAcoMIMOCo EXPL/EEI-TEL/2408/2013 and
PTDC/EEI-TEL/2990/2012-ADIN, as well as the grant SFRH/BD/91126/2012 and the Ciéncia 2008

Post-Doctoral Research grant.

Author Contributions

All authors were involved in the mathematical developments and writing of the paper. The computer

simulations were carried out by the Slavisa Tomic.

Conflicts of Interest

The authors declare no conflict of interest.



Sensors 2014, 14 18431

References

10.

11.

12.

13.

14.

15.

16.

Patwari, N. Location Estimation in Sensor Networks. PhD Thesis, University of Michigan, Ann
Arbor, M1, USA, 2005.

Sahinoglu, Z.; Gezici, S.; Giivenc, 1. Ultra-wideband Positioning Systems: Theoretical Limits,
Ranging Algorithms, and Protocols; Cambridge University Press: Cambridge, MA, USA, 2011.
Destino, G. Positioning in Wireless Networks: Noncooperative and Cooperative Algorithms. PhD
Thesis, University of Oulu, Oulu, Finland, 2012.

Patwari, N.; Ash, J.N.; Kyperountas, S.; Hero, A.O., III; Moses, R.L.; Correal, N.S. Locating
the Nodes: Cooperative Localization in Wireless Sensor Networks. IEEE Signal Process. Mag.
2005, 22, 54-69.

Ouyang, R.-W.; Wong, A.K.S.; Lea, C.T. Received signal strength-based wireless localization via
semidefinite programming: Noncooperative and cooperative schemes. IEEE Trans. Veh. Technol.
2010, 59, 1307-1318.

Wang, G.; Yang, K. A New Approach to Sensor Node Localization Using RSS Measurements in
Wireless Sensor Networks. IEEE Trans. Wirel. Commun. 2011, 10, 1389-1395.

Wang, G.; Chen, H.; Li, Y.; Jin, M. On Received-Signal-Strength Based Localization with
Unknown Transmit Power and Path Loss Exponent. [EEE Wirel. Commun. Lett. 2012, I,
536-539.

Vaghefi, R.M.; Gholami, M.R.; Buehrer, R.M.; Strom, E.G. Cooperative Received Signal
Strength-Based Sensor Localization With Unknown Transmit Powers. [EEE Trans. Signal
Process. 2013, 61, 1389-1403.

Jiang, J.A.; Zheng, X.Y.; Chen, Y.F; Wang, C.H.; Chen, PT.; Chuang, C.L.; Chen, C.P.
A Distributed RSS-Based Localization Using a Dynamic Circle Expanding Mechanism. [EEE
Sens. J. 2013, 13, 3754-3766.

Cota-Ruiz, J.; Rosiles, J.G.; Rivas-Perea, P.; Sifuentes, E. A Distributed Localization Algorithm
for Wireless Sensor Networks Based on the Solution of Spatially-Constrained Local Problems.
IEEE Sens. J. 2013, 13, 2181-2191.

Béjar, B.; Zazo, S. A Practical Approach for Outdoors Distributed Target Localization in Wireless
Sensor Networks. EURASIP J. Adv. Signal Process. 2012, 2012, 1-11.

Bel, A.; Vicario, J.L.; Seco-Granados, G. Localization Algorithm with On-line Path Loss
Estimation and Node Selection. Sensors 2011, 11, 6905-6925.

Sundhar Ram, S.; Nedi¢, A.; Veeravalli, V.V. Distributed Subgradient Projection Algorithm for
Convex Optimization. In Proceedings of the IEEE International Conference on Acoustics, Speech,
and Signal Processing (ICASSP), Taipei, Taiwan, 19-24 April 2009; pp. 3653-3656.

Ergen, S.C.; Varaiya, P. TDMA Scheduling Algorithms for Wireless Sensor Networks. J. Mob.
Commun. Comput. Inf. 2010, 16, 985-997.

Boyd, S.; Vandenberghe, L. Convex Optimization; Cambridge University Press: Cambridge, MA,
USA, 2004.

Rappaport, T.S. Wireless Communications: Principles and Practice; Prentice-Hall: Upper Saddle
River, NJ, USA, 1996.



Sensors 2014, 14 18432

17.

18.

19.

20.

21.

22.

23.

24.

25.

Sichitiu, M.L.; Ramadurai, V. Localization of wireless sensor networks with a mobile beacon.
In Proceedings of the IEEE International Conference on Mobile Ad-hoc and Sensor Systems
(MASS), Fort Lauderdale, FL., USA, 25-27 October 2004; pp. 174—183.

Kay, S.M. Fundamentals of Statistical Signal Processing: Estimation Theory; Prentice-Hall:
Upper Saddle River, NJ, USA, 1993.

Mota, J.E.C.; Xavier, JM.F.; Aguiar, PM.Q.; Piischel, M.P. D-ADMM: A Communication
Efficient Distributed Algorithm for Separable Optimization. [EEE Trans. Signal Process.
2013, 61, 2718-2723.

Grant, M.; Boyd, S. CVX: Matlab Software for Disciplined Convex Programming. Version 1.21.
Available online: http://cvxr.com/cvx (accessed on 15 April 2010).

Xiao, L.; Boyd, S. Fast Linear Iterations for Distributed Averaging. In Proceedings of the
42nd IEEE Conference on Decision and Control, Maui, HI, USA, 9-12 December 2003;
pp- 4997-5002.

Polik, I.; Terlaky, T. Interior Point Methods for Nonlinear Optimization. In Nonlinear
Optimization, 1st ed.; Di Pillo, G., Schoen, F., Eds.; Springer Berlin Heidelberg: Cetraro, Italy,
2010.

Martin, A.J. Towards an Energy Complexity of Computations. Inf. Process. Lett. 2001, 77,
181-187.

Sturm, J.F. Using SeDuMi 1.02, a MATLAB Toolbox for Optimization Over Symmetric Cones.
Optim. Meth. Softw. 1999, 11, 625-653.

Li, X. Collaborative Localization with Received-signal Strength in Wireless Sensor Networks.
IEEE Trans. Veh. Technol. 2007, 56, 3807-3817.

(© 2014 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article

distributed under the terms and conditions of the Creative Commons Attribution license

(http://creativecommons.org/licenses/by/4.0/).



	Introduction
	Problem Formulation
	Assumptions

	Distributed Approach Using SOCP Relaxation
	Transmit Power Is Known
	Transmit Power Is Not Known

	Energy Consumption Analysis
	Data Processing
	Data Communication

	Simulation Results
	Known PT
	Heuristic Approach for Improving the Convergence of the Proposed Algorithm

	Unknown PT

	Conclusions
	Acknowledgments
	Author Contributions
	Conflicts of Interest

