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Abstract: The equation of state of tantalum (Ta) has been investigated to 100 GPa and 
3,000 K using the first-principles molecular dynamics method. A large volume dependence 
of the thermal pressure of Ta was revealed from the analysis of our data. A significant 
temperature dependence of the calculated effective Grüneisen parameters was confirmed at 
high pressures. This indicates that the conventional approach to analyze thermal properties 
using the Mie-Grüneisen approximation is likely to have a significant uncertainty in 
determining the equation of state for Ta, and that an intrinsic anharmonicity should be 
considered to analyze the equation of state. 
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1. Introduction 
 

Equations of state (EOS) for some elemental metals have been used as an internal pressure gauge in 
X-ray diffraction high-pressure studies using diamond anvil cell [e.g., 1–3] or multi-anvil press 
experiments [e.g., 4–6]. Ta is one of good materials for the internal pressure gauge, because the body-
centred structure of Ta remains stable up to at least 174 GPa [7], and the melting temperature is higher 
than most of other metals [8]. The equation of state of Ta has been investigated by previous 
experimental studies [e.g., 7,9–11]. However, reliable data at high temperature are still not available, 
because the uncertainty for temperature is non-negligible in the high-pressure experiments. Recently, 
theoretical studies using first-principles calculations have investigated the physical properties of 
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materials at high pressure and high temperature. We noticed that the scatter of the experimental bulk 
modulus values at room temperature was much smaller than that obtained from first-principles 
calculations [7,9,12–17]. This indicates that experiments are more accurate than first-principles 
calculations for determining the bulk modulus at room temperatures. In contrast, the first-principles 
molecular dynamics calculations have significant advantages to investigate the physical properties of 
materials at high temperatures. 

In this study, we used density functional theory to investigate the thermal pressure of Ta. We also 
used the experimental data to determine the room temperature EOS of Ta. The combination of the  
first-principles molecular dynamics calculations and the high-pressure experiments led us to determine 
a reliable EOS over a wide range of pressures and temperatures. 
 
2. Methods 
 

The first-principles calculations carried out in this study were based on density functional theory 
using the VASP package [18]. We used the generalized gradient approximation (GGA) [19] for the 
exchange-correlation functional. The electronic wave functions were expanded in a plane-wave basis 
set with a cut-off energy of 600 eV, and the electron-ion interactions were described using the 
projector augmented wave (PAW) method [20,21]. The 5s2 and 5p66s25d3 of the Ta atom are treated as 
frozen core and valence electron, respectively. We used a 128-atom supercell with Γ-point Brillouin 
zone sampling and a time step of 1 fs for the first-principles molecular dynamics simulation at constant 
volume. Simulations were run in the constant NVT ensemble with the Nosé thermostat [22] 5–10 ps 
after equilibration. Details of our methodology have been given elsewhere [23]. The computation time 
required to reach equilibration varied between configurations, and depended on the starting atomic 
positions, velocity, temperature, and pressure. The first-principles molecular dynamics calculations 
were performed under 50 pressure-volume conditions in this study. The pressure and temperature 
ranges were 0–100 GPa and 300–3,000 K, respectively. The thermal pressure was calculated at each 
volume. The total pressure at high temperature and high pressure condition was estimated from  
room-temperature EOS from experimental data and the thermal pressure from the first-principles 
molecular dynamics calculations. 

 
3. Results and Discussion 
 
3.1. Thermal Equation of State 
 

The EOS of a solid can be described in a general form as a functional relationship between the 
pressure, volume, and temperature as 

),()300,(),( TVPVPTVP thsttotal +=  (1) 

where Ptotal(V,T) represents the total pressure at volume V and temperature T. The terms Pst(V,300) and 
Pth(V,T) represent the static pressure at volume V and 300 K and the thermal pressure at volume V and 
temperature T, respectively. We determined the thermoelastic parameters for Ta at ambient 
temperature (300 K) using the Vinet EOS [24], as very high compression data (V/V0 = ~0.7) was 
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estimated in this study. It is known that the Vinet EOS is suitable for most solids under very high 
compression. The Vinet EOS is given by the following expression: 
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where BT0 is the isothermal bulk modulus at 300 K, V0 is the zero-pressure volume, V is the  
high-pressure volume, and BT0′ is the pressure derivative of BT0. The thermal pressure EOS [25] was 
used to evaluate the thermal pressure, Pth. The thermal pressure of the thermal pressure EOS can be 
written as follows: 

( ) 2
02

2
0

00 )(ln)( T
V

T
V

T
TTth TT

T
P

V
V

TT
T
B

TTBP −⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛
∂
∂

+−= α  (3) 

The value of T0 is T0 = 300 K. The parameters of the thermal pressure EOS are αBT, ( TBT ∂∂ / )V, 
and ( 22 / TP ∂∂ )V. The thermal expansivity at ambient conditions can be calculated from α0 = (αBT)/BT0. 
 
3.2. Equation of State at Ambient Temperature 
 

It is likely that the experimental uncertainty is related to the differential stress in the sample and the 
credibility of the pressure standard. In the case of diamond anvil cell experiments, the differential 
stress is accumulated as the pressure increases because the diamond anvils apply a uniaxial 
compression in the sample chamber. Therefore, the soft materials should be used as the pressure 
transmitting medium to reduce the differential stress of the sample. It is known that one of best 
pressure transmitting mediums is helium. Therefore, an experimental data set from Dewaele et al. [12] 
was used to determine the room temperature compression of Ta in this study, because they used the 
helium pressure transmitting medium. It is known that the influence of the pressure scale on the 
pressure-volume data is non-negligible. The ruby pressure scale has been frequently used in room 
temperature compression experiments. Recently, it is known that old ruby scales have a significant 
uncertainty and typical error is 5%-10% at pressures above 100 GPa [12,14,26,27]. Therefore, the 
pressure-volume data measured by the old ruby scale in previous experiments should be corrected by 
the recent reliable ruby pressure scale. Experimental pressures in Dewaele et al.’s data set have been 
corrected by the revised ruby scale of Dorogokupets and Oganov [28]. 

The bulk modulus, BT0, of Ta at ambient pressure has been precisely determined by ultrasonic 
measurements. We used 194 GPa from previous study [9] as the bulk modulus at ambient pressure. 
Although the bulk modulus obtained by the ultrasonic measurements is likely to be reliable, the 
pressure derivative of the bulk modulus, BT0′, from the ultrasonic measurements has a significant 
uncertainty, because these values were determined at the relatively low pressures. In order to 
determine the pressure derivative of the bulk modulus at room temperature, we used high-pressure data 
from the static compression experiments. A least squares fit of the experimental data [12] at 300 K 
yields V0 = 18.016 Å3, BT0 = 194 GPa, and BT0′ = 3.740 using the revised ruby scale of Dorogokupets 
and Oganov [28]. The volume, V0, at ambient condition was fixed in the least squares fit. 
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3.3. Thermal Pressure at High Pressure Conditions 
 

The first-principle molecular dynamics method has been used to calculate the thermoelastic 
properties of Ta under extreme high-pressure and high-temperature conditions. Figure 1 shows the  
P-V-T data from both the experiments and calculations used in our study. The results of the fit of our 
P-V-T data to the thermal pressure EOS are summarized in Table 1. The values of α0, ( TBT ∂∂ / )V, and 
( 22 / TP ∂∂ )V were 1.47 × 10–5 (K-1), -0.0050 (GPaK-1), and 2.11 × 10–7 (GPa2K-2), respectively.  
Table 2 lists the pressure at selected compressions and temperatures based on the equation of state 
obtained in this study. Figure 2 shows the thermal pressure, Pth, of Ta versus cell volume. It can be 
seen that the thermal pressure gradual decreases up to ~100 GPa as the cell volume decreases. 
Recently, Liu et al. [29] reported that the thermal pressure rapidly increases at pressures higher than 
100 GPa using the quasiharmonic approximation. In contrast, previous study based on experimental 
data [28] estimated that the thermal pressure does not show a big change at wide range of pressure. 
The inconsistency of thermal pressure at very high compression is still unsolved issue. 

 
Figure 1. Pressure-volume data for Ta. The squares and diamonds denote the volume from 
experiments [12] at 300 K and first-principle calculations at temperatures from 300 to 
3,000 K. The lines denote the calculated isotherms at temperatures of 300, 500, 1,000, 
2,000, and 3,000 K. 
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Table 1. The model thermoelastic parameters of Ta. The Vinet equation of state was used 
to calculate the parameters of Ta. Key: BT0 = isothermal bulk modulus at 0 GPa and 300 K 
from ultrasonic experiments [9], BT0′ = first pressure derivative of the bulk modulus,  
V0 = volume at 0 GPa and 300 K from experiments, α0 = thermal expansion coefficient at  
0 GPa.  

Parameter  
V0 (Å3) 18.016 
BT0 (GPa) 194 
BT0′ 3.740(11) 
α0 (10-5 K-1) 1.47(2) 
(δBT/δT)V (GPaK-1) -0.0050(1) 
(δ2P/δT2)V (10-7GPa2K-2) 2.11(31) 

 
Table 2. Pressure-Temperature-Volume table for Ta from this study. The unit of pressure  
is GPa. 

1-V/V0 300 K 500 K 1000 K 1500 K 2000 K 2500 K 3000 K 
0.00 0.00 0.58 2.10 3.73 5.46 7.30 9.24 
0.02 4.07 4.63 6.10 7.67 9.36 11.14 13.04 
0.04 8.54 9.08 10.50 12.03 13.66 15.39 17.23 
0.06 13.46 13.98 15.35 16.82 18.40 20.08 21.87 
0.08 18.88 19.37 20.68 22.10 23.63 25.25 26.99 
0.10 24.84 25.30 26.56 27.92 29.39 30.97 32.65 
0.12 31.38 31.83 33.04 34.34 35.75 37.27 38.90 
0.14 38.60 39.03 40.17 41.42 42.78 44.24 45.80 
0.16 46.55 46.96 48.04 49.23 50.53 51.93 53.44 
0.18 55.32 55.70 56.72 57.86 59.09 60.43 61.88 
0.20 65.00 65.35 66.32 67.38 68.56 69.84 71.22 
0.22 75.69 76.02 76.92 77.92 79.03 80.25 81.57 
0.24 87.50 87.81 88.64 89.58 90.63 91.78 93.04 
0.26 100.59 100.86 101.63 102.51 103.49 104.57 105.76 

 
Figure 2. A plot of the thermal pressure (Pth) versus cell volume for Ta. The solid squares 
denote the calculated thermal pressures from 500 K to 3,000 K. 
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Figures 3(a) and 3(b) show the thermal expansion properties at ambient pressure and high pressures. 
The thermal linear expansion at low temperatures calculated from our EOS of Ta is in good agreement 
with the recommended values from many experimental data [30] in Figure 3(a). However, a small 
difference between our calculations and experimental data was confirmed at temperatures above  
2,000 K, although the uncertainty of experimental data is approximately ±10% above 2,100 K. 
Therefore, our calculations underestimate the thermal expansion properties compared with 
experimental data at high temperatures. It is likely that this underestimation is due to the uncertainty of 
the generalized gradient approximation for the exchange-correlation functional used in this study. The 
thermal expansion coefficients at different pressures were calculated in Figure 3(b). As the pressure 
increases, the pressure dependence on the thermal expansion decreases. This is in good agreement with 
a typical property of condensed materials. 

Figure 4 shows the deviations of the calculated pressure on isotherms from previous EOS based on 
experimental data [28]. The deviation of the room-temperature isotherm was very small, because our 
EOS used reliable experimental data at room-temperature. In contrast, the deviations of  
high-temperatures increased as pressure increased. Such deviations have been confirmed in other 
EOSs of solids (i.e., Au, Pt, MgO) used as pressure standard [28]. It is known that the experimental 
uncertainties increase rapidly as pressure and temperature increase. As the inconsistency among 
different experimental data is still an unresolved issue, the uncertainty of EOS determined by 
experimental data is likely to be significant at high pressures and high temperatures. 

 
Figure 3. (a) Thermal linear expansion at ambient pressure. The solid line denotes the 
regression fit from experimental data [30]. The solid squares denote the calculated values 
from the EOS for Ta in this study. L0 is the length at 300 K. (b) Calculated temperature 
dependence of the thermal expansion coefficient. The results are shown for 0, 50, and  
100 GPa. 
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3.4. Anharmonic Effects 
 

The Mie-Grüneisen-Debye EOS has been frequently used in previous studies on the EOS of solids. 
The Mie-Grüneisen approximation is valid if the quasiharmonic term is dominant in the thermal 
pressure. However, it is known that the anharmonic term, which is not included in the Mie-Grüneisen 
approximation, is not negligible at high temperatures. Therefore, we assessed the effect of the 
anharmonicity on the EOS for Ta. We used the Grüneisen parameter to investigate the anharmonicity. 
The effective Grüneisen parameter can be written as follows: 

( ) ( ) ( )TVaVTV qheff ,, −= γγ  (4) 

where γqh(V) and a(V,T) are the quasiharmonic Grüneisen parameter and the intrinsic anharmonicity 
term, respectively.  

 
Figure 4. The pressure difference between previous EOS based on experimental data and 
our EOS combined thermal pressure calculated by first-principles and the room-
temperature compression from experimental data. The lines denote pressures of previous 
EOS [28] minus our EOS on room-temperature, 1,000, 2,000, and 3,000 K isotherms of Ta.  
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If the anharmonicity is negligible, then the effective Grüneisen parameter does not change at high 
temperatures. Therefore, we calculated the effective Grüneisen parameter at different volumes and 
temperatures. The Grüneisen parameter was obtained directly in our calculations from: 

th

th

E
VP

=γ  (5) 

where Eth is the difference of the internal energy. Figure 5 shows the temperature dependence of the 
effective Grüneisen parameter due to the intrinsic anharmonic effects. The calculated effective 
Grüneisen parameter at ambient pressure was larger than that reported in previous calculations [29]. At 
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low pressures, a difference in the effective Grüneisen parameter at different temperatures was 
negligible. However, a significant difference was confirmed at pressures above 30 GPa. Our 
calculations indicate that the quasiharmonic approximation has a significant uncertainty in the 
determination of the EOS of Ta at high pressures. For example, the anharmonic thermal pressure 
contribution was ~10% at 100 GPa and 3,000 K from the first-principle molecular dynamics 
calculations. Most of the previous experimental studies on the EOS of solids have not considered the 
influence of anharmonicity, and the Grüneisen parameter has been assumed to be a function of 
volume. As the error in the experimental data was considerable, detailed analyses could not be 
performed in previous studies. In our study, the combination of high-pressure experiments with first-
principles molecular dynamics calculations has led to the uncovering of a temperature dependence of 
the Grüneisen parameter due to the anharmonicity of Ta at high temperatures. 
 

Figure 5. Anharmonic effects on the Grüneisen parameter. The solid squares, circles, and 
triangles denote the calculated Grüneisen parameter at 1,000, 2,000, and 3,000 K using 
first-principles molecular dynamics calculations. Errors of calculated values are ~20%. The 
dashed lines denote the curve fit using the least square method. 
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4. Conclusions 
 

We have investigated the EOS of Ta, which has a body-centred cubic structure, using the  
first-principles molecular dynamics method. We used the high-pressure experimental data to determine 
the compressibility at room temperature, and used the generalized gradient approximation (GGA) and 
the projector augmented-wave method (PAW) in simulations to calculate the thermal pressure. A Vinet 
EOS fitted to the room temperature data yielded an isothermal bulk modulus of BT0 = 194 GPa and a 
pressure derivative of BT0′ = 3.745. The high-temperature data from the first-principles calculations 
were fitted to the thermal pressure EOS. The resulting parameters of the thermal pressure, α0, 
( TBT ∂∂ / )V, and ( 22 / TP ∂∂ )V were 1.47 × 10–5 (K-1), -0.0050 (GPaK-1), and 2.11 × 10–7 (GPa2K-2), 
respectively. The temperature dependence of the calculated effective Grüneisen parameters at high 



Int. J. Mol. Sci. 2009, 10             
 

 

4350

pressures indicates that the conventional Mie-Grüneisen approximation is not suitable for the analysis 
of thermoelastic properties of Ta, and that the intrinsic anharmonicity is non-negligible at  
high pressures. 
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