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Abstract: A topological index is a number derived from a molecular structure (i.e., a graph) that
represents the fundamental structural characteristics of a suggested molecule. Various topological
indices, including the atom-bond connectivity index, the geometric—arithmetic index, and the Randi¢
index, can be utilized to determine various characteristics, such as physicochemical activity, chemical
activity, and thermodynamic properties. Meanwhile, the non-commuting graph I' of a finite group
G is a graph where non-central elements of G are its vertex set, while two different elements are
edge connected when they do not commute in G. In this article, we investigate several topological
properties of non-commuting graphs of finite groups, such as the Harary index, the harmonic index,
the Randi¢ index, reciprocal Wiener index, atomic-bond connectivity index, and the geometric—
arithmetic index. In addition, we analyze the Hosoya characteristics, such as the Hosoya polynomial
and the reciprocal status Hosoya polynomial of the non-commuting graphs over finite subgroups of
SL(2,C). We then calculate the Hosoya index for non-commuting graphs of binary dihedral groups.

Keywords: non-commuting graphs; molecular structure; finite groups; topological index; Hosoya
polynomial

1. Introduction

In a broad sense, molecular descriptors are a method for describing and quantifying a
chemical composition using mathematics and cheminformatics techniques. It is necessary
to understand that no molecular descriptor applies to all applications. Different descriptors
can be used to study and describe the same molecule, depending on the question to be
answered and the goals to be reached. There are several types of molecular descriptors,
some of which use chemical graph theory [1]. These include chemical indices, topolog-
ical indices, autocorrelation descriptors, geometrical descriptors, and certain molecular
fingerprints. Most of them are useful for Computer-Assisted Structure Elucidation (CASE):
to evaluate the topology and geometry between the data source and desired molecules;
to easily determine identical features between a large number of chemical graphs, and to
enable rapid scanning of chemical libraries based on essential molecular characteristics.
Topological indices are two-dimensional molecular descriptors depending on the graph
representation of the topology of the molecular structure. The molecular graph is the
first topological index, representing a molecule in two dimensions. The first topological
index is the molecular graph, which is a 2D graph that shows how a molecule appears.
The molecular graph is a sparse, undirected, and weighted multigraph. When a chemical
structure is shown as a graph, well-known tools from graph theory can be used to find

Molecules 2022, 27, 6053. https:/ /doi.org/10.3390/molecules27186053

https://www.mdpi.com/journal /molecules


https://doi.org/10.3390/molecules27186053
https://doi.org/10.3390/molecules27186053
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/molecules
https://www.mdpi.com
https://orcid.org/0000-0002-7788-791X
https://orcid.org/0000-0003-1381-0291
https://orcid.org/0000-0003-4978-9287
https://orcid.org/0000-0002-4361-7786
https://orcid.org/0000-0003-1511-9760
https://orcid.org/0000-0002-5081-741X
https://doi.org/10.3390/molecules27186053
https://www.mdpi.com/journal/molecules
https://www.mdpi.com/article/10.3390/molecules27186053?type=check_update&version=3

Molecules 2022, 27, 6053

20f15

important topological properties. Quantitative structure—property relationships (QSAR)
are prediction models that use statistical methods to link the biological activity of chemicals
with their molecular structure. In addition to lead optimization and drug discovery, QSARs
are utilized in various fields, including regulatory decisions, toxicity prediction, and risk
assessment [2].

Physicochemical properties (that is, the strain energy, stability, and boiling point) and
topological indices (that is, the atom-bond connectivity (ABC) index, the Randi¢ index, and
the arithmetic-geometric (GA) index) are used in QSPR studies to determine the bioactivity
of chemical compounds. Indeed, a topological index is produced by converting a chemical
structure into a numeric number. It is a particular value which measures the symmetry of a
molecule structure and determines its topology, while remaining unaffected by a function
that retains the structure [3]. Several topological indices can be used to explore specific
properties of molecularly structured chemical substances. In 1947, while investigating the
boiling temperature of paraffin, Wiener constructed the first topological index, known as
the path number [4]. Consequently, the Wiener index was invented, which originated the
notion of a topological index. Several distance and degree-based topological indices have
been introduced and discussed in the past few years, such as [5,6].

In order to determine the molecular orbital of unsaturated hydrocarbons, renowned
chemists use Pélya’s [7] technique for computing polynomials. Hosoya [8] invented this
notion in 1988 in order to compute the polynomials of several significant chemical graphs;
this concept is known as the Hosoya polynomial. In 1996, the authors of [9] called the
Hosoya polynomial the Wiener polynomial, although several researchers continue to refer
to it as the Hosoya polynomial, which is often employed to identify distance-based graph
characteristics. Cash established a connection among the Hosoya polynomial and the hyper
Wiener index in [10]. Estrada et al. [11] concentrated on several unique applications of
generalized Wiener index.

In this article, we will explore simple graphs with no loops or various edges. Assume
that G is a finite non-abelian group. The non-commuting graph I'; is a graph on G,
where non-central elements of G are its vertex set such that two different elements are
edge connected when they do not commute in G. Neumann [12] derived the concept of
non-commuting graphs in 1975 by posing the challenge of determining the maximum
clique of such a graph. Other scholars have also explored non-commuting graphs over
finite groups, see [13,14] and the references therein. Further, the researchers have also
examined commuting graphs in different context, such as groups of matrices [15,16],
dihedral groups [17-19], and commutative rings with zero-divisors [20,21].

The authors of [22] demonstrated that the commuting graphs of the symmetric group
Sym(n) and the alternating group Alt(n) on n letters, respectively, are either disconnected
or have a diameter of no more than 5. In the same article, they conjectured that the
diameter of a commuting graph has an absolute upper limit. This problem was eventually
answered in [23], which showed an unlimited set of exceptional two-groups with increasing
dimension commuting graphs. Numerous scholars have examined the connectivity and
the metric dimensions of (non) commuting graphs over various finite groups; for instance,
see [24] and their references.

A matching consists of a collection of edges with no shared vertices. A vertex that
coincides with one of the matching edges is said to be matched. Otherwise, there exists
an unmatched vertex. The Hosoya index or Z-index represents a graph’s most significant
number of matchings. In 1971, Hosoya [25] conceived the Hosoya index and expanded it as
a generic tool for physical chemistry [26]. It has been proven successful in various chemical
problems, including measuring the heat of vaporization, entropy, and boiling point. The
Hosoya index is a prime example of a topological index with significant applications in
combinatorial chemistry. Numerous scholars explored a wide range of graph configurations
when examining extremal problems associated with the Hosoya index.

Using the specified bounds, the authors of [27] analyzed the commuting involution
graphs in special linear groups. The disc diameter of special linear groups in two and
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three dimensions are calculated. In addition, they provided examples of dimensionless
commuting involution graphs. In [28], the authors investigated the Hosoya characteristics
of non-commuting graphs of dihedral groups. In [5], the authors analyzed the Hosoya
properties of power graphs of various finite groups. Several types of topological indices
have been applied to commuting graphs related to finite groups, for instance, in [29,30],
while the authors of [31] studied several topological indices of the non-commuting graphs
over dihedral and generalized quaternion groups, respectively. Motivated by their work (as
mentioned above), we devote ourselves to the non-commuting graphs of finite subgroups
SL(2,C). It is very complicated to calculate the topological indices of I'g for any finite
group G. So, in this article, we focus our attention to examine several topological indices
(as stated in Table 1), the (reciprocal status) Hosoya polynomial and the Hosoya index of a
finite groups.

Table 1. The following table contains a list of various topological indices.

Name of the Index Symbol Formula
Harary index [32] H(T) L{ow}cv(r) 7(2(115 (11),10))
Harmonic index [33] H,(T) Yo )
General Randi¢ index [34] R, (T) Yomw(do X dyp)®
Randi¢ index [6] R_(1y(T) ot ﬁ
Reciprocal complementary 1
Wiener index [35] RCW(I) L {00} CV(T) [@am@F1=dsm0))

Atomic-bond connectivity

(dv+dz(v72)
(ABC) index [35] ABC(T) Tomw \ g

Fourth iYf:lr:)l(o[r; ]of ABC ABC4(T) s W
Geometrilridaer)l(tgrg]etlc (GA) GA(T) Yo 2( m
Fifth version of GA index [37] GAs5(T) Yo 2(\/51:?? MS)SU
Hosoya polynomial [8] H(T, x) Yo dis(T,i)x!
Reciprocal staFus Hosoya H (T, x) YoweE(r) x5(@)+75(®) where
pOlynomlal [38] rs(w) = ):UGV(F),w;Ev m

Section 2 specifies every symbol used in formulas.

There are still significant gaps in the existing work about the identification of certain
topological properties, the (reciprocal status) Hosoya polynomials as well as the Hosoya
index of non-commuting graphs of finite subgroups of SL(2, C). The apparent explanation
is that neither the construction of non-commuting graphs over finite groups nor the deriva-
tion of handy formulas of graph characteristics for comprehensive classes of groups. We
make an attempt in this article to examine one of these problems

This article is structured as follows: Section 2 covers some findings and essential
definitions that are useful to this article. Section 3 explores the construction of edge and
vertex partitions. Various topological properties of non-commuting graphs over binary
dihedral groups are demonstrated in Section 4. Section 5 discusses the Hosoya properties,
that is, the Hosoya and its reciprocal status, and the Hosoya index of the non-commuting
graph for finite subgroups of SL(2, C). Section 6 contains the conclusion and future work
of the article.

2. Preliminaries

This section summarizes numerous basic graph-theoretic features and notable results
that will be discussed in more detail later in this paper.

Assume that I is an undirected simple graph. The edge and vertex sets of I' are
denoted by E(T') and V/(T'), respectively. The order of I is the total number of vertices
represented by |T'|. The distance between vertices 17 and u, in I', denoted by dis(u1, up), is
defined as the shortest path in both nodes 17 and u;. Two vertices v1 and v, are connected
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if they share an edge, and it is represented by v1 ~ v;, otherwise v1 » v. N(x) represents
the neighborhood of x, which consists of all vertices in I adjacent to x. The degree (valency)
denoted by d,, of u; is the set of vertices in I', that are edge connected to u;, and the
degree sum of a vertex u is Sy = Yyen(u) do- A U1 — uz path having dis(u1,uz) length is
known as a 17 — up geodesic. The greatest distance between u#; and any other vertexin I is
referred to as the eccentricity, and it is represented by ec(u71). Amongst every vertex in T,
the diameter denoted by diam(T') has the highest eccentricity. Additionally, amongst every
vertex of T, the radius rad(I') has the smallest eccentricity. Furthermore, a vertex u; is said
to be a central vertex of T, if ec(I') = rad(T') and a vertex u; is called peripheral vertex,
if ec(T') = diam(T'). A subgraph induced by the central vertices and peripheral vertices
of I' are called centre and periphery, respectively. A graph I is known as self-centered if
rad(T) = diam(T).

Suppose I'y and I'; are two connected graphs, then I'y V I'; is the join of I'1 and
I'; whose edge and vertex sets are E(I'1) UE(T) U{y ~z:y € V(I'1), z € V(I'z)} and
V(I'1) U V(I,), respectively. A complete graph is one in which each individual vertex in
the graph has an edge, and it is denoted by K;;. A graph that has its vertices partitioned into
k different independent sets is said to be k-partite, and a complete k-partite graph contains
an edge between any two vertices from different independent sets. Additional undefined
expressions and symbols were obtained from [39].

Definition 1. Assume that G is a group. Then the centre of G is described as follows:
Z(G)={g1: 51 € Gand g18» = 281, forall g» € G}.
Proposition 1 ([13]). For every non-ableian group G, we have diam(I'g) = 2.
As ec(u) < 2 foreach u € I'g, so we have the following proposition.

Proposition 2 ([30]). A graph I'g is self-centered, where G is a non-abelian group, and if for each
u € T'g, we have ec(u) = 2. However, it is equal to the sum of the periphery and the center of T'g.

The number of conjugacy classes in a group G is represented by the symbol «(G),
while Z, is used to denote the cyclic group of order n. The set of 2 x 2 matrices whose
determinant is one forms the special linear group SL(2, C) of degree 2 over the complex field
C. Moreover, the presentation of the binary dihedral group BDy, of order 4n is defined as:

BDy, = (y,z|v*" =1, y" =2, zyz L =y 1).
We now divide BDy, as follows:

n—1
Q={ey"}, X1 = (y), Xo = | Xb, where X} = {yiz, y”+iz} and X3 = X1 \ Q.
=0

Therefore, there are n + 3 conjugacy classes of BDy,,. Furthermore,
BTy = (r,5,t | 1? =35> =13 = rst),
BOug = (r,5,t | 12 =3 = t* = rst),
Bligg = (r,s,t | > = s> = > = rst),

represents the binary tetrahedral group of order 24, the binary octahedral group of order 48,
and the binary icosahedral group of order 120, respectively. All the mentioned above are
finite non-abelian subgroups of SL(2, C).

Several characteristics of the mentioned groups will be investigated, but the non-
commuting graph of BDy, will be our prime motive. Hence, using GAP [40] calculations,
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we obtain Propositions 1 and 2, so we deduce the subsequent result, that is, the classification
of the non-commuting graphs of finite subgroups of SL(2, C).

Proposition 3. The non-commuting graphs of finite subgroups of SL(2, C) have the following
structure:

Iepy, =K2,2,... 2%,
N——
n—times
Tty =Koona,. .4
N——
4—times
Ioy = K6,6,6,2, 24,4
S~
6—times 4—times

Uiy =Ko, .. 24,...,48,...,8
N e N —

15—times  10—times  6—times

According to the above classification, we obtain the following points of the non-

commuting graph I'gp, of BDy,:

1. Forwy,wy € V(Tpp,,), w1 = wp, when wy, w; € X} foreach0 <i <n—1.

2. Forwy,wy € V(I'pp,, ), w1 = wy when wy, w, € X3.

3. Forwy,wy € V(Ipp,, ), w1 = w, when w; € X; and w; € X;.

4. For wy,wy € V(TBD4,,),ZU1 ~ wy when w; € Xé and w, € X]2 with i # j and
0<j,i<n—-1.

5. It can be observed in I'gp,, that ec(wy) = 2 for every w € Xp U X3. As a result, I'sp,,
is a self-centered graph, that is equivalentto Kp 5 2,1%| having n-partite sets X5,

——

n—times

where 0 <i < n — 1, and one partite set X3.

The following relevant properties for the non-commuting graph I'g was suggested
n [13,30].
3. Edge and Vertex Partitions

To begin, we develop a number of interesting components that help in the evaluation
of certain topological indices. The following parameters are defined for each u of I":
1. InT, the total distance number of w is D(w|I') = ¥ ey (r dls(x w)).

2. InT, w’s total reciprocal distance is D, (w|T') = Lycv(r) dls(x Ik

3. The sum of w’s distances in I is Ds(w|I') = Lrev(r)\ {w) (d1am(1")+1 @)

Table 1 contains the distance-based topological indices became:

T
RCW(T we; Ds(w W; 1)
MTIT) = ) ( 2+ Y d(w)D(w|T), )
ZUEV(F) weV(T)
H(r):% Y Diw]T). )
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4. Topological Properties

Several topological characteristics of non-commuting graphs associated with binary
dihedral groups are discussed in this section.

Theorem 1. Suppose I'gp,, is a non-commuting graph of BDy,,. Then:

/H(FBD%) = % (141’12 —16n + 3)

Proof. We have determined the Harary index by substituting the vertex partition, as
mentioned in Table 2 and in Equation (3).

H(Tgp, ) = n(8n2— 7) , 3(n= 1)2(2n -1)

One may derive the required Harary index using a series of algebraic calculations. [J

Table 2. Vertex partition of I'gp,, for every u € V(T'gp,, ).

Number of
dy ec(u) D(u|Tsp,,)  Ds(u|Tsp,,)  Dr(u|TeD,,) Vertices
dn—4 2 dn—2 2n—1 $(8n—7) 2n
2n 2 6n—6 3n-3 3(2n—1) 2(n—1)

Theorem 2. Assume that I'p,, is a non-commuting graph of BDy,. Then:

n(11n —10)

Hy (FBD4n) = 6n —4

Proof. By applying the edge partition presented in Table 3 and the harmonic index in

Table 1, we obtain:

H(TeD,,) = 4;(:__11)) + 4’;(71"__21)

Certain computations result in the appropriate formula for the harmomic index. O

Table 3. Edge partition of I'gp,, for any u ~ w € E(I'gp,, ).

(dy, dw) Type Edges (Sv, Sw) Type Edges Edges Count
_ " ((4n —4)(3n —2), (4n — aln —
(4n— 4), (4n — 9)) iy 2n(n 1)

(2n, (4n —4)) (8n(n—1), (4n — 4)(3n —2)) 4n(n —1)

Note that (dy, dy) represents the kind of v ~ w edge defined by the degrees of the end vertices, while (S,, Si)
represents the kind of v ~ w edge defined by the degrees sum of the end vertices.

Theorem 3. Suppose I'gp,, is the non-commuting graph of BDy,, Then:

32n(n—1)2(2n — 1), fora =1,
Sn—4 _
- 8(2_1), fora =—1,
R+ (Tsp,,) = 8n(n—1)2+4n(n—1)/8n(n—1), fora =1,
4n(n—1)4+2n+/8n(n-1) 1
fora = —3.

\/Sn(n—l) !
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Proof. Compute the edge partition, as shown in Table 3, using the generic Randi¢ index R,

formula fora =1, —1, %, —%, we have:

R (Tap, ) — 64n(n — 12)2(n —1)

=32n(n —1)>(2n —1).

nn—1 nn—1
R-1(Teo,,) = 223 —23 8((n - 1))2'

Ry (Top,,) = 8n(n —1)* +4n* — dn/8n(n —1).

R_(%)(FBDM) _ nn—1) dn(n—1)

2(n—1) " Ven(n—1)

We obtain the desired results by applying certain simplifications. [

+32n2(n —1)?,

Theorem 4. Suppose I'gp,, is a non-commuting graph of BDy,. Then
1
RCW (Tpp,,) = (1512 =171 +7).

Proof. As I'gp,, has a diameter of 2, so by computing the RCW index, we may use
Equation (1) and the vertex partition as shown in Table 2.

2(2n—1)

RCW (Tpp,,) = 3(n —1)* +n(2n —1) + ==

We get the desire result by applying certain simplifications. [

Theorem 5. Assume that I'p,, is a non-commuting graph of BDy,. Then:

ABC(Tgp, ) = \/12n(n —1)2 + "7”8’;_10

20n3 — 28n2 + 6n 2n2(2n —1)(6n —7)
ABCy(Trpy,) = \/ 31— 2 \/ 31— 2 ‘

Proof. By incorporating the edge partition presented in Table 3 into the ABC as well as
ABCy indices calculations, we obtain:

6n—6 4n(n—1)/8n—10
Bnn—1)  8n-1) '
(4n® —4n)/8(3n —2)(n — 1) — 2
8(n—1)(3n—2)

4n—1)3n—2)+8n(n—1)—2
+ (4 - 4’1)\/ 16n(n —1)2(6n — 4) ‘

ABC(Tgp,,) = (4n* —4n) and

ABCy (FBD " ) =

One may have the appropriate formulae for both indices by performing a simple
simplification. [J
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Theorem 6. Assume that I'p,, is the non-commuting graph of BDy,. Then:

GA(Tgp, ) = B =2 1)+ YBn(n—1)

2(3n —2) ’
n(n—1) (10n — 4+ \/64n(6n — 4))
GA5 (FBD4n) = ) .

Proof. We have obtained the geometric arithmetic GA index and its 5th version by utilizing
the formulae and the edge partition in Table 3.

n?—2n  2n(n—2)\/n(2n —4)
2 + 3n—4 !
dn(n —1)\/16n(n —1)2(6n — 4)
dn(n—1)+2(n—1)(6n —4)
After several computations, the needed values of the GA index and its 5th version
may be achieved. [

GA(Tpp,,) =

GAs(Tpp,,) = 2n* —2n +

5. Hosoya Properties

The next section defines the Hosoya properties that are being considered and calculate
them for finite subgroups of SL(2,C). We begin by computing the Hosoya polynomial,
then determine its reciprocal status, and at last, we explore the Hosoya index.

5.1. Hosoya Polynomial

The first two results in this subsection give the coefficients required to build the
Hosoya polynomial for the non-commuting graph on BDy,,.

Proposition 4. Suppose I'gp,, is the non-commuting graph that corresponds to BDyy,. Then:

2(2n —1), whenever u = 0;
dis(l"BD4n, u) =<6n(n—1), whenever u = 1;
2n? —4n+3, whenever u = 2.

Proof. Since we know that, diam(I'gp,,) = 2, then we want to determine dis(I'sp,,,0),
dis(T'pp,,, 1) and dis(I'p,,, 2). Suppose V,, is the collection of every the pairs (distinct and
same) of vertices of I'gp,,, then:

v, = <|TB§4H

) + |rBD4n’ = 271(41’1 — 3) + 1.
Let
S(Tgp,, 1) = {(v1,v2);v1,v2 € V(Tpp,,) | dis(vs,v2) = u}
and dis(T'p,,, 1) = |S(I'pp,,, #)|. Then:
Vp = S(FBD4,,rO) U S(FBD4,,/1) U S(FBD%,Z). 4)

As, dis(vy,0v1) = 0, for every v; € V(I'gp,,), then S(Tgp,,,0) = V(Tpp,,). Hence
dis(T'gp,,,0) = 2(2n — 1). Using Proposition 3, I'gp,, has the representation Ky » 2%|
y ey ety // 3

n—times

with

VIKy 2, . 2% | =X2UXs.
——

n—times
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Therefore:
S(Tep,,, 1) = {(v1,02);v1 € Xo,v3 € X3} U{(v1,02);01,02 € Xo}.
Accordingly
dis(Tgp, , 1) = (22”) —n+(n—1)4n
=6n(n—1).

Using Equation (4), we obtain |V,| = dis(I'sp,,,0) + dis(I'sp,,, 1) + dis(T'sp,,,2). Thus

dis(I'sp,,,2) = |Vp| — (dis(Tsp,,, 1) +dis(Tsp,,,0))
=2n(4n—3)+1— (6n(n—1)+2(2n—1))
=2n% — 4n + 3.

Combining them we get the required. O

The following result determines the Hosoya polynomials of I'gp,,,-

Theorem 7. For any n > 2, the Hosoya polynomial of I'gp,, is given as:
H(Tsp,,, x) = (27”!2 —4n + 3) x? 4+ (6n(n—1))x +4n —2.

Proof. Using the values of dis(I'gp,,, 1) from Propositions 4, we obtain the following
formula presented in Table 1 for the Hosoya polynomial:

H(Tpp,,, x) = dis(Tpp,,,2)x* + dis(Tsp,,, 1) x' + dis(Tpp,,, 0)x°
= (2712 —4n + B)xz + (6n(n—1))x +4n — 2.
O

Theorem 8. Assume that I'g is the non-commuting graph of G. Then:
If G = BTy, then H(Tg, x) = 27x% + 204x + 22.
If G = BOyg, then H(I'g, x) = 75x% 4 960x + 46.
If G = Blygg, then H(Ig, x) = 243x% + 6660x + 118.

Proof. Using Proposition 3, GAP [40], and applying the same calculations as in Theorem 7,
we can obtain the desired result. [

5.2. Reciprocal Status Hosoya Polynomial

To begin, we determine the reciprocal status of every vertex of the non-commuting
graphs of finite subgroups of SL(2, C). Then discuss its reciprocal status Hosoya polynomial.

Proposition 5. Ifw € V(I'gp,, ), then

8n—7
rs(w) = 3(%;1:1) when w € Xo,
==, whenw € Xz.
Proof. By Proposition 3, I'gp,, = K5 » 2,1 with the vertex set X, U X3. Accordingly,
;’ ey ey 3

n— tines

we have:
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Whenever w € X5, and as X, = U?;Ol X;, soforany 0 <i <n —1dis(w,v) = 1 when
ve V(Tp,,) — X% and dis(w, v) = 2 when v € X}. Consequently, by defining reciprocal
status, we obtain

rs(v) = (1){2(71—1) +2n—2}+ <;)1 = 8712—7‘

Whenever w € X3 : dis(w,v) = 1, when v € X, and dis(w, v) = 2, whenv € X3\ {w}.
Thus, using the reciprocal status formula, we obtain

rs(v) =2n (1) + (;)(Zn -3) = 6n2—3'

Combining them we obtain the required result. O

Theorem 9. For any n > 4, the reciprocal status Hosoya polynomial of I'gp,, is given by:
Hys(Tpp,,) = 2n(n — 1)x%"7 + dn(n — 1)x"">.

Proof. According to Proposition 5, I'gp,, has two kinds of edges (¢ ~ f and a ~ B)
based on the reciprocal status of end vertices, whenever o = % while g = @ The
reciprocal Hosoya polynomial’s formula is provided in Table 1, and we can use the edge

partition from Table 4 to obtain:

Hrs(rBD4n) _ Z xachzx + Z xac+/3
Eﬂ”\'lX ED{N‘B

8n—7 8n—7

:2n(n—1)x(T)+(y)+4n(n_1)x( L) +3(2n-1)

=2n(n—1)x¥""7 £ dn(n — 1)x"">.

This conclusively establishes the proof. [

Table 4. Edge partition of I'gp,, for any x ~ y € E(I'gp,,,)-

Kind of Edge Partition of the Edge Set Counting Edges
Epp = {ab € E(FBDM) : — _
oo rs(a) = v,rs(b) = v} |Eonol = 2n(n —1)
U~ w Epw = {ab € E(FBD411) : |Ev~w| _ 4n(n _ 1)

rs(a) = v,rs(b) = w}

Theorem 10. Assume that I'g is the non-commuting graph of G. Then:
If G = BTy, then Hys(Tg, x) = 12x*! + 9620 4 48x.

IfG = BOgg, then Hys(Tg, x) = 48x% +288x86 4+ 72x% + 192406 4-216x%° + 60x%.
IfG = Blyp, then Hys(Tg, x) = 420x% + 1200x%%% + 144x%1 4 1440270 4 1920%%%° + 740x%7.

Proof. Using Proposition 5, GAP [40], and applying the same calculations as in Theorem 9,
we can obtain the desired result. [
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5.3. Hosoya Index

The Hosoya index of the non-commuting graph on BDy,, is investigated in this subsec-
tion. To begin, take a note of the total of non-empty matchings presented in Table 5 for Ky,
whereas 6; represents the total possible matchings of order T, where 1 < T < n.

Table 5. Non-empty K;; matchings.

K,y o o 93 d4 oc

K 3

K3 3

Kq () 3006

Ks 3) 100

Ke 3 1906 10006

Ky 3 31006 106003

Ks ) 166 HBIHIE! 1036

Kn ORI (G0 K N (C310w Y [Gess W LI (5

For any n > 2, the subsequent result calculates the Hosoya index of I'sp,, on BDyj,.

Theorem 11. The Hosoya index of I'gp,, is given as:

2(n—1) n 2n-1
1+ Y ad+)Y &+ ) &,
=1 =1 =2

where
ol =dn(n—1)andfor2 <t <2n-2,

2= irl'[l[(zwz_ 0) —(n —21')},

i=0
3 71 (511 T—1 ‘ 1‘
57 = Zl T—1i ]:!_[1|:(2n - (l +2(k_ 1))2) - qu:|, where
i= =

¢l =n—L(4k+i-2).
Proof. As a result of Proposition 3, it is clear that, I'sp,, = Noy—2 + ¥j° Né. As a result,

I'sp,, has the succeeding two kinds of edges.
Type-1: uv € E(I'gp,, ) foru € Xz and v € Xp;
Type-2: uv € E(Tpp,,) for u € X4 and v € X} fori # L.
As a consequence, there are 3 distinct forms of matchings among the I'gp, edges.
M3i: Type-1 edge matchings;
Myj: Type-2 edges matchings;
Ms: Type-1 and Type-2 edge matchings
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M: If 51 determines the number of order T matchings, then the total possible order 1
matchings equals the number of Type-1 edges, whichis 4n(n — 1), ie., 6} = 4n(n—1).
Furthermore, we have

6y =2n[1 x1(2n —1) x (2n —3)] +2n[1 x (4n —2) x (n —2)]
+2n[1x1(2n—5)(2n—1)] +
+2n[1x1(2n—1)(2n — (£ +2))], where1 < ¢ <2n—3
2n—3

=(4n*—2n) Y (2n—(£+2))

(=1
63 =2n[1x1(2n—1)x1(2(n—1)) x
+2n[1x1(2n—1) x 1(2(n — 1)) x
+2n[1x1(2n—1) x1(2(n —1)) x
- +2n[1x12n—1) x 1(2(n —
wherel1 < /¢<2n-—-4

(2(n-2))]
(2n —5)]

(2(n—3))]
1)) x (2n— (£ +3))],

2n—4

=4n(2n —1)(n —1) KZ (2n — (£ +3)).
=1
In general, forany 2 < 7 <2(n—1),
—1 2n—(71+1)
ol = H(Zn—z) 2 (2n— (L +1))
i=0 /=1
Note that
7—1
'_O(Zn —i)=2n)2n—-1)---(2n—(t—1))
_ Cwy
(2n —1)!
and

n—(t+1
Z+ n—(+T1)=2n—(t+1)+---+2n—(2n—2)) +(2n— (2n - 1))
=1

(2n-1)2n—-1-1)
= 5 .

Thus, for2 <t <2(n—1),

1 (@n—-1)2n—-71-1) 2n!
5_[_ =
2 (2n —1)!

_(2n\ (2n—2)!
S\2/)(@2n—-t-2)"
My: If 62 signifies the total possible matchings of cardinality 7, then the total possible

matchings of cardinality 1 equals the total Type-2 edges. It is worth noting that
the Type-2 edges correspond to the edges of I'sp,,"s subgraph Kp 5 5, whichis

n—times

isomorphic to Ky, — ne, where Ky, — te represents a graph formed by removing T
edges from Kj,. Therefore, the size of Ky 5 5 is equal to the size of Ky, — ne,
7 eyt >

n—times
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which is (22") — n. Thus, based on the number of matches recorded for K»,, in Table 5,
we may calculate the possible matches for 62, for 1 < T < n, given as:

' 2n2—2> _(n_z):’

(%) --5] ()]
[ R (S R o )

H(752) -5

Ms: If 5% indicates the number of order T matchings, then (5% = 0. Following that, for
2 < 1t < 2n — 1, the possible matches may be determined as follows employing the
product rule:

-
N3
N~
|
YR

+ 03 x

7—1 ) T—

1 . i
8 = ; (Ti A k:1[(2n —((+2(k-1))2) - (Pk]'

where ¢l =n — 3 (4k+i—2).
Thus, I'gp,,, has the following Hosoya index:

2n—2 n 2n—1
1+ Y 6+ )y 624 ) &
=1 =1 =2

O

6. Conclusions and Future Work

This article aimed to examine the structural properties of non-commuting graphs of
finite non-abelian groups. Such groups have a well-established algebraic structure that
has contributed greatly to the electron configurations and the molecular vibration theory.
We examined several algebraic groups, that is, the finite subgroups of SL(2, C), and their
corresponding chemical structures (i.e., graphs). The precise formulae of the atomic-bond
connectivity index, Randi¢ index, harmonic index, Harary index, reciprocal complementary
Wiener index, the geometric—arithmetic index and its fifth version, Hosoya polynomials,
and the Hosoya index were used to find the various distance- and degree-based properties
of the respective graphs.
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In this paper, we tried to investigate several topological properties of non-commuting
graphs over finite subgroups of SL(2, C); specifically, the binary dihedral groups. However,
the problem of determining the topological properties of (non-) commuting graphs, power
graphs or Cayley graphs of any finite abelian or non-abelian group is still open and
unresolved. An algebraic structure is essential for the development of chemical systems
as well as the study of many chemical properties of molecules contained within these
structures. Every index has a numerical value, and this work extends to topological
indices with unique chemical structures, which may be beneficial for identifying bioactive
compounds based on the physicochemical characteristics investigated in QSPR.
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