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Abstract: The equilibrium degree of swelling of thermo-responsive (TR) gels is strongly affected by
the presence of ions in an aqueous solution. This phenomenon plays an important role in (i) the syn-
thesis of multi-stimuli-responsive gels for soft robotics, where extraordinary strength and toughness
are reached by soaking of a gel in solutions of multivalent ions, and (ii) the preparation of hybrid
gels with interpenetrating networks formed by covalently cross-linked synthetic chains and ionically
cross-linked biopolymer chains. A model is developed for equilibrium swelling of a TR gel in aqueous
solutions of salts at various temperatures T below and above the critical temperature at which collapse
of the gel occurs. An advantage of the model is that it involves a a small (compared with conven-
tional relations) number of material constants and allows the critical temperature to be determined
explicitly. Its ability (i) to describe equilibrium swelling diagrams on poly(N-isopropylacrylamide)
gels in aqueous solutions of mono- and multivalent salts and (ii) to predict the influence of volume
fraction of salt on the critical temperature is confirmed by comparison of observations with results of
numerical simulation.

Keywords: thermo-responsive gel; aqueous solution of salt; swelling; volume phase transition
temperature; modeling

1. Introduction

Thermo-responsive (TR) gels of the LCST (lower critical solution temperature)-type
form to a special class of stimuli-sensitive hydrogels whose equilibrium degree of swelling
Q is strongly affected by temperature T. These gels swell at temperatures below their col-
lapse temperature Tc and shrink above Tc. Pronounced changes in the degree of swelling at
the critical temperature Tc are accompanied by morphological transformations: a homoge-
neous micro-structure of a gel in the swollen state becomes strongly inhomogeneous in the
collapsed state due to phase separation into polymer-poor and polymer-rich domains [1].
Equilibrium and transient swelling of TR gels has recently attracted noticeable attention due
to their applications as smart materials for the controlled delivery of drugs and genes [2],
adhesive dressings for wound healing [3] and scaffolds for tissue regeneration [4].

The equilibrium degree of swelling of a TR gel in water is affected by chemical
composition (molar fractions of monomers and cross-linkers) and preparation conditions
(temperature and solvent for polymerization). However, its critical temperature Tc (con-
ventionally referred to as the volume phase transition temperature [1] or the gel collapse
temperature [5]) remains practically independent of these parameters. It coincides with the
temperature at which the coil-to-globule transition occurs in dilute aqueous solutions of
polymer chains.

When swelling tests are conducted in aqueous solutions of salts, the critical tempera-
ture Tc is affected by the molar fraction of salt and the chemical structure of its anions and
cations (the specific ion effect [6]). The shift in the critical temperature with mole fraction of
salt in a solution c (measured in M = mol/L) is conventionally described by the equation [7]

Tc = T0
c +Ac + B αc

1 + αc
, (1)
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where T0
c is the critical temperature in deionized water, and A, B, and α are adjustable

coefficients. Although Equation (1) correctly reproduces experimental data, it cannot
predict how the equilibrium swelling diagram on a TR gel is affected by the chemical
structure of salt. The latter is assessed only qualitatively by means of the Hofmeister series
that account for interactions between ions and monomers phenomenologically [8]. The
physical mechanism of these interactions remains a subject of debate [9,10].

Another approach has been proposed in [11], where changes in the critical temperature
Tc are linked with the viscosity B-coefficient B of a solution of salt. The definition of the
viscosity B-coefficient is based on the empirical Jones–Dole equation [12]. According to it,
the viscosity η of an aqueous solution of a salt (with mole fractions c below several M) and
the viscosity η0 of water are connected by the relationship

η

η0
= 1 + A

√
c + Bc (2)

with two parameters, A and B. The coefficient A can be predicted theoretically [13]. The
coefficients B for water–salt systems were reported in [13–15]. The effect of anions (for a
fixed cation) on Tc of a TR polymer is described by the equation [11]

Tc = T0
c +KB, (3)

where K is an adjustable coefficient. Similar relationships for Tc of polymers in solutions of
non-polar organic liquids and inorganic salts were suggested in [16,17].

For a given TR polymer, based on observations in aqueous solutions of one salt
(to determine K), Equation (3) predicts Tc in a solution of another salt (with the same
cation). A shortcoming of this approach is that Equation (3) cannot be applied to assess
the equilibrium degree of swelling of TR gels. The latter is of primary importance for the
following applications:

(I) Purification of water [18] and direct extraction of metal ions from industrial and
radioactive liquid waste [19] by means of the thermal-swing method. In these applica-
tions, TR gels should be in the highly swollen state in aqueous solutions of salts at the
stage of adsorption and shrink substantially with an increase in temperature at the stage
of recycling;

(II) Preparation of multi-stimuli-responsive gels with extraordinary mechanical proper-
ties for soft robotics [20]. The high elastic moduli, strength, toughness and fatigue resistance
of these gels are ensured by the presence of two types (hydrophobic association and ionic
coordination) of reversible bonds [21]. The formation of hydrophobic clusters in TR gels
occurs under their immersion in aqueous solutions of multivalent salts with concentrations
exceeding the thresholds at which the phase transition occurs. The soaking treatment
leads to a pronounced (by an order of magnitude) increase in the elastic modulus and the
ultimate strength of these gels [22];

(III) Anionic polysaccharide (alginate, pectin and gellan gum) gels cross-linked by
complexation with divalent and trivalent cations are widely used in tissue engineering,
wound healing and cell encapsulation due to their intrinsic biological activity [23]. To en-
hance their mechanical properties and to extend functionality, hybrid gels are prepared that
consist of interpenetrating networks (IPN) formed by TR synthetic chains and biopolymer
chains [24,25]. As the final stage of preparation of IPN gels involves ionic cross-linking
of biopolymer chains, avoiding the collapse of covalently cross-linked TR network under
soaking in aqueous solutions of multivalent salts becomes an important task [26].

Prediction of experimental swelling diagrams for multi-stimuli-responsive gels in
aqueous solutions of multivalent ions plays a key role in these applications. To simplify
the problem, we confine ourselves to the analysis of equilibrium swelling of covalently
cross-linked TR gels.

The objective of the present study is fourfold:
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(I) To develop a model (with a reasonably small number of material parameters) for
the mechanical response and equilibrium swelling of TR gels in solutions of salts and to
demonstrate its ability to describe experimental data;

(II) To determine material constants by fitting equilibrium swelling diagrams on
poly(N-isopropylacrylamide) (PNIPAAm) gels and experimental dependencies of its crit-
ical temperature on molar fraction of salts. PNIPAAm is chosen because it is the most
extensively studied TR polymer that demonstrates abrupt changes in the equilibrium
degree of swelling at a temperature close to the physiological temperature and good
mechanical properties below and above Tc [27];

(III) To confirm the ability of the model to predict the effect of the concentration of salt
on the critical temperature Tc by comparing results of numerical analysis with observations
in independent tests;

(IV) To apply the model for the assessment of concentrations of di- and trivalent salts
in aqueous solutions required to induce the collapse of PNIPAAm gels under soaking
(which is necessary to prepare strong and tough hydrogels) and to avoid the volume
phase transition in PNIPAAm chains under ionic cross-linking of biopolymer chains in
hybrid hydrogels.

Unlike anionic and cationic TR copolymer gels that reveal pronounced changes in
the equilibrium degree of swelling upon immersion in aqueous solutions with low-mole
fractions of monovalent salts (of the order of a few mM) [28,29], noticeable changes in
the swelling diagrams of non-ionic TR gels are observed in solutions with moderate
mole fractions of salts exceeding 0.1 M [7]. This can be explained by different physical
mechanisms of interaction between polymer chains and ions: (i) complexation of ionized
functional groups with mobile ions in polyelectrolyte TR gels and (ii) ion-induced changes
in the hydration state of polymer chains in non-ionic TR gels [30]. Several models have
recently been proposed to describe the complexation mechanism in ionic TR gels [31–34].
However, the effect of salts on the critical temperature of non-ionic TR gels and solutions
of TR polymer chains was analyzed in only a few studies [35–37].

The exposition is organized as follows. A simple model for the equilibrium swelling of
a TR gel in aqueous solutions of salts is developed in Section 3. Adjustable parameters are
determined by matching experimental data in Section 4, where the ability of the model to
predict the effect of salts on swelling of TR gels is confirmed by a comparison of the results
of the simulation with observations in independent tests. The swelling of PNIPAAm gels
in aqueous solutions of di- and trivalent ions is analyzed numerically in Section 4.4, where
mole fractions of salts are found that ensure collapse of these gels at various temperatures.
Concluding remarks are formulated in Section 5.

2. Materials

We analyzed experimental data in equilibrium swelling tests on poly(N-isopropylacrylamide)
(PNIPAAm) gels and in light absorbance tests on un-cross-linked PNIPAAm chains in
water [38–41] and aqueous solutions of NaCl, NaBr, NaI [38], NaCl, LiNO3, NaNO3,
NaI [39], NaCl, Na2SO4, NaSCN [41], NaCl, NaOH [42], NaCl, NaNO3 [43], NaSCN,
NaNO3, NaCl, Na2SO4 [44], KI, KBr, KCl, K2SO4, KOH [11], NaSCN, NaBr, Na2SO4 [45].
NaBr [46], NaF [7], Na2CO3 [47], KI, KCl, KOH [48], NaCl, NaH2PO4, Na2SO4, and
Na3PO4 [49] at temperatures T below and above the critical temperature Tc. Detailed
descriptions of the chemical compositions of the gels, their preparation and experimental
conditions are provided in the original studies.

3. Methods

To describe equilibrium swelling diagrams on TR gels in aqueous solutions of salts
at various temperatures T and to evaluate the influence of volume fraction of salt in the
bath φbath

2 on the critical temperature Tc, a constitutive model was developed. Governing
equations for equilibrium swelling of TR gels in aqueous solutions of salts are reported in
Section 3.1. Details of derivation are provided in Section S1 (Supporting Information).
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3.1. Equilibrium Swelling of TR Gels

A TR gel in an aqueous solution of a salt (which is presumed to be totally disassoci-
ated into ions) is modeled as a three-phase medium composed of a solid constituent (an
equivalent polymer network) and two fluid constituents (water is treated as solvent-1 and
mobile ions as solvent-2). The solid and fluid phases are thought of as immiscible (mass
exchange between the phases is disregarded) interpenetrating continua (any elementary
volume contains all phases).

The equilibrium swelling of a non-ionic gel in water is described within the Flory–
Rehner concept [50]. According to it, the specific Helmholtz free energy of the gel Ψ (per
unit volume in the initial state) equals the sum of three components: (i) the specific free
energy of water not interacting with the polymer network Ψ1; (ii) the strain energy density
of polymer chains not interacting with water Ψ2,; and (iii) the specific energy of interaction
between water molecules and segments of chains Ψint,

Ψ = Ψ1 + Ψ2 + Ψint. (4)

The function Ψint is conventionally adopted in the form [50]

Ψint = kBT
(

Cf ln φf + χCfφn

)
, (5)

where kB is the Boltzmann constant, T is the absolute temperature, Cf stands for the
concentration of the fluid phase (number of water molecules per unit volume in the initial
state), φf and φn are volume fractions of fluid (water) and solid (polymer network) phases
in the actual state, and χ is the Flory–Huggins (FH) parameter. The first term in Equation (5)
characterizes the entropy, and the other term describes the enthalpy of mixing of water
molecules and segments of chains.

To account for the influence of temperature on swelling of a TR gel, the coefficient
χ in Equation (4) is traditionally replaced with an effective FH parameter χeff. To reach
reasonable agreement with observations, χeff is presumed to depend on two arguments, T
and φn. A three-term polynomial expression is accepted for this function [51,52]

χeff = χ
(0)
eff + χ

(1)
eff φn + χ

(2)
eff φ2

n (6)

with coefficients χ
(k)
eff depending linearly on T or T−1 [53]. A shortcoming of this approach

is that the governing equations do not involve the critical temperature Tc and do not allow
it to be determined explicitly.

To describe equilibrium swelling of a temperature-insensitive gel in a mixture of two
solvents, Equation (5) is generalized by including terms that reflects interactions between
segments of chains and molecules of solvent 1 and solvent 2. The specific free energy Ψint
reads [54]

Ψint = kBT
[(

C1 ln φ1 + C2 ln φ2

)
+
(

χ13C1φn + χ23C2φn + χ12C1φ2

)]
, (7)

where C1, C2 denote concentrations of solvent 1 and solvent 2, φ1, φ2 are their volume
fractions in the gel, and χ13, χ23, χ12 stand for the FH parameters.

Another approach to the analysis of equilibrium swelling of TR gels is based on the
Landau theory of phase transition [55,56]. Its advantage is that Tc can be determined from
the governing equations and compared with observations. A shortcoming of both concepts
(grounded in Equations (5)–(7) and of the introduction of the free energy of inter-chain
interactions in Equation (4)) is that they do not account for a pronounced growth of the
shear moduli of TR gels in the collapsed state (Figure S1).

To describe the effects of temperature on equilibrium swelling of a TR gel, we adopt
the following scenario [57–59]. Chains in a polymer network are presumed to contain
hydrophobic backbones and hydrophilic and hydrophobic side groups (for example, amide
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and isopropyl groups in PNIPAAm). Water molecules attached to hydrophilic side groups
by hydrogen bonds form shell-like structures (hydration shells) around the backbones. At
temperatures below Tc, each hydrophobic group is surrounded by a cage-like structure
formed by water molecules bridged by hydrogen bonds [60]. These cage-like structures “lie”
on the surface of the hydration shell, while the latter serves as their support and ensures
their stability.

An increase in temperature leads to a growth in the intensity of thermal fluctuations.
These fluctuations break hydrogen bonds between water molecules and hydrophilic groups,
weaken the hydration shells, and, as a consequence, destabilize the cage-like structures
around hydrophobic side groups. The breakage of cages causes the release of hydrophobic
groups and their direct contact with water. This results in the growth of the overall
hydrophobicity of the network (characterized by the FH parameter χ) with temperature.
When the concentration of “released” hydrophobic side groups reaches its critical value
(characterized by the ultimate value χmax of the FH parameter), these groups aggregate
into clusters, from which water molecules are expelled. The clusters serve as extra physical
bonds between polymer chains. An increase in their number leads to the growth of the
elastic energy of the network. As a result, the balance between elastic forces in polymer
chains and osmotic pressure of water molecules changes, water is expelled from the gel,
and the network collapses. Above the critical temperatures Tc, when all cage-like structures
are broken, a TR gel consists of deswollen hydrophobic clusters wrapped by hydrophilic
segments and separated by nano-channels filled with water molecules [61].

A similarity between the equilibrium swelling diagrams on TR gels in pure water
and in aqueous solution of salts can be explained by the same mechanism of destruction
of cage-like structures surrounding hydrophobic side groups. When swelling tests are
conducted in water, the release of hydrophobic groups from their cages is driven by the
temperature-induced weakening of hydration shells (an increase in thermal fluctuations
causes breakage of hydrogen bonds between water molecules and hydrophilic side groups
in the hydration shells). When swelling tests are performed in aqueous solutions of salts,
weakening of the hydration shells is induced by the presence of ions that “pull out” water
molecules from the hydration shells (to form molecular complexes with mobile ions [62]
when the intensity of interaction between water molecules and ions exceeds that for the
interaction between water molecules and hydrophilic side groups of polymer chains).

The polymer network in a TR gel consists of two sub-networks. The first sub-network
with covalent bonds is developed under cross-linking polymerization of a pre-gel solution.
The other sub-network with physical bonds is formed in the collapsed state due to the
aggregation of hydrophobic side groups into clusters. To simplify the analysis, we disregard
the rearrangement of bonds and treat both sub-networks as permanent.

The initial state of a gel coincides with that of an undeformed dry specimen at some
temperature T0. Transformation of the initial state into the actual state at temperature T is
described by the deformation gradient F. We adopt the affine hypothesis and suppose that
the deformation gradients for the sub-networks coincide with the deformation gradient for
macro-deformation of the gel.

For the covalently cross-linked sub-network, transformation of the initial state into the
reference (stress-free) state is described by the deformation gradient f1. For an isotropic
polymer network, we set

f1 = f
1
3

1 I, f1 = 1 + Q0, (8)

where I is the unit tensor, and Q0 stands for the degree of swelling in the reference state.
Keeping in mind that all water molecules are expelled from hydrophobic aggregates,

we presume the reference state of the sub-network with physical bonds to coincide with
the dry state of the gel,

f2 = I. (9)
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The deformation gradient F is connected with the deformation gradient for elastic
deformation of the mth network F(m)

e by the multiplicative decomposition formula

F = F(m)
e · fm (10)

where m = 1 for the covalently cross-linked sub-network, m = 2 for the sub-network with
physical bonds, and the dot denotes inner product.

The strain energy density of the network (consisting of two parts with covalent and
physical bonds) reads

Ψ2 =
2

∑
m=1

Wm(I(m)
e1 , I(m)

e2 , I(m)
e3 ). (11)

The specific mechanical energy Wm stored in chains of the mth sub-network depends
on the principal invariants I(m)

e1 , I(m)
e2 , I(m)

e3 of the corresponding Cauchy–Green tensor for
elastic deformation

B(m)
e = F(m)

e · F(m)>
e ,

where > stands for transposition. For definiteness, the neo-Hookean expressions are
adopted for the strain energy densities of the sub-networks,

Wm =
1
2

Gm

[
(I(m)

e1 − 3)− ln I(m)
e3

]
, (12)

where G1 and G2 stand for the shear moduli. The physical meaning of Equation (12)
was discussed in [63], where this relation was re-derived within the concept of entropic
elasticity.

In a rather narrow interval of temperatures under investigation, the modulus G1 of
the covalently cross-linked network is independent of temperature (in accord with the
experimental data in Figure S1). The modulus G2 of the network with physical bonds equals
zero in the swollen state of the gel and grows in the collapsed state being proportional to
concentration of physical bonds (clusters formed by hydrophobic side groups) between
polymer chains. To describe changes in G2 with temperature T, we introduce an order
parameter ζ (vanishing in the swollen state and positive in the collapsed state) and presume
G2 to obey the kinetic equation

dG2

dζ
= β(Ḡ2 − G2), G2(0) = 0, (13)

where Ḡ2 and β are material constants (Ḡ2 is proportional to the maximum number of
hydrophobic clusters per unit volume, and β characterizes the “rate” of their growth).

Concentrations of water (solvent 1) and mobile ions (solvent 2) are denoted as C1 and
C2 (numbers of molecules in the actual state per unit volume in the initial state). Bearing in
mind that concentrations of anions and cations coincide in the absence of electric field due
to the electro-neutrality condition, we do not distinguish between them and characterize
the presence of a salt in a non-ionic gel by the only parameter C2.

The specific free energy of solvent molecules not interacting with each other and with
segments of chains is given by

Ψ1 = µ0
1C1 + µ0

2C2, (14)

where µ0
1 and µ0

2 are the chemical potentials of molecules of solvent 1 and solvent 2 when
their mutual interactions and interactions with segments of chains are disregarded.

The concentration of the fluid phase in a gel Cf reads

Cf = C1 + C2. (15)
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We adopt the molecular incompressibility condition in the form

det F = 1 + Q, (16)

where det stands for the determinant of a tensor, and the degree of of swelling of a gel is
determined by

Q = 1 + Cfv, (17)

where v stands for the characteristic volume of a solvent molecule (for simplicity, these
volumes are presumed to coincide for solvent 1 and solvent 2). Equation (16) means that
the volume deformation of a gel is driven by changes in concentrations of solvent 1 and
solvent 2 only.

Volume fractions of solvent 1, φ1, solvent 2, φ2, and the polymer network, φn, in a gel
are given by

φ1 =
C1v

1 + Cfv
, φ2 =

C2v
1 + Cfv

, φn =
1

1 + Cfv
, (18)

and volume fractions of solvent 1 and solvent 2 in the fluid phase read

ϕ1 =
φ1

φ1 + φ2
, ϕ2 =

φ2

φ1 + φ2
. (19)

For a given temperature T, governing relations for equilibrium swelling of a TR gel in an
aqueous solution of a salt are developed in Supporting Information by means of the free-energy
imbalance inequality. They involve three nonlinear equations, Equations (S-67) and (S-69), for
three variables, φ1, φ2 and φn. These equations are simplified substantially under the
assumption that the partitioning coefficient for salt (the ratio P = ϕ2/φbath

2 of the volume
fraction of salt in the fluid phase of the gel ϕ2 to that in the surrounding solution φbath

2 ) is
close to unity,

P ≈ 1. (20)

It is proved in Supporting Information that Equation (20) is fulfilled when a gel is
in the swollen state and its degree of swelling Q is sufficiently large. This statement is
confirmed by observations [64,65] that show that Equation (20) is satisfied at temperatures
T < Tc.

Under condition (20), the equilibrium degree of swelling Q obeys the equation [66]

ln
Q

1 + Q
+

1
1 + Q

+
χeq

(1 + Q)2 +
g1

1 + Q

[( 1 + Q
1 + Q0

) 2
3 − 1

]
+

g2

1 + Q

[
(1 + Q)

2
3 − 1

]
= 0, (21)

where
gm =

Gmv
kBT0

(m = 1, 2) (22)

are the dimensionless shear moduli, and

χeq = χ13φbath
1 + χ23φbath

2 − χ12φbath
1 φbath

2 (23)

stands for the equivalent FH parameter.
Given a mole fraction of salt in an aqueous solution c, its volume fraction φbath

2 is
determined by the conventional equation

φbath
2 =

M
ρ

c
(

1000 +
M
ρ

c
)−1

, (24)

where M denotes the molar mass, and ρ is the mass density of the anhydrous salt. Bearing
in mind that

φbath
2 � 1 (25)
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for all salts under consideration, we disregard the nonlinear terms in Equation (23) and
find that

χeq = χTR(1− φbath
2 ) + Kφbath

2 , (26)

where
K = χ23 − χ12 (27)

is a material constant (characterizing interactions of salt with segments of chains and water
molecules), and the FH parameter

χTR = χ13 (28)

describes interactions between segments of polymer chains and water molecules.
Unlike the conventional approach [53] that treats χTR as a function of two arguments,

T and φn, we presume this parameter to depend on temperature T only and set

χTR = χ0 + χ1T, (29)

where χ0 and χ1 are material parameters. Equation (29) means that thermally induced
breakage of cage-like structures around hydrophobic side groups induces a linear increase
in the measure of the hydrophobicity of chains χTR with temperature T. The combination
of Equations (26) and (29) implies that

χeq = X, X = (χ0 + χ1T)(1− φbath
2 ) + Kφbath

2 . (30)

The critical temperature Tc is determined as the temperature at which χeq reaches its
ultimate value χmax. It follows from this condition and Equation (30) that

Tc =
1

χ1

(χmax − Kφbath
2

1− φbath
2

− χ0

)
. (31)

Equations (24) and (31) describe the effect of the mole fraction of salt in an aqueous
solution c on the critical temperature of a TR gel.

We suppose that the FH parameter χeq is constant above Tc because released (due to
the breakage of cage-like structures) hydrophobic side groups form clusters covered by
hydrophilic segments whose hydrophilicity remains independent of temperature,

χeq = χmax (T > Tc). (32)

For a TR gel in an aqueous solution of salt, the following expression is adopted for the
order parameter ζ:

ζ = 0 (X < χmax), ζ = X− χmax (X ≥ χmax), (33)

where X is given by Equation (30). Equation (33) differs from the formula for ζ proposed
in [56].

Governing equations for equilibrium swelling of a TR gel in aqueous solutions
of salts consist of nonlinear Equation (21) for the equilibrium degree of swelling Q,
Equations (30) and (32) for the equivalent FH parameter χeq, and the differential equa-
tion (that follows from Equations (13) and (22))

dg2

dζ
= β(ḡ2 − g2), g2(0) = 0 (34)

for the dimensionless shear modulus g2. Here, ζ is given by Equations (30) and (33), and
ḡ2 = Ḡ2v/(kBT0). The critical temperature Tc is calculated from Equation (31).

The model involves eight material parameters with transparent physical meaning:
(i) g1 is the dimensionless shear modulus of the sub-network with covalent cross-links;
(ii) Q0 is the degree of swelling in the reference state; (iii) χ0, χ1 describe temperature-
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induced changes in the FH parameter χTR; (iv) K accounts for the effect of salt on the
breakage of cage-like structures surrounding hydrophobic side groups; (v) χmax stands
for the value of the FH parameter at which aggregation of hydrophobic side groups
starts; and (vi) ḡ2, β characterize the kinetics of the aggregation process above the critical
temperature Tc.

All parameters (except for K) depend on the chemical structure of chains in a TR
gel, concentrations of monomers and cross-linkers, and preparation conditions. In fitting
observations, we treat the coefficients χ0 and χ1 as universal, which means that these
quantities are determined by the chemical structure of monomers exclusively and are
independent of conditions of synthesis.

To take into account the ion-specificity (the effect of salt on the critical temperature of a
TR gel), a linear relation is adopted between the coefficient K and the viscosity B-coefficient
of a salt,

K = K0(1 + aB), (35)

where K0 and a are universal constants (independent of the chemical structure of salts). It
follows from Equation (31) that Equation (35) is in accord with empirical Equation (3) and
the experimental data reported in [11,17].

Equation (35) is treated as a phenomenological relationship whose validity will be con-
firmed in what follows by comparison with observations on PNIPAAm gels and PNIPAAm
chains in aqueous solutions of various salts. An alternative approach to the determination
of K consists of the description of changes in the coefficients χ12 and χ23 in Equation (27)
driven by interactions between mobile ions and water molecules in the hydration shells and
cage-like structures surrounding hydrophobic side groups. This requires the introduction
of balance equations for concentrations of free and bound (forming hydration shells) water
molecules inside a gel, which complicates the model and leads to a strong increase in the
number of adjustable parameters.

4. Results and Discussion

Our aim is twofold: (i) to demonstrate the ability of the model to describe equilibrium
swelling diagrams on PNIPAAm gels in aqueous solutions of salts (when temperature T
and mole fraction of salt in an aqueous solution c are varied separately), and (ii) to analyze
the effect of c (or the volume fractions of salt in an aqueous solution φbath

2 ) on material
parameters in the governing equations.

4.1. Swelling of PNIPAAm Gels in Water

We begin with the analysis of equilibrium swelling diagrams on PNIPAAm gels in
water reported in Figure 1. Each set of data was matched separately by means of the
following two-step algorithm [66]. In the first step, observations below Tc were matched.
The experimental dependence χ(T) was determined from Equation (21) with g2 = 0. Given
“universal” values of χ0 and χ1 (these parameters were found in [67,68] for several TR
gels), the coefficients g1 and Q0 are calculated from the best-fit condition by matching
the dependence χ(T) with the help of Equation (30) with φbath

2 = 0. In the other step,
experimental data above Tc were fitted by means of the parameters ḡ2 and β. These
quantities were found by the nonlinear regression method to minimize the expression

∑(Qexp −Qsim)2, (36)

where summation was performed over all experimental points, and Qexp stands for the
degree of swelling measured in a test. The quantity Qsim was found from Equation (21)
which was solved numerically by the Newton–Raphson algorithm. The coefficient χmax
was calculated from Equation (32). To ensure an adequate description of the equilibrium
swelling curves in the close vicinity of the critical temperature Tc, numerical integration of
Equation (34) was conducted with a small temperature step ∆T = 2× 10−6 K.
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Figure 1. Equilibrium degree of swelling Q versus temperature T. Circles: experimental data
on PNIPAAm gels in water. (A)—[38], (B)—[39], (C)–[40], (D)—[41]. Solid lines: results of
numerical analysis.

Figure 1 demonstrates good agreement between the experimental data on PNIPAAm
gels with various chemical compositions and preparation conditions and their description
by the model with the adjustable parameters collected in Table S1. For all gels under
consideration, the critical temperature Tc is close to 33 ◦C. The parameters χmax, ḡ2 and
β adopt similar values, which means that they are weakly affected by the conditions
of synthesis. The degree of swelling in the reference state Q0 is relatively high for the
gels prepared at low temperatures (Figure 1A,B), and it reduces strongly for the gels
polymerized at room temperature (Figure 1C,D).

4.2. Swelling of PNIPAAm Gels in Aqueous Solutions of Salts

Two types of equilibrium swelling diagrams are conventionally reported on TR gels
in aqueous solutions of salts: (i) the dependence of the equilibrium degree of swelling on
temperature Q(T) for a fixed mole fraction of salt in the aqueous solution c, and (ii) the
dependence of the equilibrium degree of swelling on volume fraction of salt in the bath
Q(φbath

2 ) at a fixed temperature. These two types of experimental curves of the PNIPAAm
gel in aqueous solutions of NaCl, NaBr and NaI are depicted in Figures 2 and 3, respectively.
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Figure 2. Equilibrium degree of swelling Q versus temperature T. Circles: experimental data
on PNIPAAm gel [38] in aqueous solutions of salts with various concentrations c M. (A)—NaCl,
(B)—NaBr, (C)—NaI. Solid lines: results of numerical analysis.
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Figure 3. Equilibrium degree of swelling Q versus concentration of salts in aqueous solutions φbath
2 .

Circles: experimental data on PNIPAAm gel [38] in aqueous solutions of NaCl (A), NaBr (B) and NaI
(C) at temperature T = 25 ◦C. Solid lines: predictions of the model.
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Each set of data in Figure 2A–C is characterized by the only coefficient K. The other
material constants were found by fitting the swelling diagram in pure water (Figure 1A)
and are collected in Table S1.

For each salt under consideration, K was calculated from the condition of minimum
for the functional (36) by matching observations (Figure 2) on solvent uptake in the aque-
ous solution with the highest mole fraction of salt (c = 2 M). The best-fit values of K
are collected in Table S2. These values were used to predict the equilibrium swelling
diagrams Q(T) of PNIPAAm gel in solutions with lower ionic strengths (Figure 2) and
equilibrium swelling curves Q(φbath

2 ) on PNIPAAm gel in aqueous solutions of salts at
room temperature (Figure 3).

Figures 2 and 3 reveal the ability of the model (with the material constants listed in
Tables S1 and S2) (i) to describe experimental data on PNIPAAm gel in aqueous solutions
of NaCl, NaBr and NaI and (ii) to predict one type of swelling curves (Figure 3) when
adjustable parameters are found by matching the other type of swelling diagrams (Figure 2).

To demonstrate that this conclusion is not a coincidence, the same procedure of fitting
observations was repeated for PNIPAAm gel in aqueous solutions of NaCl, LiNO3, NaNO3
and NaI (Figure 4).
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Figure 4. Equilibrium degree of swelling Q versus temperature T. Symbols: experimental data
on PNIPAAm gel [39] in aqueous solutions of salts with various concentrations c M. (A)—NaCl,
(B)—LiNO3, (C)—NaNO3, (D)—NaI. Solid lines: results of numerical analysis.

The swelling diagram in pure water in Figure 4A coincides with that in Figure 1B. As
observations in swelling tests in water (c = 0) reported in Figure 4B–D differ from those in
Figure 4A, each set of data in water uptake tests is approximated separately. This leads to
slight deviations in the coefficients g1 and Q0 listed in Table S3, whereas the other material
parameters remain unchanged.
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For each salt under investigation, K is found by matching experimental data in aqueous
solutions with c = 1.5 M and used without changes to predict observations in solutions with
lower ionic strengths. The best-fit values of K are reported in Table S3. Figure 4 confirms
that the model adequately describes the equilibrium swelling diagrams on PNIPAAm gel
in aqueous solutions of monovalent salts.

To show that the coefficient K (characterizing the effect of salt on the equilibrium degree
of swelling) can be determined by matching the experimental dependencies Q(φbath

2 ) at a
fixed temperature T, we analyze observations in equilibrium swelling tests on PNIPAAm
gels in solutions of NaCl, NaOH (Figure 5) and NaCl, Na2SO4 and NaSCN (Figure 6).
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Figure 5. Equilibrium degree of swelling Q versus concentration of additive φbath
2 in aqueous

solutions. Circles: experimental data on PNIPAAm gel [42] in aqueous solution of NaCl (A) and
NaOH (B) at T = 25 ◦C. Solid lines: results of numerical analysis.
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Figure 6. Equilibrium degree of swelling Q versus concentration of salt in aqueous solutions φbath
2 .

Symbols: experimental data on PNIPAAm gel [41] in aqueous solutions of salts at various tempera-
tures T ◦C. (A)—NaCl, T = 23, (B)—Na2SO4, T = 4 (◦) and T = 26 (•), (C)—NaSCN, T = 25. Solid
lines: results of numerical analysis.
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The material parameters for these gels were found by fitting the equilibrium swelling
diagrams in pure water (Figure 1C,D) and are reported in Table S1. For each additive in
aqueous solutions, the best-fit value of K was determined separately from the condition of
minimum for functional (36). These values are collected in Tables S4 and S5. When data in
Figure 6B were matched, K was calculated by matching observations at T = 4 ◦C, and the
same value was used to predict the dependence Q(φbath

2 ) at T = 26 ◦C.

4.3. PNIPAAm Chains in Aqueous Solutions of Salts

To examine the influence of salts on the critical temperatures Tc of dilute solutions of
TR chains, we approximated the experimental dependencies Tc(φbath

2 ) depicted in Figure 7.
Each set of data was fitted separately by means of Equation (31) with χ0 and χ1 reported in
Table S1. The coefficient χmax was determined from the value of Tc in pure water. The only
adjustable parameter K was found by matching the experimental diagrams by the least-
squares technique. The best-fit values of χmax and K are reported in Table S6. Comparison
of Tables S1 and S6 shows that χmax adopt similar values for PNIPAAm gels and dilute
solutions of PNIPAAm chains.
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Figure 7. The critical temperature Tc versus concentration of salts in aqueous solutions φbath
2 . Symbols:

experimental data on PNIPAm chains in aqueous solutions. (A)—[43], (B)—[44], (C)—[11], (D)—[45].
Solid lines: results of numerical analysis.

The values of K determined by matching observations in Figures 2, 4–6 (PNIPAAm
gels) and 7 (solutions of PNIPAAm chains) were plotted versus the viscosity B-coefficient
B of salts (taken from [13,15]). The data are presented in Figure 8 together with their
approximation by Equation (35). The coefficients K0 and a are determined by the least-
squares technique and are listed in Table S7.
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Figure 8. Parameter K versus viscosity B-coefficient of salts in aqueous solutions. Symbols: treatment
of experimental data (re(D)—PNIPAAm gels, green—solutions of PNIPAAm chains) ◦—[38], •—[39],
∗—[42], ?—[41], /—[43], .—[11], N—[45], ×—[44]. Solid line: results of numerical analysis.

To confirm that Equation (35) with these coefficients can be used to predict the critical
temperature Tc of PNIPAAm chains in aqueous solutions of other salts (not included
in our analysis), we determined K from Equation (35) for each salt under considera-
tion (the values of χmax and K are collected in Table S8), calculated the critical tempera-
ture Tc from Equation (31), and compared results of calculations with experimental data.
Figures 9 and 10 demonstrate an acceptable agreement between the observations and pre-
dictions of the model.
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Figure 9. The critical temperature Tc versus concentrations of additives in aqueous solutions φbath
2 .

Circles: experimental data on PNIPAAm chains. (A)—NaBr [46], (B)—NaF [7], (C)—Na2CO3 [47],
(D)—KI, KCl, KOH [48]. Solid lines: predictions of the model.
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Figure 10. The critical temperature Tc versus concentrations of salts in aqueous solutions φbath
2 .

Circles: experimental data on PNIPAAm chains [49]. (A)—NaCl, (B)—NaH2PO4, (C)—Na2SO4,
(D)—Na3PO4. Solid lines: predictions of the model.

4.4. Numerical Analysis

The aim of the numerical analysis is twofold: (i) to evaluate how the thermo-mechanical
response of PNIPAAm gels is affected by trivalent salts FeCl3 and AlCl3 (soaking of a TR
gel in their solutions leads to a strong increase in its strength and toughness [22,24]), and
(ii) to assess mole fractions of divalent salt CaCl2 (this salt is conventionally used for ionic
cross-linking of alginate gels [69]) that do not lead to collapse of alginate-based IPN gels
under soaking when PNIPAAm is used as a TR synthetic component [24,25].

Equilibrium swelling diagrams on PNIPAAm gel in aqueous solutions of FeCl3 and
AlCl3 are reported in Figure 11. Numerical analysis is conducted for the gel prepared
by free-radical cross-linking polymerization (24 h at 10 ◦C) of an aqueous solution of
NIPAAm monomers (0.7 M) by using N, N′-methylenebisacrylamide (BIS, 8.7 mM) as
a cross-linker [38]. The equilibrium swelling diagram for this gel in water is presented
in Figure 1A. Its material constants are listed in Table S1. The coefficients a and K0 are
given in Table S6. The values B = 0.675 and B = 0.729 L/mol [13] are used for FeCl3 and
AlCl3, respectively.

Figure 11 shows that collapse of PNIPAm gel at room temperature (which leads to a
strong enhancement of its mechanical properties) occurs when the mole fraction of salts
equals 0.15 M. This conclusion is in accord with observations on a similar gel [70], revealing
that the growth of mole fraction of FeCl3 salt above 0.15 M (up to 0.6 M) does not induce
changes in its toughness.
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Figure 11. (A,C)—Equilibrium degree of swelling Q versus temperature T. (B,D)—Equilibrium
degree of swelling Q versus concentration of salt c. Symbols: predictions of the model for PNIPAAm
gel in aqueous solutions of FeCl3 (A,B) and AlCl3 (C,D) with various concentrations c M at various
temperatures T ◦C.

Equilibrium swelling diagrams on PNIPAAm gel in aqueous solutions of CaCl2 are
reported in Figure 12. This figure demonstrates that collapse of PNIPAAm gel at room
temperature occurs when the mole fraction of CaCl2 is higher than 0.3 M. This value exceeds
the mole fractions of this salt (ranging between 0.1 and 0.2 M) used for the preparation of
alginate gels [26]. This implies that soaking in conventional aqueous solutions of CaCl2
ensures cross-linking of alginate chains by Ca2+ ions without the collapse of the PNIPAAm
network in IPN alginate-PNIPAAm gels.
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Figure 12. (A)—Equilibrium degree of swelling Q versus temperature T. (B)—Equilibrium degree of
swelling Q versus concentration of salts c in aqueous solutions. Symbols: predictions of the model for
PNIPAAm gel in solutions of CaCl2 with various concentrations c M at various temperatures T ◦C.
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4.5. Discussion

A model is derived for equilibrium swelling of TR gels in aqueous solutions of salts.
Two issues distinguish our approach from conventional models for solvent uptake by
TR gels:

• The governing equations allow the critical temperature Tc to be determined explicitly
as a function of concentration of a salt, Equation (31), and its chemical structure,
Equation (35);

• The model accounts for an increase in the elastic modulus of a TR gel in the collapsed
state (driven by aggregation of hydrophobic side groups into clusters from which
solvent molecules are expelled), per Equations (13) and (34).

The model is grounded on the following assumptions:

1. When a TR gel is in the swollen state, the volume fraction of ions in the fluid phase
inside the gel is close to the volume fraction of ions in the surrounding solution,
per Equation (20). This allows the entire set of FH coefficients χij in Equation (7) to
be replaced with the only scalar coefficient χeq (a measure of the hydrophobicity of
polymer chains).

2. When a TR gel is immersed into pure water, its equivalent FH parameter depends on
temperature T only, per Equation (29). In an aqueous solution of a salt, the dependence
of χeq on temperature T and volume fraction of salt φbath

2 is given by Equation (26),
where the coefficient K is connected with the viscosity B-coefficient of the salt B by
Equation (35). Collapse of the gel occurs when its equivalent FH parameter χeq
reaches the ultimate value χmax.

3. In the collapsed state, the coefficient χeq adopts its maximum value χmax because
clusters formed by hydrophobic side groups above Tc are covered by segments whose
hydrophilicity is independent of temperature. The kinetics of aggregation of hy-
drophobic side groups at T > Tc is governed by the order parameter ζ given by
Equation (33).

Governing equations for equilibrium swelling of TR gels in solutions of salts are
derived by means of the free energy imbalance inequality (Supporting Information). These
relationships involve eight material constants with transparent physical meaning: g1, Q0,
χ0, χ1, χmax, ḡ2, β and K. These parameters are found by matching experimental data on
PNIPAAm gels and dilute solutions of PNIPAAm chains in water and in aqueous solutions
of NaCl, NaBr, NaI, NaF, NaNO3, NaSCN, NaOH, NaNO3, Na2SO4, Na2CO3, NaH2PO4,
Na3PO4, KCl, KBr, KI, KOH, K2SO4, and LiNO3 at temperatures T below and above the
critical temperature Tc. Results of numerical analysis confirm the ability of the model to
describe (Figures 1, 2 and 4–7) and to predict (Figures 3, 9 and 10) the effect of salts on the
thermo-mechanical response of these materials.

An explicit relation, Equation (31), is derived for a decrease in the critical temperature
Tc of TR gels and chains driven by the presence of salts in an aqueous solution. For
an arbitrary salt, the decay in Tc is expressed in terms of its viscosity B-coefficient B; see
Equation (35). This parameter characterizes the ability of ions to form complexes with water
molecules [71,72]. On the one hand, the presence of these complexes leads to an increase in
the viscosity of an aqueous solution; see Equation (2). On the other hand, ions with high
strength of interaction with water “pull out” water molecules from the hydration shells
around polymer backbones. This reduces the stability of cage-like structures surrounding
hydrophobic side groups and causes the aggregation of these groups at lower temperatures
compared with pure water; see Equation (31). A similar effect of ions on aggregation of
hydrophobic particles in aqueous solutions was observed in [73].

5. Conclusions

A model is developed for equilibrium swelling of thermo-responsive gels in aqueous
solutions of salts at various temperatures T below and above the critical temperature Tc. An
advantage of the model is that it (i) involves a small number (eight) of material parameters,
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(ii) allows the dependence of the critical temperature Tc on volume fraction of salt in a
solution to be determined explicitly, and (iii) accounts for a pronounced growth of the
elastic modulus above Tc driven by aggregation of hydrophobic side groups.

Material parameters are found by fitting observations on PNIPAAm gels and dilute
solutions of PNIPAAm chains in water and aqueous solutions of mono- and divalent salts.
Good agreement is demonstrated between the experimental swelling diagrams and results
of numerical analysis. The predictive ability of the model is confirmed by comparison of
numerical predictions with experimental data in independent tests.

The model is applied to study equilibrium swelling of PNIPAAm gel in aqueous
solutions of trivalent ions (collapse of a gel induced by its immersion into solutions of
FeCl3 and AlCl3 leads to a strong increase in its strength and toughness), and in aqueous
solutions of CaCl2 (this salt is conventionally used for ionic cross-linking of alginate-based
hybrid gels). Restrictions are formulated on molar fractions of these salts in solutions which
induce or allow to avoid the collapse of the PNIPAAm gel at various temperatures.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/molecules27165177/s1, Detailed derivation of the model, tables
with material constants, additional figure (PDF).
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