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The used thermodynamic method for the derivation of the thermodynamic polynomial
(rate equation) originated in a paper by Samohyl and Malijevsky [16] and was further
developed in subsequent work, particularly in [9, 10].

Single reaction.

The third-degree polynomial approximating the rate function [9] (p. 251), [10] is in our
case (component numbers instead of symbols are used):
J = kooo + k100€1 + Ko10C2 + koo1¢3 + ka0 €f + Kozo €5 + koo €5 + ki10¢1Ca + Kyg1c163 +
Ko11€2€5 + K300 €F + Kogo €3 + Koo €3 + k111€162¢3 + kanocf ey + ko1t es + kopacies +
K120¢1¢5 + k192€1€5 + Ko12¢265. (AI)
The polynomial coefficients k;;; are functions of temperature only and in the end they
represent rate coefficients or constants [9] (p. 251), [10]. In equilibrium, where J = 0,
substituting for ¢; ¢q from (4), we have:
0 = kooo + K100C1,eq + K200 CTeq + K300 Cieq T [koo1 + (koroK ™ + k101)C1eq +
(110Kt + k201)C12,eq + (k10K + klZOK_Z)Cf,eq]CB.eq + [kooz + (kozo K2 + k111K_1)C12,eq +
(ko1 K~1 + k102)C1,eq]C'§,eq + [koos + kozo K 3¢S eq + ko12K  C1eq + ko21K 2CTeqlCeq- (A2)
Identity (A2) should be valid in any equilibrium, consequently, expressions in round
brackets and following coefficients are zero [9] (p. 251), [10]:

kooo = k100 = K200 = k300 = Koo1 = Kooz = Kooz = koz0 = Ko12 = Ko21 = 0. (A3)
From the zero expressions we can derive:
ko1 = —ko1oK ™", kao1 = —k110K™Y, Ka10 = —k120K ™", k111 = —Kozo K™V, k102 =
ko1 K71 (A4)
Substituting from (A3) and (A4) into (A1), thermodynamic polynomial (5) is obtained.

Lotka’s scheme.

The full approximating third-degree polynomial contains 120 terms; the numbering of the
chemical components is the same as in the main text: AX =1,X=2,A=3,Y=4,BY =5,BX =
6,Z = 7. The polynomial is as follows (superscripts at concentrations mean powers):

J = Koo00000 + K1000000¢1 + Ko100000¢2 + Ko010000¢3 + Ko001000¢4 + Ko000100¢5 + Kooooo10¢6 +
K0000001¢7 + K2000000€% *+ K0200000€3 + K0020000€3 + K0002000€% + K0000200¢5 + Kooo0020¢8 +
K0000001¢7 + K1100000€1¢2 + K1010000€1¢3 + K1001000€1 €4 + K1000100€1¢5 + K1000010€1C6 +
K1000001€1¢7 + K0110000€2¢3 + K0101000€2¢4 + Ko100100¢2¢5 + Ko100010€2¢6 + Ko100001€2¢7 +



K0011000¢3¢4 + K0010100¢3¢5 + K0010010¢3¢6 + K0010001¢3¢7 + Ko001100€4¢5 + Kooo1010€4C6 +
K0001001€4€7 + K0000110¢5C6 + K0000101¢5¢7 + K0000011€6¢7 + K3000000¢3 + Ko300000€3 +
K0030000¢3 + K0003000¢3 + K0000300¢2 + Ko000030¢e + K0000003¢5 + K2100000¢1 €2 +
K2010000¢1¢3 + K2001000€1 €4 + K2000100¢1 €5 + K2000010¢1 €6 + K2000001¢¢7 + K1200000€1€3 +
K0210000C3 €3 + Ko201000€5 €4 + K0200100€3 €5 + K0200010¢5 €6 + K0200001€2¢7 + K1020000€1€3 +
K0120000€2¢5 + K0021000¢5 €4 + K0020100€3¢5 + K0020010¢5 €6 + K0020001€5¢7 + K1002000€1€5 +
K0102000¢2¢4 + K0012000€3¢F + K0002100¢4 €5 + K0002010¢4 €6 + K0002001€4¢7 + K1000200€1€5 +
K0100200¢2¢% + K0010200€3¢Z + Ko001200€4¢5 + Ko000210¢5 €6 + K0000201€5¢7 + K1000020€1€4 +
K0100020€2€¢ *+ K0010020€3¢6 + K0001020€4¢€ + Ko000120¢5¢6 + K0000021€6¢7 + K1000002€1€7 +
K0100002€267 * K0010002€3¢7 + K0001002€4¢7 + Ko000102€5¢7 + Ko000012€6¢7 + K1110000€1€2C3 +
K1101000€1€2€4 + K1100100€1€2¢5 + K1100010€1€266 + K1100001€1€2¢7 + Ko111000€2€3C4 +
K0110100€2¢3¢5 + K0110010€2€3¢6 + K0110001€2€3¢7 + Koo11100€3¢4¢5 + Koo11010€3€4C6 +
K0011001€3¢4¢7 + Ko001110€4¢5¢6 + K0001101€4€5¢7 + Koo00111€5¢6¢7 + K1011000€1€3¢4 +
K1001100€1€4¢5 + K1000110€1¢5¢6 + K1000011€1€6¢7 + Ko101100€2€4C€5 + Ko100110€2€5C6 +
K0100011€266¢7 + K0010110€3¢5¢6 + K0010011€3¢6€7 + Koo01011€46¢7 + K1010100€1€3¢5 +
K1010010€1¢3¢6 + K1010001€1€3¢7 + Ko101010€2€4¢6 + K0101001€2€4¢7 + Koo10101€3¢5¢7 +
K1001010€1€4¢6 + K1001001€1€4¢7 + K1000101€1¢5¢7 + Ko100101€2€5€7- (A5)

The equilibrium constants of three independent reactions were used to express the following
equilibrium concentrations: ¢; ¢q = Ky~ lcz,eqc&eq, Coeq = KZCZC’:—::SW, €7,eq = K3C4eq- They were
introduced into the equilibrium form of the thermodynamic polynomial (A5) in which the
rate is zero: Joq = 0. Because the zero value should be valid at any equilibrium concentration,
the following coefficients (which all are functions of temperature) are zero:

Ko000000- Ko100000, Ko200000, Ko300000- Koo10000- K1200000, Koozo000, K2100000, Koozooo0, K1020000-
K2010000- K3000000- Koo00100, Kooooo10- Ko100010- Koo10100- Koo10010- K2000100- K2000010- Koz00010,
K0020100- K0020010- K1100010, K1010100, K1010010- K0000200- K0000020- K0000110- K1000200, K0010200/
K1000020, K0100020, K0o10020, K1000110- Koo10110- Koooo3z00, Koooooz0r Kooooz10, Koooo120

and a number of others could be expressed, for example, as follows:

Ko210000 = —Ki100000K7 %
Ko110000 = —K1000000K7 %
Ko120000 = —Ki010000K7 %
K1110000 = —K2000000K1 %
Ko000001 = —Kooo01000K3 "
Ko100001 = —Ko101000K3
Koo10001 = —Koo11000K3
K2000001 = —K2001000K3 "
Ko200001 = —Koz201000K3 "
Ko020001 = —Koo21000K3 "
K1100001 = —K1101000K3 %,
K1010001 = —K1011000K3
Ko001001 = —K0002000K3 " — K0000002K3/
K1001001 = —K1002000K3 - — K1000002K3,

— -1
k0101001 - _k0102000K3 - kOlOOOOZKSI



— -1
k0011001 - _k0012000K3 - k00100021(3/

Ko110010 = —K1000010K7 %

Kooo1010 = —Ko100100K2 * — Ko000011K3,

Koo00101 = —Kooo1100K3

Ko101010 = —Ko200100K2 * — Ko100011K3,

Kooo1101 = —Ko002100K3 " — Koo00102K3/

Koo10101 = —Koo11100K3

K1000101 = —K1001100K3

Kooo1110 = —Ko100200K2 - — Kooo0111K3,

Ko000201 = —Kooo1200K3

Kooo1020 = —Ko100110K2 - — Ko000021K3/

Ko110001 = —K1001000K1 'K3 " = K1000001K1 ' — Ko111000K3
Ko002001 = —K0003000K3 ' — K0000003K3 — Koo01002K3,
Koo11010 = —Ki000100K1 'K5 " — Ko110100K2 * — Koo10011K3,
Ko002010 = —Ko000012K3 — Ko101100K3 ' — Koo01011K3 — Ko100101K2 ' K3,
Ki001010 = —K1100100K2 ' — K1000011K3-

Introducing all these equalities into the original polynomial (A5) yields the final
thermodynamic polynomial:
J = Koo01000(ca — K3 ¢7) + Ky1g00000(c1 — K1 "c2¢3) + Ko101000(C2¢s — K3 'coc7) +
Koo11000(¢3¢s — K3 ¢3¢7) + Ko100100(€2€5 — K3 ' €4C6) + Koooo011(C6C7 — K3€acs) +
K0002000(c% — K3 ca¢7) + Kopo0002(€7 — K3¢4¢7) + Kooo1100(€aCs — K3 *¢5¢7) + Kao01000 (€1 Ca —
K3 'ctcs) + Kit00000(c1¢2 — K1 *c5¢3) + Kozg1000(¢5¢a — K5 c5¢7) + Kig10000 (€163 —
Ki'cyc3) + Kooz1000(c3¢a — K3 5 ¢7) + Kooooo12(€6c5 — K5 cics) + Koro1100(C2€aCs —
K5 'cice) + Koooro11(CaCeCr — K3¢5¢6) + Ko100101(C2¢5¢7 — K3 "K3cicg) + Kooozooo (€3 —
K3'cics) + Koooooos (€3 — K5 cic7) + Kooor002 (€4 — K3cics) + Kogorz00(cacs — K3 'cicy) +
Ko100110(C2¢5C6 — K3 '¢4c8) + Kooooo21 (cE¢7 — K3¢4c€) + Kagooo00(cf — Ki tcicac3) +
Ki1101000(C1€2¢4 — K3 ¢162¢7) + Kiggo10(€1¢6 — K1 Tc2¢3¢6) + Kigor000(c1€a — K1 "K3 Pcpcscy) +
K1000001 (€167 = K '¢2€3¢7) + Kor11000(€2€3¢4 — K3 €2¢3¢7) + Kigoo100(C1C5 —
K7 'Ky c3¢4¢6) + Ko110100(C2¢3Cs — K3 '¢3¢4¢6) + Koo10011(€3€6¢7 — K3€3€4C6) +
Ko012000(C3¢5 — K3 '¢3¢4¢7) + Koo10002(C367 — K3C3€4C7) + 1“0100200(02052 — K5 'cacsce) +
Ko000111(€5C6C7 — K3€4€5C6) + Kooo2100(C2Cs — K3 €4C5¢7) + Koopo102(€5¢7 — K3cacscy) +
Ki1011000(C1€3¢4 — K3 ¢1¢3¢7) + Ko00100(€5 s — K3 '¢2€4¢6) + Ko100011(C2C6C7 — K3€2C4C6) +
Ko102000(C2¢5 — K3 '¢2€4¢7) + Ko100002 (€267 — K3€2€4¢7) + Ko111000(C3¢aCs — K3 Tescsey) +
K1100100(C1€2¢5 — K5 ' ¢1¢4€6) + Kig00011 (€1€6¢7 — K3€1€4C6) + Kigo2000 (€15 — K3 ' c1¢4€7) +
K1000002 (51572 — K3c1¢4¢7) + Kigo1100(€C1€4C5 — K?,_1C1C5C7)~ (A6)
The individual terms can be interpreted as representing the mass-action rates of steps in
the underlying reaction scheme, which is then:

Y=1Z, (RA1)
AX = A +X, (RA2)
X+Y=X+Z (RA3)
A+Y=A+7Z (RA4)

X + BY =Y + BY, (RA5)



BX+Z=Y+BX
2Y=Y+ 7,

2Z2=Y+ Z,

Y +BY =BY+7Z

20X +Y = 2AX + Z,
AX+X =2X+A,
2X+Y=2X+7
AX+ A =X+ 24,
2A+Y=2A+7,

BX + 2Z = 2Y + BY,

X +Y + BY = 2Y + BX,
Y + BX + Z = 2Y + BX,

X + BY 4+ Z = 2Y + BY,
3Y=2Y+7Z,

372 =2Y+7,
Y+2Z=2Y+7Z

Y+ 2BY = 2BY + Z,

X + BY + BX = Y + 2BX,
2BX + Z = Y + 2BY,

20X = AX + X + A,
AX+X+Y=AX+X+7Z
AX + BX = X+ A + BX,
AX+Y=X+A+7
AX+Z=X+A+7Z
X+A+Y=X+A+7Z
AX+BY=A+Y+BYX,
X+A+BY=A+Y+BX
A+BX+Z=A+Y+BX
A+2Y=A+Y+7Z
A+2Z=A+Y+7Z

X 4+ 2BY = Y + BY + BX,
BY + BX +Z = Y + BY + BX,
2Y+BY=Y+BY+7Z
BY+2Z=Y+BY+7Z
AX+A+Y=AX+A+7Z
2X + BY = X+ Y + BX,
X+BX+Z=X+Y+BX
X+2Y=X+Y+7Z
X+2Z=X+Y+7Z
A+Y+BY=A+BY+7Z
AX + X + BY = AX + Y + BX,
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AX+BX+Z=AX+Y + BX (RA47

)
AX+2Y =AX+Y+7Z (RA48)
AX+2Z=AX+Y+7Z (RA49)
AX+Y+BY = AX+BY +7Z (RA50)

The steps in bold belong either to the selected independent reactions or to Lotka’s scheme
(R4) in the main text. If the rate coefficients of all other steps are set equal to zero, a
simplified reaction scheme follows with a rate equation in the form of the thermodynamic
polynomial given by eq. (22) in the main text where the indexing of rate coefficients was
simplified as follows:

K1 = K2000000. K2 = K0100100, K3 = K0001000, K4 = K1100000, Ks = Ko101100
The chemical affinities in this simplified scheme are obtained from their general definition

[9] (p. 181) as:

A' = —ppx + px + pp, A* = —ux + py — upy + Upx, A* = —py + g (A7)
The basis vectors necessary to express the constitutional affinities [9] (p. 152) are:
fl = (1IOI1IOIOIOIO)I f2 = (1I1I0I0)0)1I0)I f3 = (OIOIOIIIIFOF]‘)F f4- = (Ololoﬂoﬂllllo)' (AS)

The contravariant components f % of the metric tensor [9] (p. 295) obtained by inverting the
metric tensor in covariant components (f,,; = f,.f;), are also necessary to express the

constitutional constitutive affinities. In matrix form, these contravariant components are:
12/19 -5/19 -1/19 3/4
~5/19 10/19 2/19 —6/4

~1/19 2/19 8/19 —5/4| (A9)
3/19 —6/19 —5/19 15/4
The constitutional affinities then are:
7 5 12 1 53 37 1
BY = —pax —5hx + _#A - _MY T oiBY T oolBx — E#z
5 10 106 74
B? = Tokax + oUx — IlA"' Shy — — - HUBy #BX"‘ s Hz
1 2 1 8 63 87 8
B? = Tobax + ohx — gHa + Shy — zUBY ~ oz MBX 5 Hz)
3 3 5 261 5
B* =_E#AX_EMX'i'E#A_BMY‘F%#BY‘F%#BX — oMz (A10)

From egs. (A8) and (A10) the decomposition of the chemical potentials into affinities [9] (p.
181) is obtained:

pax = —— AV — 2 A% - Z A3 4 BT 4 2°p2 4 2 g3 4 D pt,
19 19 19 361 361 361
px =— A - AP - 243+ Ip 4 2 B3+180B4
19 19 19 361 361 361
yA:lAl+iAZ+iA3+Bl——BZ——B3 2 p4,
19 19 361 361 361
141, 3 2 3 2 436 o3 | 150 g
“Y_19A +19A A +36lB +361B +36lB
—_2 1_3 2__3 150 pp |, 211 3 4
Hey = 19A A 19A 361B +36lB +361B
1 2 3, 226 5o 135,391 .4
UBxX = A + A + A + 36lB 3613 + 3613
__ 1 2 3 2 436 3 150
Mz =< A +3 A + A +361B +36lB 3613 . (A11)

The relatlonshlps in (Al 1) are introduced into eq. (23) in the main text. Then, the
transformation of the reaction rate into the function of affinities follows finally and looks like
this:



[o] 1 o o] 2
- _ —Hax Pﬂ( A )_ ZHX—HBY &( A7 _ )_
] Kk, exp —rexp—t(exp——1 k, exp o exp—(exp——1
o] 3 [o] o 1
Hy P‘_Y( AT )_ “Hax—Hx 2( A )_
Kk; exp — exp—(exp——1 Kk, exp o exp—(exp——1

(o] o] [o] 2
“HX—HBY~ Ky &( A ) A12
Ks exp o7 exp—-(exp——1 (A12)
where
=31 _Oy2_ 5 y3 30y  300p3 241 g
G =354 — A" — AT H3g BY H 3 BT A3 B
2 6 3 857 135 270
C,=—=A'——A?-=A%+B'+=B%+——=B3 +—B*,
19 19 19 361 361 361
=2 T g2 _1By3  376p2 73T p3 | 391 pg
(3 =A — A" — A" +3g B  + g B+ 8%

and the corresponding relationships from (A11) should be substituted instead of the
chemical potentials remaining in (A12). Note, that in equilibrium, where At = 0, the rate is
zero, as it should be.

The matrix of the quadratic form in the main text (24), following from (A12) is:
T Geta/2 (GEti)2

0Al 0A2 0Al 0A3 0Al
d], dJ, 0]3
| o Ga T 32/2]|
| Uy |
943 eq

(the matrix is symmetric; therefore only its upper diagonal form is shown).
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