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$EVWUDFW��$Q�HQVHPEOH�RI�FODVVLFDO�VXEV\VWHPV�LQWHUDFWLQJ�ZLWK�VXUURXQGLQJ�SDUWLFOHV�KDV�EHHQ�FRQVLGHUHG��,Q�JHQHUDO�FDVH��

D�SKDVH�YROXPH�RI�WKH�VXEV\VWHPV�HQVHPEOH�ZDV�VKRZQ�WR�EH�D�IXQFWLRQ�RI�WLPH��7KH�HYROXWLRQDO�HTXDWLRQV�RI�WKH�HQVHPEOH�

DUH�REWDLQHG�DV�ZHOO�DV�WKH�VLPSOHVW�VROXWLRQ�RI�WKHVH�HTXDWLRQV�UHSUHVHQWLQJ�WKH�TXDVL�ORFDO�GLVWULEXWLRQ�ZLWK�WKH�WHPSHUDWXUH�

SDWWHUQ�EHLQJ�DVVLJQHG��8QOLNH�WKH�*LEEV
V�GLVWULEXWLRQ��WKH�HQHUJ\�RI�LQWHUDFWLRQ�ZLWK�VXUURXQGLQJ�SDUWLFOHV�DSSHDUV�LQ�WKH�

GLVWULEXWLRQ�IXQFWLRQ��ZKLFK�PDNH�SRVVLEOH�ERWK�HYROXWLRQ�LQ�WKH�HTXLOLEULXP�FDVH�DQG�IOXFWXDWLRQV�LQ�WKH�QRQ�HTXLOLEULXP�RQH��

7KH�H[SUHVVLRQ�IRU�ORFDO�HQWURS\�LV�REWDLQHG��7KH�GHULYDWLRQ�RI�K\GURG\QDPLF�HTXDWLRQV�IURP�%ROW]PDQQ�HTXDWLRQ�KDV�EHHQ�

DQDO\]HG��7KH�K\GURG\QDPLF�HTXDWLRQV�REWDLQHG�IURP�%ROW]PDQQ�HTXDWLRQ�ZHUH�VKRZQ�WR�EH�HTXDWLRQV�IRU�LGHDO�OLTXLG��

5HDVRQV�IRU�VWRFKDVWLF�GHVFULSWLRQ�LQ�GHWHUPLQLVWLF�+DPLOWRQ
V�V\VWHPV��FRQGLWLRQV�RI�DSSOLFDELOLW\�RI�3RLQFDUp
V�UHFXUUHQFH�

WKHRUHP�DV�ZHOO�DV�WKH�SUREOHP�RI�LUUHYHUVLELOLW\�KDYH�EHHQ�FRQVLGHUHG���

.H\�:RUGV��HQVHPEOH�RI�VXEV\VWHPV��SKDVH�YROXPH��HYROXWLRQDO�HTXDWLRQV��TXDVL�ORFDO�GLVWULEXWLRQV��

LUUHYHUVLELOLW\��
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2QH�RI�WKH�SUREOHPV�RI�QDWXUDO�VFLHQFH�LV�WKH�SUREOHP�RI�HVWDEOLVKLQJ�D�OLQN�EHWZHHQ�PHFKDQLFV�DQG�

WKHUPRG\QDPLFV��)RU�WKH�HTXLOLEULXP�FDVH�WKLV�SUREOHP�ZDV�VROYHG�E\�*LEEV��8S�WR�WKH�SUHVHQW��KRZHYHU��WKHUH�

LV�QR�XOWLPDWH�VROXWLRQ�LQ�WKH�JHQHUDO�FDVH��

$QRWKHU�DVSHFW�RI�WKH�SUREOHP�LV��KRZ�FDQ�RQH�JHW�D�VWRFKDVWLF�GHVFULSWLRQ�LQ�GHWHUPLQLVWLF�+DPLOWRQLDQ�V\VWHPV"�

$Q�DWWHPSW�PDGH�WR�DQVZHU�WKRVH�DQG�VRPH�RWKHU�TXHVWLRQV�RQ�WKH�EDVLV�RI�WKH�DSSURDFK�VXJJHVWHG�E\�WKH�DXWKRU�

RI�WKLV�SDSHU�LV�JLYHQ�EHORZ��

0HFKDQLFV�DQG�(QVHPEOHV��

7KH�FRQFHSWLRQ�RI�*LEEV
V�HQVHPEOH�>�@�LV�NQRZQ�WR�EH�WKH�EDVLV�RI�VWDWLVWLFDO�PHFKDQLFV��ZLWK�HTXDWLRQV�RI�

PHFKDQLFV�EHLQJ�XVHG�LQ�WKH�IRUP�RI�/LRXYLOOH
V�HTXDWLRQ��7KLV�GLIIHUHQWLDO�HTXDWLRQ�LQ�SDUWLDO�GHULYDWLYHV�RI�WKH�

ILUVW�RUGHU�LV�HTXLYDOHQW�WR�+DPLOWRQ
V�HTXDWLRQV��6WLOO�WKH�FRQFHSWLRQ�RI�*LEEV′V�HQVHPEOH��ZKLFK�SURYHG�YDOLG�LQ�
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WKH�HTXLOLEULXP�FDVH��GRHV�QRW�OHDG�WR�VDWLVIDFWRU\�UHVXOWV�LQ�DQ�DWWHPSW�WR�JHQHUDOL]H�LW�IRU�WKH�JHQHUDO�FDVH��

1R�RQH�KDV�VXFFHHGHG�LQ�ILQGLQJ�D�QRQ�WULYLDO�VROXWLRQ�RI�/LRXYLOOH
V�HTXDWLRQ�XS�WR�QRZ��0RUHRYHU��D�SRVVLELOLW\�

WR�JLYH�D�FRUUHFW�GHILQLWLRQ�RI�HQWURS\�IRU�D�QRQHTXLOLEULXP�FDVH�LV�GRXEWIXO��7KDW�*LEEV
V�GHILQLWLRQ�RI�HQWURS\�

IDLOV�WR�VXLW�IRU�JHQHUDO�FDVH��LV�FOHDUO\�VHHQ�IURP�FRQVLGHULQJ�WKH�GLVWULEXWLRQ�IXQFWLRQ�IRU�D�FDQRQLFDO�HQVHPEOH��

VLQFH�WHPSHUDWXUH�RI�WKH�V\VWHP�LQ�TXHVWLRQ�>�@�HQWHUV�WKH�IRUPXOD�RI�*LEEV
V�HQWURS\�LQ�WHUPV�RI�WKLV�GLVWULEXWLRQ�

IXQFWLRQ��+RZHYHU��LQ�WKH�QRQHTXLOLEULXP�FDVH�WKH�V\VWHP�FDQ�KDYH�GLIIHUHQW�WHPSHUDWXUHV�LQ�LWV�GLYHUVH�SDUWV�RU�

LW�FDQ�HYHQ�EH�FKDUDFWHUL]HG�E\�D�WHPSHUDWXUH�ILHOG��

7KH�DSSOLFDWLRQ�RI�*LEEV
V�HQVHPEOH�WR�D�SDUW�RI�WKH�V\VWHP�LV�LQYDOLG�E\�WKH�IROORZLQJ�UHDVRQ��LQ�FRQVWUXFWLQJ�WKH�

*LEEV
V�HQVHPEOH��WKH�FRRUGLQDWHV�RI�H[WHUQDO�ERGLHV�DUH�FRQVLGHUHG�WR�EH�HTXDO��DQG�PDFURVFRSLFDO��IRU�DOO�WKH�

HQVHPEOH�IRUPLQJ�V\VWHPV��,Q�WKLV�FDVH��WKH�V\VWHP�FDQ�RQO\�H[FKDQJH�ZRUN�ZLWK�LWV�HQYLURQPHQW�EXW�QRW�KHDW��VR�

LW�LV�DGLDEDWLF��7KH�FRQWHQW�RI�WKLV�VWDWHPHQW�ZLOO�EH�OLJKWHG�XS�IXUWKHU�LQ�WKH�FRXUVH�RI�LQWHUSUHWDWLRQ��7KH�*LEEV
V�

HQVHPEOH��WKHUHIRUH��LV�QRW�WKH�PRVW�JHQHUDO�RQH��DQG�D�YLHZ�DERXW�WKH�FDQRQLFDO�*LEEV
V�GLVWULEXWLRQ�DV�

GHVFULELQJ�WKH�V\VWHP�LQ�WKH�WKHUPRVWDW�LV�QRW�H[DFWO\�FRUUHFW��7KH�QDWXUH�RI�WKLV�GLVFUHSDQF\�ZLOO�EH�HOXFLGDWHG�

ODWHU��7DNLQJ�LQWR�DFFRXQW�WKH�DERYH��LW�LV�UHDVRQDEOH�IURP�WKH�YHU\�EHJLQQLQJ�WR�FRQVWUXFW�WKH�FODVVLFDO�VWDWLVWLFDO�

PHFKDQLFV�RQ�WKH�FRQFHSWLRQ�RI�HQVHPEOH�ZKLFK�LV�PRUH�JHQHUDO�WKDQ�WKH�*LEEV
V�HQVHPEOH��6XFK�DQ�HQVHPEOH�

VKRXOG�FRQVLVW�RI�V\VWHPV��PRUH�H[DFWO\�RI�VXEV\VWHPV��H[FKDQJLQJ�ZLWK�WKH�HQYLURQPHQW�QRW�RQO\�ZRUN�EXW�DOVR�

KHDW���

)RU�WKLV�SXUSRVH��LW�LV�QHFHVVDU\�DQG�VXIILFLHQW�WR�DVVXPH�WKDW�FRRUGLQDWHV�DQG�PRPHQWD�RI�H[WHUQDO�ERGLHV��L�H��

SDUWLFOHV�VXUURXQGLQJ�WKH�VXEV\VWHP�XQGHU�FRQVLGHUDWLRQ��PLJKW�KDYH�GLIIHUHQW�YDOXHV�IRU�HDFK�RI�WKH�VXEV\VWHPV��

$Q\�QRQHTXLOLEULXP�WKHUPRG\QDPLF�V\VWHP�FDQ�EH�SUHVHQWHG�DV�FRQVLVWLQJ�RI�VXFK�VXEV\VWHPV�EHLQJ�LQILQLWHO\�

VPDOO�LQ�JHQHUDO�FDVH��,W�LV�LPSOLHG�WKDW�DOO�WKH�V\VWHPV�DUH�XQGHU�VLPLODU�PDFURVFRSLFDO�FRQGLWLRQV�ZKLFK�FDQ�EH�

FKDUDFWHUL]HG�E\�DVVLJQLQJ�ILHOGV�RI�WKHUPRG\QDPLF�SDUDPHWHUV��,I�ZH�PDQDJH�WR�GHILQH�WKH�HQWURS\�IRU�DQ\�

VXEV\VWHP�VR�WKDW�LW�FRXOG�FKDQJH�RZLQJ�WR�H[FKDQJH�RI�KHDW�ZLWK�WKH�VXUURXQGLQJ�VXEV\VWHPV��WKHQ�WKH�HQWURS\�

RI�WKH�ZKROH�V\VWHP�FDQ�FKDQJH�LQ�LQWHJUDO�FRQVLGHULQJ�WKH�ZKROH�V\VWHP��VLPLODUO\�WR�WKH�FDVH�ZLWK�

WKHUPRG\QDPLF�FRQVLGHUDWLRQ��+HUHLQDIWHU�VXFK�DQ�HQVHPEOH�LV�UHIHUUHG�WR�DV�WKH�HQVHPEOH�RI�VXEV\VWHPV��7KXV��

OHW�XV�FRQVLGHU�WKH�HQVHPEOH�RI�VXEV\VWHPV�DQG�GHILQH�WKH�HTXDWLRQV�IRU�LWV�HYROXWLRQ�WR�EH�GHVFULEHG��

7R�FRQVWUXFW�WKH�HQVHPEOH�RI�VXEV\VWHPV��OHW�XV�FRQVLGHU�DQ\�WKHUPRG\QDPLF�V\VWHP��ZKRVH�VWDWH�LV�DVVXPHG�WR�

EH�JLYHQ��PDFURVFRSLFDOO\���DQG�WDNH�FRQFHSWXDOO\�DQ�LQILQLWH�QXPEHU�RI�LWV�FRSLHV�FKDUDFWHUL]HG�E\�WKH�VDPH�

WKHUPRG\QDPLF�SDUDPHWHUV��/HW�HDFK�V\VWHP�FRQVLVW�RI� 1 �SDUWLFOHV��0HQWDOO\�VLQJOH�RXW�D�VXEV\VWHP�RI� Q �

SDUWLFOHV� ( )1Q <≤� �IURP�HYHU\�V\VWHP�DQG�UHSUHVHQW�LW�DV�D�SRLQW�LQ�WKH�SKDVH�VSDFH�RI�GLPHQVLRQ� Q� ��,Q�WKLV�

FDVH�ZH�FRQVLGHU�FRRUGLQDWHV�DQG�PRPHQWD�RI�H[WHUQDO��IRU�WKH�VXEV\VWHP��SDUWLFOHV�DV�DVVLJQHG��WKRXJK�

XQNQRZQ��*HQHUDOO\�VSHDNLQJ��WKH\�ZLOO�EH�GLIIHUHQW�IRU�HDFK�VXEV\VWHP��:LWK�WKLV��WKH�SKDVH�YROXPH�RFFXSLHG�

E\�WKH�VLQJOHG�RXW�VHW�RI�SKDVH�SRLQWV�LQ�WKH�VSDFH�RI�GLPHQVLRQ� Q� ��ZLOO�FKDQJH�ZLWK�WLPH��$W�ILUVW�JODQFH��WKLV�

VWDWHPHQW�LV�FRQWUDU\�WR�WKH�ZHOO�NQRZQ�WKHRUHP�RI�WKH�SKDVH�YROXPH�FRQVHUYDWLRQ�E\�+DPLOWRQLDQ�V\VWHPV��
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PD\�EH�JUDVSHG�WKDW�WKH�DERYH�HQVHPEOH�SUHVHQWV�D�SURMHFWLRQ�RI�VHFWLRQ�RI�*LEEV
V�HQVHPEOH�RI�GLPHQVLRQ� 1� �

E\�D�K\SHUVXUIDFH��RQ�D�VXEVSDFH�RI�GLPHQVLRQ� Q� ��%XW�LW�LQ�QR�ZD\�IROORZV�WKDW�WKH�SURMHFWLRQ�DUHD�RI�WKH�

VLQJOHG�RXW�SDUW�RI�WKH�VHFWLRQ�ZLOO�QRW�FKDQJH�ZLWK�WLPH�

:H�QRZ�SURFHHG�WR�DQDO\WLFDO�FRQVLGHUDWLRQ�RI�WKH�SUREOHP��&RQVLGHU�WKH�HQVHPEOH�RI�VXEV\VWHPV��WKH�HYROXWLRQ�

RI�HDFK�RI�WKHP�EHLQJ�GHILQHG�E\�+DPLOWRQ
V�HTXDWLRQV��

Q
T

+
S

S

+
T ��� ≤≤

∂
∂−=

∂
∂= α

α
α

α
α �� � ������

ZKHUH� QT �LVα �RI�JHQHUDOL]HG�FRRUGLQDWHV���

����������� QS �LVα �RI�JHQHUDOL]HG�PRPHQWD�

����������� ( )WSSTT++ 11 ���� ���� ��= �LV�WKH�+DPLOWRQLDQ�RI�WKH�ZKROH�V\VWHP��ZKLFK�GHSHQGV��RQ� 1� �

FRRUGLQDWHV�DQG�PRPHQWD�RI�DOO� 1 �SDUWLFOHV�DQG��SUREDEO\��RQ�WLPH� W ��

1RZ�ZH�DUH�WR�VKRZ�WKDW�

QGSGSQGTGTQGSGSQGTGT
����

�

�

�

�

�

�

�

� ������������������ ∫ ∫∫ ∫ ≠ �

WKDW�LV�WKH�SKDVH�YROXPH�FDOFXODWHG�DW�WKH�WLPH�SRLQW�
�W �LV�QRW�HTXDO�WR�WKH�FRUUHVSRQGLQJ�SKDVH�YROXPH�

FDOFXODWHG�DW�WKH�WLPH�SRLQW�
�WW ≠ ��7R�GR�WKLV��LW�ZRXOG�VHHP�SRVVLEOH�WR�XVH�D�ZHOO�NQRZQ�WHFKQLTXH�RI�FKDQJH�

IURP�LQWHJUDWLRQ�ZLWK�UHVSHFW�WR�RQH�VHW�RI�YDULDEOHV�WR�LQWHJUDWLRQ�ZLWK�UHVSHFW�WR�DQRWKHU�RQH�XVLQJ�WKH�-DFRELDQ�

( )
( )�

�

�

�

��

�

�

QST

QST
-

�

�

∂
∂= �

DQG�WR�ZULWH�ZLWK�GHQRWLQJ�WKH�PXOWLSOH�LQWHJUDWLRQ�E\�RQH�V\PERO� ∫ �

∫ ∫= �

�

�

��� ������ QGSGT-QGSGT � ������

7R�XVH�WKLV�IRUPXOD��KRZHYHU��LW�LV�QHFHVVDU\�WKDW�RQH�WR�RQH�FRUUHVSRQGHQFH�ZRXOG�H[LVW�EHWZHHQ�WKH�SRVLWLRQV�

RI�WKH�SKDVH�SRLQW�DW�PRPHQWV� W �DQG� �W ��

,Q�WKLV�FDVH��JHQHUDOO\�VSHDNLQJ��WKHUH�LV�QR�VXFK�D�FRUUHVSRQGHQFH��ZKLFK�UHTXLUHV�D�FKDQJH�WR�D�VWDWLVWLFDO�

GHVFULSWLRQ�E\�LWVHOI���1HYHUWKHOHVV��VXFK�D�FRUUHVSRQGHQFH�LV�FHUWDLQ�WR�WDNH�SODFH�DW�VWDUW�WLPH�DQG� �� =- ��L�H��

IRUPXOD�������KROGV�IRU�WKH�FDVH�RI�VXEV\VWHPV�IRU�LQILQLWHVLPDO�WUDQVIRUPDWLRQV��/HW�XV�VKRZ�WKDW� GWG- � �LV�QRW�

HTXDO�WR�]HUR�LGHQWLFDOO\��7R�PDNH�LW�REYLRXV��ILUVW�ZH�FRQVLGHU�WKH�VLPSOHVW�FDVH�ZKHUH�WKH�LQLWLDO�V\VWHP�LQYROYHV�

RQO\�WZR�SDUWLFOHV�H[HFXWLQJ�RQH�GLPHQVLRQDO�PRWLRQ��$QG�ZH�WDNH�RQH�SDUWLFOH�DV�WKH�VXEV\VWHP���

:H�DUH�JRLQJ�WR�VKRZ�WKDW�

∫ ∫≠ ��

�

�

�

� GSGTGSGT �



� ����

'LIIHUHQWLDWH� - �ZLWK�UHVSHFW�WR�WLPH�

=
GW

G- +

∂
∂

∂
∂

∂
∂

∂
∂

�

�

�

�

�

�

�

�

�

�

�

�

S

S

T

S

S

T

T

T ��

�

�

�

�

�

�

�

�

�

�

�

�

S

S

T

S

S

T

T

T

∂
∂

∂
∂

∂
∂

∂
∂

��
� ������

8VLQJ�+DPLOWRQ
V�HTXDWLRQV��

�
( )

�
���

�

����
�

S

STST+
T

∂
∂=� �

( )
�

����
�

���

T

STST+
S

∂
∂−=� ��������������RQH�FDQ�ZULWH�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

T

S

S

T

T

T

T

T

T

S

S

T

T

T

T

T

T

T

∂
∂

∂
∂+

∂
∂

∂
∂+

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂ �����

� ������

DQG�DQDORJRXV�H[SUHVVLRQV�IRU�
�

�

�

�

�

�

�

�

� ��
S

S

T

S

S

T

∂
∂

∂
∂

∂
∂ ���

�

,Q�H[SUHVVLRQ�������WKH�SUHVHQFH�RI�WKH�WKLUG�DQG�IRXUWK�WHUPV�LV�YHU\�HVVHQWLDO��ZKLFK�FRQWDLQ�SDUWLDO�GHULYDWLYHV�

ZLWK�UHVSHFW�WR�
�� DQG ST ��L��H��ZLWK�UHVSHFW�WR�FRRUGLQDWHV�DQG�PRPHQWD�RI�VXUURXQGLQJ�SDUWLFOHV��:KHQ�

VXEVWLWXWLQJ�������LQWR��������HLWKHU�RI�GHWHUPLQDQWV�LV�GLYLGHG�LQWR�WKH�VXP�RI�IRXU�GHWHUPLQDQWV��ZLWK�GHWHUPLQDQWV�

IUHH�RI�SDUWLDO�GHULYDWLYHV�ZLWK�UHVSHFW�WR�
�� DQG ST �EHLQJ�HTXDO�WR�]HUR��VLPLODUO\�WR�WKH�FDVH�RI�*LEEV
V�

HQVHPEOH�>�@���DQG�FRPELQLQJ�WKH�UHWDLQLQJ�WHUPV�ZH�REWDLQ��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

S

S

S

S

S

T

T

S

T

S

S

S

T

T

T

S

S

T

T

T

S

S

T

S

S

S

S

T

S

T

T

T

T

S

S

T

T

T

T

T

GW

G-

∂
∂

∂
∂+

∂
∂

∂
∂

∂
∂

∂
∂+

∂
∂

∂
∂

∂
∂

∂
∂

+

∂
∂

∂
∂

∂
∂

∂
∂+

∂
∂

∂
∂

∂
∂

∂
∂+

∂
∂

∂
∂

=
����

����

�

2QH�FDQ�ZULWH�WKH�REWDLQHG�UHVXOWV�E\�FRQYHQWLRQ�LQ�WKH�IRUP��

{ } { }( )
( )���

�

������

�

���

ST

STSSTT

GW

G

GW

G-

∂
∂= � ������

7KLV�QRWDWLRQ�PHDQV�PHUHO\�WKDW�GLIIHUHQWLDWLRQ�RI�WKH�NLQG�
�

�

�

T

T

∂
∂ �

�LV�PDGH�E\�ZD\�RI�LQWHUPHGLDWH�YDULDEOHV�

�� DQG ST �DQG�WKH�YDULDEOHV�
�
T �DQG�

�
S �DUH�ORVW��,W�LV�VHHQ�WKDW�LQ�JHQHUDO�FDVH� �≠

GW

G-
�

6LPLODUO\��RQH�FDQ�FRQVLGHU�D�PRUH�JHQHUDO�FDVH�ZLWK�V\VWHPV�RI� 1 �SDUWLFOHV�

DQG�VXEV\VWHPV�RI� Q �SDUWLFOHV�&DOFXODWLRQV�EHFRPH�PRUH�XQZLHOG\��EXW�WKH�ILQDO�UHVXOW�KDV�WKH�VDPH�IRUP�

�
{ } { }( )

( ) �
Q�

�Q��
�

�

�

�

�� ≠
∂

∂=
ST

STSSTT

GW

G

GW

G-

�

� κκκκ
� ������

ZKHUH�IURP�KHUH�RQ�LQGLFHV�κ �PDUN�WKH�QXPEHUV�RI�FRRUGLQDWHV�DQG�PRPHQWD�RI�WKH�V\VWHP�SDUWLFOHV�ZKLFK�

GRQ¶W�EHORQJ�WR�WKH�VXEV\VWHP�XQGHU�FRQVLGHUDWLRQ��7KH�PHDQLQJ�RI�WKH�UHVXOW�FRQVLVWV�LQ�WKH�IDFW�WKDW�D�
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FRQWULEXWLRQ�WR�FKDQJHV�RI�SKDVH�YROXPH�LV�PDGH�E\�WKRVH�FKDQJHV�RI� αT �DQG� αS �RI�FRRUGLQDWHV�DQG�

PRPHQWD�RI�WKH�VXEV\VWHP�SDUWLFOHV��ZKLFK�DUH�FDXVHG�E\�LQWHUDFWLRQV�RI�WKH�VXEV\VWHP�SDUWLFOHV�ZLWK�

HQYLURQPHQWDO�SDUWLFOHV��,W�LV�REYLRXV�WKDW�LQ�WKH�OLPLWLQJ�FDVH�RI�DEVHQFH�RI�VXEV\VWHPV�LQWHUDFWLRQ�ZLWK�WKH�

HQYLURQPHQW��ZH�REWDLQ�WKH�*LEEV
V�HQVHPEOH�DQG�WKH�SKDVH�YROXPH�FRQVHUYDWLRQ��2QH�FDQ�QRWH�WKDW�LW�LV�VHHQ�

IURP�HTXDWLRQV�������DQG�������WKDW�D�SKDVH�YROXPH�FKDQJH�IRU�VXEV\VWHPV�LV�QRW�GLUHFWO\�UHODWHG�WR�YHORFLW\�

GLYHUJHQFH��VHH�LQ�PRUH�GHWDLO�KHUHLQDIWHU���0RUHRYHU��IURP�WKH�DERYH�RQH�FDQ�HDVLO\�REWDLQ�WKDW�IRU�WKH�

VXEV\VWHPV�
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ZKHUH� αT′ �DUH�WKH�FRRUGLQDWHV�DW�WKH�WLPH�SRLQW� W′ ��7KLV�SURYHV�DJDLQ�WKDW�HTXDWLRQ�������LV�LQDSSOLFDEOH�LQ�WKLV�

FDVH��

,QWURGXFH�QRZ�WKH�GLVWULEXWLRQ�IXQFWLRQ Qρ �IRU�WKH�HQVHPEOH�RI�VXEV\VWHPV�RI� Q �SDUWLFOHV�VLPLODUO\�WR�WKH�FDVH�RI�

*LEEV
V�VWDWLVWLFV��7KLV�IXQFWLRQ�GHILQLQJ�SUREDELOLW\�RI�YDOXHV�RI�FRRUGLQDWHV� αT �DQG�PRPHQWD� αS �RI� Q �

VXEV\VWHP�SDUWLFOHV�FDQ�DOVR�GHSHQG�RQ�WLPH� W �DQG�SDUDPHWULFDOO\�RQ�FRRUGLQDWHV� κT �DQG�PRPHQWD� κS �RI�

SDUWLFOHV�VXUURXQGLQJ�WKH�VXEV\VWHP��7KHUHIRUH�WKH�WRWDO�GHULYDWLYH�RI�WKH�GLVWULEXWLRQ�IXQFWLRQ Qρ �ZLWK�UHVSHFW�WR�

WLPH�VKRXOG�EH�ZULWWHQ�LQ�WKH�IRUP��
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&RQVLGHU�QRZ�WKH�SRVVLELOLW\�RI�DSSO\LQJ�D�FRQWLQXLW\�HTXDWLRQ�LQ� Q� �VSDFH�RI�WKH�HQVHPEOH�RI�VXEV\VWHPV��7KH�

DEVHQFH�RI�YHORFLW\�VSUHDG�LQ�WKH�SKDVH�VSDFH�LV�WKH�FRQGLWLRQ�RI�DSSOLFDWLRQ�WKH�FRQWLQXLW\�HTXDWLRQ��L��H��DW�WKH�

LQILQLWHO\�QHDU�VSDFH�SRLQWV�WKH�YHORFLW\�YDOXHV�DUH�ERXQG�WR�GLIIHU�E\�WKH�LQILQLWHVLPDO�>�@��,Q�WKLV�FDVH�WKH�

VSUHDGLQJ�PD\�DSSHDU�LQ�WKH�VXEVSDFH�RI�PRPHQWD αS ��IRU�WKH�YHORFLW\� αS� �LQ�LW�UHSUHVHQWV�D�IRUFH�DFWLQJ�RQ�WKH�

SDUWLFOH��,Q�SULQFLSOH��D�VLWXDWLRQ�LV�SRVVLEOH�ZKHQ�DW�DQ�LQILQLWHO\�VPDOO�GLIIHUHQFH�LQ�WKH�SRVLWLRQV�RI�WZR�SRLQWV�LQ�

WKH� Q� �VSDFH��IRUFHV�DFWLQJ�IURP�WKH�HQYLURQPHQW�GLIIHU�E\�D�ILQLWH�TXDQWLW\�GXH�WR�D�ILQLWH�GLIIHUHQFH�LQ�WKH�

SRVLWLRQV�RI�VXUURXQGLQJ�SDUWLFOHV��7KLV�FDVH��KRZHYHU��FDQ�EH�HDVLO\�DYRLGHG�E\�PHDQV�RI�SURSHU�FKRLFH�RI�

VXEV\VWHPV��)RU�WKLV�SXUSRVH��WKHUH�PXVW�EH�QR�GLVFRQWLQXLW\�LQ�WKH�K\SHUVXUIDFH�LQWHUVHFWLQJ�*LEEV
V�HQVHPEOH�VR�

DV�WR�IRUP�DQ�HQVHPEOH�RI�VXEV\VWHPV��L��H��WKH�K\SHUVXUIDFH�PXVW�EH�VPRRWK��7KLV�FRQGLWLRQ�LV�QRW�HVVHQWLDOO\�

EXUGHQVRPH�DQG�ZH�FDQ�XVH�WKH�FRQWLQXLW\�HTXDWLRQ�LQ�WKH� Q� �VSDFH�DV�ZHOO��ZKHUH�LW�WDNHV�WKH�IRUP�
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8VLQJ�+DPLOWRQ
V�HTXDWLRQV�DQG�WKH�HTXDOLW\�RI�VHFRQG�PL[HG�GHULYDWLYHV��RQH�FDQ�UHGXFH�HTXDWLRQ�������WR�WKH�

IROORZLQJ�IRUP��
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)URP�WKH�IRUP�RI�HTXDWLRQ��������LW�LV�ERXQG�VHHPLQJO\�WR�IROORZ� �=
GW

QGρ
��IRU�WKH�VHFRQG�PHPEHU�LV�HTXDO�WR�

]HUR��6WLOO��VLQFH Qρ GHSHQGV��JHQHUDOO\�VSHDNLQJ��RQ� 1� �YDULDEOHV�DQG�WLPH�� 1� �HTXDWLRQV�ZLOO�EH�HTXDWLRQV�RI�

FKDUDFWHULVWLFV�IRU�LW��IURP�WKHP� Q� �HTXDWLRQV�EHLQJ�RI�WKH�IRUP�
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DQG� ( )Q1 −� �HTXDWLRQV�RI�WKH�IRUP�
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7KH�LQGH[�κ �UHODWHV�WR�FRRUGLQDWHV�DQG�PRPHQWD�RI�H[WHUQDO�SDUWLFOHV��ZKLFK�DUH�QRW�FRQVWDQW�EXW�FKDQJH�

DFFRUGLQJ�WR�+DPLOWRQ
V�HTXDWLRQV��,Q�YLHZ�RI�WKLV��
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6XEVWLWXWLQJ�������LQWR�������ZH�REWDLQ�
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,W�LV�DSSURSULDWH�KHUH�WR�PDNH�D�VPDOO�GLJUHVVLRQ�DQG�VD\�DERXW�WKH�UHODWLRQVKLS�EHWZHHQ�YHORFLW\�GLYHUJHQFH�DQG�

YROXPH�FKDQJH��,W�LV�ZHOO�NQRZQ�/LRXYLOOH
V�WKHRUHP�IURP�WKH�WKHRU\�RI�GLIIHUHQWLDO�HTXDWLRQV��DFFRUGLQJ�WR�

ZKLFK��ZLWK�YHORFLW\�GLYHUJHQFH�EHLQJ�HTXDO�WR�]HUR��WKH�FRQVHUYDWLRQ�RI�YROXPHV�WDNHV�SODFH�LQ�PDSSLQJ��7KLV�

WKHRUHP�LV�SURYHG�IRU�WKH�FDVH�ZKHQ�GLPHQVLRQDOLW\�RI�D�YROXPH�ZKRVH�FKDQJH�LV�FRQVLGHUHG�LQ�PDSSLQJ��LV�

HTXDO�WR�WKH�QXPEHU�RI�YDULDEOHV�DQG�WR�WKH�QXPEHU�RI�GLIIHUHQWLDO�HTXDWLRQV�ZKRVH�VROXWLRQV�SHUIRUP�PDSSLQJ�RI�

WKH�YROXPH��%XW�LQ�WKLV�FDVH�ZH�FRQVLGHU�PDSSLQJ�RI�VHFWLRQ�RI�GLPHQVLRQDOLW\ Q� ��ZKLFK�DUH�OHVV�WKDQ�WKH�WRWDO�

QXPEHU� 1� �RI�YDULDEOHV�DQG�GLIIHUHQWLDO�HTXDWLRQV��

,Q�WKLV�FDVH��WKH�DERYH�WKHRUHP�GRHV�QRW�DOUHDG\�WDNH�SODFH��,QVWHDG�RI�FRQVLGHULQJ�ZKHUH�H[DFWO\�WKH�FRQGLWLRQV�

RI�WKHRUHP�DSSOLFDELOLW\�DUH�YLRODWHG��ZH�LOOXVWUDWH�WKLV�E\�PHDQV�RI�D�VLPSOH�H[DPSOH���

/HW�XV�FRQVLGHU�D�V\VWHP�RI�WZR�HTXDWLRQV�DQG�D�RQH�GLPHQVLRQDO�HQVHPEOH�LQ�WKH�;�GLUHFWLRQ��

[\\[ −== �� � � �������

+HUH�\�LV�QRW�D�JHQHUDOL]HG�PRPHQWXP��$�YHORFLW\�GLYHUJHQFH�LQ�WKH�;�GLUHFWLRQ�FDOFXODWHG�IURP�WKH�ILUVW�

HTXDWLRQ�RI�WKH�V\VWHP��������LV�HTXDO�WR���
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$QG�WKH�JHQHUDO�VROXWLRQ�RI�WKH�V\VWHP��������KDV�WKH�IRUP�
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+HQFH��KDYLQJ�DVVXPHG�IRU�VLPSOLFLW\� �� =\ �ZH�VHH�WKDW�WKH�OHQJWK�RI�DQ\�VHJPHQW�;�GLUHFWLRQ�LV�QRW�FRQVWDQW�

LQ�WLPH��7KDW�LV�LQ�WKH�RQH�GLPHQVLRQDO�HQVHPEOH�XQGHU�FRQVLGHUDWLRQ��WKH�YROXPH�LV�QRW�FRQVHUYHG�WKRXJK�WKH�

YHORFLW\�GLYHUJHQFH�LV�HTXDO�WR����

$IWHU�WKLV�VKRUW�GLJUHVVLRQ��ZH�WXUQ�DJDLQ�WR�HTXDWLRQ��������E\�LWV�IRUP�LW�GRHV�QRW�GLIIHU�IURP�/LRXYLOOH
V�

HTXDWLRQ��7KHUH�LV�DQ�LPSRUWDQW�GLVWLQFWLRQ��KRZHYHU��FRQVLVWLQJ�LQ�WKH�IDFW�WKDW�WHUPV�RI�WKH�IRUP� α
α

ρ
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S

Q
�

∂
∂

�

FRQWDLQ�IRUFHV�DFWLQJ�RQ�SDUWLFOHV�RI�WKH�VXEV\VWHP�LQ�TXHVWLRQ�IURP�VXUURXQGLQJ�SDUWLFOHV��7KRVH�DUH�

�GLVVLSDWLYH��IRUFHV�ZKLFK�RQ�DYHUDJLQJ��IRU�H[DPSOH��FDQ�JLYH�IRUFHV�SURSRUWLRQDO�WR�YHORFLW\�DFWLQJ�RQ�

%URZQLDQ�SDUWLFOHV��L�H��WKH�FRQVLGHUHG�DSSURDFK�DOORZV�RQH�WR�EXLOG�D�EULGJH�EHWZHHQ�+DPLOWRQLDQ�DQG�

GLVVLSDWLYH�V\VWHPV��7KH�VDPH�IRUFHV�FDXVH�HQHUJ\�IOXFWXDWLRQV�LQ�VXEV\VWHPV��0RUHRYHU��WKH\�DUH�DOVR�

UHVSRQVLEOH�IRU�RWKHU�HIIHFWV�WKDW�ZLOO�EH�FRQVLGHUHG�EHORZ��

:H�QRZ�WXUQ�WR�WKH�VHDUFK�RI�VROXWLRQV�RI�WKH�HTXDWLRQV��)LUVW�IRU�VLPSOLFLW\��ZH�VKDOO�VHHN�VWDWLRQDU\�VROXWLRQV��

L�H��WKRVH�VDWLVI\LQJ�WKH�FRQGLWLRQ� �=
∂

∂
W

Qρ
��$VVXPH�WKDW�+DPLOWRQLDQ�RI�WKH�ZKROH�V\VWHP�GRHV�QRW�H[SOLFLWO\�

GHSHQG�RQ�WKH�WLPH� W �DQG�UHSUHVHQW�LW�LQ�WKH�IRUP�

( ) ( ) ( )κακκαα TT+ST+ST++ Z ���� �� ++= �

ZKHUH� ( )αα ST+ �� �LV�HQHUJ\�RI�WKH�VXEV\VWHP�XQGHU�FRQVLGHUDWLRQ�ZLWKRXW�UHJDUG�IRU�WKH�HQYLURQPHQW��

( )κα TT+Z � �LV�HQHUJ\�RI�LQWHUDFWLRQ�ZLWK�WKH�HQYLURQPHQW�RI�WKH�VXEV\VWHP�� ( )κκ ST+ ��
�LV�HQHUJ\�RI�WKH�

HQYLURQPHQW��)RU�VLPSOLFLW\��ZH�KDYH�VXSSRVHG�KHUH� Z+ �DV�LQGHSHQGHQW�RI�PRPHQWD��ZKLFK�LV�QRW�D�SULQFLSDO�

UHVWULFWLRQ��/HW�XV�GHQRWH�E\� ( �WKH�H[SUHVVLRQ�RI�WKH�IRUP�

( ) ( ) ( )κααακαα TT+ST+TST(( Z ���� � +≡= ��

7KHQ�DFFRUGLQJ�WR�+DPLOWRQ
V�HTXDWLRQV�
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7KH�ODVW�HTXDWLRQ�LV�REWDLQHG�LQ�WHUPV�RI����������

1RZ�LW�LV�SRVVLEOH�WR�ZULWH�WKH�VLPSOHVW�HTXDWLRQ�IRU�WKH�GLVWULEXWLRQ�IXQFWLRQ� Qρ �VDWLVI\LQJ�HTXDWLRQV�

������DQG��������DV�ZHOO�DV�WKH�FRQGLWLRQ� �=
∂

∂
W

Qρ
�
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��H[S� Θ−= (Qρ � �������

ZKHUH�Θ �LV�WKH�SDUDPHWHU��WKH�PHDQLQJ�RI�ZKLFK��WHPSHUDWXUH�LQ�HQHUJ\�XQLWV��ZLOO�EH�UHYHDOHG�EHORZ��

6LQFH�DFFRUGLQJ�WR�WKH�DERYH�DVVXPSWLRQ� Qρ �LV�WKH�GLVWULEXWLRQ�IXQFWLRQ�RI�VXEV\VWHPV�LQ�WKH�SKDVH�VSDFH��WKHQ�

LW�LV�VXEMHFW�WR�QRUPDOL]DWLRQ�WR�WKH�XQLW��

∫ = ����� QGSGSQGTGTQ ��ρ � �������

ZKHUH�LQWHJUDWLRQ�LV�SHUIRUPHG�RYHU�WKH�ZKROH�SKDVH�VSDFH��� Q� �GLP����

,Q�DFFRUGDQFH�ZLWK�WKH�VDLG�DERYH��ZH�FKRRVH�WKH�GLVWULEXWLRQ�IXQFWLRQ�LQ�WKH�IRUP�

@��H[S>� Θ−= ()Qρ � �������

ZKHUH� ) �GHSHQGV�RQ�Θ �DQG κT ��EXW�QRW�RQ� αT �DQG αS ��6R�HTXDWLRQV�����DQG������DUH�VDWLVILHG�E\�WKH�VROXWLRQ���

������7KLV�VROXWLRQ�LV�D�ORFDO��PRUH�H[DFWO\�TXDVLORFDO�GLVWULEXWLRQ�LQ�WKH�DVVLJQHG�ILHOG�RI�WHPSHUDWXUHV��WKDW�

GHSHQGV�RQ�WKH�HQYLURQPHQW��7KH�HQYLURQPHQWDO�GHSHQGHQFH�HQWHUV�WKURXJK�WKH�LQWHUDFWLRQ�HQHUJ\� Z+ �ZKLFK�

SURYLGHV�IOXFWXDWLRQV�LQ�DQ�HTXLOLEULXP�FDVH�DQG�HYROXWLRQ�LQ�D�QRQ�HTXLOLEULXP�FDVH��

7KH�OLPLWLQJ�WUDQVIHU�WR�WKH�FDQRQLFDO�*LEEV
V�GLVWULEXWLRQ�LV�REYLRXV��,W�LV�DOVR�FOHDU�WKDW�WKH�FDQRQLFDO�*LEEV
V�

GLVWULEXWLRQ�LV�PHUHO\�WKH�OLPLWLQJ�FDVH�RI�GLVWULEXWLRQ�LQ�D�WKHUPRVWDW�DW� �→Z+ �

(QWURS\�

&RQVLGHU�H[SUHVVLRQ������LQ�PRUH�GHWDLO��7KLV�GLVWULEXWLRQ�IXQFWLRQ�FRQWDLQV�FRRUGLQDWHV� κT �DV�SDUDPHWHUV��L�H��LW�

LV�D�FRQGLWLRQDO�GLVWULEXWLRQ�IXQFWLRQ��%XW�WKH�YDOXHV�RI� κT �DUH�XQNQRZQ�IRU�XV��1HYHUWKHOHVV��ZH�FDQ�FRQVWUXFW�

DQ�HQVHPEOH�IRU�D�QHLJKERULQJ�VXEV\VWHP�DQG�GHILQH�SUREDELOLW\�RI�YDOXHV�RI�DOO�WKH�FRRUGLQDWHV� κT �RU�D�SDUW�

WKHUHRI��,W�LV�FRRUGLQDWHV� αT �RI�WKH�ILUVW�VXEV\VWHP�WKDW�ZLOO�QRZ�HQWHU�LQWR�WKH�GLVWULEXWLRQ�IXQFWLRQ�DV�

SDUDPHWHUV��:H�FDQ�QRW�JHQHUDOO\�HVWDEOLVK�VXFK�ERXQGDU\�FRQGLWLRQV�IRU�D�VXEV\VWHP�WKDW�WKH\�VKRXOG�EH�

LQGHSHQGHQW�RI�WKH�VXEV\VWHP�LWVHOI��,W�LV�QRW�D�GUDZEDFN�RI�WKLV�PHWKRG�EXW�SUHVHQWV�D�PRUH�JHQHUDO�FDVH�RI�

GHVFULELQJ�QDWXUH��,QGHHG��ZKHQ�ZH�HVWDEOLVK�ERXQGDU\�FRQGLWLRQV��VWULFWO\���ZH�LQWURGXFH�FHUWDLQ�LGHDOL]DWLRQ�

QHJOHFWLQJ�D�UHYHUVH�DFWLRQ�RI�WKH�V\VWHP�XQGHU�FRQVLGHUDWLRQ�RQ�WKH�VXUURXQGLQJV��,W�LV�FOHDU�WKDW�VXFK�

LGHDOL]DWLRQ�LV�QRW�DOZD\V�SHUPLVVLEOH��6LQFH������LQYROYHV�WKH�LQWHUDFWLRQ�HQHUJ\�RI�VXEV\VWHPV��ZKLFK�UHIOHFWV�

WKH�IDFW�WKDW�WKH�VXEV\VWHPV�DUH�QRW�VWDWLVWLFDOO\�LQGHSHQGHQW��WKHQ�WKH�GLVWULEXWLRQ�IXQFWLRQ�RI�WKH�ZKROH�V\VWHP�

FDQ�QRW�EH�REWDLQHG�E\�IDFWRUL]DWLRQ�RI�GLVWULEXWLRQ�IXQFWLRQV�RI�WKH�VXEV\VWHPV��+RZHYHU��ZLWK�ZHDN�FRXSOLQJ�

EHLQJ�SUHVHQW��VXFK�DQ�DSSUR[LPDWLRQ�LV�SRVVLEOH��6LQFH�LQ�WKLV�FDVH�VXEV\VWHP�WHPSHUDWXUHV�FDQ�GLIIHU��WKH�WRWDO�

GLVWULEXWLRQ�IXQFWLRQ�ZLOO�QRW�EH�V\PPHWULFDO�LQ�UHVSHFW�WR�D�UHDUUDQJHPHQW�RI�FRRUGLQDWHV�RI�SDUWLFOHV�EHORQJLQJ�

WR�WZR�GLIIHUHQW�VXEV\VWHPV��1HYHUWKHOHVV��LQ�UHDUUDQJLQJ�SDUWLFOH�FRRUGLQDWHV�ZLWKLQ�D�VXEV\VWHP��WKH�

GLVWULEXWLRQ�IXQFWLRQ�ZLOO�QRW�FKDQJH��L�H��D�ORFDO�V\PPHWU\�WDNHV�SODFH���
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1RZ�WXUQ�DJDLQ�WR�H[SUHVVLRQ��������DQG�UHZULWH�LW�WDNLQJ�LQWR�FRQVLGHUDWLRQ��������
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ZKHUH� QGSGSQGTGTG
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DQG�WDNH�D�YDULDWLRQ�IURP�ERWK�VLGHV�RI��������LQ�FKDQJLQJ�WKH�FRRUGLQDWHV� κT �DQG�SDUDPHWHUΘ ��

,Q�GRLQJ�WKLV�ZH�DVVXPH�YDQLVKLQJ�WKH�GLVWULEXWLRQ�IXQFWLRQ�DW�ERXQGDULHV�RI�WKH�LQWHJUDWLRQ�GRPDLQ��
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7KH�H[SUHVVLRQ� κ
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∂− �UHSUHVHQWV�WKH�IRUFH�DFWLQJ�RQ�WKH�HQYLURQPHQW�SDUWLFOHV�E\�WKH�VXEV\VWHP��1RZ�ZH�

PXOWLSO\�ERWK�VLGHV�RI�WKH�REWDLQHG�H[SUHVVLRQ�E\� ��H[S� Θ) �DQG�XVH�WKH�IRUPXOD�IRU�WKH�DYHUDJH�RYHU�WKH�

HQVHPEOH�

∫ ΓΨ=Ψ GQρ �

ZKHUH�Ψ �LV�DQ�DUELWUDU\�IXQFWLRQ�RI�WKH�FRRUGLQDWH� αT �DQG�PRPHQWD� αS ��

7KHQ�
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&RPSDULQJ������ZLWK�WKH�H[SUHVVLRQ�IRU�IUHH�HQHUJ\�����NQRZQ�IURP�ORFDO�WKHUPRG\QDPLFV�

936) δδδ −Θ−= �

ZH�FRQFOXGH�WKDW� QOQ6 ρ−= �FDQ�EH�LQWHUSUHWHG�DV�ORFDO�HQWURS\�LQ�DSSURSULDWH�XQLWV��Θ �LV�WKH�VXEV\VWHP�

WHPSHUDWXUH��7KH�VHFRQG�WHUP�RI�H[SUHVVLRQ������LV�UHODWHG�WR�WKH�H[SDQVLRQ�ZRUN� 93δ− �ZKHUH� 3 �LV�SUHVVXUH��

9δ �LV�WKH�YROXPH�YDULDWLRQ��$�GHWDLOHG�DQDO\VLV�RI�WKH�H[SUHVVLRQ� ∑− κκ δ T) �ZLOO�DOORZ�RQH�WR�XQGHUVWDQG�

XQGHU�ZKDW�FRQGLWLRQV�WKH�DSSUR[LPDWLRQ�RI�ORFDO�WKHUPRG\QDPLFV�IRU�WKH�H[SDQVLRQ�ZRUN�LV�YDOLG��7XUQLQJ�EDFN�

WR�WKH�GHILQLWLRQ�RI�ORFDO�HQWURS\� QOQ6 ρ−= �ZH�VHH�WKDW�LW�LV�WKH�VDPH�LQ�IRUP�DV�WKH�*LEEV
V�RQH�EXW�KDV�

VRPHZKDW�DQRWKHU�FRQWHQW��1RZ�HQWURS\�LV�D�G\QDPLFDO�YDULDEOH�FKDQJLQJ�LQ�DFFRUGDQFH�ZLWK�D�FKDQJH�RI� κT �
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DQG�LW�LV�QRW�D�VWULFWO\�DGGLWLYH�YDOXH��,Q�LQWHJUDO�FRQVLGHUDWLRQ�RI�WKH�ZKROH�QRQHTXLOLEULXP�V\VWHP��LWV�

HQWURS\�FDQ�LQFUHDVH��7KLV�SUREOHP�UHTXLUHV�IXUWKHU�LQYHVWLJDWLRQ��2QH�FLUFXPVWDQFH��KRZHYHU��GHVHUYHV�

PHQWLRQLQJ��,Q�WKH�OLWHUDWXUH��H�J��>�@��RQH�FDQ�ILQG�D�VWDWHPHQW�WKDW�LQ�WKH�ORFDO�HTXLOLEULXP�GLVWULEXWLRQ�WKH�

HQWURS\�FDQ�QRW�LQFUHDVH��,Q�RXU�RSLQLRQ��WKLV�VWDWHPHQW�LV�QRW�WUXH�DQG�LV�EDVHG�RQ�WKH�IDFW�WKDW�HQHUJ\�RI�

LQWHUDFWLRQ�ZLWK�WKH�HQYLURQPHQW�RI�WKH�FRQVLGHUHG�SDUW�RI�WKH�V\VWHP�KDV�QRW�EHHQ�SURSHUO\�WDNHQ�LQWR�DFFRXQW��

0RUHRYHU��IURP�WKH�DERYH�FRQVLGHUDWLRQ�LW�VKRXOG�EH�FOHDU�WKDW�IRU�WKH�PHFKDQLFDO�VXEVWDQWLDWLRQ�RI�WKH�VHFRQG�

ODZ�RI�WKHUPRG\QDPLFV��WKHUH�LV�QR�QHHG�LQ�D�QRQ��SK\VLFDO�DVVXPSWLRQ�RQ�GLVFUHSDQF\�RI�FDOFXODWHG�DQG�

PHDVXUHG�WUDMHFWRULHV��ZKLFK�ZDV�PDGH�LQ�D�ZLGHO\�FLWHG�SDSHU�E\�1��6��.U\ORY�>�@��

'HYRLG�RI�JURXQGV�LV�DOVR�WKH�FRQFOXVLRQ�PDGH�E\�-��3ULJRJLQH�LQ�SDSHU�>�@�FRQFHUQLQJ�WKH�IDFW�WKDW�LQ�

WKHUPRG\QDPLF�V\VWHPV�WKH�EDVLF�FRQFHSWV�RI�FODVVLFDO�DQG�TXDQWXP�PHFKDQLFV�FHDVH�WR�FRQIRUP�WR�

H[SHULPHQWDO�GDWD���

0DQ\�PDQXDOV�RQ�VWDWLVWLFDO�PHFKDQLFV�FRQWDLQ�D�GHULYDWLRQ�RI�K\GURG\QDPLFDO�HTXDWLRQV�IURP�%ROW]PDQQ
V�

HTXDWLRQ��/HW�XV�FRQVLGHU�LW�LQ�GHWDLO��IROORZLQJ�WKH�ZRUN�>�@��%ROW]PDQQ
V�HTXDWLRQ�KDV�WKH�IRUP�
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ZKHUH� ( )WY[II �� αα= �LV�RQH�SDUWLFOH�GLVWULEXWLRQ�IXQFWLRQ�� α[ �DUH�WKH�SDUWLFOH�FRRUGLQDWHV�� αY DUH�YHORFLWLHV��

α) �DUH�FRPSRQHQWV�RI�D�YROXPH�IRUFH�DIIHFWLQJ�WKH�SDUWLFOH�� F- �LV�WKH�FROOLVLRQ�LQWHJUDO��WKH�SDUWLFXODU�IRUP�RI�

ZKLFK�LV�QRW�YHU\�LPSRUWDQW�IRU�XV��1RZ�HVVHQWLDO�LV�MXVW�WKH�IDFW�WKDW�LQ�WKLV�WHUP��DQG�RQO\�LQ�LW��DOO�WKH�

LQWHUDFWLRQV�RI�WKH�SDUWLFOH�XQGHU�FRQVLGHUDWLRQ�ZLWK�WKH�HQYLURQPHQW�DUH�WDNHQ�LQWR�DFFRXQW��

7KH�OHIW�KDQG�VLGH�RI��������UHSUHVHQWV�D�RQH�SDUWLFOH�/LRXYLOOH
V�HTXDWLRQ�IRU�D�PROHFXOH�RI�WKH�LGHDO�JDV��

(TXDWLRQ������LV�WUDQVIRUPHG�LQ�D�VWDQGDUG�PDQQHU�>�@�WR�0D[ZHOO
V�WUDQVIHU�HTXDWLRQ�FRQWDLQLQJ�DQ�DUELWUDU\�

IXQFWLRQ� I �RI�FRRUGLQDWHV��WLPH�DQG�YHORFLWLHV��

,Q�WKH�FDVHV�
�

��
�

α
α

PY
IPYIPI === �WKH�ULJKW�KDQG�VLGH�RI�WKH�WUDQVIHU�HTXDWLRQ��ZKLFK�WDNHV�WKH�

SDUWLFOH�LQWHUDFWLRQ�LQWR�DFFRXQW��YDQLVKHV�>�@��,Q�WKLV�FRQQHFWLRQ�ZH�VKDOO�REWDLQ�WKH�VDPH�HTXDWLRQ�WKDW�ZH�

ZRXOG�REWDLQ�LI�ZH�LQLWLDOO\�EHJDQ�WKH�GHULYDWLRQ�IURP�WKH�RQH�SDUWLFOH�/LRXYLOOH
V�HTXDWLRQ�LQ�ZKLFK�DFFRXQW�KDV�

EHHQ�WDNHQ�RI�RQO\�YROXPH�IRUFHV�DQG�E\�QR�PHDQV�SDUWLFOH�LQWHUDFWLRQ�IRUFHV�KDYH�EHHQ�WDNHQ�LQWR�DFFRXQW��

ZKLFK�EHLQJ��GLVVLSDWLYH��LQ�DYHUDJLQJ��7KHUHIRUH��K\GURG\QDPLF�HTXDWLRQV�REWDLQHG�IURP�%ROW]PDQQ
V�HTXDWLRQ�

DUH�WKRVH�IRU�LGHDO�OLTXLG��$FFRUGLQJO\��DQ�H[SUHVVLRQ�IRU�YLVFRXV�VWUHVV�WHQVRU�XVHG�LQ�WKLV�GHULYDWLRQ�LV�IRUPDO�

DQG�LQH[DFW��$OVR�LQFRUUHFW��LQ�RXU�RSLQLRQ��LV�WKH�FRQFOXVLRQ�EDVHG�RQ�WKLV�GHILQLWLRQ��WKDW�LQ�DQ�HTXLOLEULXP�VWDWH�

DOO�WKH�JDVHV�DUH�QRQ�YLVFRXV��2QH�FRXOG�HTXDOO\�ZHOO�DOOHJH�WKDW�PDVVHV�RI�DOO�WKH�ERGLHV�DW�UHVW�DUH�HTXDO�WR�]HUR��

6WRFKDVWLFLW\�

,Q�WKH�OLWHUDWXUH�RQ�VWDWLVWLFDO�PHFKDQLFV�WKH�VWDWHPHQWV�DUH�RIWHQ�HQFRXQWHUHG�WKDW��LQ�SULQFLSOH��IRU�D�

WKHUPRG\QDPLF�V\VWHP�RQH�FRXOG�GHWHUPLQH�FRRUGLQDWHV�DQG�PRPHQWD�RI�DOO�WKH�SDUWLFOHV�DQG�FDOFXODWH�WKHLU�
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WUDMHFWRULHV�ZLWK�DQ\�DFFXUDF\��KDG�RQH�DQ�DSSURSULDWH�FRPSXWHU��%XW�LQ�WKLV�FDVH�D�YHU\�VLPSOH�IDFW�LV�PLVVHG�

WKDW�WKHUH�DUH�QR�LVRODWHG�V\VWHPV�LQ�UHDOLW\��7R�SUHGLFW�WUDMHFWRULHV�RI�D�SDUWLFOH�JURXS�IRU�D�ORQJ�SHULRG��RQH�PXVW�

NQRZ�FRRUGLQDWHV�DQG�PRPHQWD�RI�SDUWLFOHV�RI�WKH�ZKROH�XQLYHUVH��,W�ZDV�DOUHDG\�HYLGHQW�IRU�/DSODFH��EXW�LW�LV�

VWLOO�LJQRUHG�LQ�PRGHUQ�ZRUNV��7KH�UHDVRQ�IRU�LW��LQ�P\�RSLQLRQ��LV�ZHOO�NQRZQ�/LRXYLOOH
V�WKHRUHP�DERXW�

FRQVHUYDWLRQ�RI�SKDVH�YROXPH�LQ�+DPLOWRQLDQ�V\VWHPV��,Q�IDFW��DQ\�+DPLOWRQLDQ�V\VWHP�LV�D�VXEV\VWHP�DQG�LW�

LQWHUDFWV�ZLWK�WKH�HQYLURQPHQW��7KH�ZKROH�XQLYHUVH�LV�DQ�H[FHSWLRQ��ZKLFK�LQWHUDFWV�ZLWK�QRWKLQJ�DQG�FRQVHUYHV�

LWV�SKDVH�YROXPH��QDWXUDOO\��ZKHQ�FRQVLGHULQJ�LQ�WKH�FRQWH[W�RI�FODVVLFDO�PHFKDQLFV���,W�LV�IRU�WKLV�UHDVRQ�WKDW�D�

VWULFWO\�GHWHUPLQLVWLF�GHVFULSWLRQ�LV�QRW�DSSOLFDEOH�IRU�+DPLOWRQLDQ�V\VWHPV��WKH�3RLQFDUp
V�UHFXUUHQFH�WKHRUHP�

EHLQJ�FRPSOHWHO\�XQXVDEOH��

,QGHHG��WKH�WKHRUHP�SURYLQJ�UHVWV�RQ�WZR�VWDWHPHQWV��FRQVHUYDWLRQ�RI�D�SKDVH�YROXPH�DQG�FORVXUH�RI�WKH�V\VWHP��

%XW��FORVHG��V\VWHPV��DV�LW�VKRXOG�EH�FOHDU�IURP�WKH�DERYH�FRQVLGHUDWLRQ��GR�QRW�FRQVHUYH�WKHLU�SKDVH�YROXPH��

7KH�XQLYHUVH�DV�D�ZKROH��FRQVHUYHV�LWV�SKDVH�YROXPH�EXW�LV�QRW�FORVHG��7KHUHIRUH�LQ�WKH�UHDO�ZRUOG��WKH�

DSSOLFDELOLW\�FRQGLWLRQV�RI�WKH�3RLQFDUp
V�UHFXUUHQFH�WKHRUHP�DUH�PHW�QRZKHUH�DQG�WKH�UHFXUUHQFH�WLPH�GRHV�QRW�

H[LVW�LQGHHG���

(UURQHRXV�LV�WKH�RSLQLRQ�WKDW�WKLV�WLPH�IRU�WKHUPRG\QDPLF�V\VWHPV�LV�ILQLWH�WKRXJK�ODUJH��WKH�WLPH�VLPSO\�GRHV�

QRW�H[LVW��(YROXWLRQ�LQ�WKH�UHDO�ZRUOG�SDVVHV�XQLGLUHFWLRQDOO\��

7KH�SUHFHGLQJ�FRQVLGHUDWLRQ�DOORZV�RQH�WR�PDNH�D�EULGJH�EHWZHHQ�FODVVLFDO�DQG�TXDQWXP�PHFKDQLFV��,QGHHG��

VKRXOG�ZH�WDNH�RQH�SDUWLFOH��HYHQ�NQRZLQJ�LWV�FRRUGLQDWHV�DQG�PRPHQWD��ZH�FRXOG�QRW�SUHGLFW�LWV�WUDMHFWRU\��7KLV�

LV�ZHOO�LOOXVWUDWHG�E\�WKH�%URZQLDQ�PRWLRQ�DV�DQ�H[DPSOH��(YHQ�LQ�WKH�IUDPHZRUN�RI�FODVVLFDO�PHFKDQLFV�DQ\�

GHVFULSWLRQ�LV�VWDWLVWLFDO��7KH�VRXUFH�RI�VWRFKDVWLFLW\�LV�RXU�ODFN�RI�NQRZOHGJH��:H�DOZD\V�KDYH�KLGGHQ�

SDUDPHWHUV��$QG��LQ�RXU�RSLQLRQ��WKHUH�LV�QR�QHHG�WR�VHHN�D�VRXUFH�RI�VWDWLVWLFDO�GHVFULSWLRQ�LQ�WKH�V\VWHPV�QRQ�

OLQHDULW\�DV�LW�LV�GRQH�LQ�FXUUHQW�OLWHUDWXUH�>�@��

7R�SUREOHP�RI�LUUHYHUVLELOLW\��

�,W�LV�ZHOO�NQRZQ�WKDW�ODZV�RI�PHFKDQLFV�DUH�LQYDULDQW�ZLWK�UHJDUG�WR�WLPH�UHYHUVDO�W�:���W���ZKHUHDV�WKH�HTXDWLRQV�

RI�PDFURVFRSLFDO�SK\VLFV�GR�QRW�SRVVHVV�WKLV�SURSHUW\��7KXV��IRU�H[DPSOH��KHDW�DOZD\V�JRHV�IURP�D�KRWWHU�ERG\�WR�

OHVV�KHDWHG�RQH��UDWKHU�WKDQ�FRQYHUVHO\��0DQ\�SHRSOH�FRQVLGHU�WKLV�IDFW�P\VWHULRXV��GHPDQGLQJ�WKH�DGGLWLRQDO�

K\SRWKHVHV�RU�VWDWHPHQWV�WR�H[SODLQ�LW��

$FWXDOO\�LQ�LUUHYHUVLELOLW\�RI�PDFURVFRSLFDO�SK\VLFV�HTXDWLRQV�WKHUH�LV�QRWKLQJ�PRUH�P\VWHULRXV�WKDQ��IRU�

H[DPSOH��LQ�WKH�VWDWHPHQW�WKDW�WKH�VHW�RI�SDUWLFOHV�ZLWK�SRVLWLYH�PRPHQWXP�FRPSRQHQWV�2[�PRYHV�WR�WKH�ULJKW�

DORQJ�WKH�;�D[LV�WKRXJK��LQ�SULQFLSOH��WKH�PRYHPHQW�LV�SRVVLEOH�LQ�ERWK�GLUHFWLRQV�RI�WKH�D[LV��,Q�RWKHU�ZRUGV��WKH�

LUUHYHUVLELOLW\�LV�FDXVHG�E\�WKH�IDFW�RI�H[LVWHQFH�RI�LQLWLDO�FRQGLWLRQV�LWVHOI��QR�PDWWHU�LI�WKH\�DUH�³JRRG��RU��EDG���

LI�WKH\�DUH�HVWDEOLVKHG�SUHFLVHO\�RU�LQDFFXUDWHO\��$QG�DQRWKHU�H[DPSOH��ZH�FDQ�XQLTXHO\�GHWHUPLQH�D�WLPH�

GLUHFWLRQ�ORRNLQJ�WKURXJK�YLGHRWDSH�UHFRUGLQJ�RI�DUFKHU\�WKRXJK�KHUH�ZH�GHDO�ZLWK�RQO\�RQH��SDUWLFOH����DQ�

DUURZ��,Q�PDFURVFRSLF�SK\VLFV�WKH�WHPSHUDWXUH��IRU�H[DPSOH��FDQ�SOD\�WKH�UROH�RI�LQLWLDO�FRQGLWLRQV��$V�LW�LV�FOHDU�
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IURP�SUHYLRXV�GLVFXVVLRQ��DVVLJQLQJ�WHPSHUDWXUH�GHILQHV�WKH�IXQFWLRQ�RI�PRPHQWD�GLVWULEXWLRQ�DQG��WKHUHIRUH��

WKH�GLUHFWLRQ�RI�NLQHWLF�HQHUJ\�WUDQVIHU�DW�SDUWLFOH�FROOLVLRQ��WKDW�LV�WKH�GLUHFWLRQ�RI�KHDW�WUDQVIHU��,W�VKRXOG�DOVR�EH�

FOHDU�WKDW�IRU�WKH�IXOO�SURFHVV�UHYHUVDO�LQ�DQ\�V\VWHP��IRU�H[DPSOH�LQ�D�YHVVHO�ZLWK�JDV�ZLWK�D�WHPSHUDWXUH�

JUDGLHQW��LW�ZRXOG�EH�QHFHVVDU\�WR�UHYHUVH�QRW�RQO\�SDUWLFOHV�PRPHQWD�RI�WKH�V\VWHP�XQGHU�FRQVLGHUDWLRQ��EXW�DOVR�

PRPHQWD�RI�DOO�RWKHU�SDUWLFOHV�LQ�WKH�XQLYHUVH�LQFOXGLQJ�WKRVH�WKH�REVHUYHU�FRQVLVWV�RI��,W�ZRXOG�DXWRPDWLFDOO\�

UHVXOW�LQ�VLJQ�UHYHUVDO�RI�VRPH�FRHIILFLHQWV�LQ�VXFK�HTXDWLRQV�DV�WKHUPDO�FRQGXFWLYLW\�HTXDWLRQ��GLIIXVLRQ�

HTXDWLRQ��DQG�VR�RQ��+HQFH�LW�LV�FOHDU�WKDW�QR�DEVROXWH�UHYHUVLELOLW\�H[LVWV��

5HIHUHQFHV�

��7KH�FROOHFWHG�ZRUNV�RI�-��:LOODUG�*LEEV��,Q�WZR�YROXPH����1��<��HWF���/RQJPDQV��*UHHQ�DQG�&R��������

���-�%�=HOGRYLFK��$�'�0\VKNLV��(OHPHQW\�PDWHPDWLFKHVNRL�SKL]LNL���0�1DXND���������

���3��5HVLERLV��0��'H�/HHQHU��&ODVVLFDO�NLQHWLF�WKHRU\�RI�IOXLGV���+LOH\�,QWHUVFLHQFH��1HZ�<RUN���������

���+��*��6FKXVWHU��'HWHUPLQLVWLF�FKDRV���:HLQKHLP���������

���6��5��'H�*URRW��3��0D]XU��1RQHTXLOLEULXP�WKHUPRG\QDPLFV���1RUWK�+ROODQG��$PVWHUGDP���������

���'��1��=XEDUHY��1HUDYQRYHVQD\D�VWDWLVWLFKHVND\D�WHUPRGLQDPLND���0��1DXND���������

���1��6��.U\ORY���:RUNV�RQ�WKH�IRXQGDWLRQ�RI�VWDWLVWLFDO�SK\VLFV��3ULQFHWRQ��8�3UHVV��3ULQFHWRQ��1-���������

���,��3ULJRJLQH��)URP�EHLQJ�WR�EHFRPLQJ���:��+��)UHHPDQ�DQG�FRPSDQ\��6DQ�)UDQFLVFR���������

�������E\�0'3,��KWWS���ZZZ�PGSL�RUJ���5HSURGXFWLRQ�IRU�QRQFRPPHUFLDO�SXUSRVHV�SHUPLWWHG��


