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Abstract

We explore the ground-state properties of a single impurity immersed in a one-dimensional
quantum droplet medium formed by a two-component Bose mixture. Relying on ab
initio simulations, we demonstrate that tuning the impurity—droplet interactions allows
to controllably reshape the droplets” density profiles and associated correlation patterns.
For attractive impurity-medium couplings, the impurity becomes localized within the
droplet, which exhibits a density hump at the vicinity of the impurity, while repulsive
interactions facilitate phase separation. Comparing our many-body results with the appro-
priate extended Gross-Pitaevskii description, we find adequate agreement for the droplet
density profiles, with the effective field approach systematically overestimating impurity
localization. Following a release of the external trap, we unveil that the sign and magni-
tude of the interactions between the impurity and the droplet hosts dictate the response
of the three-component setting, which experiences expansion unless strongly attractive
intercomponent couplings are present. These results corroborate the role and presence of
correlations in impurity—droplet mixtures and inspire future investigations on impurity
physics for probing droplet configurations.

Keywords: ultra-cold atoms; quantum droplets; impurity physics; quantum correlations;
ab initio simulations

1. Introduction

Quantum droplets represent an emergent class of liquid type many-body self-bound
states of matter [1-3]. They are stabilized due to the delicate interplay between attractive
(repulsive) mean-field interactions and repulsive (attractive) quantum fluctuations in three-
(one-) dimensions [4,5]. On the contrary, in two-dimensions the mean-field coupling
and quantum fluctuation contribution are incorporated in a logarithmic nonlinear term
associated with attractive (repulsive) effective interactions at low (large) densities, thereby
giving rise to a different stabilization mechanism [5]. These states were first observed
in anisotropic dipolar gases [6,7] and subsequently in short-range interacting bosonic
mixtures [8-13]. Specifically, quantum corrections are often modeled to first-order beyond
the mean-field approximation by the Lee-Huang-Yang (LHY) energy term [14]. The latter
depends on the dimension [15-17] and the effective range of the involved interactions [18],
yielding associated extended Gross-Pitaevskii equations (eGPEs) [4,5,19].
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This framework has been extensively used to capture a distinctive landscape of
droplet properties. In short-range two-component bosonic mixtures, these include flat-
top density profiles [20], mixed droplet phases [21-23] with a gaseous fraction [24-26],
and involved excitation spectra [27-29]. Notably, enriched nonlinear dynamics hosting
vortical patterns [30-33], shock [34] and rogue [35] waves due to the modulationally un-
stable character [36,37], as well as kink configurations [38,39] that are also stable in two-
dimensions [40] have been revealed. Additionally, the role of beyond-LHY correlations has
been investigated in two-component mixtures using either ab initio approaches [41-44] or
perturbative techniques [45-48], revealing, for instance, deviations from the eGPE predic-
tions at mesoscopic atom numbers and stronger attractions.

On the other hand, multicomponent quantum droplets open another frontier for
engineering unseen self-bound many-body phases due to their arguably enlarged parameter
space delimited by the introduction of additional interaction strengths, atom numbers,
and masses [19,49]. Here, prototypical settings constitute three-component attractively
interacting mixtures. Their properties are much less explored [19,49-52] and have been very
recently shown to accommodate, especially for particle imbalanced systems, exotic mixed
droplet phases [49] that are not present in their two-component counterparts. Particularly,
in the limit of extreme particle imbalance such systems can be utilized to controllably
study impurity physics (captured by one of the components) within a quantum droplet
represented by the other two components. This concept has been extensively studied in the
past within the realm of repulsive Bose gases [3,53,54] and argued to be inherently related
to quantum fluctuations facilitating the polaron generation.

In this vein, the immersion of an impurity into a quantum droplet is far less understood,
while the impact of beyond-LHY effects and ensuing correlation patterns, which is the focus
of our study, remains an open question. Recent investigations unveiled mixed droplet-
impurity excitation modes [55], self-localization of either the impurity [56,57] or the droplet
due to a heavy impurity [58,59], tunability of the dipolar bound state character [60], and
mediated interactions of fermionic impurities from the bosonic droplet [61]. It is, however,
yet unclear how an impurity can regulate the two-component droplet as well as which
phases can be formed in this setting and whether they are entirely self-bound. To explore
these possibilities here we employ a three-component mixture consisting of an impurity
embedded into a genuine two-component droplet in one-dimension (1D). Our investigation
relies on the suitable, recently constructed eGPEs [19] and the ab initio multi-layer multi-
configuration time-dependent Hartree method for atomic mixtures (ML-MCTDHX) [62],
which enables us to capture beyond-LHY correlations.

We find that the impurity acts as a knob for reshaping the droplet density profile and
associated correlation configurations. Focusing on symmetric impurity—droplet couplings
(i.e., both repulsive or attractive), it is shown that for attractive interactions, the impurity
features spatial localization. This is accompanied by a prominent density hump at the
droplet core since atoms from the droplet accumulate in the vicinity of the impurity. Note
that the deformation of the droplet profile is substantially different from the case of an
attractive potential well that mimics an infinitely heavy impurity where an analytical
droplet solution can be extracted [58,59]. However, repulsive impurity—droplet interactions
facilitate impurity expulsion and a transition to phase-separation between the impurity
and the droplet. A similar back-action of the impurity to the density of the majority
component has been reported for repulsive Bose gases [3,54] but it is yet to be explored for
droplet hosts. Turning to mixed impurity—droplet couplings, we explicate that they allow
to selectively deform the density of the individual droplet components. They yield more
complex three-component configurations characterized by spatially localized humps and
dips in the droplet-components for repulsive and attractive couplings, respectively.
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Direct comparisons between the eGPE predictions and the ab initio simulations reveal
that the former qualitatively reproduce the deformed and phase-separated impurity and
droplet states. However, they overestimate the degree of impurity localization and predict
an earlier onset of phase separation, suggesting that beyond-LHY correlations enhance
the droplet’s ability to accommodate repulsive impurities. Additionally, the associated
two-body coherences, which naturally can not be estimated with the eGPE model, reveal
that the characteristic anti-bunching behavior of the droplet [21,44] is preserved for weak
impurity—droplet couplings, but becomes modified at stronger interaction strengths, giving
rise to more complicated correlation patterns. Finally, we explore the droplet dynamics in
the mixed impurity—droplet coupling regime following a trap release in all components. It
turns out that the emergent dynamical response is determined by both the sign and strength
of the impurity-host interactions. Specifically, the majority components featuring strong
attraction with the impurity maintain their shape, otherwise they undergo expansion.

This work is structured as follows. Section 2 introduces the three-component bosonic
mixture, consisting of a two-component droplet and an impurity, while Section 3 elaborates
on the ab initio approach and the appropriate eGPEs used to study the system under
consideration. In Section 4, we analyze the ensuing ground-state configurations when the
impurity couples with the individual droplet components with the same or opposite inter-
action signs. Section 5 demonstrates the expansion dynamics of selective droplet-impurity
structures within the eGPE framework after being released from their trap. Section 6
summarizes the important findings of our work and discusses future perspectives ema-
nating from our results. Appendix A explicates the impact of the impurity on the majority
component in a box potential, while Appendix B elaborates on the impurity dressing by its
hosts through a suitable fidelity measure.

2. Impurity Embedded in a Two-Component Droplet

We consider a homonuclear (my = mp = mc = m) 1D three-component bosonic
mixture in the ultracold regime. Accordingly, interatomic interactions can be modeled by
contact interaction potentials since s-wave scattering processes dominate [63]. Additionally,
we assume that species A and B contain Ny = Np = 20 atoms which act as a bath
for the single impurity (Nc = 1) represented by species C. The underlying many-body
Hamiltonian of this system reads:

H - Hg- + Hg’o”/ 1
LHot ), (1)
THECT

where ¢ = A, B, C. The intra- and interspecies Hamiltonians of Equation (1) are given by:

No

He = Y 15 () + o0 Y 6(x7 = x7), (2a)
i=1 i<j
Ny Ny ,
Hep' = 8ot ) ) 6(x —x7), o #d (2b)
i=1j=1
respectively, where hgl) (xj) = — % aa—; + %mwzxi2 stands for the one-body Hamiltonian of

each species.
The above 1D setup can be experimentally realized by employing a sufficiently strong
confinement along the perpendicular directions y,z. This translates to the condition
wyw; = w | > w, allowing to kinematically constrain the atoms along the elongated x
direction, which is customarily done in corresponding 1D experiments [64,65]. Moreover,
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the coupling strengths can be experimentally tuned via magnetic [66,67], or confinement
induced [68] Fano-Feshbach resonances.

For computational convenience, we rescale the Hamiltonian with respect to hiw) .
As such, the time, length and interaction strengths are measured in units of wll, x| =

Vi/(mw,) and \/h3w, /m, respectively. Also, hard-wall boundary conditions are im-

posed at x = £90, which is large enough to prevent finite size effects. Our system is
harmonically trapped featuring w = 0.005, which is sufficiently weak to enable compar-
isons with the suitable LHY theory framework (Section 3.2) that is valid within the local
density approximation [5,19]. Typical length and time scales for the droplets to be examined
in what follows are in the dimensionless range of x € [—50,50] and ¢ € [0,10%], which
refer to x € [—24,24] um and t € [0,382] ms, respectively, for a transverse confinement of
w, =2 x 500 Hz.

Since we are interested in studying the physics of an impurity embedded in droplet
hosts, we fix gaa = gpp = 0.1 and gap = —0.02, satisfying g = gap — /44888 > 0.
This ensures that species A, B enter the 1D droplet regime [3,5] and in particular form
flat-top droplet profiles (see also Section 4.1). Furthermore, the couplings g ac, $pc between
each bath component and the impurity are varied to explore the impact of the impurity
on the droplet hosts. Particularly, below we consider both the cases of symmetric (i.e.,
gac = gpc) and mixed (namely gac # gpc) impurity—droplet couplings in Sections 4.2
and 4.3, respectively. In the former scenario, the A and B components form a so-called
symmetric droplet [3,5] due to the specific choice of atom number and interaction param-
eters, while in the latter setup, the aforementioned symmetry breaks and components
A, B behave differently, assembling in a genuine two-component droplet [29]. In a cor-
responding forthcoming experiment, this three-component system can be, for instance,
realized by three distinct hyperfine states of K, two of which have already been exploited
in three-dimensional droplet settings [8,10]. Interestingly, 1D droplet configurations are
yet to be experimentally observed in ultracold quantum simulators, an aspect that further
motivates our investigation.

3. Many-Body Theoretical Approaches

It is well established that the formation of droplet configurations, taking place at attrac-
tive intercomponent interactions, requires the presence of quantum corrections beyond the
mean-field approximation [1,3]. Below, we briefly summarize the many-body approaches
that operate at different correlation levels and are utilized in our work to explore the role of
the impurity in droplet hosts.

3.1. Variational Method

To address the correlated many-body ground-state of the three-component system
described by Equation (1), we employ the ab initio ML-MCTDHX method [62,69]. A central
facet of this approach is the expansion of the full many-body wave function in a multi-layer
structure exploiting time-dependent and variationally optimized basis functions. This
expansion facilitates the optimal truncation of the ensuing Hilbert space while accounting
for the relevant intra- and intercomponent correlations of cold atom settings (see also the
Reviews [3,70] for elaborated discussions and applications in disparate systems). ML-
MCTDHX allows us to tackle multicomponent bosonic ultracold settings, but for clarity,
we restrict ourselves to three-component Bose mixtures relevant for our study.
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First, at the top layer, the full quantum many-body wave function is expressed in

a truncated basis of D, orthonormal time-dependent species functions, |¥7(t)). This

expansion enables us to account for intercomponent correlations and reads:

Dy Dg D

[¥MB(t) ZZZAZ,,( G AONEHONEFAG) ®)

where Ajj(t) are the time-dependent expansion coefficients. They correspond to the
eigenvalues of the N, species reduced density matrices and provide information about
different intercomponent entanglement processes [71] through suitable entropy measures
(see also Ref. [72] for corresponding discussions).

Next, intracomponent correlations are incorporated in the second layer. To do so,
each of the species functions [¥9(t)) is expanded with respect to time-dependent bosonic
number states |7i{’), weighted by time-dependent coefficients C7 (t), yielding:

|‘Iﬂ7 2 Cl n" > (4)

7i|Ng

In this expression, the summation runs over all (N‘7+d‘7 1)

possible number state config-
urations with the N, bosons distributed in d, time-dependent single-particle functions
(SPFs) ‘rp]"(t)> The vector 7i = (n{,...,nj ) designates the occupation number of each
SPF. Finally, in the third layer, the SPFs are expanded on a time-independent basis com-
prising of M grid points, using the discrete variable representation. Subsequently, the
ML-MCTDHX equations of motion for the above-described coefficients are derived, e.g., by
using the Dirac-Frenkel [73] variational principle, determined by (5¥|(ifd; — H)|¥) = 0.
In order to compute the ground-state of the three-component mixture, the resulting equa-
tions are numerically solved using the standard imaginary-time propagation method.
For our implementation, we deploy M = 1500 grid points within the interval [—90,90],
(N4, Ng, Nc) = (20,20,1) bosons, while the number of species functions and SPFs corre-
spond to (d4,dp,dc) = (8,8,8), and (D4, Dg,Dc) = (4,4,8), respectively. This orbital
configuration space ensures the numerical convergence of our results. Let us also note
that the expansion of the system’s many-body wavefunction, within ML-MCTDHX, in
terms of a time-dependent and variationally optimized basis allows to efficiently simulate
different number of atoms or interactions or masses per component, while utilizing a
computationally feasible basis size. This means that the number of the resulting equations
of motion that need to be solved should remain numerically tractable and simultaneously
numerical convergence should be ensured. Discussions about a wide range of applications
of the method in different systems can be found in the Reviews [3,70].

We remark that for a given number of grid points M, ML-MCTDHX becomes numeri-
cally exact when d, = M and D, = (N”dtd”_l) [62]. In the opposite limit of Dy = d, =1,
the ML-MCTDHX wave function ansatz reduces to the standard mean-field product
ansatz [63] and the variational principle leads to the respective coupled Gross-Pitaevskii
equations of motion (see also Equation (7) with £ jy = 0 and the discussion in Section 3.2).

3.2. Extended Gross-Pitaevskii Equations for the Impurity—Droplet System

The impact of quantum fluctuations in bosonic mixtures can also be approximately
captured using perturbation theory [4,5,19]. In particular, the first-order quantum correction
to the mean-field energy functional, known as the LHY energy [4], has been recently shown
to adequately describe droplet formation. For an untrapped homonuclear two-component
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mixture in 1D, the LHY energy has been calculated by employing a Bogoliubov ansatz [5,19]
and across the mean-field stability regime, it is given by:

3

2

+
£y = LA S0 gy ®

4(g%p—8A4A8BB) AR and
(8aana+gspnp)? '

with p =

T(p) =~ (1= VpF D + (14 VD). ©

For completeness, we highlight that in the 1D system considered herein, the LHY correction
term, &1y, is attractive and has a different form from the one in higher dimensions [4] as
well as long-range interacting settings [7,74].

To incorporate the bosonic impurity immersed in the two-component droplet host, we
consider the standard mean-field coupling between the impurity and the droplet compo-
nents described by g,c|¥c |2 [63,75]. Also, as mentioned above, we assume a sufficiently
weak harmonic confinement characterized by w = 0.005. This ensures that the LHY energy
of Equation (5), calculated within the local density approximation, remains approximately
valid [5,19]. Accordingly, following a variational principle, it is possible to extract the
underlying coupled system of eGPEs [19,49]

., 0F o€
ih—" = ( ho + go|¥o|? +gAB|1FU/7£U’2 +goc|¥cl? + el k09 (7a)
ot ong
L oY
lhTtC = (ho +gac¥al® +8BCTB|2> Ye, (7b)
where hy = —%% + mT“’sz and the species index 7,0’ = A, B.

Note that in the absence of the impurity species, the above expressions are valid for
any interaction strength and particle number within the mean-field stability regime, i.e.,
as long as g4agsp > g4 [19]. In the following, we will compare the predictions of this
eGPE model with the exact many-body results obtained with the ML-MCTDHX approach
in order to explore the role of the impurity in droplet hosts. By doing so, we are also aiming
to benchmark the accuracy of the eGPEs at the mesoscopic particle number regime and
identify the impact of beyond-LHY correlations. Recently, it has been showcased that the
eGPE predictions for a two-component droplet containing mesoscopic particle numbers in
the absence of the impurity [42,43] are adequate when compared to corresponding many-
body simulations. Let as also note explicitly that the Bogoliubov ansatz, which is the basis
for the derivation of the LHY energy, does not include inter-component correlations, i.e., it
corresponds to the case D4 = Dp = D¢ = 1 in Equation (3). Moreover, within the LHY
treatment, only the intra-component correlations are taken into account up to first order,
and hence higher order contributions are absent in the eGPE model. In addition, the LHY
energy is calculated in free space and as such the impact of the external geometry to the
correlations is neglected, while it is naturally captured within the ML-MCTDHX approach.
Finally, it can be readily seen that if the LHY correction is neglected the above eGPE model
reduces to the standard coupled set of three mean-field equations of motion [63].

4. Ground State Phases

In the following, we examine the ground-state properties of the three-component
harmonically trapped (w = 0.005) bosonic mixture for different droplet-impurity coupling
strengths (gac, gpc). Throughout, g44 = gpp = 0.1 and g4p = —0.02 are held fixed,
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favoring the flat-top droplet distribution for components A and B which accommodate
N, = N = 20 bosons.

We begin (Section 4.1) by briefly addressing the setting of a decoupled impurity, i.e.,
gac = gpc = 0, which reduces to a separable system of a two-component droplet in
components A, B and a single impurity in component C. Afterwards, in Section 4.2, the
case of a species C impurity symmetrically coupled (namely gac = gpc) with the two-
component droplet is discussed. Next, in Section 4.3, we elaborate on the most general
system characterized by mixed impurity—droplet coupling strengths, i.e., gac 7# gpc. In all
cases, we primarily inspect the density profiles of the resulting structures building atop the
individual components and their associated correlation patterns. Our analysis is mainly
based on the ML-MCTDHX approach, which we also compare to the LHY approximation
predictions where appropriate.

4.1. Decoupled Impurity—Droplet Setting

We start by considering the limit of a C impurity decoupled from the A, B droplet
components, meaning that g4c = gpc = 0. As such, the majority components are expected
to arrange into a droplet configuration due to the chosen interaction strengths satisfying
08 = gap + /844888 > 0, and in fact behave identically because of the equal atom
numbers, masses, and intracomponent interactions [5]. This setting serves as a baseline for
our main investigations with finite impurity—droplet couplings to be presented below.

To visualize the ground-state spatial distribution of each component, we resort to
the diagonal of the o-species one-body reduced density matrix [76,77] referring to the
respective one-body densities

oM = (FMBIFE (x) T, (x)[EMP), (8)

Here , ¥1(x) (¥4 (x)) denotes the bosonic field operator that creates (annihilates) a boson
of species ¢ at position x. Figure 1a illustrates the ground-state one-body density for the
majority component A (recall that component B is the same and not shown for brevity) and
the impurity C. As expected, the majority components assemble in a flat-top distribution
(since 6g > 0 with ¢ 4p < 0 relatively much smaller than ,/g4485p) around the trap center
(x = 0), which signifies droplet formation [3,5]. The extent of the flat-top structures is
relatively small due to the presence of the trap, a result that has been also showcased before
(see, e.g., Refs. [41,43,44]). Moreover, in the absence of impurity—droplet interactions, the
impurity exhibits a Gaussian profile localized at the trap center as anticipated for a single
particle configuration. Note in passing that when comparing these many-body results
with the eGPE model predictions (not shown), it turns out that the latter does not capture
the flat-top region of the majority components but rather yields a Gaussian-like density
profile. Such deviations become more prominent when impurity—droplet interactions are
introduced, as we argue in Section 4.3 and present in Figure 5e-h.

To identify the presence of intra- and intercomponent correlations of our impurity—
droplet system, we compute the respective two-body coherence functions [76,78], which read

@) (o o
o o % /(x ;X )
Gt(fza)/(xlfxz )= (1)‘700 1(1)2 N )
oo (X))o, (x5)

In this expression, p(z) (x,x5') = (¥MB| ﬁ((j'), |¥MPB) represents the diagonal of the two-body

oo’
reduced density matrix involving the two-body reduced density operator

~ 2 ! A A / A A !
p2 (x4,x8) = TE) T (x5 ) ¥ () o (3. (10)
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The two-body density matrix describes the probability of simultaneously finding a o
and a o’ species boson at positions x§ and xg/, respectively. Accordingly, a boson of
o species and another of ¢’ species feature a bunching (anti-bunching) tendency, if
G((jf), (xq,x5) > 1 (G((T?T),(x‘{, x§') < 1), while they are said to be two-body uncorrelated
as long as G(ST),

(0 #0), G((fi), quantifies the spatially resolved intraspecies (interspecies) two-body correla-

(x‘lr , xg,) = 1. In this sense, for the same (different) species, namely o = ¢’

tions. We finally remark that the two-body coherence function is experimentally accessible
via in situ density—density fluctuation measurements [79-81].

—pi (@) —pl (x)

— 40 1.07

_| - ~/

3 0.04 1(a) E N
= 20 A 1.04 <
& 003 1 S 8

0 <

2 0.02 1 = 0 G
= 0.01 -20 1
— < S
= 5

2 0.00 ST -40 . 0.86

50 -25 O 25 50 -40 -20 O 20 40
x (units of o)) x4 (units of a) )

Figure 1. (a) Ground-state density distributions of a symmetric two—component bosonic droplet
and an impurity (see legends), at the decoupled limit (i.e., g4c = gpc = 0). The droplet density
profile, pfql) (x) = pg) (x), exhibits a flat—top spatial configuration, while the impurity, pg ) (x), has
a Gaussian profile localized around the trap center, x = 0. (b) Intraspecies two-body coherence
function, G,(szjx (xf‘, x4'), of the droplet component A. The characteristic droplet correlation pattern
characterized by anti-bunching (bunching) across the diagonal (off-diagonal) occurs for the droplet
(namely majority) components. The remaining system parameters refer to g4 = gpp = 0.1,

NA = NB = 20, JAB = —0.02 and w = 0.005.

Figure 1b depicts the intraspecies two-body coherence function, Gz(qu)1 (xf‘, xf), for the
majority component A. Note that due to the same behavior of B species, the respective
Ggg (xB, xB) exhibits exactly the same pattern. We observe the emergence of anti-bunching
between two A-species bosons at the same location as can be seen from the diagonal of
the coherence function, where Gfﬂ (x{‘,xf‘ = x{‘) < 1. Instead, two A-species bosons
preferentially reside symmetrically on opposite sides with respect to the droplet core being
located at the trap center (see sz(xf, x5t = —xf!) > 1). This is the characteristic droplet
correlation pattern which has been discussed before, see, e.g., Refs. [21,44]. Furthermore,
it is worth mentioning that the corresponding intercomponent correlation Gfg (xft, xB) is
somewhat suppressed (see Figure 4b for symmetric finite impurity—droplet couplings) and
Gfg(xf,xg) ~ Gézc)(xf,xzc) ~ 1, since in the current setting g4c = gpc = 0.

As we shall argue in detail below, introducing finite interactions between the impu-
rity and the droplet hosts has a profound effect on the different components. Namely,
significant alterations in the one-body densities of both the droplet bath and the impurity
take place, as the impurity—droplet coupling strength is tuned from the attractive to the
repulsive regime. Interestingly, the intra- and intercomponent correlation character, as
captured by the appropriate two-body coherence functions, either maintains the above-
described droplet pattern or exhibits deviations from it indicating the development of

beyond-LHY phenomenology. This analysis will allow us to shed light on the ensuing
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structural deformations of the above-mentioned two-component droplet behavior caused
by the presence of the impurity and its associated dressing by the majority species atoms.

4.2. Symmetric Coupling to the Droplet Host

To depart from the non-interacting impurity scenario discussed above, we first con-
sider a system in which the impurity species C is symmetrically coupled to the A, B majority
components, such that g4c = ggc = g. The latter condition combined with g44 = ¢Bs,
my = mp,and Ny = Np (as in Section 4.1) ensure that the two majority components exhibit
identical droplet density distributions, i.e., pg) (x) = pg) (x). Hence, in what follows, we
discuss only one of them and focus on the impact of the impurity—droplet coupling on both
the droplet and the impurity configurations.

Figure 2 shows the emergent one-body densities of the majority component A and
the impurity C for different impurity—droplet interactions (g) ranging from attractive to
non-interacting and eventually to repulsive values. It becomes apparent that at stronger
attractive couplings, e.g., ¢ = —0.2, the droplet hosts (Figure 2a) develop a pronounced
hump at the overlap region with the impurity, while the impurity resides in the vicinity
of the trap center, featuring a highly localized density distribution (Figure 2b)). This is
attributed to the attractive impurity—droplet coupling, g < 0, which enforces a certain
interaction dependent amount of the droplet atoms accumulating close to the impurity.
This backaction of the impurity to the droplet host designates the dressing of the former by
the latter, and it is reminiscent of the behavior observed for an attractive well acting on the
droplet [59], as well as that of an attractively interacting impurity with a repulsive Bose
gas, which gives rise to an attractive Bose polaron [54,82] (see also Appendix B).
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Figure 2. Ground—state density profiles for (a) the majority species, pfql) (x) = pg) (x), and (b) the

impurity, pg)(x), for different symmetric impurity-bath couplings gac = gpc = g (see legend).
Attractive impurity-bath couplings (¢ < 0) lead to impurity localization within the droplet hosts,
while repulsive interactions (g > 0) favor broadening of the impurity distribution and eventual phase

separation from the droplet hosts. The remaining system parameters are as in Figure 1.

The interaction-dependent nature of the above-described process at g < 0 is evi-
dent upon reducing the attractive impurity—droplet interaction, e.g., to ¢ = —0.05. As a
consequence, the density hump building upon the droplet components (around x = 0)
becomes less pronounced, gradually transitioning to a flat-top structure. Simultaneously,
the impurity exhibits spatial delocalization deforming into a broader Gaussian profile while
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remaining within the droplet extent (see also the discussion below for the spatial overlap
among the impurity and the droplet). This indicates the tendency of the impurity to undress
and decouple from the droplet. Eventually, at g = 0, we retrieve the distributions discussed
in Section 4.1 corresponding to a flat-top density for the droplet and a broader Gaussian for
the impurity (see also Figure 1a). It is worth mentioning here that the interaction range,
within which the shape of the majority components is almost unperturbed, depends on the
presence of the external trap. The latter enforces smaller length scale structures which have
simultaneously higher amplitude. Hence, relatively larger interactions are required to de-
form the majority components compared to the free space scenario where the droplet hosts
are more elongated and have a smaller amplitude (see also Appendix A). Turning to weak
repulsive interactions, e.g., § = 0.05 < g44, we observe that the impurity is expelled from
the droplet bath, splitting into two symmetric density distributions. These are primarily
located outside the droplet of the majority components and have a relatively small overlap
with the droplet tails due to the weak repulsion and the presence of the harmonic trap. A
similar early phase-separation process between a third component and a two-component
droplet has been recently discussed within the eGPE framework in Ref. [19]. On the other
hand, the droplet density is almost unperturbed, exhibiting a similar flat-top structure as in
the non-interacting (¢ = 0) case (see Figure 2a).

To gain further insights into the emerging phase-separation process between the im-
purity and the majority (droplet) host, we next evaluate their density overlap, A(g) =

Jdxy/ pfql) (x) p(c1 ) (x) for different impurity—droplet repulsive couplings. The lower bound

of this quantity is A(g) = 0, indicating that pfql) (x) and pg ) (x) are non-overlapping and

therefore fully phase-separated (immiscible). On the other hand, the upper bound of this
measure is A(g) = 1, which is achieved as long as pl(ql) (x) = pg ) (x) holds, implying com-
plete overlap (miscibility) between the impurity and the droplet hosts. For 0 < A(g) < 1,
partial phase-separation takes place between the involved components, which is the case for
the considered interaction strengths presented in Figure 3. This measure is demonstrated in
Figure 3 within three different methods, namely the mean-field approximation (Equation (7)
with & gy = 0), where all correlations are ignored, the eGPEs (Equation (7)) accounting for
droplet correlations to first-order via the LHY term, and the full many-body ML-MCTDHX
method (Equation (3)) incorporating all correlations. We focus on the parametric range
of weakly repulsive couplings, g € [0.03,0.05], where the transition towards the partially
phase-separated impurity—droplet configurations is found to occur within all three different
approaches. As can be seen, in all three methods, the overlap A(g) ~ 1 for ¢ € [0.03,0.035],
implying that the impurity is almost fully immersed in the droplet bath. In particular,
within this interaction range, the impurity is localized within the droplet bath and as
g — 0.035 the impurity distribution broadens and its peak amplitude decreases, gradually
approaching the shape of the bath density profile. For this reason, A(g) shows a slightly
increasing tendency approaching unity. However, for further increasing interactions, A(g)
decays significantly from unity, signaling that the impurity starts being expelled from its
droplet host. Interestingly, this gradual phase-separation behavior depends on the level of
correlations. Namely, in the mean-field approximation where all correlations are absent, the
impurity begins to phase-separate at ¢ ~ 0.043. Taking into account quantum fluctuations
of the droplet to first-order in perturbation theory, modeled by the LHY term in the eGPEs,
expedites the splitting mechanism, which is found to begin at g ~ 0.037. This difference
appears to be primarily due to the attractive nature of the LHY term, which results in bath
configurations featuring somewhat smaller (larger) spatial extents (density amplitudes), as
compared to the mean-field predictions. This, in turn, results in the impurity experienc-
ing a stronger repulsion from the bath o 2¢|¥ 4 |?, within the eGPE approach, facilitating
its expulsion.
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Figure 3. Density overlap, A(g), between the majority components and the impurity (see main
text) as a function of the symmetric coupling gac = gpc = ¢ € [0.03,0.05] within the mean—field
(dotted line), the eGPE (dashed line), and the many-body (dash-dotted line) approaches. Correlation
effects significantly impact the transition toward impurity—droplet phase separation, with the LHY
correction overestimating the degree of attractive correlations. Other parameters are the same as in
Figure 1.

Finally, in the full many-body treatment, the impurity remains trapped within the
droplet components up to g ~ 0.04. This indicates that the eGPEs slightly overestimate
the attractive impact of the correlations, owing to higher order effects, not accounted
for in the model of Equation (7). Such deviations manifesting in droplet density profiles
have been previously reported by comparing eGPE and ab initio simulations [41,44]. The
aforementioned corrections may include beyond LHY correlations in the bath, the impact
of the harmonic trap to the correlations, and the intercomponent anti-correlations between
the bath and the impurity (c.f. Figure 4c). Still, it appears that in the presence of all
correlations, the expulsion of the impurity from the bath is favored as compared to the
mean-field approximation. This result may be important for subsequent studies focusing
on the impurity’s polaronic properties and it is in line with previous results demonstrating
that the phase-separation threshold occurs at relatively smaller intercomponent repulsions
in the presence of correlations [77,83].

Next, we explore the underlying correlation patterns of the impurity—droplet sym-
metrically coupled setting. As an example, we focus on the case of a weakly attractive
impurity, e.g., for ¢ = —0.05, presented in Figure 4. Specifically, the majority (droplet)
component retains the above-described (see also Figure 1b and Section 4.1) intraspecies
correlation pattern. The latter is characterized by anti-bunching and bunching across the

droplet core (diagonal of G{(qz;} (x1, x4') < 1in Figure 4a) and between symmetric positions

with respect to the trap center (see the anti-diagonal of sz(x{‘, x3') > 1 in Figure 4a),
respectively. A pattern similar to the above-described pattern takes place in the interspecies
coherence between the majority components, i.e., Gfg(xf, x}) (see Figure 4b). Indeed,
a boson of species A and another of species B feature a weak bunching (anti-bunching)
tendency at the same (different) locations as shown by the diagonal (anti-diagonal) of
the interspecies coherence, where Gﬁle)a (xfh, 28 = xf) > 1 (Gfg (xt, 28 = —xft) < 1) as
depicted in Figure 4b. Noticeably, the small deviation from unity of Gl(ng (xf, xB) suggests
a nearly product state among the majority components. Hence, entanglement between the
droplet components is found to be suppressed [41,42,84,85]. It is worth mentioning that the
intraspecies correlation structure of each of the majority components for stronger attractive
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g values is significantly altered, as we discuss later on in Section 4.3 (see also Figure 6a).
This means that the impurity may structurally deform the correlation pattern of its host in
a non-trivial manner.

Meanwhile, the interspecies impurity—droplet coherence signifies the presence of finite
impurity—droplet entanglement. Indeed, it exhibits a bunching trend across its diagonal
(see fo():(xf, x§$ = x{) > 1in Figure 4c). This is attributed to the attractive impurity—
droplet coupling (g < 0), promoting the binding of a certain amount of majority atoms to
the impurity reflected on the droplet distribution by the manifestation of a density hump
(see also Figure 2a). In addition, an anti-bunching behavior occurs between the impurity
residing near the trap center and a boson of the majority component that lies outside the

droplet’s flat-top region (see, e.g., Gfg (xf! 2 20,x§ ~ 0) < 1in Figure 4c).
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Figure 4. Two-body coherence functions of the three—component system featuring attractive and
symmetric impurity—droplet coupling g4c = gpc = § = —0.05. (a) Intraspecies two-body coher-
ence, Gl(a (x{!, x41), of the majority A component. Interspecies two-body coherence, G((f?, (29, xg/),
(b) between the two majority (droplet) components, ¢ = A and ¢’ = B, and (c) among the majority
o = A and the impurity ¢ = C components. The characteristic correlation pattern of the droplet
(panel (a)) is maintained in the presence of the impurity, while impurity—droplet bunching at the
same position and anti-bunching between the impurity and the tails of the droplet occur (panel (c)).

Other parameters are the same as in Figure 1.

Overall, we can conclude that the majority components tend to retain their droplet
character, in spite of the ensuing structural deformations caused by the presence of the
impurity. This is indicative of the robustness of the droplet configurations against the
perturbing impurity. The latter acts as a knob not only for altering the droplet distribution,
but also for changing the intercomponent correlation patterns of the impurity and the bath
components, hinting to modifications of the impurity—droplet entanglement.

4.3. Mixed Impurity—Droplet Couplings

In the following, we extend our considerations to the arguably more general cases
of mixed couplings between the majority components and the single impurity. Namely,
gAc # gBc, referring to either opposite or same interaction signs of distinct magnitude. This
interplay of interactions breaks the previously discussed symmetry between the majority
components, which are thus now well distinguishable, yielding modified two-component
droplet structures. Below, we focus on characteristic impurity—droplet interaction com-
binations and explicate the emergent features of the three-component system. We first
address the impact of relatively strong coupling strengths, |gyc| > goo. Thereafter, we
discuss the relevant phenomenology at weaker interactions closer to the decoupled limit,
ie. |gsc| < oo, witho = A, B.

Our starting point is the system where both impurity—bath couplings are somewhat
strongly attractive but of different strength, namely g4c = —0.5 and ggc = —0.1. Here,
the total energy of the system can be more flexibly tuned by adjusting the impurity-bath
couplings as compared to the corresponding case of symmetric couplings. The resultant
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ground-state density profiles of all components are presented in Figure 5a. As expected,
the impurity—bath attraction imprints characteristic density humps on top of both majority
component densities near the location of the impurity. This is traced back to the emergent
binding between the impurity and the atoms of the majority components which is naturally
more prominent for stronger interactions. This feature can be directly seen by inspecting
the underlying interaction energies (not shown). The aforementioned interaction driven
binding strength is reflected by the more pronounced density peak in component A as
compared to component B, implying that more atoms of component A are bound to the
impurity. The remaining atoms of the majority components A, B reside in the elongated
density tails of the relevant distributions, mainly featuring binding between each other
due to gap < 0. As expected, the impurity is highly localized near the trap center (x = 0),
similarly to the earlier studied symmetrically coupled cases (see Section 4.2 and Figure 2).
We also remark that the degree of spatial localization of the impurity is dictated by the
strength of the attractive impurity-bath couplings, as will be discussed below.
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Figure 5. (a—d) Density distributions of the three—component mixture for representative mixed
impurity-bath couplings gac # gpc (see legend), obtained within the many-body method. Strong
attractive-repulsive mixed couplings lead to a pronounced hump-dip alternating structure in the
majority components (panel (b)), while weaker interactions result in nearly flat-top configurations
(panel (c)). Eventually, phase-separation occurs when the impurity is decoupled with one majority
component and experiences repulsion from the other (panel (d)). (e-h) Comparison of the different
component density profiles as predicted by the many-body and the eGPE approaches (see legends)
for (e,f) gac = —gc = —0.5and (gh) gac = 0, ggc = 0.1. The eGPE captures the overall structure
but overestimates the density peaks and impurity localization. For simplicity, the majority component
B is omitted since it shows a similar deviation between the two methods as component A. Other
system parameters are as in Figure 1.

Next, we turn our attention to different sign impurity—bath couplings. Namely, the
case where the impurity of species C still interacts attractively with the majority component
A with strength gac = —0.5, while it couples repulsively to the majority component B
with strength ggc = 0.5 (see Figure 5b). The impurity is localized in the vicinity of the
trap center with a peak amplitude slightly smaller compared to the previous scenario with
gpc = —0.1 (Figure 5a) due to the repulsive ggc = 0.5. Accordingly, the attractive g4c
value is responsible for the density hump appearing in pfql) (x), facilitating the accumulation
of type A atoms near the impurity, which remains trapped by component A. In contrast,
the repulsive gpc strength imprints a prominent density dip to pg) (x), since B species
atoms are pushed away from the impurity and tend to phase-separate from the latter.
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Here, the impurity lies around the trap center due to its strong binding with component
A and thus component B splits into two symmetric humps. It is thus the dominance
of the attractive interaction between the impurity and component A that preserves the
localization of the impurity. Hence, it is possible to configure alternating miscible and
immiscible configurations of the impurity with the distinct droplet components. This
result is expected to be of interest for forthcoming investigations of dressed quasi-particles,
since it can affect the residue and lifetime of such states [54]. Besides impurity physics, we
anticipate that this phenomenology persists for larger atom numbers in the third component
and can trigger studies on dynamical miscibility-immiscibility phase transitions in a similar
vein to previous investigations in binary systems [77,86].

Tuning the impurity—bath couplings toward the weak interaction regime, we observe
drastically altered majority component distributions, reminiscent of the corresponding
scenario of symmetric couplings outlined in Section 4.2 and illustrated in Figure 2a. A
prototypical example of weak mixed couplings is depicted in Figure 5c, where the im-
purity experiences attraction (repulsion) with component A (B) of strength g4c = —0.05
(gpc = 0.08). Evidently, due to the weak impurity—droplet interactions, both majority
components exhibit a nearly flat-top density profile centered around x = 0. Notice here
that the density amplitude at the flat-top region appears to be slightly smaller for the
repulsively coupled component B as compared to the attractively interacting component A.
Accordingly, the distribution of component B is slightly broader with respect to the one of
A. Both of these aspects are a direct consequence of the different impurity-bath interaction
signs and the fact that [g4c| is slightly smaller than |gpc|. Furthermore, as a result of the
weak interactions, the impurity distribution is again of Gaussian type but it is relatively
broader than the stronger (in magnitude) interacting cases (see Figure 5b,c). Here, it is
again the attractive g4c together with the weakly repulsive gpc that facilitate the impurity
localization at the trap center.

For completeness, we also explore the situation where the impurity is decoupled
from one of the majority components (gac = 0) and features repulsion by the other one
(gsc = 0.1) (see Figure 5d). Here, both majority components maintain their flat-top profile
around the trap center, with the impurity becoming phase-separated from them by splitting
into two symmetrically placed configurations, due to the repulsive ggc > g4, surrounding
the majority components. It is indeed energetically preferential for the minority component
to split into two parts, which lie outside the majority components, due to the larger atom
number accommodated in the latter. This phase-separation mechanism is similar to the one
which was previously discussed for symmetric weak impurity—droplet repulsions (see also
Section 4.2).

Having discussed characteristic configurations of the droplet hosts and the impurity
at different mixed coupling strengths within the many-body approach, we subsequently
provide comparisons with the predictions of the eGPE model of Equation (7). This will allow
us to infer the role of beyond-LHY correlations in the ensuing three-component phases at
the considered mesoscopic atom number regime. As a representative mixed-interaction
setting, we invoke the one with strong attractive and repulsive interactions between the
impurity and the different bath components, namely g4c = —0.5 and gpc = 0.5. The
underlying A-species majority and C-species impurity density distributions are shown in
Figure 5e and Figure 5d, respectively, within the many-body and the eGPE methods. The
agreement between the predictions of the two methods is adequate, although the eGPE
approach tends to overestimate the maximum density of both components and especially of
the impurity. In addition, the spatial localization of the impurity is slightly reduced in the
many-body case as compared to the eGPE prediction. This can be understood as follows.
The droplet host has a slightly broader density profile in the presence of beyond-LHY
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correlations as it has been also shown in Refs. [41,43]. In turn, the droplet density acts as
an effective potential to the impurity, which as a consequence experiences a somewhat
less localization tendency in the presence of beyond-LHY correlations. Note also that the
eGPE approach captures only qualitatively the density dip arising in the B-species majority
component (not shown for brevity).

Subsequently, we compare the two methods at the phase-separation regime (see also
Figure 5d) realized here by the repulsively interacting (non-interacting) minority with
majority component B (A). The comparison of the resulting density distribution of the
majority A and minority C components is presented in Figure 5g,h. As can be seen, the
eGPE approach cannot accurately capture the flat-top profile of the majority components
(Figure 5g) but rather leads to a Gaussian-like distribution. This is attributed to the pres-
ence of the harmonic trap. Such an effect, where signatures of a flat-top density profile are
predicted in the many-body approach, but not within the eGPE method in the presence
of a weak harmonic trap, has been previously reported for symmetric droplet structures
(see e.g., Ref. [44]). Moreover, the impurity’s distribution exhibits spatial separation with
the majority components in both methods (see Figure 5h). Here, again the eGPE predic-
tion is qualitatively accurate but the impurity’s density peak and width are somewhat
overestimated when compared to the ones obtained within the many-body method.

Our next task is to analyze the associated correlation patterns for characteristic three-
component configurations appearing at mixed impurity—droplet couplings. Below, our
focus is put on the intraspecies correlations of the bath components in order to argue
whether the impurity can be utilized as a knob to manipulate the correlation properties of
the droplet host.

For this purpose, we employ two different settings. In the first system, both majority
components are attractively coupled to the impurity via gac = —0.5, gpc = —0.1. Here,
the majority components exhibit a density hump at the vicinity of the impurity (see also
Figure 5a for the respective one-body density distributions). The two-body coherence
functions of the majority components A and B are illustrated in Figure 6a,b. As can be
seen, the correlation pattern of the more strongly coupled component, A, is significantly
altered from the characteristic droplet pattern. Namely, along the main diagonal, there is a
transition from bunching behavior, for spatial regions outside the density hump, towards
a weakly anti-bunching tendency within the region of the density hump located near the
trap center. Note in passing that this correlation behavior of the bath can also occur in the
case of symmetric and sufficiently strong attractive impurity-droplet coupling (not shown).
On the other hand, the correlation pattern of the majority component B (Figure 6b) retains
its droplet-like character. It exhibits anti-bunching along the diagonal, implying that two
bosons do not prefer to lie at the same position in the droplet, and a bunching tendency
across the off-diagonal, which means that two bosons are likely to be symmetrically placed
with respect to the droplet core.

The second system that we analyze refers to opposite sign couplings between the
bath components and the impurity, namely g4ac = —0.5, and ggc = 0.5. Their density
distributions are shown in Figure 5b and the intraspecies coherence functions of the bath are
depicted in Figure 6¢,d. The correlation pattern of the attractively coupled component, A,
to the impurity maintains the same pattern as in the previously analyzed case presented in
Figure 6a. In contrast, the repulsively coupled component B preserves two-body coherence
reminiscent of the droplet, except within the spatial region of the density dip, where we
observe an intriguing bunching-to-anti-bunching-to-bunching transition (see the region
x" € [-5,5] and x € [—5,5] in Figure 6d). We note, finally, that the two-body interspecies
coherence between either of the bath components and the impurity is qualitatively similar
to the one we presented in Figure 4c for the symmetric coupling case. Namely, the diagonal
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shows a bunching (anti-bunching) behavior for attractive (repulsive) couplings (not shown).
This supports the existence of finite impurity-bath entanglement, which is crucial for quasi-
particle formation [3,54], and also hints toward beyond-LHY contributions since the LHY
term does not account for intercomponent correlation processes [5,19].
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Figure 6. Two-body intracomponent coherence functions of the majority (a,c) A and (b,d) B com-
ponents for mixed impurity-bath couplings (a,b) gac = —0.5, ggc = —0.1 and (¢, d) gac = —0.5,
gpc = 0.5. A transition from bunching-to—anti-bunching (across the diagonal) for component A
occurs, distracting the characteristic droplet correlation pattern. Similarly, a strong gpc > 0 results in
the modification of GéZB) (x%3 ,xB), as can be seen by inspecting its diagonal. The remaining parameters
are as in Figure 1.

5. Expansion Dynamics

To shed light on the dynamical response of the above-discussed three-component
configurations, we finally monitor their time-evolution following a sudden removal of
the external harmonic trap at ¢+ = 0. Such a protocol is routinely implemented in corre-
sponding experiments via time-of-flight imaging [8,13]. Since the predictions of the LHY
approximation showcase fairly good agreement with the results obtained within the full
many-body approach on the ground-state level, for simplicity, we use this framework to
study the resulting dynamics. Our discussion, below, pertains to selected configurations
whose ground-state properties have been analyzed above. This investigation is expected
to motivate future studies on the full quantum dynamics for exploring the interplay of
correlations but also the rise of beyond-LHY contributions.

We first focus on strongly mixed interactions, e.g., (gac,¢pc) = (—0.5,0.5). Here, the
impurity is tightly bound to the majority component A, while simultaneously repelling
atoms of component B(see also Figure 5b for the ground-state density profiles). After the
trap removal, component A retains its central core (Figure 7a), which is strongly bound with
the impurity, while the remaining unbound atoms residing at the tails of pfql) (x,t) feature
expansion. Instead, the two density fragments of the repulsively coupled component
B undergo a noticeable expansion while maintaining the central dip, which broadens
during the evolution (Figure 7b), partly due to the aforementioned expansion of the tails of

https://doi.org/10.3390/e28060626


https://doi.org/10.3390/e28060626

Entropy 2026, 28, 626

17 of 25

component A. This structure of component B essentially provides an effective trapping
potential at the center for both the impurity and the bound fraction of component A. As
such, the impurity remains almost intact during the dynamics due to this effective potential
and its binding with component A (see Figure 7c).
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Figure 7. Time—evolution of the ¢ = A, B,C species one-body density, p‘(Tl) (x,t), within the
eGPE approach, after trap release at t = 0 from w = 0.005 to w = 0. Panels corre-
spond to (a—c) (g4B,8ac,§8c) = (—0.02,—-0.5,0.5), (d-f) (g4B,8ac,§8c) = (—0.02,—0.05,0.08),
(g-1) (¢4B,84c,8Bc) = (—0.02,0.0,0.1), and (-1) (g4, Sac, gBc) = (—0.1,—0.05, —0.08). In all cases,
the first (second) column illustrates the dynamics of the majority component A (B), and the third
visualizes the impurity species C. For mixed strong attractive-repulsive impurity-bath interactions
(panels (a—c)), the majority component shows expansion, while effectively trapping the other com-
ponents sustaining their shape during the evolution. Expansion occurs in the cases featuring weak
intercomponent attraction. Other system parameters are as in Figure 1.

A somewhat altered dynamical response is observed for weak mixed interactions, such
as (gac,gsc) = (—0.05,0.08) (see Figure 7d-f). Due to the weak impurity-bath couplings,
the impurity is unable to significantly bind atoms from the majority components or deform
their ground-state configuration (see also Figure 5c). Removing the trap entails an overall
expansion of all three species. The majority components A and B spread symmetrically
and at almost the same rate (Figure 7d,e). The impurity experiences a similar expansion but
at a substantially smaller rate (Figure 7f), remaining comparatively more localized than the
majority components. This behavior demonstrates that, in the weak-coupling regime, the
initially trapped configurations are not sustained as bound structures, and the expansion of
the different species is governed by the released kinetic pressure. This is in part due to the
fact that self-bound configurations in free space exhibit significantly larger length scales for
weak interactions (see also Appendix A).

Next, we explore the dynamics of partially decoupled configurations, where for
instance (gac, gsc) = (0,0.1). Here, the impurity does not interact with component A
and is expelled by component B, facilitating their phase-separation (see Figure 5d). The
emergent dynamics after a quench to w = 0 is presented in Figure 7g—i. As can be seen,
both of the majority components feature a clear expansion tendency (Figure 7g,h) with the
spreading rate of component A being slightly faster than the one of component B. This is
attributed to the repulsive interaction of component B with the impurity, which effectively
acts as a barrier slowing down the initial expansion of component B. Accordingly, the
two fragments of the impurity (in the absence of binding with the majority components)
expand outward.
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Concluding, the above results reveal that the dynamical response of the considered
three-component system is sensitive to both the sign and the magnitude of the impurity—
bath interactions. Strong attractive interactions between the impurity and one of the bath
components can partially retain the stability of the mixture against expansion. In contrast,
weak attractive or repulsive impurity-bath couplings favor spreading of the involved
components. The role of attractive intercomponent interactions acting against expansion of
the involved components is further corroborated by the response of the setup shown in
Figure 7j-1. Here, the two-component majority subsystem lies in the so-called LHY fluid
regime [87], where gaagp5 — g4 = 0. Hence, in the absence of impurity-bath coupling
(i.e., goc = 0in Equation (7a)), mean-field interactions cancel out leaving the majority
species subsystem to solely experience quantum fluctuations. Additionally, we assume
attractive impurity-bath interactions (g4c, gpc) = (—0.05, —0.08). The dynamics of this
system following a trap release unveils that all components remain intact as time evolves,
thereby preserving their original shape. This behavior is inherently related to the attractive
intercomponent interactions, since setting one of these couplings either to zero or to the
repulsive regime yields expansion of the underlying components (not shown for brevity).

6. Summary and Outlook

We have investigated the ground-state properties and dynamical response of a sin-
gle impurity embedded into a one-dimensional two-component quantum droplet. Our
analysis is based on ab initio many-body simulations complemented by the predictions
of the suitable coupled extended Gross—Pitaevskii model. It is demonstrated that when
tuning the impurity—droplet interactions, the presence of the impurity allows the control
of the distribution of the droplet hosts and in particular selectively deforms their density
distributions and accompanying correlation structures. This phenomenology is uncovered
by considering different impurity—droplet couplings ranging from symmetric (i.e., the
same) to mixed (different magnitude and/or sign) ones.

Specifically, for attractive impurity—droplet couplings, it is shown that the impurity
distribution is spatially localized and remains within the droplet core. Importantly, it
induces a pronounced density hump in the droplet components due to the induced binding
of majority species atoms around it, thus reflecting the formation of a dressed impurity state.
In contrast, repulsive impurity—droplet interactions result in impurity expulsion and the
gradual emergence of phase separation between the impurity and the droplet. Accordingly,
mixed impurity-bath couplings lead to selective modifications of the droplet distributions,
giving rise to more complex three-component configurations featuring localized density
humps and dips in the individual majority components.

Inspecting the intracomponent two-body coherence functions of the droplet majority
components, it is found that in the weak coupling regime the droplet retains its characteristic
correlation pattern. The latter consists of an anti-bunching tendency of two bosons located at
the same position across the droplet and a bunching behavior for two bosons symmetrically
placed with respect to the droplet core. Instead, stronger impurity—droplet couplings
modify the above-mentioned correlation structure leading to intriguing characteristics
such as a transition from bunching-to-anti-bunching at the droplet peak. This entails the
ability of the impurity to affect the correlation patterns of droplets. Turning to impurity—
droplet intercomponent two-body coherence functions, we unveil a general bunching
(anti-bunching) trend at the same (different) positions confirming the presence of impurity—
droplet entanglement and supporting the impurity’s dressing by the majority components.

A comparison between our ab initio simulations and the predictions of the eGPE
approach reveals that the latter is capable to overall capture the aforementioned impurity
induced droplet deformations and the phase-separation processes. However, the eGPE
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model systematically overestimates the spatial localization of the impurity and the peak
density of the majority components, while it predicts an earlier onset of phase-separation.
These discrepancies manifest the involvement of beyond-LHY correlations, with the latter
supporting the ability of the droplet hosts to trap the impurity.

Finally, we examined the emergent dynamical response of the three-component system
after a trap release. We showcase that the sign and the magnitude of the intercomponent
interactions between the impurity and the hosts regulates the ensuing dynamics of the
individual components. Indeed, strong attractive interactions are able to sustain the
bound atom fraction of the respective majority component. On the other hand, for weak
attractive or repulsive couplings all components feature a prominent expansion whose rate
is enhanced for stronger repulsive interactions.

There are several interesting extensions based on our results which open the door
for exploring impurity physics and the presence of quantum fluctuations in droplet states
of matter. As a first step, it is worthwhile to perform a systematic investigation of the
underlying phase diagram with respect to the different intra- and inter-species interactions
elucidating in particular the role of impurity—droplet entanglement. In this direction, it
is intriguing to explore the non-equilibrium quantum dynamics of our impurity setting
following interaction quenches across different phases. In particular, it would be com-
pelling to unfold pattern formation that competes with impurity-regulated modulational
instability [36] and to assess the possible emergence of rogue wave structures recently iden-
tified in droplet environments [35]. The generalization of our results to higher dimensions
is certainly desirable. Another possibility is to emulate a radiofrequency spectroscopy
scheme by utilizing a spinor impurity in order to realize dressed polaron states in droplet
hosts, thereby enabling the characterization of quasiparticle related properties such as
their residue and effective mass. Finally, the study of two-impurities either of bosonic
or fermionic nature will allow the investigation of the effect of induced interactions and
long-range correlations mediated by the droplet, which is a topic of growing interest.
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Appendix A. Role of the External Trap

To complement our investigation of the impact of the impurity on the droplet hosts,
we compute the ground-states of the three-component system within the eGPE frame-
work of Equation (7) in a box potential, i.e., assuming w = 0. For convenience, we
restrict our analysis to the eGPE model, as the absence of a harmonic trap leads to
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droplets with large spatial extent, making full many-body simulations significantly more
computationally demanding.
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Figure A1. Ground-state density profiles of the different species, pf,l) (x), within the eGPE approach
in the absence of the harmonic trap, w = 0. The impurity species o = C is (a) weakly and (b) strongly
coupled (see legends), with the majority species ¢ = A, B. The hosts (¢ = A, B) configure in flat-top
structures featuring a hump (dip) for attractive (repulsive) impurity—droplet couplings. The impact
of the impurity is more prominent as compared to the trapped setting (see also Figure 5a,c). Other
system parameters are the same as in Figure 1.

Paradigmatic ground-state density profiles of the different species are shown in
Figure A1 for different mixed impurity—droplet couplings, corresponding to the weak
(Figure Ala) and relatively strong (Figure Alb) interaction cases. A few noticeable differ-
ences can be discerned with respect to the trapped scenario (see also Figure 5a,c). First,
the overall shape of the droplet hosts has a clear elongated flat-top shape (Figure A1),
which is naturally attributed to the flat geometry. This behavior is in sharp contrast to the
parabolic form profile occurring in the presence of the harmonic trap (Figure 5), which
accordingly favors densities with larger peak. The latter arguably renders the influence of
the impurity to the droplet majority components less prominent in the harmonic trap case.
For this reason, the imprint of the impurity on the droplet background is evident also for
weak interactions, as it can be readily deduced from the densities depicted in Figure Ala
within the box trap. Moreover, as in the main text, attractive interactions between the
impurity and one of the majority components facilitate a local accumulation of atoms in
the vicinity of the impurity, while the remaining atoms of that component populate the
flat-top tails. As a consequence, the majority density exhibits a hump at the position of the
impurity, which is enhanced for stronger attractions (see Figure Alb). On the other hand,
for repulsive couplings, the distribution of the majority component features a density dip
in the neighborhood of the impurity, reflecting that majority species atoms are expelled
from the impurity.

Appendix B. Impurity Dressing

The impurity atom immersed in the many-body bath is expected to be dressed by the
excitations of the majority components for finite interactions between the impurity and at
least one of the majority species. It is known that such a process can lead to the concept of
quasi-particles [88], such as polarons, which have been observed and characterized using
ultracold Bose gases (see, e.g., the reviews of Refs. [3,53,54,89]). However, the notion of
quasi-particles is largely unexplored in droplet-bearing environments, and so far they have
not been observed in this context.
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Our three-component setting provides a natural starting point toward this direction.
A common measure to estimate the dressing of the impurity is the wave function overlap
between the non-interacting and the interacting state of the impurity atom [54]. For
simplicity, in what follows, we consider the case of a symmetrically coupled impurity to
the majority components, namely gac = gpc = g, as discussed in Section 4.2. Accordingly,
the fidelity reads

F(g) = [(¥c(g = 0)[¥c(g)l* (A1)

where [¥¢(g)) denotes the wave function of the impurity at a given finite coupling strength,
and |¥ (g = 0)) represents the corresponding wave function in the decoupled limit. This
measure is reminiscent of the contrast of a single impurity, which has been studied exten-
sively for repulsive Bose gases [3,54,90] and it is known to be related to the so-called Ramsey
response [91]. Our computations rely on both the eGPE framework, which accounts for
correlations to first order via the LHY term, and the standard mean-field approach, where
all correlations are ignored.

eGPE —MF
1.0

/
0.8 -
C
= 0.5
£3
0.2 -

0.0
-0.10 -0. 05 0. 00 0. 05 0.10

g (units of \/R3w | /m)

Figure A2. Fidelity, F(g), of the impurity’s ground-state wave function between the decoupled
(g = 0) and symmetrically coupled impurity to the majority components. The fidelity is calculated
within the eGPE and the mean-field approximations (see legend) in the presence of a harmonic trap.
It is evident that F(g) deviates from unity for ¢ # 0, manifesting the impurity’s dressing by the
majority components. A more prominent decay takes place for ¢ > 0 due to the phase separation of
the impurity with the majority species. The remaining system parameters are the same with the ones
of Figure 1.

The ensuing fidelity within the eGPE method, and for w = 0.005, is illustrated in
Figure A2 with respect to different coupling strengths between the impurity and the
bath components. Within the eGPE approach, we observe that F(g) deviates from unity
independently of the interaction sign. This trend is indicative of the underlying dressing
mechanism from the excitations of the majority components. Additionally, it can be
seen that the fidelity drop is more prominent for repulsive interactions as compared to
attractive ones. For relatively weak repulsions, the impurity’s distribution exhibits a
gradual broadening (Figure 2b) and hence F(g) < 1. In fact, for g > 0.035, the fidelity
features a dramatic decay toward zero, which suggests a tendency toward an orthogonality
catastrophe event [82,90,92]. This behavior is traced back to the phase-separation of the
impurity from the bath components, in which the impurity’s distribution splits into two
symmetric humps lying at the trap edges, and the majority components reside at the trap
center (see the corresponding density distributions in Figure 2b and the density overlap in
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Figure 3). As such, the impurity escapes from its hosts and it becomes undressed. Turning
to attractive interactions, the impurity is positioned around the trap center and features
a localization tendency at stronger g < 0 (Figure 2b). This justifies the observed fidelity
alterations, signifying the dressing of the impurity for all considered attractive interactions.

The fidelity behavior obtained using the mean-field approximation is somewhat
altered as compared to its eGPE counterpart described above. In particular, the mean-field
fidelity shows a quantitatively slower decay compared to the eGPE prediction. This can
be understood by the fact that in the mean-field approximation the impurity’s broadening
and localization at repulsive and attractive interactions occur at slightly larger mean-field
couplings due to the absence of the attractive LHY contribution. The same holds for the
phase-separation process (see also Figure 3), and hence the tendency of F(g > 0) — 0is
less pronounced at the mean-field level.
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