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Abstract

Quantum cloning machines are essential in quantum information processing, finding
applications in areas such as quantum communication and cryptographic protocols. How-
ever, the fidelity of universal quantum cloning machines diminishes as the dimension
of the Hilbert space increases, resulting in significantly lower efficiency when cloning
high-dimensional quantum states compared to qubits. In this study, we introduce a Hy-
brid Quantum Autocloning Machine (HQAM) that combines quantum autoencoding with
universal quantum cloning. The core concept involves compressing a high-dimensional
quantum state into a lower-dimensional effective subspace through a quantum autoencoder,
conducting the cloning process within this reduced subspace, and then reconstructing the
state in the original Hilbert space. Our results show that, for input states with a strong
overlap with the effective qubit subspace, the HQAM achieves cloning fidelities exceeding
the benchmark fidelity of direct qutrit universal cloning and approaching the optimal qubit
cloning limit, while maintaining robustness under noise. These findings demonstrate that
compression-assisted cloning provides a practical strategy for improving cloning perfor-
mance in high-dimensional quantum systems and may enable more efficient quantum
information processing protocols.

Keywords: quantum information; quantum cloning; quantum autoencoding

1. Introduction

Quantum information processing unlocks fundamentally new capabilities for compu-
tation [1,2], communication [3,4], and simulation [5-8]. However, the practical implemen-
tation of quantum technologies is hindered by limited quantum resources. In near-term
platforms [9-12], there is a scarcity of quantum memory, coherence times are finite, and
manipulating high-dimensional quantum states often requires significant experimental and
computational resources. These challenges highlight the need for protocols that leverage
the intrinsic structure of quantum states to reduce the effective dimensionality of the infor-
mation processed. A notable example is quantum cloning; while the no-cloning theorem
prohibits the perfect duplication of arbitrary unknown quantum states [13], approximate
cloning is permissible and plays a crucial role in quantum information theory. Universal
quantum cloning machines (UQCMSs) can produce optimal approximate copies of any
state [14], but the fidelity of cloning diminishes as the dimension of the Hilbert space
increases. This means that cloning higher-dimensional states, like qutrits, is inherently less
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accurate than cloning qubits. This observation suggests that if a high-dimensional state
primarily exists within a lower-dimensional effective subspace, cloning within that reduced
subspace could offer a more resource-efficient approach.

Quantum autoencoders (QAEs) [15,16] offer a natural framework for such dimen-
sionality reduction. As the quantum analogue of classical autoencoders, QAEs compress
quantum states into lower-dimensional latent spaces while preserving the information
required for faithful reconstruction [15]. This approach is particularly effective when the
relevant states occupy only a restricted region of the Hilbert space. Previous work has
demonstrated both theoretical and experimental implementations of quantum compression,
including photonic schemes that map qutrit states into effective qubit subspaces [17]. From
a structural viewpoint, the optimal compression of an ensemble {p;, |¢;) } is the principal
component projector of its average state p—that is, quantum principal component analysis
(quantum PCA) on the ensemble. In a fully classical simulation, this projector can be
computed in closed form by diagonalising the empirical . In a quantum setting, however,
p is not available, and obtaining it would require full state tomography of the ensemble.
Quantum autoencoders provide a sample-based, tomography-free realisation of the same
projector by training a parametrised unitary on per-state measurements alone [15,16,18],
and are therefore the natural method when the latent subspace is not known a priori.
Meanwhile, approximate quantum cloning has been extensively studied in both theory and
experiments. The BuZzek-Hillery UQCM provides the optimal symmetric 1 — 2 cloning
protocol for qubits [19]. Despite these advances, quantum autoencoding and quantum
cloning have largely been studied independently, and the potential benefits of combining
state compression with quantum cloning remain largely unexplored.

In this work, we investigate a compression-assisted cloning strategy for high-
dimensional quantum states that possess significant overlap with a lower-dimensional
subspace. Instead of directly applying a d-dimensional cloning protocol, the input state is
first compressed into an effective qubit subspace, cloning is performed within this reduced
space, and the resulting states are subsequently reconstructed in the original Hilbert space.
To realise this idea, we introduce a Hybrid Quantum Autocloning Machine (HQAM) that
integrates a quantum autoencoder with the Buzek-Hillery UQCM. In this protocol, the
encoder compresses the input qutrit state into a qubit representation while suppressing the
population in an auxiliary junk mode. Cloning is then performed within the encoded qubit
subspace, after which the cloned states are decoded back into the qutrit space.

We analyse this protocol using both analytical modelling and numerical optimisation.
Our results show that on Haar-scrambled qutrit ensembles—in which the latent two-
dimensional subspace V is unknown to the encoder— the trained autoencoder converges
to the analytical quantum-PCA optimum within statistical precision. The resulting cloning
fidelity exceeds the universal quitrit cloning bound F = 3/4 when the overlap with V is
sufficiently large (x > 3/+/10) and approaches the qubit cloning limit F = 5/6 as x — 1. By
contrast, a fixed canonical projection—equivalent to assuming the latent subspace is known
and aligned with the lab basis—cannot solve the problem when the subspace is unknown;
its mean fidelity sits at the Haar-random scramble limit 5/9, independent of x. The
protocol degrades gracefully under leakage noise that drives states away from the effective
qubit subspace. These results demonstrate that compression-assisted cloning provides a
subspace-aware strategy for improving cloning performance in high-dimensional quantum
systems whose latent structure is not known a priori and offer a pathway towards practical
implementations of hybrid quantum cloning protocols.

https://doi.org/10.3390/e28050563


https://doi.org/10.3390/e28050563

Entropy 2026, 28, 563

30f22

2. Hybrid Quantum Autocloning Machine

We focus here on the theoretical and numerical HQAM framework. An illustrative
photonic realisation of the encoding process is in Appendix A.

In quantum cloning, the no-cloning theorem states that no physical operation can per-
fectly copy an arbitrary unknown quantum state [13]. Nevertheless, approximate cloning
is possible, and optimal approximate cloning protocols have been extensively studied. The
BuZek-Hillery universal quantum cloning machine generates optimal symmetric copies
of arbitrary qubit states. For a general qubit input state |¢) = « |0) + p|1), the cloning
transformation can be written as

[¥) [R) M) = \Elt/w ) 1) - ﬁuw [9) + 197 1) 1) M)

The performance of a cloning protocol is characterised by the cloning fidelity F, which
measures the similarity between the cloned state and the original input. For universal
symmetric N — M cloning of a d-dimensional quantum system, the optimal fidelity is
given by [14]

N (M-N)(N+1)

Pvomld) = 3+ Nt a

Since the optimal fidelity decreases as the Hilbert-space dimension d increases,

)

cloning higher-dimensional quantum states is intrinsically less accurate than cloning lower-
dimensional states. This limitation motivates the search for strategies that can exploit the
structure within the state space to improve cloning performance.

Quantum autoencoders provide a natural framework for such dimensionality re-
duction. A quantum autoencoder compresses quantum states into lower-dimensional
representations while preserving the information required for reconstruction. In a QAE, an
encoder maps an input state in a high-dimensional Hilbert space into a lower-dimensional
latent subspace, and a decoder subsequently reconstructs the original state from the com-
pressed representation. Formally, the encoding process can be written as

|1P>in - UE |lp>in = |lzb>enc’

where U, is a unitary encoder, and the encoded state occupies an effective subspace of the
original Hilbert space. The decoder reconstructs the input state through the inverse trans-
formation UJ. If the relevant quantum states predominantly occupy a lower-dimensional
subspace, compressing the state prior to cloning may, therefore, provide a more resource-
efficient strategy. This observation forms the basis of the compression-assisted cloning
approach investigated in this work.

2.1. Analytical Model

Consider a general normalised qutrit state [¢);, = ¢o|0) + c1|1) + ¢ 2), with
lco|? + |e1]? + |c2|> = 1 and cg, ¢1, 2 € C. The quantum autoencoder first applies an en-
coding unitary, giving U, |¢);,,, and then projects into a two-dimensional qutrit subspace,
yielding the normalised logical qubit state

U [¢)in

|1Penc> = \/78 (3)
where IT = [1) (1] + |2) (2] and ¢ is the compression error, given by
= tr| (I =TI Ue [¥);, (9 UL - @
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The projection is successful with probability 1 — e. Applying the Buzek-Hillery qubit
quantum cloning machine to the encoded logical qubit state |ifenc) yields

5 1
pénd = pbnd = ¢ [enc) (enc| + 2 [Yenc) (Wenel ©)

where |ipa.) is the state in the encoded two-dimensional subspace orthogonal to |ienc)-
Decoding with U] gives

5 1
p(()ﬁt) = Pgiz = u: (6 |[enc) (Yenc| + 6 |l/)elnc> <1Pean|> U,. (6)

The one-copy fidelity F with the input state is therefore

5 1
F = 3l UE (2 ene) el + 5 ) (9l ) U 7)
5 2 1 2
= 2| Wi UF Ienc)|” + 2| 9lin UF [020) ®)
Since |Penc) is proportional to I, |§);,, we have
N 2
‘<¢|m Up [Yenc)| =1—e ©)
Moreover, because |{g.) lies in the range of IT and is orthogonal to |(fenc),
(lin U [$enc) = 0. (10)
Hence
Fe 2(1 _¢). (1)

The HQAM produces copies with higher fidelity than direct universal qutrit cloning if

1
= &< —. (12)

5
g1-9> 10

=W

For an ensemble of qutrit quantum states & = {p;, | ;) } with average state
p =Y pilyi) (il (13)
i
the average compression error £ is given by
E=1—tr [ﬁuepug } (14)
This quantity is minimised when U, diagonalises p and maps the two eigenvec-

tors with the largest eigenvalues to |1) and |2). For an average state p with eigenvalues
A1 > Ay > A3, the minimum average compression error is

€min = A3. (15)

The corresponding maximum average cloning fidelity is

_ 5 5 5
Fmax = 6(/\1 + /\2) - 8(1 — Ag) = 8(1 - émin). (16)
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In the limit of perfect compressibility of the ensemble (£ = 0), the qubit cloning fidelity
F = 5/61is recovered, as expected.

Equation (16) characterises the optimal encoder for an ensemble {p;, |1;) }: the unitary
U, diagonalises the average state p and maps its two leading eigenvectors onto the qubit
subspace {|1), |2) }, while the eigenvector with the smallest eigenvalue is mapped to the
junk mode |0). This is the principal component projector of p, i.e., quantum principal
component analysis of the ensemble. The numerical implementation in Section 2.2 provides
a sample-based realisation of this projector that does not require explicit access to p.

2.2. Numerical Implementation

To complement the illustrative photonic discussion in Appendix A, we numerically
evaluate the performance of the Hybrid Quantum Autocloning Machine. As illustrated in
Figure 1, the protocol consists of three stages: the input quitrit state is first compressed into
an effective qubit subspace by an optimised encoder, the encoded state is then cloned using
the BuZek-Hillery universal quantum cloning machine, and the resulting two-clone state is
finally decoded back into the qutrit space. The performance of the HQAM is quantified by
the fidelity between the decoded output state and the original input state.

Hybrid Quantum Autocloning Machine

‘¢encoded>2><1 —
IR)
M) —

Cloning _'Pfii — Embedding _.ng‘ifg _.U'l' ® Uf—'/’glitg

"‘/)in>3><1

Figure 1. Illustration of the hybrid autocloning machine. The input is a qutrit state, the encoder
outputs an encoded qubit state in the effective two-dimensional subspace, and Ut @ Ut denotes the
decoder. The labels “3 x 1” and “2 x 1” denote qutrit and qubit column vectors, respectively.

We model the realistic setting in which the encoder receives states drawn from a
structured ensemble whose latent two-dimensional subspace is unknown a priori. Datasets
are generated in two steps: (i) draw a state |¢) in canonical coordinates with the |0)
component fixed in magnitude and a uniformly random phase and the (|1), |2)) sampled
uniformly on the x-radius sphere within span{|1),(2)},

) =col0) +er]l) +e2[2), ol =1=2% et +eaf® = 1%, (17)

so that every state has overlap with span{|1),|2)} exactly equalt to yx; (ii) apply a fixed
Haar-random unitary Ugeample € U(3) so that the actual input state is

‘lpin> = uscramble ‘§0> . (18)

The resulting ensemble has fixed overlap x wit hthe rotated subspace V = Ugcrample -
span{|1),[2)} (a fully two-dimensional plane in C3; the parameter x controls how
concentrated the data is within V, not the dimensionality of V itself). The encoder
receives |iPin) without any access to Ugeramble OF to the empirical g. Seven values
x € {0.85,0.875,0.90,0.925,0.95,0.975,0.99} are considered, and ten independent draws of
Uscramble are used to average over the choice of latent subspace. Each (X, Uscramble) Pair con-
tributes a training set of 2000 states and a held-out test set of 500 states. Details of the state
generation procedure are provided in Appendix C. Because every state has overlap exactly
X with V and is uniform within V, the average state has eigenvalues (x?/2, x2/2, 1 — x?)
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with eigenvectors aligned with V and VL. For X > v/2/3, which covers the entire range
considered here, the smallest eigenvalueis A3 =1 — X%, and Equation (16) reduces to

. (19)

[o)l[6)]

Fnax(X) =

This is the direct counterpart of Equation (16) for the structured ensembles bench-
marked in Section 3.1; the empirical HQAM fidelities reported in Table 1 agree with
Equation (19) to within sample noise (<5 x 10~%). The encoder is parametrised as

, 8
u, =¢H, H= Z w;oj, (20)
=1

where 0 are the Gell-Mann matrices and w; are trainable parameters. The choice of a
parametric encoder optimised from per-state measurements is what makes the protocol
applicable in a quantum setting where the ensemble is provided as a stream of physical
states rather than classical descriptions. As shown in Section 2.1, the optimal encoder for a
given ensemble is the principal component projector of . In a fully classical simulation, this
projector can be computed in closed form by diagonalising the empirical p. In a quantum
setting, however, p is not directly available; obtaining it would require full state tomography
of the ensemble. The autoencoder side-steps this by training U, on per-state measurements
of the junk mode population alone, providing a sample-based, tomography-free realisation
of quantum PCA on the input ensemble [15-17]. We verify in Section 3.1 that the trained
encoder converges to the analytical optimum of Equation (16) within statistical precision.
The encoded state is obtained as

‘lpencoded> = u6|lpin>' ‘Cjunk = |<0 | lpencoded>|2' (21)

Here |Pencoded) is still formally a qutrit-state vector in the three-dimensional Hilbert
space. When the junk mode population is suppressed, the relevant information is concen-
trated in the effective two-dimensional subspace, and only this qubit component is passed
to the cloning stage.

The encoded state is then processed by the Buzek-Hillery UQCM. In numerical form,
the cloning stage is described by

cloning loned 'm0l AB
‘lpencoded>2><1 EE— |¢Cloned>8><1 - pggge ? Paxar (22)

where A and B denote the two clone subsystems, and the machine degree of freedom has
been traced out. The subscript “2 x 1” here denotes the two-component column vector
associated with the effective qubit subspace, not the full encoded qutrit representation. To
decode the cloned state, we take the decoder unitary to be the adjoint of the encoder,

u; = uf e Uy, (23)

since the decoding acts on the tensor product space of the two clones. As the cloned state
p“8 lies in a two-qubit space while the decoder acts in the two-qutrit space, we embed p4\5,
into the 9 x 9 qutrit tensor space using the isometry

H3><2 =

o = O

0
0, I olaxo = Doxo. (24)
1
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The embedded cloned state is therefore
055y = (32 ® I3x2) 0404 (I3 x2 ® I3x2) ", (25)
which is then decoded as
Pdecoded = ud pé 59 U;ir . (26)

The state pgecoded in Equation (26) is the full jointly decoded two-qutrit state. The
single-clone fidelities reported in the numerical results are computed from its one-
clone marginals,

Y c/ilecoded =Tr B[P decoded] ’ % gecoded =Tr A[P decoded]/ (27)

with

Fp = <labin| pélqecoded |¢in> ’ Fg = <¢in| pgecoded |lzbin> . (28)

Equivalently, because the decoder is local on the two clone systems, tracing out one
subsystem after applying Ul @ U/ gives the same one-clone marginal as decoding the
corresponding reduced clone state separately. The separate reduced-clone implementation
therefore evaluates the same F4 and Fp as the marginal evaluation of the full two-qutrit
decoded state, although it does not store the full joint correlations.

The encoder parameters are optimised by minimising the total loss

L = ccloning +p Ejunkr (29)

where ‘Cclom'ng =1—-Fs—Fp+ (PA - FB)2 and Ljunk = | <0|lpencoded> |2/ F4 and Fp de-
note the fidelities of the two decoded clones, and the penalty term (F4 — Fg)? enforces
approximate symmetry between them. The parameter § controls the relative weight of the
junk mode suppression term. For the symmetric Buzek-Hillery cloner of Section 2.1, the
symmetry penalty (F4 — Fp)? vanishes identically, F4 = Fp, and so contributes nothing to
the gradient; it is retained as a guard for non-ideal or asymmetric cloning channels.

We analyse the algebraic structure of the loss in the ideal pipeline. The cloning step
in Section 2.1 is a BuZek-Hillery universal cloner; by universality, the per-state single-
clone fidelities depend on the input only through its overlap x(y) with the encoder’s
qubit subspace, F4 () = Fg(y) = 2 x*(¢). Substituting into the loss definitions gives
Loning () = 1= 3x%(¢) and Liynk () = 1 — x*(1), so the total loss reduces to

L) = (14+B) — B+B)X*W), (30)

an affine function of x?(1) alone. Averaging over the training ensemble, minimising (£)
is therefore equivalent to maximising (x?), which is exactly the criterion that defines the
analytical optimum (16). The loss is structurally consistent with the quantum-PCA solution
of Section 2.1: any choice of B > 0 drives the encoder to the same minimiser, and the role
of 8 is only to rescale the gradient magnitude during training. The cloning loss term is
retained because it makes the operational objective (cloning fidelity) explicit in the loss and
because the reduction (30) relies on universality of the ideal cloner: as soon as the cloning
channel deviates from the BuZek-Hillery form (for example, under cloning-stage noise), F4
ceases to be a function of x? alone and the two loss terms become structurally distinct.
All simulations were implemented in Python 3.10 on an RTX 4090 GPU. The trainable
parameters are the coefficients w = (w1, ..., ws) appearing in the encoder Hamiltonian
H= Z?:1 wjoj. These parameters are trained once for an ensemble of qutrit states with
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a prescribed overlap x and then kept fixed. Accordingly, the HQAM is designed for
structured families of input states with prior subspace information, rather than arbitrary
unknown qutrit states.

For reproducibility and held-out evaluation, every (x, Uscrample) cOmbination is
checked in as separate pseudo-training and pseudo-test files. For the main setting § = 8.0,
n = 0.01, training is repeated for five random weight initialisations (seeds 0—4) for each of
ten independent draws of Ugcramble (seeds 0-9), giving 50 trained encoders per x. Each run
uses 200 training epochs, all 2000 training states, and all 500 held-out test states. Aggre-
gated statistics are reported in Table 1. The standard deviation captures both seed-to-seed
variation in the trained weights and scramble-to-scramble variation in the latent subspace.

Table 1. Held-out fidelity statistics of the trained HQAM encoder at § = 8.0, # = 0.01, aggregated
over 50 runs per x (10 Haar-random scrambles x 5 weight initialisations). The fourth column
gives the analytical prediction (5/6)x? from Equation (19); the gap column reports the residual
(5/6) P FHQAM, consistent with finite-sample noise across all x.

X Fioam (Mean) Std (5/6) x* (Equation (19)) Gap
0.850 0.60232 2x10°% 0.60208 —24 %1074
0.875 0.63792 9x107° 0.63802 1.0 x 104
0.900 0.67504 1x10°4 0.67500 —4x107°
0.925 0.71279 1x104 0.71302 23x 1074
0.950 0.75214 3x107° 0.75208 —6x107°
0.975 0.79214 2x107° 0.79219 5x107°
0.990 0.81677 1x107° 0.81675 —2x107°

The parameters were optimised using gradient descent to minimise the total loss func-
tion defined in Equation (29). At iteration k, the parameter vector is updated according to

Wiyl = Wi — 17 VwL(wg), (31)

where 7 denotes the learning rate controlling the step size of the optimisation. All trained
encoders reported below use # = 0.01 and g = 8, for which training converges to the
analytical optimum within ~25 epochs; smaller learning rates (e.g., # = 0.001) reach the
same optimum but require substantially more epochs.

3. Results

In this section, we present the performance of the hybrid autocloning machine with
the corresponding code available in [20].

We first benchmark the cloning fidelity achieved by the HQAM against the theoretical
limits of universal cloning on Haar-scrambled structured ensembles, then investigate the
robustness of the protocol under leakage noise that drives the state away from the effective
qubit subspace.

3.1. Cloning Fidelity Benchmark

We benchmark the cloning performance of the HQAM on the Haar-scrambled
ensembles described in Section 2.2, in which the latent two-dimensional subspace
V = Uscrample - Span{|1),|2) } is unknown to the encoder. The reference values are the
universal symmetric 1 — 2 cloning fidelities of Equation (2): F = 5/6 for qubits and
F = 3/4 for qutrits. The analytical maximum achievable on a structured ensemble with
smallest eigenvalue A3 of g is Fmax = (5/6)(1 — A3), realised by the quantum-PCA encoder
of Section 2.1.
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The benchmark comparison in this work is intentionally restricted to universal cloning
benchmarks. In particular, the relevant direct qutrit benchmark is the universal qutrit
cloning fidelity F = 3/4. For the structured ensembles considered here, the HQAM exceeds
this direct universal qutrit cloning benchmark when the input states have sufficiently large
overlap with the effective qubit subspace. This result should be interpreted as improved
performance relative to universal qutrit cloning on structured input families, rather than as
a claim of optimality among all state-dependent quitrit cloners.

Figure 2 reports the held-out cloning fidelity as a function of x for two encoders:
HQAM (trained on |¢i,) via the procedure of Section 2.2) and a fixed canonical projec-
tion (the trivial isometry that maps |i;,) onto span{|1),|2)} of the lab basis without any
learning). Three observations can be made:

T T T T
qubit UQCM 5/6
0.8 b
T O et quirit UQCM 374
2
p—
'._0‘: 0.7 | b
&=
oo
g
=
S 06 .
=} Haar limit 5/9
N R S s — —— e —h—A ...
=
0.5 1
0.4 1 1 1 1
0.80 0.85 0.90 0.95 1.00

Overlap threshold y

—— Fixed canonical projection —@— HQAM (trained)

Figure 2. Cloning fidelity of HQAM versus the fixed canonical projection on Haar-scrambled qutrit
ensembles, as a function of the overlap x. Each input state exactly overlaps x with the latent
subspace V. Each point aggregates 10 Haar-random draws of Ugample; HQAM additionally averages
over 5 random weight initialisations per scramble. Shaded bands indicate +std across scramble
seeds; the HQAM band is smaller than the markers. The trained HQAM encoder (orange) saturates
the analytical maximum Fmax(x) = (5/6)x? of Equation (19)—the quantum-PCA optimum on the
empirical p—and exceeds the universal qutrit cloning bound F = 3/4 for x > Xt = 3/ V10 ~ 0.9487,
approaching the qubit cloning limit F = 5/6 as x — 1. The fixed canonical projection (gray) lacks
access to the unknown latent V; its mean fidelity sits at the Haar-random scramble limit 5/9 ~ 0.556,
independent of yx.

(i) HQAM saturates the analytical maximum. For every yx, the trained encoder agrees
with the analytical prediction Fnax(x) = (5/6)x? from Equation (19) to within ~5 x 104
(Table 1), and the seed-to-seed standard deviation is below 2 x 10~%. We additionally
verified numerically that the analytical quantum-PCA encoder—obtained by diagonalising
the empirical ¢ on the training set—agrees with the trained HQAM to within max | Fyoam —
Fpca| < 2 x 107% across all (), Useramble) combinations, consistent with the analytical
prediction of Section 2.1: the autoencoder converges to the principal component projector
of p from per-state measurements alone. The fidelities of the two clones coincide (F4 = Fp;
see Figure A3), confirming the symmetry expected from the BuZek-Hillery protocol.

(ii) HQAM exceeds the universal qutrit cloning bound for sufficient x. The trained encoder
approaches the qubit cloning limit 5/6 as x — 1 (F = 0.817 at x = 0.99). The crossover
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with the universal qutrit bound F = 3/4 follows directly from Equation (19): setting
2x% = 3/4 gives

Xeit = /16 = 5 & 0.9487. (32)

For x > Xcrit, the structured ensemble is sufficiently compressible that HQAM exceeds
direct universal qutrit cloning; for x < Xcrit, even the analytical optimum Fpyax remains
below 3/4, so subspace exploitation cannot beat the universal qutrit cloner. The empirical
crossover between x = 0.925 (F = 0.713) and x = 0.95 (F = 0.752) in Figure 2 matches
this bound.

(iii) The fixed canonical projection fails on scrambled data. Without access to Ugcramble,
projecting onto span{|1) , |2) } of the lab basis achieves F = 0.556 across all x values, with a
10-scramble band whose width grows from £0.02 at xy = 0.85 to £0.11 at x = 0.99. This
is consistent with the analytically predicted Haar-random scramble limit 5/9 ~ 0.556:
in expectation over Haar-random Ug.,mple, the per-state cloning fidelity reduces to
(5/6){(xty) = (5/6) - (2/3) = 5/9, independent of x. The gap to HQAM grows from
0.05at x = 0.85 to 0.26 at x = 0.99, confirming that learning is required when the latent
subspace is unknown; a fixed canonical isometry suffices only when the input distribution
is hand-aligned with the lab basis.

3.2. Robustness Under Leakage Noise

The leakage noise analysis below uses the canonical-aligned ensemble (no Haar scram-
bling) in order to isolate the effect of leakage on the cloning fidelity from the subspace
recovery question of Section 3.1. The noise strength € in this section therefore plays the
role of a channel parameter rather than the structural overlap threshold x of Section 2.2.
The overlap of the input qutrit with the effective qubit subspace, denoted by yx, can be
interpreted as the action of a noise channel that drives the state away from the ideal two-
dimensional encoding space. From the perspective of the encoded qubit, this behaviour
resembles the effect of a depolarising process. For reference, the standard depolarising
channel acting on a qubit density matrix p is given by

p—>(1—e)p—i—e]I (33)

5/
where € denotes the noise probability. A general derivation of depolarising channels for
d-dimensional systems and a special case d = 2 are provided in Appendices E.1 and E.2,
respectively.

In the present work, the leakage from the qubit subspace is modelled as a channel that
transfers population from the encoded qubit subspace into the fixed qutrit state |0). The
corresponding mapping can be written as

p— (1-e)p+e€l0) (0], (34)

where € := 1 — x and the effective qubit subspace is spanned by {|1) , |2) }. A proof that this
mapping constitutes a valid, completely positive, and trace-preserving (CPTP) operation is
given in Appendix E.3.

We evaluate the robustness of the HQAM under this leakage model by training the
protocol on noisy input states with € € [0.01,0.20]. The corresponding results are shown
in Figure 3. As expected, the average cloning fidelity initially decreases as the noise
level increases, reflecting the degradation of information encoded in the qubit subspace.
However, a non-monotonic behaviour appears when € approaches the upper end of this
interval. This effect is analysed more systematically by extending the simulations to
€ € [0.18,0.50], as shown in Figure A4.
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Figure 3. Performance of the HQAM with the leakage channel, where € € [0.01,0.20]. (a) Average
fidelity (F) versus €. (b) Average loss versus €. The values for both fidelity and loss are taken at the
plateau during training for each €.

The observed behaviour can be understood analytically by considering the linearity
of the HQAM pipeline. The full protocol consists of a sequence of operations—encoding,
cloning, embedding, partial tracing, and decoding—each of which is a valid CPTP map.
Consequently, the overall HQAM transformation ¢ (+) is also linear. Applying this map to
the noisy state in Equation (34) gives

o(p) = o((1—e)o+¢€|0) (0]) = (1 —e)e(p) + ec([0) (0]), (35)

where linearity has been used. Since the input state |(;,) is pure, the fidelity between the
input and output states can be written as

F([¢in) () = ($in| o (p) [Pin) (36)
=(1- e)Fqubit + quutrit/ (37)

where Fgpit denotes the fidelity associated with the encoded qubit subspace and Fqurit
corresponds to the contribution from the |0) component.

When the noise level is small (¢ < 0.05), the state remains largely confined to the
qubit subspace and the overall fidelity is dominated by Fqupit, allowing the HQAM to
outperform direct qutrit cloning. As the noise increases (0.05 < € < 0.17), the encoded
qubit component becomes increasingly distorted, leading to a gradual decline in cloning
fidelity. For sufficiently large noise (¢ > 0.17), the state becomes dominated by the |0)
component, which the decoder reconstructs accurately. In this regime, the overall fidelity is
therefore governed primarily by Fqutit, explaining the observed increase in fidelity.

Figure 4 further illustrates the contributions from the qubit and qutrit components.
As e increases, the fidelity associated with the qubit subspace Fyp;t deteriorates due to the
increasing leakage from the encoded subspace. In contrast, the fidelity associated with the
|0) component, Fyuuit, improves as the noise channel increasingly biases the state toward |0),
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which the decoder reconstructs reliably. Importantly, the overall fidelity remains bounded
by the theoretical limits imposed by universal quantum cloning machines. For qubits, the
optimal fidelity is F = 5/6, while for qutrits, it is F = 3/4. The fact that the observed
fidelities never exceed these limits confirms that the HQAM remains fully consistent with
the no-cloning theorem.

Foverann VS € (seed=5)

(a)

0.80 1

o
N
o

Foverall
o
~
o

—+— Foverall
—— UQCM Qubit
---- UQCM Qutrit

(b) Fqubit VS €
0.8

0.2 Faubit
—— UQCM Qubit
1 UQCM Qutrit

(C) Fqutrit VS €

0.6

0.4

F qutrit

0.2 Fautrit
—— UQCM Qubit
---- UQCM Qutrit

0.01

0.0 0.2 0.4 0.6 0.8 1.0
&

Figure 4. Performance of the HQAM with the leakage channel, where € € [0.01,1.00]. The two
horizontal dashed lines are the average fidelities achieved by UQCM for qubit and qutrit, at % and 3,
respectively. (a) The overall fidelity of the HQAM. (b) The fidelity of the effective qubit subspace.
(c) The fidelity of the qutrit subspace.

4. Discussions and Conclusions

In this work, we proposed a Hybrid Quantum Autocloning Machine that integrates
quantum autoencoding with universal quantum cloning. By compressing qutrit states into
an effective qubit subspace through a unitary encoder, U,, the protocol enables cloning to
be performed in a lower-dimensional space before reconstructing the state in the original
Hilbert space. This compression-assisted strategy reduces the effective resource require-
ments while remaining fully consistent with the limits imposed by the no-cloning theorem.
The encoder plays the role of a sample-based, tomography-free realisation of quantum prin-
cipal component analysis on the input ensemble: it converges to the principal component
projector of the empirical average state p.

An illustrative photonic encoding model is provided in Appendix A. Numerical
optimisation of the encoder confirms that the HQAM achieves high cloning fidelities when
the input states have a strong overlap with the effective qubit subspace. In particular, for
above the analytical crossover it > 3/ /10, the achieved fidelity exceeds the benchmark
fidelity of direct qutrit UQCM cloning and approaches the optimal qubit cloning limit as
x — 1. On Haar-scrambled ensembles where the latent subspace is unknown to the encoder,
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the trained HQAM saturates the analytical maximum Frax(x) = (5/6)x? predicted by
the principal component projector, while a fixed canonical isometry that lacks knowledge
of the latent subspace cannot solve the problem and sits at the Haar-random scramble
limit 5/9. We further analyse the robustness of the protocol under a leakage noise model,
which shows that increasing noise degrades the fidelity associated with the encoded qubit
component, while the contribution from the reconstructed |0) state becomes dominant
at large €. This behaviour explains the non-monotonic fidelity trends observed in the
simulations and highlights the role of the encoded subspace in determining the overall
cloning performance.

Overall, the HQAM demonstrates how compression techniques can be combined
with approximate quantum cloning to improve cloning performance for structured high-
dimensional quantum states whose latent subspace is not classically available. Future work
could extend this framework to higher-dimensional systems, alternative cloning protocols
such as phase-covariant cloning [21], and experimental implementations on photonic or
near-term quantum computing platforms [6,22-27].
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Appendix A. Illustrative Photonic Encoding Model

Compression-assisted Cloning Process

Motorised QWP Avalanche
Beam Displacer Beam Displacer Beam Displacer Photodiode

HWP @45° Motorised HWP L unk
12) 13) [ 14) IS)D‘D 16 . u —l—-

Motorised HWP
m > I—H- I~ m >l

Photon S i - o
oton Source Motorised QWP Scrambler Motorised HWP Half-wave plate @45

Motorised QWP

Figure Al. Schematic of the compression-assisted encoding process. The photon state at each
intermediate step is labelled. Diagram modified from Ref. [17].

The main text focuses on the abstract HQAM model and its numerical implementation,
while the photonic realisation is presented only as background material. Building on the
information previously, we now analyse the compression-assisted cloning protocol in detail.
The overall process of the analytical model for photonic implementation of the quantum
autoencoder is illustrated in Figure Al. For convenience, we express the photon state in
the fast (|f)) and slow (|s)) polarisation bases. The relation to the horizontal (|H)) and
vertical (|V)) bases is given in Appendix B. The initial state produced by the single-photon
source can therefore be written as

i) = cos@|f) +sinbs), (A1)
where 6 is the polarisation parameter that determines the superposition between the fast

and slow axes, and |f) and |s) denote the fast and slow polarisation axes, respectively.
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The encoding procedure consists of a sequence of optical transformations implemented by
waveplates and beam displacers, whose detailed operations are summarised in Appendix B.
After passing through a half-wave plate (HWP) and a quarter-wave plate (QWP), the
photon state becomes
|1) = cos@|f), —isinf|s),,

where subscripts 1 and 2 denote the upper and lower paths. The beam displacer then
separates the polarisation components into two spatial paths, resulting in the state,

|2) = cosf |f); —isinf|s),,
A polarisation scrambler is subsequently applied to the lower path, producing
|3) = cos O |f); —isin®(cos¢ |f), +sing|s),),

where ¢ denotes the scrambler rotation angle. The encoding stage then recombines and
rotates the polarisation components using additional waveplates. After the action of an
HWP at 45°, the photon state becomes

|4) = cosf|s); —isinB(cos¢ |f), —ising]s),).
Combining the polarisation components in the upper path yields
|5) = (—isinfcos¢) |f); +cosf|s); —sinfsing|s), .

New spatial paths, a and b, are introduced, where path a corresponds to the recombined
upper spatial mode and path b corresponds to the lower spatial mode. These paths represent
physically distinct output ports after the polarisation-to-path encoding process. The photon
state can be written as

|6) = (—isin@cos¢) |f), —icos@|s), —sinbsing|f),.

Finally, the mode corresponding to the discarded dimension is routed into the junk
mode. The remaining encoded state is therefore

|7) = —isinfcos¢ |f), —sinfsing |f), —icosb]s),.

Here, c denotes the discarded spatial mode corresponding to the auxiliary dimension,
which is routed into the junk mode.

The sequence of optical operations described above can be represented by a set of uni-
tary transformations Uy, Uy, . .., Uy acting on the photon state. The states |i) to |4) describe
a single-photon polarisation state together with path labels, while the four-component
vector below is only a bookkeeping representation in the combined path—polarisation basis,
rather than a generic four-level input state. Writing the input state in vector form,

0
0

A2
cos (A2)

|¢input> =

—isin®

Here, |pinput) represents an effective state vector description of the photonic state in a
chosen computational basis. Each optical element corresponds to a matrix operation on
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this state vector. The overall encoder transformation is therefore obtained by multiplying
the individual unitaries,

001 0
010 0

Ue = UpUsUsUs = | o o o (A3)
—i 00 0

To minimise the population of the junk mode (corresponding to path c), one may set
6 = 0, which suppresses the amplitude in that mode. Under this condition, the encoded
state reduces to the qubit state

[out) = —ils). (A4)

Applying the BuZek-Hillery universal quantum cloning machine (Equation (1)) to this
encoded state yields

[Yout) |R) [M) — i\/§5> [s)1f) +i\E(IS> F)+1f) 1)) Is) - (A5)

Expressing the resulting state in vector form gives

N T
|¢C10ned>:z\/g{0 00101 -20]. (A6)

The density matrix of the output state is pout = |Peioned) (Peloned |-
Tracing out the machine subsystem yields the reduced density matrices of the
two clones

1 2
o) — g [

[N

1 . (A7)

ol ©

The cloning fidelity is therefore F = g, which corresponds to the optimal fidelity for
symmetric qubit cloning, as predicted by Equation (2).

Appendix B. Transformation of Basis

The standard polarisation basis is {|H), |V) }, while the alternative basis is defined by
the fast and slow axes, denoted by {|f), |s) }. Expressing the photon state in the principal
basis simplifies the description of optical elements such as waveplates.

The transformation from the {|H), |V)} basis to the {|f), |s)} basis corresponds to a
rotation (@ is the basis rotation angle)

jj _ c?se —sinf I:I . (A8)
3 sinf cosf 1%

The inverse transformation is therefore
A cosf sinf||f
.| = . A9
1% [— sin 6 COSG‘| [é} (A9)
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Figure A2 illustrates this basis transformation and the corresponding photon state
|¢) in the rotated coordinate system. In our model, the fast-axis component can be
represented as

If) = (COS 9>, (A10)

sin 6

while the slow-axis component corresponds to the orthogonal state.

g )

Figure A2. Visualisation of the basis transformation from the standard polarisation basis {|H), |V)}
to the principal basis {|f), |s)}. The solid black horizontal and vertical axes denote the original
{|H),|V)} basis directions. The dashed black diagonal axes denote the rotated principal directions
associated with the slow and fast axes, {|s), |f)}. The angle 6 indicates the rotation relating the two
bases. The red vector represents the photon state |¢), shown in the same plane so that its components
can be resolved in the principal basis.

When the principal axes of a waveplate align with the chosen {|f),|s)} basis, the
corresponding transformations take particularly simple matrix forms. A half-wave plate
(HWP) introduces a relative phase shift of 77 between the slow and fast components and is
represented by

1 0
HWPprincipal = [0 _1‘| : (A11)

Similarly, a quarter-wave plate (QWP) introduces a phase shift of 7r/2 on the slow
component, corresponding to

1 0
QWPprinCipal = [O l] . (A12)

A half-wave plate oriented at 45° exchanges the fast and slow components and can
therefore be written as

HWP,5 = [(1) (1)1 (A13)

Finally, the scrambler used in the encoding circuit mixes the polarisation components
and can be modelled by

Scrambler = [ 1 _0 ], (A14)
cos¢ sin¢

where ¢ denotes the rotation angle of the scrambler.
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Appendix C. State Generation Procedure
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Figure A3. Plots for fidelities of both copies, F4 and Fp, for different x at § = 8.0 and r = 0.001.
(@) x =0.99. (b) x = 0.95. (c) x = 0.90. (d) x = 0.85. The F4 and Fg are overlap, which means they
are identical, aligning with the theory.

In the numerical simulations, four ensembles of 2000 normalised qutrit states were
generated at random. The parameter y denotes the overlap between the qutrit state and
the effective qubit subspace used by the encoder.

Four datasets were generated corresponding to different overlap thresholds, namely

x>099, x>095, x>090, x>0.85.

Random qutrit states satisfying a given overlap constraint were generated by sampling
three complex coefficients

Ck = Xp + iyk, Xie, Yk ~ N(O,l), k=0,1,2, (A15)

followed by normalisation

€0
1
in) = c1- Al6
ol = P e e o e

For simulations requiring a fixed overlap value x = ¢, a modified procedure was used.
First, the amplitude of the non-qubit component was chosen as

A=1/1—x2 (A17)
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A random phase ¢ ~ U(0,27) was sampled, and the first coefficient was set to
co = Al (A18)
Next, two complex numbers
Zx = X + Yk, X, Yk ~ N(0,1), k=1,2 (A19)

were generated and normalised to obtain

- Zk
Vizl? +z)?
Finally, the coefficients in the qubit subspace were scaled according to the prescribed
overlap,
a=xn, =xh, (A21)
which yields the state
o
[Yin) = |c1]- (A22)
€2

By construction, the state is normalised and satisfies
lcol® + lea* + fez | = 1. (A23)

Appendix D. Optimised Encoder Unitaries

In this appendix, we report the encoder unitaries obtained from the optimisation
procedure. The encoder U, was trained under four different overlap conditions between
the qutrit Hilbert space and the effective qubit subspace. In all trials, the hyperparameters
were fixed to B = 8.0 and # = 0.01. The optimisation was performed separately for datasets
with overlap thresholds x > 0.99, x > 0.95, x > 0.90, and x > 0.85.

For the case x > 0.99, the optimised encoder unitary is

—0.961721 — 0.2739745i  0.004417 4 0.0017205117 —0.001957 + 0.001891414 ;|
ue(o”) = | —0.004914 — 0.001463557i  —0.92631 — 0.2890803 i 0.238638 — 0.03752783 i
—0.001791 — 0.0006179848i  0.192974 — 0.1453321 i 0.43669 — 0.8665668 i
For the case x > 0.95, the optimised encoder unitary is

—0.309344 + 0.9509026 i —0.005232 4 0.00350046 i  0.007071 — 0.0007754599 i |
Ug(o‘%) = | —0.002113 + 1.688474 x 10~*i —0.156878 — 0.5922081i  —0.024709 — 0.7899771 i
0.001987 — 0.009043409 i —0.665418 +- 0.4264479 i 0.577064 — 0.2056022 i

For the case x > 0.90, the optimised encoder unitary is
—0.9954852 — 0.092547 i 0.01183747 — 0.0019497  0.009575159 + 0.014441 |
UE(O'%) = | —0.01932928 — 0.005484 i —0.4346251 — 0.234607i  —0.4781819 — 0.725947i | .
—0.005968226 + 0.002199i —0.0007486880 + 0.869434i  0.2344573 — 0.434825i
For the case x > 0.85, the optimised encoder unitary is
—0.9802706 + 0.1965275i  —0.002942577 4 0.02091174i  0.0004458398 — 0.0004020995 |
UE(O'SS) = 10.01452004 — 0.008657617 i 0.1423112 + 0.7797590 i —0.3457613 — 0.5018831 i
0.003714416 + 0.01211348i  —0.6093131 — 0.003839584 i —0.7250697 + 0.3206806 i
These matrices represent the encoder transformations learned by the HQAM for

different input state distributions characterised by the overlap parameter yx.
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Appendix E. Depolarising and Leakage Channels

Total Loss vs € (seed=1)

2.5
(a) + Total Loss

Total Loss

(b) Cloning Loss vs &
Cloning Loss

Average Fidelity (F) vs €
(C) (F)

&

Figure A4. Performance of the HQAM under the leakage channel for € € [0.01,0.50] in a representative
fixed-seed run. (a) Total loss as a function of €, showing the overall optimisation objective used
in training. (b) Cloning loss as a function of ¢, isolating the cloning-related contribution to the
objective. (c) Average fidelity (F) as a function of ¢, showing the non-monotonic dependence of
cloning performance on the leakage strength over this interval.

In this appendix, we briefly review the depolarising channel for a general d-
dimensional quantum system and show that the leakage model used in the main text corre-
sponds to a valid, completely positive, and trace-preserving (CPTP) quantum operation.

Appendix E.1. Depolarising Channel in d Dimensions

For a d-dimensional quantum system with density matrix p, the depolarising channel
is defined as

I
€)= -pp+ry (A24)

where I denotes the identity operator and I/d is the maximally mixed state.
This channel can be expressed using the operator sum representation

E(p) = Y KeoK], (A25)
k
where the Kraus operators satisfy the completeness relation
Y KK =1 (A26)
k

A convenient choice of Kraus operators is
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Ko=1-pI, (A27)

K’:\/x&’ i=1,...,d-1, (A28)

where {E;} denotes an orthonormal basis of traceless operators satisfying

and

Tr(ETE;) = 0. (A29)
With this choice, one obtains
-1
E(p) = (1—plp+ 5 X EipEl. (A30)
i=1
Using Schur’s lemma, we have
-1
1
Y EpEf =1- - (A31)
i=1

Then we obtain

_ p Ty p p
5(9)—(1—P)p+d2_1(11—dp> = (1—P—d(d2_1)>p+d2_1]l. (A32)

Since this expression does not recover the standard depolarising channel, we instead
adopt the Kraus operators

Ko = l—p—%ﬂ, Ki:\/gEi, i=1,...,d -1, (A33)

Appendix E.2. Special Case: Qubit Depolarising Channel

For a qubit system (d = 2), the channel reduces to

I
Ep)=00=pe+rs (A34)

which is the form used in Equation (33) of the main text.
A common Kraus representation employs the Pauli operators {oy, ay, 02},

Ko=+1-pl, Ki:\/gai, i=x,z. (A35)

The completeness condition is verified as

Y KK =1. (A36)
i

Appendix E.3. Validity of the Leakage Channel

The leakage channel introduced in Equation (34) of the main text is
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Figure A5. Diagnostic held-out fidelity summary for the structured pseudo-test ensembles. The
figure compares the learned HQAM repeated-seed evaluation with internal fixed-subspace and
clone-free reconstruction diagnostics, together with the universal qutrit and qubit cloning reference
fidelities. This diagnostic figure is provided to contextualise the structured-prior setting and should
not be interpreted as evidence of superiority over all fixed-subspace or state-dependent qutrit
cloning strategies.

E(p) = (1 —€)p+e|0)(0]. (A37)

This channel describes population leakage from the encoded qubit subspace into a
fixed qutrit state |0). To show that this mapping is a valid quantum operation, we construct

the Kraus operators
R; = 10)(i|, i=0,...,d-1 (A38)

For any density matrix p,
d
2 RipRf = 10)(0] Tr(p). (A39)
i=1

Since Tr(p) = 1, this map replaces the input state by |0)(0|. The Kraus operators
satisfy

Y RIR; =Y |i)(i| =L (A40)
i i
Therefore, the leakage channel can be written as the convex combination

E(p) = (1—e)p +€l0)(0], (A41)

which is a mixture of the identity channel and a replacement channel. Since both maps are
CPTP, their convex combination is also CPTP. Hence, the leakage model used in the main
text represents a valid quantum operation.
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