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Abstract

We consider a Markov chain that can be termed a discrete version of Blackwell’s example
from 1958. It is constructed with the aid of a sequence of independent Markov chains with
two states. It turns out its stationary distribution 7t and transition matrix P are in detailed
balance. As a result, the transition operator associated with P is self-adjoint in ¢?(7), the
Hilbert space of all square summable sequences with respect to 7. All eigenvalues of P are
therefore real, and we give explicit formulae for them. Their corresponding eigenvectors
form an orthogonal family in ¢2(7r). Consequently, P can be diagonalized, and we find
manageable formulae for P", where n > 2.

Keywords: Markov chain; infinite state space; spectral representation; stationary
distribution

1. Introduction

In 1958, D. Blackwell provided an example of a continuous-time Markov chain with
all states instantaneous (see [1] or more recent books [2,3]). The fact that all states of this
process are instantaneous means its Q-matrix has —oo in all its diagonal entries. This is one
of the few such known examples; see [4] for another one. Some results related to this chain
have been obtained recently (see [5,6]). As noted in these papers, the chain constructed
by Blackwell is interesting because some explicit calculations can be carried out that are
related to this process. For example, its stationary distribution was found in [6], where a
stable case of this chain was also investigated.

In this paper we consider a discrete version of Blackwell’s example, which is con-
structed as follows. Let Xj(n), Xa(n), .. . be a sequence of independent Markov chains, each
with two states 0 and 1. Our chain (X(1)),>0 will be the joint process (X;(n), X2(n),...).
Such a combination of independent Markov processes defines a new Markov process,
whose state space is the set {0, 1} in our case. Details can be found in [7] (p. 45) and [3]
(p. 65). Notice, however, that the set {0,1} is uncountable. Therefore, in Lemma 2, we
demonstrate that under certain conditions imposed on its components, (X(1)),>¢ takes
values in a countable subset of {0,1}*, which can be identified with the set of natural
numbers N. In other words, the process formally defined by (28) will be a Markov chain on
N. Its transition matrix P is determined by (30).

In Lemma 4, which is a generalization of [6] (Theorem 4), we find the stationary
distribution of (X(n)),>o. This distribution, denoted by 7, is in detailed balance with P,
which means Equation (39) hold true. As a result, the transition operator T associated
with P (see (56) for definition) is a self-adjoint operator in ¢?(7r), the Hilbert space of all
sequences that are square summable with respect to 7z. This, in turn, implies that all
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eigenvalues of T, and therefore of P, are real. In Theorem 3, we give explicit formulae for
these eigenvalues. Their corresponding eigenvectors form an orthogonal basis in ¢2(7t) (see
Theorem 4). Then, we can express P in the form W-1DW, where Dis a diagonal matrix with
eigenvalues of P on its diagonal. The columns of W are eigenvectors corresponding to those
eigenvalues. In Lemma 5, we show that w1 equals ¢~ 1W, for a certain constant ¢ > 0. We
finally obtain explicit formulae for P" = c"'WD"W for any n > 2 (see Examples 1 and 3).
Such formulae, for a single two-state Markov chain, are available in many textbooks (see,
e.g., [8,9]).

It is well known that transition matrices related to Markov chains can also be viewed
as Markov operators in I'(N), the Banach space of all absolutely summable sequences
(see [2] (p. 42)). Theorem 3 is formulated from this perspective. In consequence, the rows
of W are vectors from I*(N).

It should also be added that there is no notion of an instantaneous state for a discrete-
time Markov chain. Nevertheless, the Markov chain investigated here can be called a
discrete version of Blackwell’s example because their construction is similar.

Probabilistic models using sequences of independent Markov chains with two or more
states have some applications, especially in biology and medicine (see [10,11] and the
references therein). For example, in [11], a model of m independent binary chains was
studied. It has been used to detect genomic deletions in cancer patients. Statistical physics
is another field where such models appear (see [3,12]). They are typically used to describe
the behavior of independent particle systems.

The Markov chains studied in Sections 2 and 3 may seem related to the Ising model,
described in [13] (Chapter 7), as well as to birth and death processes (see [8] (p. 155)),
whether with bounded or unbounded population. However, there are essential differences
between them. The reason for this is the following. All entries of the transition matrix
given by (5) or (30) are non-zero. The conclusion is that in the chains under study, each
state is accessible from every other state in one step. Although a Markov chain used in the
one-dimensional Ising model is defined on the state space {—1, +1}", which would be a
case similar to the one considered in Section 2, not all transitions in one step are possible
(see [13] (pp. 195-197)). Similarly, birth and death processes usually allow only for some,
not all, transitions in one step (see [9] (pp. 185-187)).

The structure of this article is as follows. In Section 2, we begin with a Markov chain
composed of a finite number of independent, two-state Markov chains. The notation
introduced in this section, especially the binary representation of integers, will be used
throughout the article. In Section 3, we consider a Markov chain with infinite state space.
We find its stationary distribution and show that its state space can be identified with the
set of natural numbers. Theorems 3 and 4 are the main results of this article. Theorem 1,
being a special case of Theorem 3, is formulated in Section 2. Theorem 2 is equivalent to
Theorem 1. Some additional results are included in Section 4.

2. The Spectral Representation of a 2"'-State Markov Chain

The set of natural numbers {1,2,3, ...} will be denoted by N. The set of all integers is
denoted by Z. Additionally, in this section, S;, stands for the set of integers from 1 to 2™,
Sy = {1,2,3,...,2"}.

Let an integer m > 2 be fixed and consider a Markov chain (X(n)),>o defined as

X(n) = (Xy3(n), X2(n),...,Xm(n)) € {0,1}™, n >0, 1)

where X1 (+), ..., Xu(-) are mutually independent, homogeneous Markov chains, each with
two states 0 and 1. As mentioned earlier, such a combination of independent chains defines
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another Markov chain (see [7] (p. 45)). The transition matrix of the component X (-) has

P — [1—bk b ]: [b,’( bk], @

a  1—a a a,

then the form

where, in general, ai, by € [0,1]. In this paper we assume a, by € (0,1) fork=1,...,m and
denote also a; := 1 — ay, b} := 1 — b. A homogeneous Markov chain is fully characterized
by its transition matrix and initial distribution (see [8,9]). Thus, for the chain Xj(-) it would
be P, and X;(0). The meaning of a; and by in (2) is as follows:

P(Xi(n+1) = 1[Xx(n) = 0) = by

P(Xg(n+1) = 0|Xy(n) = 0) =1 — by = b}, -
P(Xi(n+1) = 0[Xx(n) = 1) = ay

P(Xp(n+1) =1|X(n) =1) =1 —a; = a

for any n > 0, so these are the transition probabilities for X (-) in one step.

It is clear from the independence of its components that (X(n)),>¢ is also a homo-
geneous Markov chain, and in order to write its transition matrix, we will use the binary
representation of integers introduced in [5,6]. This turned out to be a useful way of encoding
natural numbers. We explain this representation here as well.

Basically, it all comes down to the fact that for every i € N there exists a unique finite
set [; C N, such that

i=1+) 21, 4)
kel;
where for i = 1 we assume [} := @ and the sum over [; equals zero. For example,

Ig = {2,5} because 19 = 1+ 2271 + 251 The set I; in (4) we call the representation set
of i. In this section, by 1; we denote the complement of I; with respectto {1,2,...,m}, ie.,
I :={1,2,...,m}\ I;. To summarize, we list representation sets of integers from 1 to 8:

L=, L={1}, =12}, I, ={1,2}, 5 = {3}, I, = {1,3}, I, = {2,3}, Is = {1,2,3}.

Lemma 1. The set of states of (X (1) ),,>0, defined by (1), can be identified with S,, = {1,2,...,2"}.
Moreover, let P = (pjj); ics,, be its transition matrix. Then

pi= 1 @ IT & IT & IT b (5)

kelnl; keLnl;  keLNI  keLNI;

where I;, I; are representation sets of i and j, respectively. We assume that if in (5) one of the sets
LN I, N, TN T, 10 1 ds empty then the product over this set equals 1.

Proof. Let S denote the state space of (X(n)),>0. Thus, it consists of all sequences
(61,62,...,0m), where & € {0,1}, for k = 1,2,...,m. As explained in [6], a se-
quence 6 = (d1,02,...,0m) can be identified with the binary representation of an integer
i=1+Y" 621 The smallest such integer equals 1, for the sequence (0,0, ...,0), and
the biggest equals 2™, for (1,1,...,1). In other words, we can defineamap f : S — S, in
the following way

F((01,02,...,0m)) =1+ i 521, (6)
k=1
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Notice that f is a bijection because every natural number has a unique binary representation.
We can rewrite (6) in an equivalent form f(J) = i, where

m
S28=(01,00,...,0m) «— i=1+) 21 eS,.
k=1

For example, for m = 3 we have (0,0,0) — 1, (1,0,0) — 2, (1,1,0) — 4, etc. The
above observations justify that the set of states of (X(n)),>o can be regarded as S, and I
assume we do so. Also, it can be seen from (4) and (6) that I; contains the indices of those
components of 6 which are equal to 1. Thus, [; is the set of indices of § which are equal to 0.

Fixi,j € Sy andletI;, I i be their representation sets determined by (4). Then, denote
6 := f~1(i) and &' := f~1(j), where f is defined by (6). Because I; and I; are subsets of
{1,2,...,m}, with possibility that I; = @ and/or I; = @, therefore

{1,2,....m} = (LNL)U(LNL)U(LNL)U(LNT). (7)
—_— —— —— N—a—
Vs—1's 1's—0's 0's—0's 0's—1's

The meaning of the four pairwise disjoint sets in (7) is clear. They contain the indices of
those components of § which change to their corresponding components of §’": from 1 to
1, from 1 to 0, from 0 to 0 and from 0 to 1. Hence, (5) follows from the independence of
X1(:),---, Xm(-)and (3). O

As can be seen from (5), every p;; € (0,1), and it is a product of exactly m numbers.
This, in turn, implies that (X(n)),>0 is irreducible (all states communicate) and aperiodic,
which means that each state is accessible from every other state in one step.

Since the state space of (X (1)),>0 is finite, |S;,| = 2™, there exists a unique stationary
distribution 7t = (71;);es,, for this chain, which is determined by the equation 7w = 7P; see,
e.g., [9] (p. 133). In coordinates, it means

7'[]‘ = Z 7'[,‘]71‘]', jE Sm.

i€Sy
In [6] (Theorem 4), it was proved that this distribution is given by

ni—;-l—[%, i € Sp. )

I (14 2) el ™

For example, for m = 3 it takes the form

7T

1 <1 by by biby bs biby babs b1b2b3)
) "a1" ay’ aqay’ a3’ aqa3” araz” ayasaz )’

- (122
Hk:1(1+i

Let I'(R?") denote R?" with the norm defined by

2 m

[l ey = Yolgil, x=(Ei)icom = (81,82, .-, Com).

i=1
Then, the map x — x - P, where P is the transition matrix (5), is a Markov operator in
I'(R?") (see [2] (p. 42)). It means that |[x||;1(gan) = |[x - P|| o) forany x > 0. By x > 0
we understand all components of the x are non-negative, i.e., ¢; > 0.

Recall that a number A is called an eigenvalue of P if there exists x € R?" such that
x # 0 and xP = Ax (see [14] (p. 134)). In such a case, x is termed an eigenvector of P
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corresponding to A. In view of (8), it is clear that A; = 1 is an eigenvalue of P and x), = 7
is its corresponding eigenvector.
This theorem can be considered a generalization of the results from [8,9].

Theorem 1. The matrix P = (pjj); jes,,, determined by (5), has 2™ eigenvalues. These eigenvalues,
denoted as A1, Ay, ..., Aym, are given by

Ai=[1Q —ax—b) =T](ap —bx), i€Sn. )

kGIi kEIi
The eigenvector xp, = ({; j), corresponding to A;, equals

&= (—1)lnEl I1 bl, ji=1,2,...,2" (10)

—a
kGI]'ﬁI,' k

Proof. See the proof of Theorem 3, where we consider a more general case. Those calcula-
tions also apply to this theorem. Another approach to the eigenvalues of P is presented in
Theorem 2. [

Remark 1. Notice that Ay = 1and |A;| < 1, fori = 2,3,...,2™. This is because the Markov
chain under study is irreducible and aperiodic (see [8] (p. 137)). We assume all ay, by € (0,1).
However, not all these eigenvalues have to be distinct. For example, we may take ay = by = %, for
k=1,2,...,m. In this case, there are only two: Ay = 1and A, = 0.

Nevertheless, all vectors defined by (10) are linearly independent, and Theorem 1 allows us to
diagonalize P. It can be written as

P=w"1DW, (11)
where D and W are given by
A 0 ... 0 X\ i1 Ci2 ... Ciom
D— 0 /\2 . 0 W= X)Lz _ (:2,1 (:2,2 . §2,2’”
0 0 ce /\2m xAzm szrl ‘:2"7,2 N (:fzmzm

In Lemma 5, we prove that W= = ¢=1 - W, where ¢ = [T{", (1 + Z—’;) Hence, from (11), we

would obtain 1
Pt=— —  _WD"W, n>1. (12)

o b
ITi (1 + ﬁ)
Both (11) and (12) hold true also when D and W are infinite (see Theorem 3).
Example 1. Consider m = 2. The transition matrix of X(n) = (Xy(n), Xa(n)) has the form

bib, bibh by bib
aby ajby, aby ajby
biay biay biay bia)

apay ajay aa, ajah

(13)

The four eigenvalues of P (see (9)) are as follows:

Ay 0O 0 O 1 0 0 0
p_ |0 Ay 00| |0 a b 0 0
0 0 Az O 0 0 ah — by 0
0 0 0 /\4 0 0 0 (a’l - b])(alz - b2)
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and their corresponding eigenvectors are given by

by b b

XA\ 1 aq Zz 111%2
_ b _ b
W = o = 1 b 1 az Zz
X\, 1 é —1 *ﬁ
X, 1 -1 -1 1
In particular, for any n > 2, we have
(n) _ b b | bib
o = o (1 g+ g+ )
k= 1
b 4 biby
M = (% B0 - Ap)
k= 1
(n) _ b | bib
Pia = (LTZ (1=A3) + 2 (A3 — AZ))
k= 1
pll) — ( (1= A2 =8+ A)).
Il (

Taking the limit, we obtain

1 by by bb
i () 0 0 0 (12 bl
,H“O(Pn P12/ P13 P14) H%:1(1+%) a1’ a’ ayaz

i.e., the stationary distribution for X (n) (see (8)).
The transition matrix Py, given by (2), has the following characteristic polynomial:

p(u) =det(P —pul) = (p—1)(p— (1 —ar—b)), peC.

The eigenvalues of P, together with their corresponding left eigenvectors, are there-
fore equal

lull(:]" vllc (’ﬂk)

B o (14)
py =1—ap—by, vy=(1,-1).

In other words, Ui-‘Pk =u; Uk for i = 1,2. Notice that each A; (see (9)) is a product of yk for
a suitable choice of i. This suggests that the transition matrix of the 2"'-state Markov chain
is the Kronecker product of the matrices Pj, ..., Py. In Theorem 2, we prove that this is
indeed the case, and we begin with the definition of the tensor product of matrices.

The tensor product or the Kronecker product of two matrices, A = (a;;) and B = (b;;),
is defined to be the block matrix

ClllB CllzB . alnB
ARB = Clz]B azzB aan
amB awpB ... auuB

See [15] (p. 243). So, if A is an m x n matrix and B is a p X g matrix, then A ® B has mp
rows and ngq columns. Its (i, j) entry equals

(A®B)ij = a5, ber (022 (15)
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https://doi.org/10.3390/e28050547

Entropy 2026, 28, 547

7 of 25

where
A@)=(G-1)divp+1, fHG=(G-1)divg+],
g1(i) =(i—1)mod p+1, g(j)=(—1) modqg+1,

fori=1,2,...mpandj=1,2,...,nq. Here, the div notation stands for the usual integer
division function: i div p := Lé], where |- | denotes the floor function (see [16] (p. 120)).

In general, A ® B # B ® A; however, the tensor product is associative, i.e., (A ® B) ®
C = A® (B® C), for any matrices. For example, v} ® v? and v} ® v} are

(2)e(12)-(r2a22), (12)e(1e)- (1222

ay az ay ayp ajap a ay ayp dp ajap
The following theorem is equivalent to Theorem 1. It explains why A;s are products of ],ti.‘s,
and also unveils the structure of x,_s, their corresponding eigenvectors.

Theorem 2. Let Py, Py, ..., Py, and P be given by (2) and (5), respectively. Then,
P=P, P, 1®...0 P, ® Py. (16)
Moreover, any eigenvalue of P has the form
T T T 713 (Ai = Hu§>, (17)
kel;

for some iy, iy, ..., i, € {1,2}, and its corresponding eigenvector equals

(o ®vm*1®...®viz2®v}1. (18)

Z'm—l

Proof. In view of [15] (Theorem 4.2.12), the only thing that needs proof is (16). (17) and
(18) follow from it. So we show (16) and the proof is by induction on m. We begin with
m = 2. This case does not require additional notation. The two matrices are

b, b b, b
) ap a4

so their Kronecker product equals

/ / /1, / /
A R L BB, by, Blby bib
!/ /
P P — a;  a ap 4 B a1bé a’lbé Lllbz ﬂibz
2@ 5 = bV b v ob||  |Play brap, Vlal, bal|’
a I 1 7 142 V1d2 Uqlp Uil
) .
a a) 2 ey 4 may ayay  apah  ajal

which coincides with the matrix given by (13). The first step of induction is completed.
To continue the proof, let us introduce the following notation. The matrix P = (pjj); jes,,
is now denoted P(m) = (p;j(m)); jes,,- The matrix Py is now Py = (a;j(k)); je (12}, i€

o [0 m(k)] _ [bz bk], k=1 19

an1(k) (k) a  a

Also, let Ny, := {1,2,...,m}, for m > 2. The second step of induction requires us to prove

P(m+1) = Pyyq ® P(m), (20)

https:/ /doi.org/10.3390/e28050547
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for m > 2. At first, we write explicit expressions for the entries of the two 2"+1 x 2m+1
matrices in (20). Fixi,j € Sy 41 = {1,2,...,2"1}. Based on (15), we have

(Puy1 ® P(m))ij = g, () () (M + 1) Py ()5 () (M), (21)

where
fil))y=(>G-1)div2"+1, fo(j)=(—1)div2"+1,
g1(i)=({—1)mod 2" +1, g(j)=(j—1) mod?2"+1.

Notice that g1 (i), §2(j) € S:. This is because (—1) mod 2" = 2" — 1, which implies
" —1)mod 2" +1=2"-1+1=2"cS,.
The (i, ]) entry of P(m + 1) is

pim+1) = [T a- TT & IT & IT b (22)

I kGTiﬂIj

keL;ni; keLNT; keLNT;

where [;, I; C Ny,11. We will write pij(m + 1) in such a way that it can be directly compared
with the expression on the right side of (21). To this end, let us define

II'=L0N,, F=Ln{m+1} = L=IUP IIn’=0q.

In particular, Il C Ny, and I? C {m + 1}. In the latter case, I? = @ or I? = {m + 1}. By direct
calculation, we obtain the equalities

LNI=In 1]1) u(IZn 1]2),

AT — (11~ 71 2~ 12

Eﬁﬁ_(liﬂli)u(liﬂljl B 23
LNTi= ([} NI NNg) U(FNIEN{m+1}),

LNL= (I nIHu(nr).

All complements in (22) and (23) are with respect to N, ;1. For example, the proof of the
first equality is this

[0L=fu)N(FUR) = (N UR) U0 ul?) = nI)u(Fni),

due to Ii1 N I]-2 = @ and Il-2 NI ]-1 = . Taking into account (23), the right hand side of (22)
can be factorized as follows

pij(m+1) = pji(m + 1)pi(m +1), (24)
where
1 -
pij(m+1) := erl}m} a erlilmﬁ - erﬁngmN,ﬂ by - erﬁml} bi
2 -
pi(m+1) = er[?mf a erl%m? - er?ﬂ?m{mﬂ} by - er?mjz .

Comparing (21) with (24), we conclude that to prove (20), we have to show

pii(m +1) = Pg iy, () (M), Pl (m+1) = g, ) (m + 1), (25)
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Ii1 and I]-1 are subsets of N, as are Ii1 N I]-l, 11-1 N E, E N I]-1 and E N E N Ny;. So the proof of
the first equality in (25) will follow from

Iy =1} =iNNw, i€Spp. (26)

To substantiate it, we consider two cases. In the first one, leti < 2™, 1i.e.,i € S;;,. Then,
I, C Ny, s0 IZ.1 = [;, and

g1(i):(i—1)mod2m+1:i = 1 (i):Ii'

In the second case, i € S, +1\Sp, i-e, i € {2 +1,...,2" 1} Then, certainly {m + 1} C I,
which implies I! = I; "N,, = I;\{m + 1}. On the other hand, 2" mod 2™ = 0 results in

gl(l) - l*Zm = llfz(m—i_l)_l = Iifzm = Il\{m+1}

Thus, (26) is proved. The last thing to demonstrate is

arippm+) =TT a- T - T & II b (27)

2012 2n2 2nR 2
kelFN; keI?nI; kelFniEn{m+1}  kelrnI;

where a;;(m + 1)s are given by (19). This time, there are four cases to consider.
Suppose i < 2" and j < 2™. Then, 12 @, 12 @, I = Ny11, I = Nj,41 and

AN =>G-1)div2"+1=1, f(j)=(G—-1)div2"+1=1,

so (27) takes the form

all(m+1) :b;nJrl = H bllc
ke{m+1}

Ifi <2"andje€ {2"+1,...,2""} then I? = @, I? = {m+1}, 2 = Nyy1, I2 = Ny,
with f1(i) = 1and f(j) = 2. Thus, we have

app(m+1)=byir= [ b
ke{m+1}
Ina similar way, if i € {2" +1,...,2" !} and j < 2", then I} = {m + 1}, I} = ©, 12 =N,,
? = Nj41, with f1(i) = 2 and f,(j) = 1. Therefore, in this case

w(m+1)=apy = [] @
ke{m+1}

Finally, for i,j € {2" +1,...,2"*1} we have 12 = 12 = {m+1}, 12 = ]2 = N,, and
f1(i) =2, f2(j) = 2. Hence, we obtain

ap(m+1)=a,.,= [] a
ke{m+1}

This proves (27), which implies (25). In consequence, (20) holds true and the proof of the
theorem is completed. O
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Example 2. Given Theorem 2 and (14), the four eigenvalues from Example 1 can be expressed in
the form

M=pip=1-1,

Ay = pipy =1+ (af —by),

Az = pspy = (a5 —by) -1,

Ay = 3y = (ay — by) - (@) — by),

b b by by byb
n, =ctod = (LB e = (1L ),
xAz - U%@’U% - (1/ l%) ® (1/ _1) - <11_1/ %/_%)/
=@l =(1,-1)®(1,0)= (1,4, -1,-1
X)\S — Uz Ul — ’ Vi a - /a]/ 7 a 4
x,=0sv=(1,-1)®(1,-1)=(1,-1,-1,1).

Using the tensor product notation, the stationary distribution 7t (see (8)) may be written as

T = ;h <1,b’") ® <1b*”1> ®...® <1,b1>.
I, <1+£) am Ap—1 a

3. A Discrete Version of Blackwell’s Markov Chain

Let X1 (-), X2(+), X3(-), ... be an infinite sequence of mutually independent, two-state
chains as described in Section 2. A discrete analogue of the Markov chain introduced in [1]
can be defined as follows:

X(n) := (X1 (n), Xo(n), X3(n),...) € {0,1}®, n>0. (28)

This joint process is well-defined by the Kolmogorov extension theorem (see [3] (p. 65)),
and it is also a Markov process. At this point, however, it is not clear whether it is a Markov
chain, i.e., that its state space is countable. We deal with this issue in Lemma 2.

Let us first notice that (X(1)),>0 is characterized by two sequences (ay)xeny and
(by)ken, where ay, by € (0,1) for k > 1 (see (3)). As noted in the introduction, there is no
notion of an instantaneous state for a discrete-time Markov chain.

In a similar way as in [6] (Lemma 5), we show that under certain conditions imposed
on (ay)ren and (b )ren, the set of states of (X(n)),>0 can be regarded as N.

Lemma 2. Let S denote the state space of the Markov process defined by (28). If the sequence
(by)ken satisfies
k=1

then S is countable and it can be identified with N. The transition matrix P = (p;;); jew of this

chain equals
pi= 11 @ IT a- I b T1 be (30)
ke ;NI; kelinl;  ke[nl;  kelnl;
Moreover, every p;; € (0,1) and it is a product of infinitely many numbers.
Proof. For now, we have S C {0,1}*. The set {0,1}*, consisting of all sequences of 0 s

and 1 s, including those with infinitely many 1 s, is uncountable by the known Cantor’s
diagonal argument. So, in general, S could be uncountable.
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However, if the condition (29) holds true, then, with probability one, elements of S
are sequences with a finite number of 1 s. This follows from the Borel-Cantelli lemma (see,
e.g., [3] (p. 66)). Namely, we denote Ay := {Xy(n+1) = 1|Xy(n) = 0}, where k > 1. Then,
P(Ay) = by (see (3)) and P(Ay i.0.) = 0, provided that

e}

Y P(A) = i b < +oo.

k=1 k=1

In other words, the condition (29) guarantees that only a finite number of 0 s change to 1 s.
Formally, we can write S as

S = {(5k)keN 20 =0or1and Z(Sk < —l—oo}
k=1

and the set thus defined is countable, as a countable sum of finite sets. Because S is infinite
and countable, there exists a bijection between S and N. We define f : S — N by

f((01,02,05,..)) =1+ Y 52" < 40 (31)
k=1

(see also (6)). That f is a bijection is a consequence of the fact that every natural number
has a unique binary representation, which is encoded in (J;)xen. So we may write (31) in
an equivalent way f(J) = i, where

m
S36=(01,0...,6m000,...) +— i=1+) §2*1eN, (32)
k=1

In contrast to (6), where m is fixed, an integer m in (32) is not fixed, but depends on J. For
every 6 € S such an m exists, because it has a finite number of 1 s. Therefore, S can be
identified with N, which means

P(X(n) € N|X(0) e N) =1, forall n>0.

From now on we assume S = N. Fix i,j € N and let [;, I]- be their representation sets
determined by (4). Let § := f~1(i) and ¢’ := f~1(j), where f is defined by (31). This time,
I; and I, are subsets of N with [; = N\ [; and I; = N \ I;. Therefore, we have

N=(LnL)U(LNL)u(GNL)U(GN). (33)
—_— Y Y= Y~
1's—1’s 1's—0's 0's—0's 0's—1’s

This is an analogous situation to that of (7) and the meaning of the four pairwise disjoint
sets in (33) is similar. What is different here is that the set I; N I; is infinite. In other words,
infinitely many 0 s change to 0 s. Notice that the sets [; N [;, I; N [; and I; N I; are finite.
Therefore, to justify (30) we need to prove that the infinite product HkGTiﬂTj by converges. It
is enough to consider the case of p1; and to prove

o

pu=[[br=1]0-b) < (01). (34)
k=1

k=1

Because we assume by € (0,1), for every k > 1, it turns out the conditions (29) and (34)
are equivalent (see [17] (Problem 3.8.4)). Thus, (29) implies (34). Moreover, (34) implies
that p;; € (0,1), for any 7,j € N, since the product defining p;; differs from p1; by a finite
number of terms. This completes the proof of (30). O
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Lemma 3. The matrix given by (30) is stochastic; i.e., it satisfies
2 pij =1, forevery i€N. (35)

Proof. For fixed i € N we have

Yori=3> | IT & IT a IT & IT &| (36)
=1

LCN \ keLNg; kelNT; keLnI;

where the summation runs over all finite subsets of N. Denote I := [; N [; and | =1 in 1.
The sets I, I’ are disjoint sets, [ N I’ = @, with I C I; and I’ C ;. Therefore, we write (36) as

Sr=T| T (e TLac T1 6 ITn)|

ICh | T, \ kel keLnI kel kel

where the outer sum is over all finite subsets of I; and the interior sum is over all finite
subsets of I; (see Section 4.2). Moreover, notice that in the interior sum, we can factor out
the products that do not depend on I, namely,

Yori=) | (ITa- TT a)- 2| TT b TTo«
j=1 IC | \kel  keLnl I'ch \kel,nT’ kel
Based on Lemma 6, we have
Yoo IT te-ITo| =11Ck+00) =1,
I'ch \ke,nT’ kel kel
and using (83), we obtain
[ee]
Yori=2 | [1a IT &) =T +a) =1,
j=1 ICL; \ kel ke,NI kel;
which proves (35). O

The (infinite) matrix P = (p;;); jen, as a Markov operator, acts in I'(N). Recall this
is the Banach space of all absolutely summable sequences, which means that x = (&;);en
belongs to I!(N) if and only if Y ;o |&| < +oo, and then xlpyy = LienlGil- Ttisa
separable space in which every x € I1(N) can be written as Yy &;e;, where {e; };cn is the
standard Schauder basis in this space, i.e., ¢; = (...,0,1,0,...) with 1 in the i-th coordinate
(see, e.g., [18] (Chapter 7)). In particular, ||x|[; ) = |[x - P||j ) forany x € I'(N) such that
x > 0. If x is arbitrary, then |[x - P[|p ) < [|x| \11 , which means P is a linear contraction
(see [2] (p. 15)). This lemma is an analogue of [6] (Theorem 2).

Lemma 4. Suppose the sequences (ay)ren, (bx)ren satisfy (29), and additionally

)» ;" (37)
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Then the stationary distribution 7w = (71;);en for the Markov chain defined by (28) equals
me—— ok (38)
I, (1 + %) kel; %k
and it satisfies the following detailed balance condition:
mipij = mpji, i,j € N. (39)

Proof. First, we prove Y.3° 7; = 1, which means 7= € I'(N). The condition (37) implies
that the product [T;? 4 (1 + z—’;) converges, and it can be written as

< bk1 bkz by, b, by,

IT(1+ >—1+2 + ) Yy ==+,
k—1< Ky <ky Y1 %ks k1<k2<k3 Ay Ay Ak
or, equivalently using our notation, in the form
b N b
() -2 ()
k=1 Ak =1 \kel, %

See [17] (Problems 3.8.3, 3.8.26) and Section 4.1. This shows 7 is a probability distribution.
Now we prove 7 is stationary. For this purpose, define ¢ = (0;);cn, @ multiple of 7, as

0 =T H<1+bk) :H%
k=1 Ak

(40)
kGI,' .

We will prove that ¢ = ¢P and 0;p;; = 0jpj;, which is equivalent to 7 = 7P and (39),
respectively. We begin with o;p;;. Based on (30) and (40), it equals

o= TT12%- T1 o+ T1 @ T1 8- TT e (41)

kel Ak kenn; keLNT;  kelNT;  keLNI;
Notice that I; U (I; N I;) = I; U I;; hence, we have

[Toe- IT b= IT =110 II &

kel; kefﬂlj keLUl; kel kGTjﬂli

and

1 Hak—l_[*—l—[ T

kel; ak ke[mj keIﬂI ak keI g keIﬁI
Thus, we can write (41) as follows:
by
Uipij = H — H af( . H aj - H bk H bk = U]P]z (42)

a _
kel ' kelinl  ke[nl kel kelnl;

This proves (39). Now we prove ¢ = ¢P. Taking into account (42) and (35), we obtain

=) oipij= Z ipi=0i)_pi=0, JEN,

ieN ieN

which proves m = 7P. The above calculation shows the detailed balance condition is
stronger than stationarity. In other words, not every stationary distribution must satisfy
(39). This completes the proof. [
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Theorem 3. Suppose the sequences (ay)ren, (bx)ren satisfy (29) and (37). Then the transition
matrix P = (pjj); jen, determined by (30), has infinitely many eigenvalues given by

Ai=T]Q—ay—b)=T](a —b), ieN. (43)

kEI,’ kGI,'

The eigenvector x,, = ({; ;), corresponding to A;, has the form

AL b .
Ci,j _ (_1)\11011‘ H ;k, j=1,23,.... (44)
kEI]‘ﬁTi k
and its I'-norm equals
, b
ol =24 TT(1+ %), (45)
kel; k

Proof. Fixi € Nand let y = (y;);cn denote the product of x), and P, i.e., y = x,, - P. We
will show that
yi=Aij, jeEN (46)

Now also fix j € N. Then y; = (x,, - P); and
s b

vi=YGpy= [ O TT 5 TT @ TT a- TT b TT &
=1

_a _ L L L.
I=1 kelnL K kel kelnL  kehnL  kehnl;

Equivalently, we may write y; as

yj = y (—1)lnk] IT be IT o IT1 a- IT1 o T o], (47)

_a _ L1 L.
IICN keI,ﬁli kkEIlﬂIj keI,ﬁIj kEIlﬂIj kEI[ﬂI]‘

where the sum is over all finite subsets of N. Because I; and I; are fixed, I; can be written as
a sum of the following three pairwise disjoint sets

Il:(Ilﬁli)U(IlﬂTiij)U(IlmTiﬂT]'). (48)
——
=] =r ="

In particular, I C [;, I' C ;N Ijand I C I; N I;. Thanks to (48), equality (47) is equivalent to

=Y | L[ T COMTTETaTalls Iu)| @

ICI | rcpnT \I"Cng keh "k kel kels  kels ke

where the first sum is over all subsets of I;, the second sum is over all subsets of I; N I; and
the third sum is over all finite subsets of I; N T] The sets [, ..., J5 in (49) are expressed in
terms of I, I’ and I”, and are given by

h=Tul", L=Tu(InL), B=I"U(INI), Js=LnI"NI, Js=LNINT.

Of these five sets, J4 is the only infinite one. To perform the summation over I" in (49), first
notice that J4 can be written as a sum of two disjoint sets, namely,

NINL)U(INT"NT;).
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This holds true because I; U [; = N and I" is a subset of I; N I;. By Lemma 6, we have

Y (TI2%TTe IT b

— _ a =
1"CInd \keI" K kel"  keTnTnT;

= Y (ITex II ®|= II k+tbp)=1,

"cng; \kel” kelLNI"NI; kelnT;

and (49) takes the form

=Y L (UM TTETTel ITa IT %IT0

_ a - L
ICl | renny kel' "k kel keIlnT, keLnInG kel

=Ty X (D0 TT b T IT & IT %T1

kepnl;  IChL | rcpnk kelnLing  kelnl;  keLnInI  keIN;

The application of (83), together with a; + a;, = 1, gives

C ()11 ()11

repan \kel % ) képng U/ keynr;
This leads to
b
yi=| TT 2] 20" TT b [T a IT 5 IT &
kelnl; k) 1cr; keInhinl;  kelnl;  keLnInI;  keIn;

In view of (43), (44) and (50), to prove (46), we need to show

A= (DB L TT b TT e TT 8 T o

ICh keInLng  kelnl;  keLnINI  kelN;

(50)

(51)

So we prove that right hand sides of (43) and (51) are equal. We begin with (43). First, from

Iy = (I; N I;) U (I; N T;) we have

Ai=T1G =) = T1 (@ —b) [T (ap—bo).

kel; ke LNl keNI;

The set I; N I; is finite, so using (84), we can write

[1@-bt)= Y [T Ta, T &

kEIl‘nI" I’CL’QI]' kel ke?ﬁ[i(‘][j
Because a; — by = —(a; — b}.), then
[T (@ —b0) = (=" TT (ac —by)
kEIl‘ﬂTj kEI{ﬂT/‘

(52)
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and from this, again using (84), we have
A TALAT
[T (=) = ()"0 3 ()P [Tae TT bi) 69
ke,N; "cLng; kel”  kel"nIn;

To combine (52) and (53), notice that the sets I’ and I” in (52) and (53), respectively, are
disjoint sets and are subsets of I;. Then, the set I := I’ UI” is also a subset of I; with
I'=1n1I;, I" = IN 1. Moreover,

'NLNLGI+[I"NENT] = TN

and
(—))INEl = (—) =1 = (—q) I~

Combining (52) and (53) results in
Ai:(_1)|1iﬁTj|+|li| Z (_1)“\ H by H ay H b,’< H 11;( . (54)
ICl; keInLiNL  keInl;  kelnLnI;  keln;
The final step is to notice
LN LI+ L = 2|0 + (L0 ]

and _
(_1)|I,-mlj|+|1,-\ _ (_1)\11'01]'\‘

This concludes the proof of (51); i.e., the right hand sides of (51) and (54) are equal.
Now we prove (45). Based on (44), we have

> b b
leadlnay = 2| T1T =y IT (55)

; —a —a
]:1 kGIjﬂL‘ k I]CN kEI]'mli k

where the sum is over all finite subsets of N. Denote I := [; N I; and I' = LN I;. Then,
INI' = @ and (55) becomes

b
bl = | £ (112)]
ICl | PcT; \kel' k

where the outer sum runs over all subsets of I; and the interior sum is over all finite subsets
of I; = N\ I;. From (37) and Lemma 6, we have

bk> ( bk)
— | = 1+ — ) < Hco.

The set I; is finite and the number of all its subsets equals 2llil; therefore,

bk . bk
xa ey = H<1+ak> -y 1=2ltl. H<1+ak),

kel; ICl; kel;

This completes the proof of (45) and the theorem. [

https:/ /doi.org/10.3390/e28050547


https://doi.org/10.3390/e28050547

Entropy 2026, 28, 547

17 of 25

Remark 2. As in the finite case, we have Ay = 1 and |A;| < 1, for i > 2. Although there are
infinitely many eigenvalues, not necessarily distinct, each is expressed as a finite product. All vectors
given by (44) are linearly independent (see Lemma 5). Moreover, it should be added the conditions
(29) and (37) are not contradictory. For example, the sequences

1

:?/ kzlr

bk = — aj
satisfy both (29) and (37).

The results in Theorem 3 are formulated from the point of view of the Banach space
I'(N) and the map x — x - P. These results can also be looked at from a slightly better
and more natural perspective. Namely, that of the Hilbert space ¢?(7). This is shown in
Theorem 4. To make everything precise, we start by recalling a few concepts.

The Banach space of all bounded sequences, usually denoted as [*°(N), is a vector
space equipped with the norm |[x|[;~(y) = sup;cy |¢i]. Thus, a sequence x = ({;)ien
belongs to [°(N) if and only if sup;_y |&;| < 4o0. Let PT denote the transpose of P given
by (30). The transition operator T, associated with P, is the map defined by

Tx:=x-PI, xeclI®N) (56)

(see [19] (p. 113)). For this definition to be correct, we assume (as before) that x is a
row vector. We can also write T in coordinates. To this end, let ({;)jcy := Tx. Then,
0j = Lien Gipji for j € N. Itis clear that T is a linear operator. Moreover, one can show that
|| Tx[[j00(xv) < [|%]]jo(ny), which means it is a contraction.

Let 7 be the probability distribution given by (38). We define ¢?(7r) as the Hilbert
space of all infinite sequences of complex numbers equipped with the inner product

(X, y)r =Y &iim,  x = (&)ien, ¥ = (Mi)ien,
i=1

and the corresponding norm ||x||r = (L2, |&|?m;)1/2. In other words, x € ¢?(r) if and
only if Y%°, |&|?>m; < +co. For example, a constant vector (1,1,1,...) is an element of
£2(71), because

e8]

1(1,1,1,..)]2 = Yt = 1 < 4oo.
i=1

In a similar way, it can be shown that any x € [®°(N) belongs to ¢%(7), i.e., [°(N) C ¢>(r)
(see [19] (p. 119)). So for now, the domain of T is [*(N).

Theorem 4. Let P and 7t be given by (30) and (38), respectively. Then, the transition oper-
ator T, defined by (56), can be extended to Ez(n). Such an extended operator is contractive,
|| Tx||x < ||x||, and self-adjoint in €%(7); ie., it satisifies

(Tx,yyr = (x, Ty)z, x,y€E Ez(n).

As a result, the spectrum of T is real and its point spectrum o, (T), which is defined as the set of
eigenvalues of T, equals

0p(T) = 0p(PT) = 0,,(P) = {A; : i € N}, (57)
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where A; is given by (43). The eigenvector y), = (1);,), corresponding to A;, has the form

LA by .
i = (=1)V I — i=123,.... (58)
kEIiﬂT]‘ k
Moreover, the eigenvectors y,,, Yy, - - - form an orthogonal family in (2 (7t) and
by ip s s
||y/\j ||2 = I—.[k I 7k1 if 11 =12,

Y Ya, dm = I (59)

0, if i % i

Proof. P and 7t satisfy (39), so T is a self-adjoint operator (see, e.g., [19] (pp. 119-120)). It is
well known that the spectrum of a self-adjoint operator is real (see [18] (p. 301) and [18]
(p- 309) for the proof of (57)). The argument that y,, - PT = Aiyy, is as follows. First,
Theorem 3 says that x,, - P = A;x,,. Equivalently, it means WP = DW, where the matrices
D and W are given by (64) and (65), respectively. In Lemma 5, we prove that W=! = ¢~ 1W
for some ¢ > 0. Thus, W = cW~!. Asaresult, P = W IDW and PT = WID(W-1)T.
Finally, we obtain
PT = (W HTD(c'W)T = (WwhH~1DWT,

The above equality shows that the rows of W', or equivalently, the columns of W, are
eigenvectors of PT corresponding to its eigenvalues. But that is how y );’s are defined; i.e.,
¥, determined by (58) is the i-th column of W. This proves y;\iPT = AiYx;-

What remains to be proven is (59). To carry out the proof, let us denote

Z H c%-Hck . (60)

[e)
I3, 1 = 27 =
]:

It is clear that the set [;, U I; equals I; U (I]- N I; ). Then, in (60), we can factor out the
product [ J;c I, Ck which gives

i IB= TTee Yo TT & TT o) =T« (6)

kEIil j=1 kEIilﬂT/ kEI]‘ﬁK kEIil

(see (75)), where the key argument used to prove it is the set (I;; N T;) U (I; N I;;) equals the
symmetric difference of I;; and I; (see Section 4.1). Now let iy # ip. Then

<y)\i1’y)\i2>ﬂ:1i (_1)|Ii1mlj| H Ck (_1)‘Ii2mlj‘ H Ck HCk . (62)

c = _ _ 4
=1 kel N keI, NI; kel;

Notice that
(Ii1 N I]) N (Iiz n I]) = (Ii1 M Iiz) N I]‘,
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so Equation (62) takes the form

o)

1 AL AL
<y/\i1/y/\i2>n:EHCk’z (—1)!! IT « (-0 IT «]| =0

ke]il ]:1 keI]ﬂE kEIjﬂI,’
see (77) and (82). This concludes the proof of (59). O

Example 3. As noted in Remark 1, the Formula (12) is also true when D and W are infinite-
dimensional matrices. In Remark 3, we give a more detailed explanation of the right hand side of

the formula
1
P" = —bWD”W, n>1, (63)
(e9)
I (1+ )
where the diagonal matrix D equals
1 0 0 0 0 |
0 aj—b 0 0 0
0 0 L —b 0 0
D= R / (64)
0 0 0 (@-b)@-b) O
0 0 0 0 ay — b3
and
r1 b b bbby bibs bobs bibabs by T
ay ap apap as apas azas ajanas ag
1 -1 bk b b3 by b3 __bobs by
a a a a anra ara a
1 by bk bk ko bk b
ay ay as apas as apas ag
1 -1 -1 1 B B _bB kb
as az as as ay
W=[gl=1 & b bk 4 b b bbb (65)
/. ay ap apap a an apap ag
1 -1 & by 1 1 b 2 by
o I b 2R
4
1 é -1 é -1 —ﬁ 1 é Z—4
1 -1 -1 1 -1 1 1 -1 i

)

(see (44)). From (63) we obtain an explicit formula for ngjn , namely,

i = £ e (), )

I, (1 + 2—:) 1=1 kek;

where k; = |I; VI + [[; NV [j| and K; = (I, N T;) U (I; 0 Th). In particular, based on (66), we have

Pt = 1@()%[@(1‘[ bk)] n>1,

I, (1 +a)i= kel
taking the limit
lim p(n) = —1 =70
o1l T o b o !
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where 111 is the first component of T = (71;);cn (see (38)). Recall that this stationary distribution
is given by

S 1 ( b1 by biby b3 bibs bybs bibobs )

co b\’ ay apay’ a3’ ajas’ azas’ ajapaz’
Hk:1(1+ﬁ) 1 Az 4143 43 a1a3 axaz Aa14a3
and it is an eigenvector corresponding to Ay = 1.

Remark 3. We show that with the expression on the right side of Equation (63), we can associate a
bounded operator in £%(rt). For this purpose, define the map

y—W- yT, yE 62(71), (67)

where W is given by (65) and y™ denotes the transpose of a row vector y. We prove that (67) defines
a bounded operator. Based on (59), for e; € £>(7t), we have

b d )
el =l =TT o =TT (1 ) < TI(1+ ). e
k=1 k

kGh

Let y = (&)ien € £2(7r) be arbitrary. Then, y = Y52 &e; with Y02 |&i]?m; < o0 and

IWyTIB = el 1 < X e wel 1B = Il TT(1+ 2). (o9

i=1 i=1 k=1 k
The diagonal matrix D" represents a bounded operator. Its all-diagonal entries do not exceed 1 in
absolute value. Thus, the product WD"W is a composition of three bounded operators in (%(7t).
Finally, inequality (68) makes it clear that the operator

1

——WD"W-yT, ye(n),
I (1+2)

Yy —

is a contractive one.

It is worth to add that the operator x — x - W, acting in I' (N), is unbounded. To see it, take an
integer N > 2and i :=1+ Z,?’:l 251 Then, I; = {1,2,..., N}, therefore, |I;| = N. Moreover,
el [y = 1, for any N, and from (45) we obtain

= b
i Wl = el =2+ TT (142) 22 = 4
k=N+1 k

as N — +o0. Hence, W cannot be bounded, as an operator, in I' (N).

4. Some Additional Results
4.1. Computation of W1

The matrix W, determined by (65), as well as W is Section 2, is a special case of the
matrix W defined by (70). Soif, in W, we substitute ¢, = by /ax, we will obtain W. Therefore,
we consider this more general case here.

We assume that (cg)ken is a sequence of positive real numbers satisfying the summa-
bility condition Y,°% ¢ < +o00. Then, the product [T,-% (1 4 ¢,) converges and

:+

(1 + ) Z <H ck> < +oo (69)

k kel

Il
_
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(see [17] (Problems 3.8.3, 3.8.26)). Equivalently, the right hand side of (69) may be written
as Y. on (ITker, k), where the sum is over all finite subsets of N.
Based on the sequence (ci)ren, we define an infinite matrix W as

W=yl @=C0 ] a0 ijen, 70
kETiﬁl/'

where [;, [; are representation sets of i and j, respectively. In a more explicit form, its first
eight rows are

1 C1 Crp (C1€p (€3 (C1€C3 (€203 (C1C2C3 C4
1 -1 (8)) —C2 Cc3 —C3 (CpC3 —CpC3 (4
1 C1 -1 —C1 c3 (13 —C3 —C1C3 (4
1 -1 -1 1 Cc3 —C3 —C3 Cc3 Cq
W = 1 C1 Cr (102 -1 —C1 —C —C1C2 (4
1 -1 (8)) —C — 1 1 —C2 (8)) Cq
1 C1 -1 —C1 — 1 —C1 1 C1 Cyq
1 -1 -1 1 -1 1 1 -1 C4

In case the sequence (¢ )ken is finite, e.g., it consists of ¢; and ¢y, then

1 C1 Cr (102
~ 1 -1 —_
W — 2 C2

1 C1 -1 —c

1 -1 -1 1

For a given set X, let P(X) denote its power set, i.e., the set consisting of all subsets of X.
The symmetric difference of A and B is defined as

AAB:=(ANB)U(ANB), A,BePX).

It is well known that (P(X), A) is an (abelian) group (see [20] (p. 10)). The empty set
is the neutral element of this group and every element of P(X) equals its own inverse.
More precisely, it means that ( AAB)AC=AA(BAC),AAND=Aand ANA=0Q
for any A, B,C € P(X). Because (P(X),A) is a group, for any fixed A € P(X), the map
f:P(X) — P(X), defined by

f(B)=BAA (71)

is a bijection (see [20] (p. 53)). This means P(X) = {f(B) : B € P(X)}.
If X is finite and non-empty, say |X| = n, where n > 1, then

Yy, (-nll=o (72)

IeP(X)
(see, e.g., [16] (p. 201)). It follows from Y} (}) (—1)* = 0, which is a consequence of the
binomial expansion (a +b)" = YI_ (})a"kb¥, if we puta = 1 and b = —1. For example,
take X = {1,2}. Then, P(X) = {®,{1},{2},{1,2}} and
(-4 () () ()2 =1 -1-1+1=0.

We will use (71) and (72) in the proof of the following lemma, where I = [J; ;] denotes the
identity matrix; i.e., d;; = 1 and ¢;; = 0 fori # j.
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Lemma 5. Let W be the matrix defined by (70). Then W2 = ¢ - I, which implies
Wl=c1l.W, (73)
where c is given by (69).

Proof. Denote V = [v;;] = W2. First, we compute v11. Recall that [ = @and ; = N;
hence, wy; = []e I; Ck and w;; = 1, for any j € N. Then, from (69) we get

[ee] o0

vig =) D@ =) | [Ja] =c
j=1 J=1 \ ke

Fori > 2 we have

Vi = i’&ji’]”&)’jri = i [((_1)1101]' I—I Ck) ((—1)1jﬁli I—I Ck)] . (74)
=1

j:l kEIiﬁI]' kGTjﬂI,'

Notice that in (74) the powers of —1 cancel each other out because

Moreover, (I; N I;) U (I; N I;) = I; A Ij. In other words, it is the symmetric difference of I;
and ;. The set I; is fixed, so by (71) the map I; — I; A I; is a bijection. As a result, (74) takes

the form
vi,l-—i( I ck) —i(nck) =c. (75)

j:1 kEIiAI]' ]',:1 kEI]-/

Now we will prove that v;, ;, = 0, if i1 # i2. So let iy, i> be fixed and assume i1 # i>. Then
I;, # I, which implies I;; A I;, # @, or equivalently

L ALy > 1. (76)
Based on (70), we have

Vi, iy = i@ilrj@]}iz — i [((_1)1jﬁ1i1 H Ck) ((_1)|1]ﬂli2 H Ck)] . (77)
j=i ' k

]:1 kteﬁI,-l GI]‘QI,'Z

Let P;(N) denote the family of all finite subsets of N. The set P;(N) is countable, as a
countable sum of finite sets. Then, define the map g : P;(N) — P;(N) as follows:

g(l) == (LNT,) U(I;N1y), || < ce. (78)
Equivalently, the set g(I;) can be written in the form
g(I) = (LUl \ (inL) = (N, NT,) U (I, \ (I; NI, N T;)).
The assumption i # i, means that g is not a bijection. To see it, define the relation
Iy~ T, & g(l) =8(ly),

where g is given by (78). It is straightforward to verify that it is an equivalence relation on
P1(N). Moreover, the equivalence class of I; equals
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1] = {SI — (N, AT,))UT:TC Il-lAIiz}. (79)
Therefore, from (76), we obtain
H[j” = 2|If1AIf2| > 2,

which proves that g is not injective. Furthermore, the set S, in (79), can be written as a sum
of three mutually disjoint sets, namely,

Si= (NI, NL)U (LN, NI;,) UL

We will show that g(S;) = ¢(I;) for any I C I;; A I;,. Based on (78), the set g(S;) can be
written as S} U S/, where

Sp=[(GNLNL) UGN NL) VTN = (N N) U (INT)

and
/= (UL, U1) (U, UT) ] N, =Tn g, 0 (5 UT).

Because I C I;; A I;,, we have I N E =1INI;, and
L,N (L UL) =L,n (I, N ) = I, \ (I, N I, N ;).
Hence, we get
(INL) UIn(L\ (I, NI, N L))] = I\ (I, N I;, N I;),
and as a result,
§(S1) = Spust = (LN NT,) U (I, \ (I, NI N ) = g(I))- (80)

Thanks to (80), we can write (77) in the form

iy = 3 [( I Ck) 'le], (81)
g() | \kes())

FI. — Z (_1)|[(Ijﬁl,'lAL‘Z)UI]QL']‘+|[(IjﬁlilAI,‘Z)UI]QI,'Z"
IC[{l AI[Z

where g is given by (78) and

However, notice that
(5T, AT, ) UI| Nl = (IN5) U (1, NI, N ),

and similarly
(5T, AT, ) U] Nl = (IN1,) U (I, N1, N ).

Then, from (72), we have

Iy = 2 (_1)|mlil\+|m1i2\: 2 (_1)|1|:0‘

ICIil Aliz ICIil AIiZ
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Taking into account (81), we finally obtain
Oiy,in = 0, if i1 ;é iz. (82)
This completes the proof. [J

4.2. Computation of [Tiej(cx + di)

Suppose | is a finite subset of N. It is straightforward to check that the product
[Tkej(ck +di), where ¢, dy € R, can be written in the following way:

keJ ICc] \ kel kelnj

[Tk +de) =), (Hck~ 11 dk). (83)

The above sum runs over all subsets I of ], so there are 2!/l terms in the expression on the
right hand side of (83) (see [20] (p. 12)). For example, for | = {1,2}, we have

H (cx +di) = c100 + c1dy + cody + didy,
ke{1,2}

and the corresponding subsets of | are {1,2}, {1}, {2} and @, respectively.
Similarly to (83), by putting —dy, in place of di, we would obtain

[Tk —dr) =) ((_1)m] Jlee- T1 dk) , (84)
] icy kel kelny

where, again, the sum is over all subsets of J. For example, consider [Tic (12} (ck — di)-
Then,

[T (cx —di) = crco — c1dy — cody + drda,
ke{1,2}

which can be rewritten as
(—1)12 o1y + (1) WHerdy + (1) eady + (—1) Pl do.

It turns out that if ] is infinite and the product [Ticj(cx + d) converges, then (83) also holds
true, so for | = N, it would take the form

[Tl +di) = ¥ (Hck' I1 dk>'

k=1 ICN \kel keINN

We will prove it in the following lemma.

Lemma 6. Assume ] is an infinite subset of N and let (cy)kej, (di)ke) be sequences of positive
numbers such that the products [ Trej(cx + dx), [Tkej dx converge. Then,

ke IC] \ kel keln]

[(ck+de) =), (Hck' 11 dk)/ (85)

where the sum is taken over all finite subsets of |.

Proof. Because the product [Ticj(ck + di) converges, then
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[Tl +di) = Lim ] (cx+di),

ke] not L EINSy

where S, = {1,2,...,2"}. The set ] NS, is finite, so using (83) results in

H(Ck + dk) = lim Z Hck : H dk ’ (86)

— =
keJ "ot s, \kEl  kelnjrs,

where the sum is over all subsets of | NS, (see also [17] (Problem 3.8.26)). But the product

[Tkej di converges, so
lim ] de= ] d

n—+oo - "
kelIN]NS, kelnJ

All terms on the right side of (86) are non-negative, so taking the limit, we obtain (85). O
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