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Abstract

In realistic social networks, individuals are influenced not only by current interactions,
but also by recent historical opinions, prior experience, and external guidance. However,
historical dependence and its decaying effect remain insufficiently studied in bounded-
confidence opinion dynamics. To address this issue, this paper proposes an extended
Hegselmann–Krause (HK) model in which each individual updates its opinion according to
four information sources: the current opinion, historical opinions, neighbors’ opinions, and
a target opinion. The historical-opinion term is modeled as a weighted average of recent
historical opinions, and its influence is regulated by an attenuation rate to capture memory
decay over time. Simulation experiments are conducted to examine the effects of confidence
thresholds, attenuation rates, weighting coefficients, and network topology on opinion
evolution. The results show that low confidence thresholds tend to generate fragmented
clusters, moderate thresholds facilitate opinion integration, and excessively high thresholds
may lead to rapid homogenization. The attenuation rate regulates the balance between
historical dependence and adaptability to new information, while different weighting
configurations produce distinct evolution patterns. In addition, comparisons across ER
random, WS small-world, and BA scale-free networks show that network topology sig-
nificantly affects convergence speed and final opinion distributions. Finally, simulations
on a real-world review-network topology derived from the Epinions dataset illustrate
the applicability of the proposed model in an e-commerce-related setting. These findings
extend the HK framework from a memory-aware perspective.

Keywords: opinion dynamics; historical opinion; social networks; bounded confidence model;
Hegselmann–Krause model

1. Introduction
Opinion dynamics is an important topic for understanding how opinions evolve

in social networks and has attracted increasing attention in recent years [1]. With the
rapid development of information technology, individuals interact through increasingly
heterogeneous social networks, and collective patterns such as consensus, polarization,
and fragmentation may gradually emerge. To study such processes, several classical
opinion dynamics models have been proposed, including the DeGroot model [2], the
Deffuant–Weisbuch (DW) model [3], the Hegselmann–Krause (HK) model [4], and the
continuous opinion and discrete action (CODA) model [5].

Among them, the HK model has been widely studied because it captures an important
feature of real opinion interaction, namely that individuals are more likely to be influenced
by others whose opinions are sufficiently close to their own. This bounded-confidence line
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of research has been systematically reviewed in recent studies [6]. Many extensions of HK-
type models have been proposed by considering group pressure [7], social conformity [8],
heterogeneous confidence thresholds [9], extremist opinions [10], and other bounded-
confidence mechanisms [11]. Related studies have also discussed social influence from a
broader theoretical perspective [12,13], while heterogeneous bounded-confidence interac-
tion beyond the HK framework has also been examined [14]. In addition, some studies in-
troduce opinion leaders or influential agents into bounded-confidence settings and examine
their effects on group polarization [15], consumer preferences in e-commerce networks [16],
and information diffusion in competing advertising scenarios [17]. Other studies focus
on the discrepancy between expressed opinions and private beliefs, including the basic
expressed-private framework [18], its extension with heterogeneous stubbornness [19], and
further developments incorporating behavioral inference and conformity constraints [20].
Increasing attention has also been paid to psychological and cognitive mechanisms, such as
cognitive dissonance [21], backfire effects and biased assimilation [22], self-persuasion [23],
attitude hiding [24], and the combined effects of cognitive dissonance and introversion on
echo chamber formation [25].

More broadly, the literature on opinion dynamics has also examined several re-
lated directions beyond the standard bounded-confidence setting. The integration
of multiple sources of influence has been recognized as an important issue in opin-
ion dynamics [26]. Some recent studies have further considered higher-order bounded-
confidence interaction [27] and collective information acquisition [28]. Memory-related
and path-dependent opinion evolution has also been explicitly investigated in recent
work [29,30]. In addition, recent studies have explored the co-evolution of opinions and
interpersonal ties, indicating that polarization or related collective patterns may emerge
together with changes in network relations and structural balance [11]. Taken together,
these studies suggest that temporal dependence, enriched updating mechanisms, and
evolving interaction structures have attracted increasing attention in the literature.

Despite these advances, there is still room for further study on one important aspect of
realistic opinion formation: individuals are often influenced not only by current interactions,
but also by their own recent historical opinions. In many real-life situations, people do not
update their views solely according to the opinions currently observed from neighbors.
Instead, judgments are also shaped by prior experiences, previously formed attitudes, and
the inertia of earlier cognitive states. Moreover, the influence of such historical opinions is
usually not constant. Rather, it tends to decay over time as new information accumulates.
Previous HK-type extensions have enriched the modeling of social influence, public–private
divergence, psychological mechanisms, and co-evolving ties. However, they pay relatively
less direct attention to the role of recent historical opinions in bounded-confidence updating.
In particular, their decaying effects remain less fully examined. This issue is especially
relevant in contexts such as online consumption and information dissemination, where
users’ current decisions are often jointly affected by current judgments, prior experiences,
peer evaluations, and external guidance.

To address this issue, this paper proposes an extended HK-type opinion dynamics
model that incorporates multiple information sources into the updating process. Specif-
ically, each individual’s new opinion is jointly determined by current opinion, recent
historical opinions, neighbors’ opinions, and a target opinion. Among these components,
the historical-opinion term is constructed as a weighted average of recent historical opin-
ions, and its influence is regulated by an attenuation rate, which reflects the gradual
weakening of memory effects over time. The target opinion can be interpreted as an
external directional signal, such as platform recommendation, advertising guidance, or
authoritative information, while neighbors’ opinions represent the standard mechanism of
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social interaction. In this way, the proposed model is intended to better capture realistic
opinion updating processes in which individuals balance self-persistence, recent memory,
interpersonal influence, and external guidance, rather than relying only on contempo-
raneous neighbor interactions. This modeling design is consistent with the structure of
the proposed update rule and with the practical scenarios discussed later in the paper,
including e-commerce decision-making.

Compared with the above studies, the contribution of this paper is threefold. First, at
the modeling level, it extends the HK framework by introducing a memory-based historical-
opinion term with exponential attenuation, thereby providing a bounded-confidence model
with explicit path dependence. Second, at the analytical level, it systematically investi-
gates how the confidence threshold, attenuation rate, weighting coefficients, and network
topology affect the emergence of consensus, polarization, and fragmentation. Third, at the
application level, it discusses how the proposed model can be used to interpret consumer
opinion evolution in e-commerce environments, where historical experience, peer reviews,
and external guidance often act simultaneously.

The remainder of this paper is organized as follows. Section 2 introduces the model.
Section 3 presents simulation experiments and parametric analyses. Section 4 discusses the
application of the proposed model in e-commerce scenarios. Finally, Section 5 concludes
the paper and outlines future research directions.

2. Model Description
2.1. Classical Bounded Confidence Models

The Deffuant–Weisbuch (DW) model [3] is proposed by Deffuant et al. At each step, a
random pair of individuals interacts if their opinion difference falls within a confidence
threshold. The opinion update rule is:xi(t + 1) = xi(t) + µij(t)

[
xj(t)− xi(t)

]
xj(t + 1) = xj(t) + µji(t)

[
xi(t)− xj(t)

] (1)

where µij(t) denotes the influence weight of individual j on individual i.
The HK model [4] assumes each individual updates its opinion based on the opinions

of neighbors within its confidence threshold. Let ε represent the bounded confidence
threshold for individual i. The opinion update rule is:

xi(t + 1) =


1

|Ni(t)| ∑j∈Ni(t)
xj(t), Ni(t) ̸= ∅

xi(t), otherwise
(2)

where Ni(t) =
{

j | |xi(t)− xj(t)| ≤ ε, 1 ≤ j ≤ N
}

denotes the set of individuals within
individual i’s confidence threshold.

Self-confidence parameters are introduced for (2) to reflect individual persistence. The
MHK model [7] is proposed:

xi(t + 1) =

λixi(t) +
1−λi
|Ni(t)| ∑j∈Ni(t) xj(t), Ni(t) ̸= ∅

xi(t), otherwise
(3)

where Ni(t) = {j | |xi(t)− xj(t)| ≤ ε, 1 ≤ j ≤ n, j ̸= i} and λi ∈ [0, 1] is the self-confidence
parameter.

Recent extensions incorporate complex networks, emotional mobilization, and fuzzy
logic [31–33]. Studies explore heterogeneous confidence thresholds (ε) and dynamic net-
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work topology, aligning with social psychology principles like selective exposure and
cognitive dissonance.

2.2. Model Construction

Opinion evolution is not only affected by the opinions at present time, but also by
the opinions at historical times. Let xi(t) denote the opinion of individual i at time t. The
opinion update rule is:

xi(t + 1) =
αxi(t) + βHi(t) + ai0(t)γT + δ · 1

|Ni(t)| ∑j∈Ni(t) xj(t)

α + β + ai0(t)γ + δ · 1|Ni(t)|>0
(4)

where ε ∈ [0, 1] is the confidence threshold, and the coefficients α, β, γ, δ ∈ [0, 1] represent
the relative importance of the current opinion, historical opinions, target opinion, and
neighbors’ opinions, respectively, and 1|Ni(t)|>0 is the indicator function, which equals 1 if
the neighbor set is non-empty and 0 otherwise.

Regarding the denominator in the update rule, it is exactly the sum of the coefficients
that actually contribute to the numerator. When a certain information source, for example
the target opinion, is not activated because the confidence condition is not satisfied, the
corresponding coefficient is removed from the denominator. Thus, the total weight always
sums to one. Even when the target term is inactive, the update rule remains properly
normalized and no systematic bias is introduced. Concerning the situation where an
individual has no neighbor within its confidence threshold at a given time step, the neighbor
term contributes nothing to the update, and the rule reduces to a form that depends only
on the individual’s current opinion, historical opinions, and possibly the target opinion
(if activated). This corresponds to an information-isolated state, where opinion change is
driven only by internal memory and external guidance when accessible. Such a situation is
meaningful in real social contexts.

T ∈ [0, 1] is a predetermined target opinion, and

ai0(t) =

1, |xi(t)− T| ≤ ε

0, otherwise
(5)

Hi(t) denotes the weighted historical average opinion for individual i at time t:

Hi(t) =
t−1

∑
k=t−3

wkxi(k) (6)

where

wk = e−λ·(t−k), S =
t−1

∑
k=t−3

wk, wk =
wk
S

(7)

and λ ∈ [0, 1] is the attenuation rate. Obviously, wt−3 ≤ wt−2 ≤ wt−1 and wt−3 + wt−2 +

wt−1 = 1. As λ → 0, wk = e−λ(t−k) → 1 for k = t − 3, t − 2, t − 1, so S → 3 and wk → 1/3;
thus Hi(t) reduces to the arithmetic mean of the three most recent opinions. As λ → ∞,
wt−1 = 1, wt−2, wt−3 → 0, hence S → 1 and wt−1 → 1, wt−2, wt−3 → 0; the model relies
exclusively on the most recent historical opinion, Hi(t) = xi(t − 1). In all cases S ∈ [1, 3],
ensuring numerical stability for any λ ∈ [0, ∞).

As for the initialization of the historical-opinion term, the model uses a fixed memory
window covering the three most recent time steps. During the first three steps, the historical
window is not fully available. To ensure a stable start, we initialize the weighted historical
average at t = 0 as the individual’s initial opinion. From the next time step onward,
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the window is gradually filled with actual historical opinions, and the weighted average
is computed as defined. This initialization scheme shows good numerical stability in all
simulations and does not cause artificial jumps or distorted convergence. Similar treatments
are commonly used in the existing literature on memory-driven opinion dynamics. To
further examine whether the initialization of Hi(t) during the first three steps affects the
final clustering outcome, we additionally compare two different ways of handling the
historical window. As shown in Figure 1, the blue boxplot represents the case where
the historical window is completed using the initial opinion, whereas the green boxplot
represents the case where only the currently available historical information is used and no
additional filling is introduced when historical information is insufficient. The results show
that the median, interquartile range, and overall variation of the final number of clusters
are highly similar under the two treatments, indicating that the model is not particularly
sensitive to the window-filling method in the initial steps. Therefore, the specific treatment
adopted for t = 0 to t = 3 does not substantially alter the final clustering structure. With the
above design, the proposed model remains mathematically self-consistent and behaviorally
sound for all time steps and across all parameter configurations.

Figure 1. Sensitivity analysis of the initial steps.

Figure 2 shows that, the weight distributions under the three, five, and eight step
memory windows exhibit similar overall trends. With an increasing attenuation rate λ,
the weight of the most recent historical time t − 1 rises significantly in all three cases,
while the weights of earlier moments generally become smaller. Specifically, in Figure 2a,
the weight of t − 1 increases steadily, the weight of t − 3 decreases substantially, and the
weight of t − 2 decreases only mildly. In Figure 2b, the weights of t − 5 and t − 4 decline
rapidly and approach very small values, whereas the weight of t − 2 first increases and then
decreases slightly. In Figure 2c, a similar redistribution pattern can be observed: the earliest
terms t − 8 to t − 5 quickly become negligible, while the intermediate terms t − 2, t − 3,
and t − 4 first increase and then gradually decline. These results suggest that, when the
memory window is extended, the additional early historical terms contribute only limited
information, especially for moderate and large λ.

The choice of a three-step historical window is grounded in both psychological prin-
ciples and computational practicality. According to Ebbinghaus’s forgetting curve [34],
human memory retention decays exponentially over time, following the form R = R0e−t/S.
As shown in Figure 2b, when the attenuation rate λ exceeds 0.5, the normalized weights for
time steps prior to t − 3 approach zero, indicating that information beyond three historical
steps exerts negligible influence on current opinion formation. Furthermore, cognitive
psychology research on working memory capacity suggests that individuals can effectively
retain approximately four discrete information units in working memory when rehearsal
strategies are restricted [35]. For children, this capacity is even lower, approximately two
to three items. Thus, the three-step window aligns with the inherent cognitive limitations
of human information processing. This design choice avoids the unrealistic assumption
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that all historical opinions exert equal influence, while maintaining computational effi-
ciency. It is also consistent with recent developments in memory-driven opinion dynamics
models [36], which have independently recognized the importance of limited historical
dependencies in modeling realistic opinion evolution.
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Figure 2. The variation of wk with λ. (a) Three historical moments. (b) Five historical moments.
(c) Eight historical moments.

2.3. Correspondence Between Model Parameters and Psychological Mechanisms

As shown in Table 1, each parameter in the proposed model is associated with a
well-established psychological concept, clarifying the behavioral interpretation of the
update rule.

Table 1. Mapping between psychological mechanisms and model parameters.

Psychological Mechanism Parameter Role in the Model

Selective exposure ε Determines openness to dissimilar opinions
Cognitive dissonance α, β Resistance to change
Recency effect λ Balance between recent and remote memory
Herd effect δ Susceptibility to peer influence
Authority influence γ Responsiveness to external signals

3. Numerical Simulations
Simulation experiments with various parameters are conducted in order to explore

the impacts of parameters on opinion evolution. Some representative experiments are
presented in this section, which are helpful in revealing the underlying social–psychological
mechanisms and providing supports for subsequent research and applications. To examine
the role of network topology, we performed simulations on three distinct network structures,
namely ER random networks, BA scale-free networks, and WS small-world networks.
Due to space constraints, we present the results on the WS small-world network as a
representative case. The WS network is selected because its combination of high clustering
and short average path length facilitates both local opinion exchange and global consensus
formation. At the same time, it avoids the local polarization often induced by hub nodes
in BA networks and the structural irregularity of ER networks that tends to produce
opinion fragmentation. Similar qualitative behaviors under parameter variations are
observed across all three network types, and a detailed comparison is deferred to Section 3.4.
Regarding population size, we tested populations of N = 100, 200, 500, and 1000. Results
confirm that parameters drive identical convergence patterns, such as cluster count and
convergence tendency. Therefore, we set N = 200 throughout to balance computational
efficiency and visualization clarity. The target opinion is fixed at T = 0.8. Initial opinions
are randomly and uniformly distributed within [0, 1]. The confidence threshold ε and the
attenuation rate λ are chosen randomly within [0, 1].
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3.1. Analysis of the Influence of Confidence Threshold on Opinion Evolution

The confidence threshold is a core parameter that determines an individual’s psycho-
logical openness to new information. A low threshold indicates a conservative attitude,
where an individual is only willing to accept information that aligns closely with their exist-
ing views. This psychological trait can easily lead to opinion fragmentation, as individuals
tend to interact only with like-minded peers, effectively creating an “information cocoon.”
Conversely, a high threshold signifies greater inclusiveness and adaptability, where the
individual is willing to understand and accept a wider range of differing opinions. While
this promotes faster information propagation and swift consensus, it also carries the risk of
herd behavior, where individual judgment is suppressed by the majority opinion. There-
fore, the confidence threshold directly influences how individuals establish connections
within a network and fundamentally shapes the speed and scope of information diffu-
sion. Some parameters are specified as λ = 0.2, α = 0.2, β = 0.2, γ = 0.4, δ = 0.2. Let
ε = 0.2, 0.3, 0.4, 0.5, respectively. The opinion trajectories of N individuals in these cases
are shown in Figure 3.
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Figure 3. Opinion evolution under different confidence thresholds. (a) ε = 0.2. (b) ε = 0.3. (c) ε = 0.4.
(d) ε = 0.5.

In the case of ε = 0.2, the opinion trajectories of 200 individuals are shown in Figure 3a
The distribution of individual opinions exhibits obvious fragmentation, and multiple small-
scale opinion clusters are formed among 200 individuals. In each cluster, individuals hold
relatively consistent opinions and there is scarce interaction or communication between
different clusters. A low confidence threshold implies that individual i (i = 1, . . . , 200) is
only willing to communicate with the individuals whose opinions are very close to that of
individual i. Hence, it is difficult for each individual to influence or be influenced by other
individuals. Hence, the entire network splits into several isolated small groups (or clusters).
Each group forms an opinion environment with a high degree of internal consistency,
while there is a lack of effective communication channels between groups, which leads to a
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state of high-level polarization. This communication pattern reflects the selective exposure
effect [37] in social psychology, namely, people tend to be exposed to the information that
is consistent with their existing beliefs and avoid the information that may challenge their
positions. In the case when the confidence threshold is too low, individuals are more likely
to be trapped in an information cocoon [37] and only focus on specific types of information.
Hence, a low confidence threshold tends to strengthen individuals’ existing opinions and
reduces individuals’ openness to new information, which is not conducive to the exchange
and development of multiculturalism.

In the cases of ε = 0.3, 0.4, 0.5, although some opinion clusters still exist, the opinions
of the 200 individuals gradually converge. In particular, as ε approaches 0.5, individuals
begin to accept greater opinion differences, which facilitates extensive opinion communica-
tion and ultimately leads to a larger and more unified opinion distribution. A moderate
confidence threshold allows individuals to flexibly assimilate new information, namely,
individuals neither adhere to their original opinions rigidly nor abandon their positions
hastily. This configuration encourages individuals to seek and consider diverse perspec-
tives, enhance cross-cluster communication and promote opinion diffusion and integration.
Furthermore, as more individuals engage in opinion communication, the former isolated
subgroups begin to interact, which facilitates collective consensus-building. The cases of
ε = 0.3, 0.4, 0.5 are aligned with the cognitive dissonance theory in social psychology,
which means that humans inherently seek internal harmony. Appropriately relaxing confi-
dence thresholds can mitigate psychological discomfort from exposure to heterogeneous
information, enable individuals to maintain self-identity and embrace new information.
Such mechanisms are important for promoting social inclusivity, strengthening community
cohesion, and nurturing tolerance for diversity and uncertainty.

When the confidence threshold is too high (e.g., ε = 0.8), most individuals com-
municate and update their opinions more freely. The group rapidly achieves a highly
homogeneous opinion distribution after a short period. However, extreme uniformity
(termed the herd effect [37]) may emerge in certain scenarios. A high confidence thresh-
old reflects individuals’ open acceptance of external information, accelerates information
propagation and bridges even initially divergent opinions. Simultaneously, the absence of
communication barriers creates an efficient information-sharing platform, which enables
all individuals to access relevant information and evolve toward a shared direction collec-
tively. In the long run, although high confidence thresholds promote efficient short-term
collaboration, excessive uniformity may stifle individual creativity and uniqueness, lead
to homogenization, and hinder long-term opinion evolution. Additionally, over-reliance
on external validation may erode an individual’s own judgment, foster dependency on
collective opinions and develop a behavioral pattern of blind conformity.

3.2. Analysis of the Influence of Attenuation Rate on Opinion Evolution

The attenuation rate λ directly governs the weight distribution among an individual’s
historical opinions. A larger λ causes the weight of the most recent historical opinion to
dominate, while the weights of earlier opinions decay rapidly toward zero. Conversely, a
smaller λ yields a more even weight distribution across the three historical steps. By tuning
λ, the model can continuously vary the strength of historical path dependence: from strong
reliance on a broad range of past opinions to nearly exclusive focus on the most recent
experience. This flexibility allows the model to capture different memory patterns observed
in real-world decision-making, ranging from long-term cognitive retention to short-term
recency effects. The following simulations fix other parameters and systematically vary
λ to isolate its impact on opinion evolution. Main parameters are specified as ε = 0.35,
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α = 0.2, β = 0.2, γ = 0.4 and δ = 0.2. The opinion trajectories of N individuals for
λ = 0.05, 0.2, 0.3, 0.4, 0.8 are shown in Figure 4, respectively.

0 10 20 30 40 50 60 70 80 90 100

Time Step

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

O
p

in
io

n

WS Small-world Network: Opinion Evolution

Individual traces

Mean opinion

Target

(a)

0 10 20 30 40 50 60 70 80 90 100

Time Step

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

O
p

in
io

n

WS Small-world Network: Opinion Evolution

Individual traces

Mean opinion

Target

(b)

0 10 20 30 40 50 60 70 80 90 100

Time Step

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

O
p

in
io

n

WS Small-world Network: Opinion Evolution

Individual traces

Mean opinion

Target

(c)

0 10 20 30 40 50 60 70 80 90 100

Time Step

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

O
p

in
io

n

WS Small-world Network: Opinion Evolution

Individual traces

Mean opinion

Target

(d)

0 10 20 30 40 50 60 70 80 90 100

Time Step

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

O
p
in

io
n

WS Small-world Network: Opinion Evolution

Individual traces

Mean opinion

Target

(e)

Figure 4. Opinion evolution under different attenuation rates. (a) λ = 0.05. (b) λ = 0.2. (c) λ = 0.3.
(d) λ = 0.4. (e) λ = 0.8.

In the case of low λ (λ = 0.05), the weights of historical opinions in Hi(t) are nearly
the same, namely, the influence degrees of past opinions on an individual are almost the
same. From Figure 4a, it is found that opinion fusion is in a slow manner, and multiple
opinion clusters are formed gradually. In the case of moderate λ (λ = 0.2, 0.3, 0.4), there
are some differences among historical opinion weights in Hi(t). Hence, the differences
among influence degrees of historical opinions on an individual are not very significant.
There are still some opinion clusters in Figure 4b–d, while some opinion clusters begin to
merge gradually. In the case of high λ (λ = 0.8), there are quite obvious differences among
historical opinion weights in Hi(t). The weight at time t − 1 is much greater than the
weights at times t − 2 and t − 3, which means each individual is more concerned with the
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opinion at the recent historical time. From Figure 4e, individuals influenced by the target
opinion converge towards the target quickly, while other individuals merge into a group.
Obviously, the number of opinion clusters decreases as the attenuation rate increases.

Some sociopsychological mechanisms are revealed by the above simulation results.
The case of low λ (less than 0.1) reflects cognitive rigidity [37]. That is, individuals adhere to
historical experiences persistently, resist new information, and trap the group in an opinion
deadlock. The case of moderate λ (0.2–0.4) embodies gradual adaptation [38]. In other
words, individuals phase out outdated beliefs gradually, but still retain some historical
dependence, which is consistent with real-world decision-making patterns characterized
by stepwise preference adjustments. The case of high λ (more than 0.5) corresponds to
short-term memory dependence [39]. That is, individuals focus on recent information
solely, and shed historical constraints rapidly. This fosters impulsive decisions or herd
effects [37], which are driven by transient influences rather than cumulative reasoning.
These findings reflect the critical role of the attenuation rate in balancing historical inertia
and adaptability.

3.3. Analysis of the Influence of Weighting Coefficient on Opinion Evolution

The weighting coefficients determine the proportional influence of four key factors on
an individual’s final opinion: current opinion, weighted historical average opinion, external
target opinion, and neighbors’ opinions. The assignment of these weights corresponds to
an individual’s role in the social network. A high weight on one’s own opinion (current or
historical) is characteristic of a leader or a conservative individual, emphasizing autonomy
and resistance to external information. A high weight on neighbors’ opinions or the target
opinion is characteristic of a follower, prioritizing collaboration, receptivity, and external
guidance. By adjusting these coefficients, the model can simulate the behavioral patterns
of different personality types, ranging from conservative and stubborn to easily guided
and conformist. The specific combination of weights determines whether a group evolves
slowly with persistent disagreements or converges rapidly towards a shared goal. After
extensive simulations, the following representative weight combinations are selected:

(a) α = 0.2, β = 0.5, γ = 0.1, δ = 0.2
(b) α = 0.2, β = 0.2, γ = 0.4, δ = 0.2
(c) α = 0.5, β = 0.2, γ = 0.1, δ = 0.2

The other parameters are chosen as ε = 0.35 and λ = 0.4, randomly.
In case (a), individuals assign higher weights to their historical opinions while paying

less attention to the external target T. This indicates a preference for personal cognitive
experiences and intuition over blind adherence to external suggestions. Consequently,
the group exhibits a higher proportion of independent thinkers who are less suscepti-
ble to environmental changes. In Figure 5a,b, opinion distributions demonstrate strong
conservatism, and multiple relatively isolated opinion clusters emerge. Moreover, the
individuals in a cluster maintain internal consistency but diverge significantly from those
in other clusters. Although some minor fusions occur, the overall dispersion remains high,
which reflects individuals’ reliance on historical opinions. In this environment, although
some new ideas may emerge, there is an overall tendency to stick to existing positions,
which slows down the evolution of opinions and lead to persistent disagreements. The
high weight on historical opinions reinforces cognitive stability and consistency, which
results in slower individual responses to changes in other factors and makes it difficult for
individuals to quickly accept and adapt to new environments.

By increasing the weight on the target opinion T and reducing dependence on histori-
cal opinions, opinion fusion is improved and accelerated, as shown in Figure 5c,d. Initially
small and dispersed clusters gradually merge into larger and more cohesive clusters. Ulti-
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mately, a significant majority converges toward the target opinion T and demonstrate high
consensus and coordination. Under this configuration, individuals prioritize collective
goals and overarching trends, and have greater willingness to compromise or adapt for
shared target. The increase of the weight on T improves openness to external informa-
tion and facilitates cross-cluster interactions. Simultaneously, moderate historical opinion
weights prevent excessive adherence to outdated beliefs, and enable individuals to strike a
balance between retaining historical insights and assimilating new perspectives, which can
avoid stubbornness and blind conformity.
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Figure 5. Opinion evolution under different weighting coefficients on WS small-world networks and
BA scale-free networks. (a) High historical weight (WS network). (b) High historical weight (BA
network). (c) Balanced weights (WS network). (d) Balanced weights (BA network). (e) High current
weight (WS network). (f) High current weight (BA network).

In case (c), individuals assign a relatively higher weight to their current opinions
(α = 0.5). This indicates that individuals rely more heavily on immediate judgments in the
process of forming new opinions. During initial iterations, the group exhibits moderate
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dispersion in opinions due to individuals’ adherence to current opinion, as shown in
Figure 5e,f. Obviously, the dispersion in Figure 5e,f is decreased compared to that in
Figure 5a,b. Both Figure 5a,b (β = 0.5, high historical weight) and Figure 5e,f (α = 0.5, high
current weight) reflect strong individual reliance on personal opinions, which results in
slow convergence and fragmented opinion distributions.

Some conclusions are obtained based on the simulation results for different weight-
ing coefficients. In the case of high historical opinion weight (β = 0.5), strong reliance
on historical opinions makes individuals tend to maintain their existing positions when
updating their opinions. This helps to enhance psychological stability in decision-making,
but it also results in relatively delayed response to new information. In the case of high
current opinion weight (α = 0.5), individuals persistently adhere to immediate judgments
but lack substantial guidance from the target opinion T. This tendency reinforces rigid
adherence to individuals’ opinion, at the cost of innovation capabilities. For the balanced
weight configuration (α = β = δ = 0.2, γ = 0.4), it provides an optimal equilibrium.
Individuals not only retain partial dependence on historical opinions, but also evaluate
new information rationally and adapt to emerging scenarios flexibly.

3.4. Analysis of the Influence of Network Topology on Opinion Evolution

In addition to individual parameters (e.g., confidence threshold, attenuation rate,
weighting coefficients), the topology of social networks also profoundly shapes the final
patterns of opinion evolution. To investigate the role of network structure, we compare
three classic network topologies, ER random network (ER), WS small-world network (WS),
and BA scale-free network (BA), under identical parameter settings (ε = 0.35, λ = 0.4,
α = 0.2, β = 0.2, γ = 0.4, δ = 0.2). The initial opinions are uniformly distributed in [0, 1],
and the target opinion T = 0.8. All simulations are conducted with N = 200 individuals
over 100 iterations.

Figure 6a presents the histograms of final opinion distributions under the three net-
works. The standard deviations are 0.2807 for ER, 0.2484 for WS, and 0.2610 for BA. The
WS small-world network yields the most concentrated final opinion distribution (small-
est standard deviation), indicating that its high clustering coefficient and short average
path length facilitate local opinion exchange and global consensus formation. In the BA
scale-free network, a few high-degree hub nodes accelerate opinion propagation but may
also induce local polarization, resulting in a medium standard deviation. The ER random
network, lacking structural regularities, leads to the most dispersed distribution and the
highest polarization level.

Figure 6b shows representative opinion evolution trajectories (or distribution compar-
isons) under different networks. In the BA scale-free network, hub nodes (opinion leaders)
quickly attract surrounding nodes, but differences among hubs may cause multiple clusters.
In the WS small-world network, opinion evolution is smoother; clustering effects promote
local consensus that gradually merges. In the ER random network, opinion changes are
more disorderly and convergence is slow.

Figure 6c compares convergence speed and final polarization level (standard devi-
ation) across the three networks. The BA scale-free network converges fastest due to
hub-accelerated information diffusion, followed by the WS small-world network, while the
ER random network is the slowest. Regarding polarization, the WS small-world network
achieves the smallest final standard deviation, indicating its superiority in consensus build-
ing; the BA scale-free network is intermediate, and the ER random network exhibits the
highest polarization.
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(a) Final opinion distribution under different network topologies
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Figure 6. Comparison of opinion dynamics under ER random, WS small-world, and BA scale-free
networks. (a) Histograms of final opinion distributions with standard deviations. (b) Typical opinion
evolution processes (or distribution comparisons). (c) Convergence time and final standard deviation
across networks.
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In summary, network topology plays a critical role in opinion evolution. WS small-
world networks excel at promoting consensus due to their high clustering and short path
lengths. BA scale-free networks enable rapid information propagation via hub nodes but
risk local polarization. ER random networks tend to produce fragmented opinions and
slower convergence. These findings provide theoretical guidance for designing network
interventions in real-world applications.

The simulations and analysis in Sections 3.1–3.4 illustrate the roles of some key pa-
rameters on opinion evolution and reveal the hidden social and psychological laws, which
can provide some guidance for designing appropriate parameters in different applica-
tion scenarios.

4. Application Scenarios
In e-commerce environments, consumers’ purchase-related opinions are shaped by

multiple sources of information, including product attributes, price comparisons, online re-
views, brand reputation, previous shopping experience, and platform recommendations [40].
These factors make online consumption a typical scenario of multi-source opinion forma-
tion. Consumers do not make decisions only according to their current impressions of a
product; rather, their judgments are also affected by past experiences, peer evaluations, and
external promotional signals.

This setting is consistent with the structure of the proposed model. The current
opinion represents consumers’ immediate product perception, the historical opinion term
reflects the influence of previous experience, the neighbor-opinion term captures the
effect of peer reviews and social interaction, and the target opinion can be interpreted as
external guidance such as advertising, platform recommendation, or influencer promotion.
Therefore, the e-commerce review scenario provides a suitable context for illustrating the
practical applicability of the proposed model.

4.1. Simulation on a Real-World Social Network

To further examine the applicability of the proposed model in an e-commerce-
related setting, we employ the real Epinions network as the interaction topology among
consumers [41]. Epinions is a typical online consumer review platform, and its network
provides an empirically grounded interaction topology for e-commerce environments. In
the original dataset, the full network contains 75,888 individuals. Therefore, compared with
artificially generated networks, this dataset can better reflect the structural characteristics
of real online review communities.

Before conducting the main simulations, we compare the average opinion evolution on
the full Epinions network with that on a subnetwork consisting of the first 1000 individuals.
As shown in Figure 7, the two curves are very close throughout the evolution process.
This result suggests that the 1000-node subnetwork can preserve the main macroscopic
evolutionary pattern of the full network. Considering both computational efficiency and
visualization clarity, the following simulations are therefore conducted on the 1000-node
Epinions subnetwork. Unless otherwise specified, the parameters are set as follows:
N = 1000, T = 0.8, ϵ = 0.35, λ = 0.4, α = 0.2, β = 0.2, γ = 0.4, δ = 0.2.

In the baseline simulation of opinion dynamics, initial opinions are often assumed
to follow a uniform distribution over [0, 1]. This setting is useful as a neutral benchmark
because it assumes that individuals’ initial opinions are evenly distributed across the whole
opinion space. However, real online review data usually does not follow such an idealized
distribution. In many e-commerce review systems, ratings tend to be concentrated around
extremely high scores and, to a lesser extent, extremely low scores, forming a J-shaped
distribution. Therefore, we compare two types of initial opinion distributions: a uniform
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distribution over [0, 1] and a J-shaped distribution with stronger concentration at the
two extremes.
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Figure 7. Comparison of average opinion evolution under different settings.

Figure 8 presents the opinion distributions at t = 0, t = 10, and t = 50 under two
types of initial opinion distributions: uniform and J-shaped. In Figure 8a under the uniform
initial distribution, opinions are initially scattered uniformly over [0, 1]. As iterations
proceed, the number of individuals close to the target opinion T = 0.8 gradually increases,
while the number far from the target decreases. This indicates that, under the combined
influence of external guidance, peer interaction, and historical dependence, consumer
opinions gradually move toward the promoted product perception. In Figure 8b under
the J-shaped initial distribution, the initial opinions are more concentrated near the two
ends of the interval, especially at the high-score end, which better reflects the rating
bias commonly observed in online review platforms. Compared with the uniform case,
the J-shaped distribution produces a stronger initial concentration of extreme opinions.
Nevertheless, the subsequent evolution still shows a clear movement toward the target
opinion. Figure 9a,b further show the temporal variations of opinion-interval counts
during the first 50 iterations. Although the two initial distributions differ substantially at
the beginning, their overall evolutionary tendencies remain broadly consistent after several
iterations. This comparison indicates that the proposed model is not highly sensitive to
the assumption of uniformly distributed initial opinions and remains stable when a more
realistic J-shaped distribution is considered. This validates the effectiveness of the proposed
model in simulating the dynamic changes of consumer opinions in e-commerce scenarios.
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Figure 8. Distribution of individual (consumer) counts at different iteration stages. (a) Uniform initial
distribution. (b) J-shaped initial distribution.
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Opinion Distribution Dynamics (First 50 Steps) - Uniform
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Figure 9. Temporal variations in individual (community) counts across iterations. (a) Uniform initial
distribution. (b) J-shaped initial distribution.

4.2. Influence of Weight Parameters on Consumer Behavior

If the weight of the current opinion (α) increases, individuals will rely more on their
own opinions at the current moment when updating their opinions, and the relative
dependence on historical opinions, neighbor opinions, and target opinions will decrease.
This will result in relatively small changes in individual opinions and make them less
susceptible to external factors. In the e-commerce scene, if consumers give too much weight
to their current impression of product, then it is not easy to change their decisions (even
if they receive positive reviews or significant discounts from other consumers). This may
lead to an increase in the diversity of purchasing decisions within the group and make it
difficult to form a unified purchasing trend.

If the weight of the weighted historical average opinions is high, the more individuals
value past experiences and opinions, then the stronger the influence of historical opinions
on current opinion updates. This may make individual opinion changes relatively conser-
vative, and the impact of new information on them is relatively weak. In practical scenarios,
if consumers have purchased similar products in the past and have had poor experiences,
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then consumers may find it difficult to change their views due to excessive reliance on
historical experience, which affects the overall acceptance of the new product by the group
and the formation of purchasing decisions.

If the weight of the target opinion is relatively high, then individuals are more likely
to be attracted by the target opinion, adjust their opinions towards the direction of the
target opinion, and are more likely to converge to the neighborhood of the target opinion.
In e-commerce promotional activities, manufacturers can use marketing guidance, product
advantage promotion, etc., to encourage consumers to change their views on products
more quickly. That is, consumers shift from hesitant buying to inclined buying, which leads
to an increase in group purchasing willingness, and group opinions evolve more quickly in
a direction favorable to the purchase.

If the weight of neighbor opinions is high, then the opinions of an individual’s neigh-
bors, such as evaluations and recommendations from other consumers, have a significant
impact on the opinion update of the individual. Individuals are more susceptible to the
influence of surrounding consumer opinions, and the role of information dissemination and
mutual influence within a group is more obvious, which leads to more complex and diverse
changes in group opinions. On e-commerce platforms, if consumers value the consumer
experience of other consumers more, then they will be more inclined to purchase products
when they receive many positive reviews. On the contrary, if a consumer receives a lot
of negative reviews, even if the product itself has some attractiveness, then it is possible
for the consumer to give up purchasing. Hence, group purchasing decisions undergo
significant changes with the changes of neighbors’ opinions.

4.3. Attenuation Rate Regulation and Market Adaptability

The attenuation rate reflects the changing trend of the influence of historical opinions
on current opinion. The larger the attenuation rate, the more consumers rely on information
from the most recent historical moment; the smaller the attenuation rate, the stronger the
consumer’s dependence on information from the past historical period. If the attenuation
rate is large, then consumers may forget their initial impression of the product faster and
are more easily influenced by new product promotion information or other recent consumer
evaluations. Group opinions will be more sensitive to market changes. If the attenuation
rate is small, then consumers may be influenced by their early views on the product for a
long time, and their acceptance and response to new information may be relatively slow,
which results in a lag in adjusting opinions.

4.4. Parameter Optimization Strategies and Risk Mitigation

In e-commerce scenarios, manufacturers can dynamically adjust the weight of different
information based on marketing objectives. During the promotion period of new products,
target weight can be increased to quickly establish market awareness through intensive
advertising placement. During the user retention phase, historical weight can be moderately
increased to maintain repeat purchase rates through brand loyalty. At the same time, it
is necessary to enhance the weight of neighbors and amplify the word-of-mouth effect
through user feedback and social communication.

However, we need to be vigilant about the potential risks of weight allocation. If
consumers overly rely on historical opinions, it will be difficult for innovative products to
overcome existing cognitive barriers. If the target weight monopolizes, it is possible to lead
to information manipulation and damage to consumer rights. If neighbor interaction is
ignored, the synergy of social networks will be weaken and the quality of group decision-
making will be reduced.
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The target opinion T embodies authoritative perspectives such as key opinion leaders
in e-commerce environments, whose influence is dynamically activated through the condi-
tional mechanism ai0(t). This selective engagement aligns with the bounded acceptance
theory, where individuals assimilate external inputs proximate to their existing stance. To
address such polarization, future work could explore two potential intervention strategies:
enhancing relational ties by injecting social relationship weights to facilitate cross-cluster
communication, and implementing dynamic parameter tuning to propel distant groups
toward transitional opinion zones. These strategies, which remain underexplored in current
research, offer promising avenues to mitigate polarization through targeted adjustments to
social connections and dynamic cognitive processes.

5. Conclusions
Based on the HK model, this paper proposes an extended opinion dynamics model

by considering the influence of historical opinions on opinion evolution. In the proposed
framework, each individual’s opinion is determined not only by the opinions within its
confidence threshold, but also by its recent historical opinions, whose influence decays
over time. The effects of confidence thresholds, attenuation rates, weighting coefficients,
and network topology on opinion evolution are explored through simulation experiments.

The simulation results show that low confidence thresholds tend to produce polarized
or fragmented opinion patterns, whereas moderate thresholds facilitate opinion integration
and consensus formation; excessively high thresholds may lead to rapid homogenization.
The attenuation rate regulates the balance between historical dependence and respon-
siveness to new information. In terms of weighting coefficients, different configurations
generate distinct convergence patterns. In addition, comparisons across ER random, WS
small-world, and BA scale-free networks indicate that network topology has an impor-
tant influence on convergence speed, final opinion distribution, and polarization level.
To bridge the model parameters with psychological interpretations, we have provided
a explicit mapping table linking confidence threshold, attenuation rate, and weighting
coefficients to well-established social psychological mechanisms such as selective exposure,
cognitive dissonance, recency effect, and herd behavior.

The proposed update rule can be written in matrix form as x(t + 1) = W(t)x(t), where
W(t) is a row-stochastic matrix. However, W(t) depends on the current opinion vector
x(t) through the bounded-confidence condition |xi(t)− xj(t)| ≤ ϵ and the target-activation
condition |xi(t)− T| ≤ ϵ. Hence W(t) is not a prescribed time-varying matrix but a state-
dependent stochastic matrix. Analyzing the convergence of such state-dependent products
is more challenging than for standard ergodic chains. A rigorous convergence analysis of
such state-dependent dynamics remains an important direction for future theoretical work.

While a high attenuation rate λ accelerates consensus formation, this finding should
not be interpreted as less memory is always beneficial for society. In real-world settings,
historical memory serves as a critical filter against misinformation, fake news, and short-
term manipulation. A population that rapidly forgets past opinions may become more
vulnerable to external guidance (e.g., targeted advertising, political propaganda) and
exhibit herd behavior. Therefore, the optimal λ should balance adaptability and stability,
depending on the trustworthiness of the information environment.

Finally, by examining the proposed model on the real Epinions network in an e-
commerce-related setting, we further illustrate the applicability of the framework on
an empirically grounded interaction topology. However, this application should be re-
garded as an exploratory approximation rather than a complete representation of real
consumer decision-making, since many practical factors are not explicitly included in the
current model.
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Overall, the main contribution of this study is to extend the HK framework by in-
corporating recent historical opinions and attenuation effects, and to show how memory,
confidence, external guidance, and network topology jointly shape opinion evolution. Fu-
ture work may further incorporate richer behavioral factors, more realistic empirical data,
and additional network characteristics. In particular, the current model assumes a fixed
target opinion T (set to 0.8) and a single external guidance source. Future extensions could
consider dynamic targets that change over time or multiple competing targets (e.g., adver-
tisements from different brands). To better handle such competitive scenarios, the opinion
domain could be extended from [0, 1] to [−1, 1], allowing symmetric representation of op-
posing influences. These extensions would enable the study of market competition, opinion
manipulation, and polarization dynamics in more realistic e-commerce environments.
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