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Abstract

We study the fundamental limitations of implementing time-dependent Hamiltonian proto-
cols when “time” is provided by a quantum clock rather than an external classical parameter.
For a parametric harmonic oscillator controlled through a shortcut-to-adiabaticity (STA)
schedule and coupled to a minimal clock degree of freedom, tracing out the clock yields
an effective reduced dynamics that is a mixture of unitary Gaussian trajectories. Within a
noise-dominated regime, we compute the energetic deviation from the target STA outcome
and its fluctuations, together with the fidelity to the target evolution and the purity loss
of the reduced state, for vacuum and coherent initial states. Combining these observables
produces a thermodynamic-uncertainty-type tradeoff that links achievable precision to an
irreducible loss of purity set by the clock precision and the protocol sensitivity.

Keywords: shortcuts to adiabaticity; quantum clocks; thermodynamic uncertainty relations

1. Introduction
Time-dependent Hamiltonians are the standard language of quantum control, quan-

tum thermodynamic strokes, and gate implementation: one prescribes a schedule H(t) and

computes the corresponding unitary U = T exp
[
− i

h̄

∫ t f
0 dt H(t)

]
. Within this framework,

a large body of work has developed protocols that suppress nonadiabatic excitations and
enable high-fidelity state preparation in finite time. A prominent example is the family of
shortcuts to adiabaticity (STA), where suitably engineered drivings reproduce (or closely
approximate) the outcome of an adiabatic process without requiring slow evolution [1,2].

This standard control-theoretic picture treats t as an external classical parameter.
However, if one insists on a first-principles description of a closed quantum world, the fun-
damental dynamics is generated by a time-independent Hamiltonian on a larger Hilbert
space. In that setting, a time-dependent Hamiltonian for a subsystem can only emerge
effectively: the subsystem must be coupled to additional degrees of freedom whose evo-
lution is used as a time reference. This is not a merely interpretational point. Once a
clock is included, the global evolution remains unitary, but the reduced dynamics of the
controlled subsystem need not be unitary because the clock can become correlated with it.
The operational question is then unavoidable:

What is the intrinsic decoherence and precision limit of a time-dependent unitary protocol
when the only source of “time” is a quantum clock?
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This perspective is central to relational approaches to time in quantum theory [3,4],
where dynamics can be understood conditionally with respect to an internal time reference,
and it also appears, in a different guise, in proposals where the quantumness of clocks
leads to an effective loss of coherence for subsystems when the clock is ignored [5].

Because shortcuts to adiabaticity achieve target states in finite time, they are the
natural playground for thermodynamic resource analysis in top-table experiments and
out-of-equilibrium situations. As long as the evolution is unitary and the control is perfect,
these protocols involve no net energetic investment. The actual implementation through a
clock-dependent potential is of a quantum nature because so is the variable that correlates
to time (the ‘hands of the clock’), which is therefore subject to quantum fluctuations [6,7].
In the case of a system interacting with a heat bath, it is known that statistical fluctuations
in the environment lead to thermodynamic uncertainty relations (TURs). We show that the
quantum fluctuations in the ‘hands of the clock’ lead to limitations in the performance of
the adiabatic shortcut in many ways analog to a TUR.

In an autonomous description, these effects do not rely on adding ad hoc classical
noise or on continuously measuring the clock. Rather, they arise because a time reference is
itself a quantum system whose degrees of freedom become entangled with the controlled
dynamics when they generate the schedule and are subject to the uncertainty principle.

The idea of implementing a control protocol through a quantum variable is not new [7].
Similar approaches have been explored in various contexts, such as the analysis of errors
induced by quantum fluctuations in quantum circuits [8] and to engineer a time-dependent
potential by letting an ion fall through a tapered trap (see for example [9,10]). The under-
lying principle in these implementations is that an effective clock is an observable whose
average observed value evolves linearly in time with little to no dispersion.

From the reduced point of view in which the clock is discarded, this unavoidable
entanglement manifests as a spread of effective “histories” for the control and hence as
an effectively nonunitary map on the system. In other words, even in the absence of any
environment, can the implementation of a time-programmed protocol generate mixedness
and limit fidelity to the intended target, solely because timekeeping is quantum?

The present work pursues this question in a setting where both the control objective
and the clock-induced limitation can be characterized analytically. We consider a parametric
harmonic oscillator driven by a STA protocol and replace the externally prescribed time
dependence by a fully autonomous system–clock model in which the oscillator frequency
depends on a clock coordinate. This builds directly on Ref. [11], where an autonomous
clock implementation of STA was introduced and it was shown that, even in the absence of
any external environment, system–clock correlations generically deflect the evolution from
the ideal STA trajectory and lead to a spread of outcomes once the clock is ignored.

Here we go beyond that analysis by reframing the effect as a limitation of time-
programmed quantum operations: we treat the ideal STA evolution (obtained in the limit
of a sharply defined clock trajectory) as a target unitary/state-preparation task, and we
quantify (i) the degradation of the target (fidelity), (ii) the induced mixedness upon tracing
out the clock (purity loss/irreversibility), and (iii) energetic deviations and fluctuations as
complementary diagnostics of the same mechanism. Importantly, the resulting “noise” is
not an extra stochastic ingredient added by hand: it is a compact parametrization of the
unitary entangling dynamics between system and a quantum time reference, viewed from
the reduced description in which the clock degrees of freedom are discarded.

STA provides a particularly clean benchmark for this purpose. In the ideal description
with a perfectly classical time parameter, STA can be arranged so that deterministic nonadi-
abatic excitations vanish by construction. Any residual excitations, loss of fidelity, or loss
of purity in our autonomous model can therefore be attributed to the quantumness of the
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time reference—rather than to an imperfect choice of schedule—thereby isolating what is
truly intrinsic to timekeeping.

Methodologically, we start from the unitary dynamics of the combined system–clock
and trace out the clock using a Feynman–Vernon influence functional [12,13]. In the
regime studied here, the clock induces an effectively stochastic modulation of the oscillator
frequency: each realization corresponds to a unitary evolution of the oscillator, while
decoherence arises only after averaging over realizations (equivalently, after discarding the
clock). This provides a controlled and microscopic route from an autonomous Hamiltonian
description to an operationally meaningful “error model” for time-dependent control.

Conceptually, we aim to connect this clock-induced mechanism to a tradeoff between
precision and irreversibility for time-programmed protocols. Such tradeoffs resonate with
broader discussions of the thermodynamic cost of timekeeping and the limitations of
clocks [14,15], as well as recent developments on thermodynamic uncertainty relations and
precision–cost tradeoffs in driven systems [16]. In our case, the relevant figures of merit
are not extracted from an external bath or measurement record: they arise from unitary
system–clock correlations alone.

The quantum nature of the “control knob” has long been recognized as a potential
limitation for idealized time-dependent protocols: quantizing the control field (e.g., a laser
mode) generically entangles it with the target and induces dephasing/errors when the
control is discarded [17–20], with error scalings tied to control resources [21,22]. Comple-
mentary approaches model imperfect timekeeping as an uncertainty in the duration of an
intended operation (random time) [23,24], while recent work develops fully autonomous
clock-driven dynamics in which a quantum clock generates the schedule without external
time dependence [25,26]. Our contribution lies at this intersection: we study a genuinely
time-programmed Hamiltonian protocol (STA for a parametric oscillator) implemented
by a minimal quantum clock, derive the induced random-unitary description from first
principles, and—building on the autonomous-STA framework of [11]—connect fidelity
loss and purity loss to energetic deviations through a thermodynamic-uncertainty-type
tradeoff, with analytic results in a controlled small-noise regime (including arbitrary Gaus-
sian inputs).

The paper is organized as follows. In Section 2, we introduce the autonomous system–
clock Hamiltonian and derive the reduced dynamics of the oscillator by tracing out the
clock degrees of freedom. In Section 3, we analyze the unitary dynamics associated with a
single clock trajectory and express the evolution in terms of symplectic maps and Bogoli-
ubov coefficients. In Section 4, we define the relevant observables —energetic deviations,
fidelity with respect to the target STA evolution, and purity loss— and evaluate their
clock-averaged behavior in the small-noise regime. These quantities are then combined
to establish a thermodynamic-uncertainty-type relation linking precision, energetic fluc-
tuations, and irreversibility. In Section 5, we present numerical results for representative
driving protocols. Finally, Section 6 summarizes our conclusions. Technical derivations
and additional details are collected in the Appendices.

2. Autonomous Clock Model and Reduced Dynamics
2.1. Target Protocol and STA Benchmark

We consider a parametric harmonic oscillator (system) with canonical variables (x, p)
and mass m. In the standard control description, one prescribes a time-dependent frequency
schedule ω(t) and studies the unitary generated by

Hbare(t) =
p2

2m
+

m
2

ω2(t) x2. (1)
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The time-dependent quantum harmonic oscillator provides a canonical setting to study
the transition between adiabatic and sudden driving regimes [27]. For a given schedule
ω(t), a shortcut-to-adiabaticity (STA) protocol consists in engineering a modified driving
frequency Ω(t) such that, with t treated as an external classical parameter, the evolution
reproduces the desired adiabatic mapping in finite time. In the present manuscript, we use
the familiar STA construction

HSTA(t) =
p2

2m
+

m
2

Ω̄2(t) x2, (2)

with

Ω̄2(t) = ω2(t) +
1
2

ω̈(t)
ω(t)

− 3
4

(
ω̇(t)
ω(t)

)2

. (3)

Similar STA constructions arise in other systems whose dynamics reduce to harmonic
oscillators with time-dependent frequencies, such as electromagnetic modes in cavities
with moving boundaries [28].

We assume that the driving is well-behaved at the endpoints (in particular, first and
second derivatives vanish at t = ti and t = t f ) so that the initial and final instantaneous
frequencies are unambiguously defined. In what follows, the STA evolution associated
with Ω̄(t) will serve as the target protocol.

2.2. Autonomous Implementation with a Quantum Clock

To formulate time dependence from first principles, we replace the external parameter
t by an explicit clock degree of freedom. The clock is modeled as a single pointer coordinate
X with conjugate momentum P, evolving freely with mass M. The autonomous system–
clock Hamiltonian is taken to be

H =
p2

2m
+

m
2

Ω2[X] x2 +
P2

2M
. (4)

Here Ω2[X] is a smooth function of the clock coordinate, chosen so that along a prescribed
mean clock trajectory X̄(t) the system experiences the target STA schedule,

Ω2[X̄(t)] = Ω̄2(t). (5)

We will assume an initially uncorrelated state at t = ti,

ρtot(ti) = ρS(ti)⊗ ρC(ti), (6)

and define the reduced state of the oscillator at t f by tracing out the clock,

ρS(t f ) = TrC

[
U(t f , ti) ρtot(ti)U†(t f , ti)

]
. (7)

The global evolution is unitary; any effective nonunitarity for the oscillator arises solely
because the clock is discarded.

2.3. Influence Functional Representation

The reduced dynamics may be expressed with a Feynman–Vernon influence func-
tional [12,13]. In coordinate representation, one can write

ρS(x f , x′f , t f ) =
∫

dxi dx′i
∫

Dx Dx′ e
i
h̄ (SS [x]−SS [x′ ]) e

i
h̄ SIF [x,x′ ] ρS(xi, x′i , ti), (8)
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where SS is the system action evaluated along the two paths, and SIF encodes the effect
of the clock after it is traced out. The full derivation (including the explicit path-integral
representation for the trace over clock histories and the resulting expression for SIF) is
given in Appendix A.

We now expand the clock coordinate around a prescribed mean trajectory,

X(t) = X̄(t) + ξ(t), (9)

and retain the leading (linear) response of the frequency to clock fluctuations,

Ω2[X(t)] ≃ Ω2[X̄(t)] +
dΩ2

dX

∣∣∣∣
X̄(t)

ξ(t) ≡ Ω̄2(t) + V(t) ξ(t), (10)

where

V(t) =
dΩ2

dX

∣∣∣∣
X̄(t)

. (11)

At this order, the influence functional takes the standard Gaussian form [29]

SIF[x, x′] = SD[x, x′] + i SN [x, x′], (12)

with dissipation and noise contributions governed by the clock commutator and anticom-
mutator kernels (definitions and explicit expressions are collected in Appendixes A and B).

2.4. Noise-Dominated Single-Parameter Reduction

For a free pointer clock, the Heisenberg evolution of ξ is linear,

ξ(t) = ξ̂ +
P̂
M

t, (13)

and the clock kernels become simple functions of the clock state (Appendix B). In particular,

D(t, t′) = i⟨[ξ(t), ξ(t′)]⟩ θ(t − t′) =
h̄
M

(t − t′) θ(t − t′), (14)

N(t, t′) = ⟨{ξ(t), ξ(t′)}⟩ = 2⟨ξ̂2⟩+ 2
M2 ⟨P̂2⟩ t t′. (15)

In the regime of interest, here, we make two simplifications that lead to a compact
reduced description: (i) we focus on clock states for which the term proportional to ⟨P̂2⟩
dominates the noise kernel, so that the tt′ structure of N(t, t′) is the leading contribution;
(ii) we work in a noise-dominated approximation in which the dissipative contribution SD

is neglected at leading order (see Appendix C for details and the resulting representation).
With these assumptions, the noise functional factorizes as

SN [x, x′] ≃ m2

8h̄
σ2

v

[∫ t f

ti

dt t V(t)
(
x2(t)− x′2(t)

)]2
, σ2

v =
⟨P̂2⟩
M2 . (16)

Using a Hubbard–Stratonovich representation (Appendix C), one obtains

e
i
h̄ SIF [x,x′ ] ≃

∫
dv P(v) exp

[
− imv

2h̄

∫ t f

ti

dt t V(t)
(
x2(t)− x′2(t)

)]
, (17)

where P(v) is a Gaussian measure with ⟨v⟩ = 0 and ⟨v2⟩ = σ2
v .
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Equation (17) shows that the reduced dynamics can be written as an average over
unitary evolutions labeled by a single real parameter v. Equivalently,

ρS(t f ) ≃
∫

dv P(v) Uv(t f , ti) ρS(ti)U†
v (t f , ti), (18)

where Uv is the oscillator unitary generated by a parametric Hamiltonian with an effective,
v-dependent frequency

Ω2(t) = Ω2[X̄(t)] + V(t) v t ≡ Ω̄2(t) + v δΩ2(t), (19)

δΩ2(t) = t V(t). (20)

For each fixed v, the oscillator evolution is unitary; the reduced state becomes mixed only
after averaging over v, i.e., after discarding the clock.

2.5. Assumptions and Regime of Validity

For clarity, we summarize the assumptions behind Equations (18) and (19):

• Closed global dynamics. The combined system (oscillator + clock) evolves unitarily;
reduced nonunitarity arises only from tracing out the clock, Equation (7).

• Minimal clock model. The clock is represented by a single free pointer degree of
freedom with Hamiltonian P2/2M.

• Weak clock fluctuations. We expand around a prescribed mean trajectory X(t) =

X̄(t) + ξ(t) and retain only the leading (linear) response of Ω2[X] to ξ, Equation (10).
• Noise-dominated approximation. We neglect the dissipative influence contribution

SD at leading order, keeping only the noise functional SN .
• Single-parameter reduction. We focus on the dominant tt′ contribution in the noise

kernel, yielding the factorized form Equation (16) and the single Gaussian parameter
v with variance σ2

v = ⟨P̂2⟩/M2.
• Well-defined endpoints. Protocols are assumed to have well-defined asymptotic

frequencies at ti, t f , so that the target STA evolution is unambiguously defined.

3. Unitary Dynamics for Single Trajectory
In the noise-dominated regime, the clock-traced output at t f is a random-unitary

mixture

ρ̄S(t f ) ≃
∫

dv P(v) ρv(t f ), ρv(t f ) = Uv(t f , ti) ρS(ti)U†
v (t f , ti), (21)

where for each realization v the oscillator evolves under the quadratic Hamiltonian

Hv(t) =
p2

2m
+

m
2

Ω2
v(t) x2, Ω2

v(t) = Ω̄2(t) + v δΩ2(t), (22)

with δΩ2(t) = tV(t) (Section 2.4). For each fixed v, the evolution is unitary and Gaussian-
preserving; nonunitarity arises only after averaging over v.

3.1. Symplectic Evolution of the Quadratures

Define the quadrature vector and symplectic form

R ≡ (x, p)T, J =

(
0 1
−1 0

)
, [x, p] = ih̄. (23)
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The Heisenberg equations generated by Equation (22) are linear,

d
dt

R(t) = Av(t) R(t), Av(t) =

(
0 1/m

−mΩ2
v(t) 0

)
, (24)

so there exists a fundamental matrix Sv(t) such that

R(t) = Sv(t) R(ti), (25)
d
dt

Sv(t) = Av(t) Sv(t), Sv(ti) = I2. (26)

For all t, Sv(t) is symplectic,
ST

v (t) J Sv(t) = J, (27)

hence Sv(t) ∈ Sp(2,R) and det Sv(t) = 1. We write Sv ≡ Sv(t f ) for the final-time map.
Equivalently, Sv(t) can be parametrized by two classical solutions uv, wv of

ÿ + Ω2
v(t) y = 0 (28)

with initial data uv(ti) = 1, u̇v(ti) = 0 and wv(ti) = 0, ẇv(ti) = 1, giving

Sv(t) =

(
uv(t) 1

m wv(t)

mu̇v(t) ẇv(t)

)
. (29)

This representation makes transparent how each unitary trajectory acts linearly on (x, p).

3.2. Symplectic Map and Bogoliubov Coefficients

For each realization v, the oscillator Hamiltonian Hv(t) is quadratic; hence, the Heisen-
berg evolution of the quadratures R = (x, p)T is linear:

R(t f ) = Sv R(ti), Sv ∈ Sp(2,R), ST
v JSv = J, (30)

with J =
( 0 1
−1 0

)
. At the endpoint t f , we introduce the ladder operator associated with the

instantaneous frequency ω f = Ω̄(t f ),

a f =

√
mω f

2h̄
x + i

√
1

2h̄mω f
p, (31)

so that H f = h̄ω f (a†
f a f +

1
2 ). Any symplectic map Sv therefore induces an equivalent

Bogoliubov transformation on a f [29,30], which is an isomorphism of the canonical com-
mutation relation algebra,

U†
v a f Uv = αv a f + βv a†

f , |αv|2 − |βv|2 = 1, (32)

and conversely (αv, βv) uniquely determine Sv.
Writing Sv =

(
a b
c d

)
in the (x, p) basis, a direct substitution of Equation (31) into

R 7→ SvR gives the explicit dictionary

αv =
1
2

[
a + d + i

(
c

mω f
− mω f b

)]
, (33)

βv =
1
2

[
a − d + i

(
c

mω f
+ mω f b

)]
, (34)
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which automatically satisfies |αv|2 − |βv|2 = 1 whenever ST
v JSv = J. This identification

provides a transparent physical interpretation: βv is the squeezing/parametric excitation
generated by the v-dependent modulation. In particular, for a vacuum input, one has
⟨n⟩v = ⟨a†

f a f ⟩v = |βv|2, and the excess final energy is ∆E(v) = h̄ω f |βv|2.
In the small-noise regime relevant for the clock-induced mixture, the dependence on v

is perturbative,
βv = iv β1 + O(v2), (35)

so that ⟨n⟩ =
∫

dv P(v) |βv|2 ≃ σ2
v |β1|2. Hence |β1| quantifies the susceptibility of the target

protocol to the clock-induced stochastic modulation, and it is the natural dimensionless con-
trol parameter behind the TUR plots shown below. The construction of Sv and its controlled
expansion in v (including how to preserve symplecticity order by order) is provided in
Appendix D, together with an explicit consistency check reproducing the vacuum/coherent
Bogoliubov formulas from the symplectic overlap expressions in Appendix F.

4. Observables, Clock Averages, and TUR
In the noise-dominated regime the reduced output at t f is the random-unitary mixture

ρ̄S(t f ) ≃
∫

dv P(v) ρv(t f ), ρv(t f ) = Uv ρS(ti)U†
v , (36)

with P(v) Gaussian (Section 2.4). For each fixed v, Uv is generated by the quadratic Hamil-
tonian Equation (19) and therefore maps Gaussian states to Gaussian states (Section 3).

In this section, we define the figures of merit used to quantify the deviation from the
target STA trajectory (v = 0), and we show how their clock averages can be evaluated
analytically in a controlled small-noise regime.

4.1. Energy Deviation and Its Clock-Induced Fluctuations

As an energetic diagnostic at the endpoint, we use the instantaneous oscillator
Hamiltonian

H f =
p2

2m
+

mω2
f

2
x2 =

1
2

RTG f R, G f = diag
(

mω2
f ,

1
m

)
, (37)

where ω f ≡ Ω̄(t f ) and R = (x, p)T.
For each realization v, we define the energetic deviation from the target as

∆E(v) ≡ ⟨H f ⟩v − ⟨H f ⟩0, (38)

and its clock average

∆E ≡
∫

dv P(v)∆E(v). (39)

We quantify energetic “fluctuations” in two distinct senses. First, each unitary trajectory ρv

generally has nonzero quantum energy uncertainty at the endpoint. We therefore define the
excess (clock-induced) quantum variance

σ2
E(v) ≡ Varρv(H f )− Varρ0(H f ), σ2

E ≡
∫

dv P(v) σ2
E(v), (40)

which vanishes in the ideal target evolution and isolates the additional uncertainty pro-
duced by the clock.
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Second, the clock also induces a classical spread across trajectories in the mean energy,

Var
(
⟨H f ⟩v

)
≡
∫

dv P(v) ⟨H f ⟩ 2
v −

(∫
dv P(v) ⟨H f ⟩v

)2
, (41)

which we use as an auxiliary diagnostic (Appendix E). For Gaussian inputs, both ⟨H f ⟩v

and Varρv(H f ) admit closed expressions in terms of the output first and second moments
(Appendix E).

4.2. Irreversibility and Target Overlap

In our setting, the global evolution (system + clock) is unitary, and the only source
of irreversibility for the controlled system is the coarse-graining associated with dis-
carding the clock. In the noise-dominated regime, the reduced output at t f is the
random-unitary mixture

ρ̄ ≡
∫

dv P(v) ρv, ρv ≡ Uv ρi U†
v , (42)

and we take ρ0 ≡ ρv=0 as the target output.
A natural information-theoretic measure of mixing is the purity

P ≡ Tr(ρ̄ 2), P0 ≡ Tr(ρ 2
0 ), (43)

and we define the associated Rényi-2 entropy [31] S2(ρ) ≡ − ln Tr(ρ2) and its increment

∆S2 ≡ S2(ρ̄)− S2(ρ0) = − ln
(

P
P0

)
≥ 0. (44)

While the von Neumann entropy increase S(ρ̄)− S(ρ0) is a natural notion of entropy pro-
duction, S2 is particularly convenient here because it is analytically tractable and directly
tied to Gaussian overlap formulas. When the target output ρ0 is pure, ∆S2 also provides a
conservative proxy for the true entropy increase since S(ρ̄) ≥ S2(ρ̄) and S(ρ0) = S2(ρ0) = 0.

To quantify closeness to the target, we use the normalized Hilbert–Schmidt overlap

FHS ≡ Tr(ρ0 ρ̄)

Tr(ρ2
0)

=
1
P0

∫
dv P(v) Tr(ρ0ρv), (45)

which coincides with the usual fidelity whenever ρ0 is pure and is especially convenient
because it reduces clock averages to Gaussian integrals over overlaps.

A key point is that purity loss and target overlap are not independent. By Cauchy–
Schwarz for the Hilbert–Schmidt inner product,[

Tr(ρ0ρ̄)
]2 ≤ Tr(ρ2

0) Tr(ρ̄2) = P0 P . (46)

Dividing by P2
0 gives the universal bound

F2
HS ≤ P

P0
⇐⇒ − 2 ln FHS ≥ ∆S2, (47)

which expresses a model-independent tradeoff: achieving large overlap with the target
output requires the clock-traced state to remain nearly pure.

4.3. Closed Clock Averages in the Small-Noise Regime

When the relevant weight of P(v) lies in the regime where a quadratic expansion of the
log-overlap kernel is accurate, the v-integrals for P and FHS can be performed analytically.
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Writing σ2
v ≡ ⟨v2⟩ and denoting by a, b, c the protocol- and input-dependent coefficients

defined in Appendix E, one finds

P ≃ P0√
(1 + aσ2

v )
2 − (cσ2

v )
2

exp

[
b2σ2

v
(
1 + (a + c)σ2

v
)

(1 + aσ2
v )

2 − (cσ2
v )

2

]
, (48)

FHS ≃ 1√
1 + aσ2

v
exp
(

b2σ2
v

2[1 + aσ2
v ]

)
. (49)

In many situations (in particular when the target v = 0 trajectory is a stationary point of
the overlap kernel), one has b = 0, and (48) and (49) reduce to pure square-root forms.

Finally, the energetic deviation also scales as ∆E = χE σ2
v + O(σ4

v ), with an explicit
susceptibility χE given in Appendix E. Eliminating σ2

v between ∆E and ∆S2 yields

∆S2 =
a

χE
∆E + O(σ4

v ), (50)

so that the universal inequality Equation (47) becomes, in the controlled small-noise regime,

− ln FHS ≥ 1
2

∆S2 ≃ a
2χE

∆E, (51)

which is a geometric precision-irreversibility tradeoff: improving precision (larger overlap
with the target) requires suppressing the irreversibility induced by discarding the clock,
and this same irreversibility controls the energetic deviation from the target STA outcome.

TUR-Type Tradeoff

Beyond the universal precision–irreversibility inequality Equation (47), we also intro-
duce a thermodynamic-uncertainty-type figure of merit that combines (i) irreversibility due
to discarding the clock and (ii) energetic precision at the endpoint. We use the linear-entropy
production

SL ≡ 1 − P
P0

≥ 0, (52)

and define the TUR ratio (see Appendix G)

RE ≡ SL
σ2

E

∆E 2 . (53)

In the noise-dominated small-noise regime (where the random-unitary reduction is con-
trolled), we find that RE approaches a protocol-independent constant for the benchmark
families studied below (vacuum and displaced vacuum), namely

RE ≥ 2 + O(σ2
v ), (54)

for the vacuum state and
RE ≥ f (µ) + O(σ2

v ), (55)

for coherent states with annihilation operator eigenvalue µ, where f (µ) is an asimptotically
decreasing function in |µ| (see Appendix G), with saturation at leading order as σ2

v →
0. Equations (54) and (55) are the TUR statements we test numerically and plot in the
following section.

The studied states, being initially pure coherent states, are non-thermal (except for
the vacuum) and have no corresponding temperature associated. After the evolution, they
lose purity but remain non-thermal and out-of-equilibrium. A closely related quantity to
an ’effective temperature’ is Te f f ≡ h̄ω⟨n⟩/kB = h̄ω|µ|2/kB which is the mean value of
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energy. With this analogy, our result may be seen to reproduce previous ones, for example
Equation (5) from reference [32] in the large Te f f limit.

5. Numerical Tests and Examples
We studied our model for two different frequency evolution protocols, one standard

in toy-models for table-top experiments [33,34] and the other borrowed from cosmological
applications [35,36]. We call them “finite” and “infinite” time protocols respectively.

5.1. Finite Time Protocol

The frequency schedule for this case is

ω2(t) = ω2
i +

(
ω2

f − ω2
i

)[
10s3 − 15s4 + 6s5

]
, (56)

with s = t
τ . This protocol begins at s = 0 and ends at s = 1, satisfying ω̇(0) = ω̇(1) = 0

and ω̈(0) = ω̈(1) = 0 and also the Hamiltonian initial and final conditions. The protocol
and its STA are plotted in Figure 1.

Figure 1. Frequency protocols for the finite-time driving schedule. The blue solid curve shows the
prescribed frequency squared ω2(t) defined in Equation (56), which smoothly interpolates between
the initial value ωi and the final value ω f during a total duration τ. The orange dashed curve shows
the corresponding shortcut-to-adiabaticity (STA) frequency Ω̄2(t) constructed from Equation (3),
which guarantees that the oscillator follows the adiabatic mapping in finite time when time is
treated as an external parameter. The green dotted curve shows the STA deviation δΩ2 as defined in
Equation (20). Frequencies are shown in units where ωi = 1 and ω f = 2, and time is measured in
units of the protocol duration τ.

The figures of merit and TUR ratio for the finite time protocol are plotted in Figure 2.
For the α1 and β1 coefficients, we observe the typical ∼ 1

τ behavior for short τ. For long τ

we observe the other typical behavior, ∼ e−c1τ for β1 (real and imaginary parts) and ∼ ec2τ

for α1, with c1 and c2 positive constants. For the coherent states, where µ ̸= 0, both purity
and fidelity reach a maximum for a critical τ and then decrease monotonically. The case
where µ = 0, the vacuum, tends asymptotically to a maximum value. The TUR ratio RE is
a complicated function that depends not only on |µ| and τ, but also on the phase of µ and
has some resonances where particle absorption or emission occurs. Nevertheless, it has a
strictly positive minimum that is asymptotically decreasing on its |µ| dependence. Given
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that controlling the exact phase of the initial state can be challenging, we believe that the
physical meaningful quantity is the average, so we computed the µ-phase averaged TUR
ratio RE, where the decreasing |µ| dependence is clear (see Figure 2).

Figure 2. Figures of merit for the finite-time protocol as functions of the protocol duration τ. (a) Log-
arithm of the real and imaginary parts of the Bogoliubov coefficient β1. (b) logarithm of α1. This
quantities characterize parametric excitations produced by the driving. (c) Fidelity with the target STA
state. (d) Purity of the reduced oscillator state. Both quantifying precision and irreversibility induced
by discarding the clock degree of freedom. (e) Logarithm of the thermodynamic-uncertainty-type
ratio RE defined in Equation (53) for different coherent-state amplitudes µ. (f) Phase-averaged ratio
as a function of |µ|. These results illustrate the crossover between strong nonadiabatic effects at short
durations and suppressed excitations in the slow-driving regime.

5.2. Infinite Time Protocol

The standard infinite-time protocol in cosmology is

ω2(t) =
ω2

f + ω2
i

2
+

(
ω2

f − ω2
i

π

)
arctan(s) (57)

with s = t
τ . This protocol begins at s = −∞ and ends at s = ∞, satisfying limt→−∞ ω̇(t) =

limt→+∞ ω̇(t) = 0 and limt→−∞ ω̈(t) = limt→−∞ ω̈(t) = 0 and also the Hamiltonian initial
and final conditions. The protocol and its STA are plotted in Figure 3.

The figures of merit and TUR ratio for the infinite time protocol are plotted in Figure 4.
For the α1 and β1 coefficients, we observe the typical ∼ 1

τ behavior for short τ. For long
τ we met numerical stability issues due to the regularization needed in the phase of
the oscillatory integrals. Nevertheless, analytical approximations indicate that we should
observe an exponential decay for β1 (real and imaginary parts) in the long-τ regime. For the
coherent states studied, both purity and fidelity tend asymptotically towards a maximum.
The TUR ratio RE is again a complicated function that depends not only on |µ| and τ,
but also on the phase of µ (see Appendix G) and has some resonances where particle
absorption or emission occurs. Nevertheless, it has a strictly positive minimum that is
asymptotically decreasing on its |µ| dependence. Given that controlling the exact phase of
the initial state can be challenging, we believe that the physical meaningful quantity is the
average, so we computed the µ-phase averaged TUR ratio RE, where the decreasing |µ|
dependence is clear (see Figure 4).
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Figure 3. Frequency protocols for the infinite-time driving schedule defined in Equation (57). The blue
solid curve shows a time window of the bare frequency squared ω2(t), which asymptotically ap-
proaches constant values at early and late times. The orange dashed curve shows the shortcut-to-
adiabaticity frequency Ω̄2(t) obtained from Equation (3), while the green dotted curve shows the
corresponding STA deviation δΩ2 as defined in Equation (20). As in Figure 1, the STA protocol
modifies the instantaneous frequency so that the system reproduces the adiabatic mapping in finite
time. Frequencies are plotted in units where ωi = 1 and ω f = 2, with time measured in units of τ.

Figure 4. Same quantities as in Figure 2 but for the infinite-time driving protocol defined in
Equation (57). (a) Logarithm of the real and imaginary part of the (first order expansion) Bogoliubov
coefficient β1 as a function of the characteristic timescale τ. (b) Logarithm of α1 as a function of the
characteristic timescale τ. (c) Fidelity with the target STA state. (d) Purity of the reduced oscillator
state. (e) Thermodynamic-uncertainty-type ratio RE for different values of the adiabatic parame-
ter µ. (f) Averaged counterpart in logarithmic scale. For short times the dynamics exhibits strong
non-adiabatic excitations characterized by |β1| ∼ 1

τ , while increasing τ suppresses excitations and
improve fidelity. The TUR ratio remains bounded from below, illustrating the trade-off between
energetic fluctuations and irreversibility induced by tracing out the clock.
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6. Conclusions and Outlook
Time-dependent Hamiltonians are an indispensable effective language for quantum

control and finite-time thermodynamic strokes. A fully closed microscopic description,
however, must be autonomous: the apparent schedule H(t) is generated by extra degrees
of freedom that function as a time reference, and the controlled system becomes corre-
lated with that reference. The central message of this work is that, even when the global
dynamics is perfectly unitary and the target protocol is engineered to suppress determin-
istic nonadiabaticity (as in STA), discarding the clock generically produces an effectively
open evolution for the system. This induces unavoidable decoherence and a spread of
operational outcomes that are intrinsic to time-programmed dynamics.

Concretely, we studied a parametric harmonic oscillator driven by a STA target and
implemented autonomously by coupling the oscillator frequency to a minimal pointer clock,
building on Ref. [11]. Starting from the unitary system–clock dynamics and tracing out
the clock with a Feynman–Vernon influence functional, we identified a noise-dominated
regime in which the reduced dynamics at the final time is a random-unitary mixture,
ρ̄ =

∫
dv P(v) ρv, labelled by a single Gaussian clock parameter v. This provides a trans-

parent microscopic origin for an “error model” of time-dependent control that does not
require adding stochasticity by hand.

Within this reduced description, we quantified three operational consequences of
clock-induced system–clock correlations: (i) an energetic deviation from the target STA
outcome and its associated fluctuations, (ii) loss of overlap with the target trajectory (fi-
delity/precision), and (iii) loss of purity (irreversibility) of the clock-traced state. For Gaus-
sian inputs, the symplectic formulation makes these quantities computable in closed form
(in a controlled small-noise regime), and it also clarifies the role of the Bogoliubov coeffi-
cient β: for each trajectory, |βv|2 is the parametric excitation (squeezing) generated by the
v-dependent modulation, while |β1| (from βv = iv β1 +O(v2)) is the protocol susceptibility
to clock-induced timing uncertainty. This gives direct physical meaning to the quantity
that appears in the numerical plots.

Our results complement and sharpen several related lines of work. A large literature
on STA quantifies energetic and thermodynamic costs of fast driving and the tradeoff
between speed and resources [37]. STAs have also been extensively studied in noisy en-
vironments [38–40]. Separately, the quantum nature of control degrees of freedom has
long been known to limit idealized control, since quantized controllers (e.g., laser modes)
generically entangle with the system and induce errors when discarded [17,18,20,22]. More
recent approaches capture imperfect timekeeping by randomizing the duration of an other-
wise time-independent operation [23,24], and autonomous clock-driven dynamics has been
developed in thermodynamic settings [25,26]. The present work sits at the intersection of
these themes, but differs in emphasis: we focus on genuinely time-programmed Hamilto-
nian protocols (here, an STA schedule) and derive the reduced stochastic description from
a first-principles system–clock model. This allows us to express precision loss, purity loss,
and energetic deviations in a unified way and to formulate a thermodynamic-uncertainty-
type tradeoff between energetic fluctuations and irreversibility generated by discarding
the clock.

Several extensions are natural. First, we worked in a noise-dominated approximation
and neglected the dissipative kernel of the influence functional at leading order. Restoring
it would incorporate systematic backaction/friction-like terms and enable a more com-
plete non-Markovian reduced dynamics; in that setting, it is natural to revisit stochastic
representations and their connection to unraveling-type descriptions. Second, while we
provided analytic control for Gaussian inputs and small noise, the mixture ρ̄ is generically
non-Gaussian; extending the analysis to non-Gaussian resources (e.g., Schrödinger-cat
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superpositions) is a natural next step, both conceptually and for quantum-information
applications. Third, our minimal clock can be generalized to more realistic clocks [41]
(finite bandwidth, multi-mode, or explicitly thermodynamic clocks), and to regimes where
the system significantly perturbs the clock, connecting with the growing literature on
constrained clock-driven dynamics [26].

Beyond the present model, the general principle—that autonomous time depen-
dence necessarily produces system–clock correlations and therefore limits idealized time-
programmed unitaries—is directly relevant to high-precision coherent control and quan-
tum information processing. Recent work has highlighted thermodynamic constraints on
information gain and error correction [42]; our results provide a complementary, clock-
induced mechanism by which irreversibility and fluctuations arise even without external
environments, suggesting a route to principled performance bounds for time-scheduled
quantum operations.
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Appendix A. Influence Functional for the System–Clock Model
In this Appendix, we derive the influence functional representation used in Section 2.

Appendix A.1. Path-Integral Representation of the Reduced State

The total Hamiltonian is

H =
p2

2m
+

m
2

Ω2[X] x2 +
P2

2M
. (A1)

Assuming an initially factorized state ρtot(ti) = ρS(ti)⊗ ρC(ti), the reduced density matrix
of the oscillator at t f admits the (exact) double path-integral representation

ρS(x f , x′f , t f ) =
∫

dxi dx′i dXi dX′
i dX f

∫
x(t f ) = x f
x′ (t f ) = x′f
X(t f ) = X f
X′ (t f ) = X f

x(ti ) = xi
x′ (ti ) = x′i
X(ti ) = Xi
X′ (ti ) = X′

i

Dx Dx′ DX DX′

× exp
{

i
h̄

(
SSC[x, X]− SSC[x′, X′]

)}
ρC(Xi, X′

i , ti) ρS(xi, x′i , ti), (A2)

where the system–clock action is

SSC[x, X] =
∫ t f

ti

dt
[

M
2

Ẋ2 +
m
2

ẋ2 − m
2

Ω2[X] x2
]

. (A3)
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Appendix A.2. Expansion Around a Mean Clock Trajectory

We expand the clock history around a prescribed mean trajectory,

X(t) = X̄(t) + ξ(t), (A4)

and retain the leading correction in ξ. Writing

Ω2[X] ≃ Ω2[X̄] +
dΩ2

dX

∣∣∣∣
X̄

ξ ≡ Ω̄2(t) + V(t) ξ(t), (A5)

with V(t) given by Equation (11), the interaction term becomes

SI [x, ξ] = −m
2

∫ t f

ti

dt V(t) ξ(t) x2(t). (A6)

Tracing out the clock degrees of freedom yields the Feynman—Vernon influence
functional,

e
i
h̄ SIF [x,x′ ] =

∫
Dξ Dξ ′ e

i
h̄ (SC [ξ]−SC [ξ

′ ])e
i
h̄ (SI [x,ξ]−SI [x′ ,ξ ′ ]) ρC(ξi, ξ ′i , ti), (A7)

where SC[ξ] =
∫

dt M
2 ξ̇2 for the free pointer clock.

Because the clock is Gaussian (free) and the coupling is linear in ξ, SIF is quadratic in
the system coordinates and can be written as

SIF[x, x′] = SD[x, x′] + iSN [x, x′]. (A8)

A convenient explicit form is

SD[x, x′] =
m2

8

∫ t f

ti

dt V(t)
(
x2 − x′2

)
(t)
∫ t f

ti

dt′ V(t′) D(t, t′)
(
x2 + x′2

)
(t′), (A9)

SN [x, x′] =
m2

16

∫ t f

ti

dt V(t)
(
x2 − x′2

)
(t)
∫ t f

ti

dt′ V(t′) N(t, t′)
(
x2 − x′2

)
(t′), (A10)

with the kernels

D(t, t′) = i⟨[ξ(t), ξ(t′)]⟩ θ(t − t′), (A11)

N(t, t′) = ⟨{ξ(t), ξ(t′)}⟩. (A12)

The averages are taken in the initial clock state ρC(ti).

Appendix B. Clock Correlators and Kernels
In this Appendix, we compute the kernels D(t, t′) and N(t, t′) for the free pointer clock

used in the main text.

Free Pointer Evolution

For the free clock Hamiltonian HC = P2/2M, the Heisenberg evolution of the pointer
fluctuation is

ξ(t) = ξ̂ +
P̂
M

t. (A13)
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Using [ξ̂, P̂] = ih̄, we find

[ξ(t), ξ(t′)] =

[
ξ̂ +

P̂
M

t, ξ̂ +
P̂
M

t′
]
=

ih̄
M

(t − t′), (A14)

{ξ(t), ξ(t′)} = 2ξ̂2 +
t + t′

M
(ξ̂ P̂ + P̂ξ̂) +

2
M2 P̂2 t t′. (A15)

For clock states that are parity-symmetric in ξ (or more generally for which ⟨ξ̂ P̂ + P̂ξ̂⟩ = 0),
this reduces to

⟨[ξ(t), ξ(t′)]⟩ =
ih̄
M

(t − t′), (A16)

⟨{ξ(t), ξ(t′)}⟩ = 2⟨ξ̂2⟩+ 2
M2 ⟨P̂2⟩ t t′. (A17)

Substituting into Equations (A11) and (A12) yields the kernels quoted in the main text,

D(t, t′) =
h̄
M

(t − t′) θ(t − t′), (A18)

N(t, t′) = 2⟨ξ̂2⟩+ 2
M2 ⟨P̂2⟩ t t′. (A19)

Appendix C. Noise-Dominated Limit and
Hubbard—Stratonovich Reduction

Here we provide the steps leading from the influence functional to the single-
parameter random-unitary form used in Section 2.4.

Appendix C.1. Factorization of the Noise Functional

Using the tt′ contribution in N(t, t′),

N(t, t′) ≃ 2
M2 ⟨P̂2⟩ t t′ ≡ 2σ2

v t t′, σ2
v =

⟨P̂2⟩
M2 , (A20)

the noise functional (A10) becomes

SN [x, x′] ≃ m2

16

∫
dt V(t)∆(t)

∫
dt′ V(t′)

(
2σ2

v tt′
)

∆(t′)

=
m2

8
σ2

v

[∫
dt t V(t)∆(t)

]2
, ∆(t) ≡ x2(t)− x′2(t), (A21)

which is Equation (16) (up to the overall 1/h̄ factor in e
i
h̄ SIF ).

Appendix C.2. Hubbard–Stratonovich Representation

We use the Gaussian identity

e−
1
2 σ2

v I2
=
∫

dv P(v) eivI , P(v) =
1√

2πσ2
v

e
− v2

2σ2
v , (A22)

which matches Equation (17) in the main text with an explicit normalization. With

I[x, x′] =
m
2h̄

∫ t f

ti

dt t V(t)
(

x2(t)− x′2(t)
)
, (A23)
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the noise contribution satisfies

e−
1
2 σ2

v I2
=
∫

dv P(v) eivI . (A24)

Neglecting the dissipative part SD at leading order (noise-dominated approximation),
we obtain

e
i
h̄ SIF [x,x′ ] ≃

∫
dv P(v) exp

[
− imv

2h̄

∫ t f

ti

dt t V(t)
(
x2(t)− x′2(t)

)]
, (A25)

which is Equation (17).

Appendix C.3. Random-Unitary Representation

For each fixed v, the exponent in Equation (A25) amounts to modifying the system
action by a v-dependent quadratic term. This is equivalent to a unitary oscillator evolution
with effective frequency

Ω2(t) = Ω̄2(t) + v δΩ2(t), δΩ2(t) = t V(t), (A26)

leading to the random-unitary channel representation

ρS(t f ) ≃
∫

dv P(v) Uv(t f , ti) ρS(ti)U†
v (t f , ti). (A27)

This decomposition makes clear that the reduced dynamics is a mixture of unitary trajecto-
ries (labeled by v); mixedness arises only after averaging over v, i.e., after discarding the
clock degrees of freedom.

Appendix D. Perturbative Construction of the Symplectic Map Sv

In this Appendix, we show how to expand Sv(t f ) in v in a way that respects the
symplectic constraint ST

v JSv = J order by order.

Appendix D.1. Interaction-Picture (Dyson) Expansion

Write

Av(t) = A0(t) + vA1(t), A1(t) =

(
0 0

−m δΩ2(t) 0

)
. (A28)

Let S0(t) be the fundamental matrix for v = 0:

Ṡ0(t) = A0(t)S0(t), S0(ti) = I2. (A29)

Define the interaction-picture map

Yv(t) ≡ S−1
0 (t) Sv(t), Yv(ti) = I2. (A30)

Then, Yv satisfies

Ẏv(t) = v B(t)Yv(t), B(t) ≡ S−1
0 (t)A1(t)S0(t). (A31)

Because BT J + JB = 0, one has B(t) ∈ sp(2,R) and hence Yv(t) ∈ Sp(2,R) for all v, t.
The Dyson expansion gives

Yv(t f ) = I2 + v
∫ t f

ti

dt1 B(t1) + v2
∫ t f

ti

dt1

∫ t1

ti

dt2 B(t1)B(t2) + O(v3). (A32)
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Finally,
Sv(t f ) = S0(t f )Yv(t f ), (A33)

which provides explicit integral expressions for the v-derivatives of Sv at v = 0.

Appendix D.2. Equivalent Expansion via Fundamental Solutions

Alternatively, expand the fundamental solutions of ÿ + Ω2
v(t)y = 0 as uv = u0 +

vu1 + v2u2 + · · · and wv = w0 + vw1 + v2w2 + · · · . Matching powers of v yields the
driven hierarchy

ü0 + Ω̄2u0 = 0, u0(ti) = 1, u̇0(ti) = 0, (A34)

ü1 + Ω̄2u1 = −δΩ2 u0, u1(ti) = u̇1(ti) = 0, (A35)

ü2 + Ω̄2u2 = −δΩ2 u1, u2(ti) = u̇2(ti) = 0, (A36)

(and similarly for wk with w0(ti) = 0, ẇ0(ti) = 1 and w1,2(ti) = ẇ1,2(ti) = 0). Substitut-
ing into

Sv(t) =

(
uv(t) 1

m wv(t)

mu̇v(t) ẇv(t)

)
(A37)

yields the perturbative symplectic map. The Wronskian identity uvẇv − u̇vwv = 1 ensures
symplecticity (up to the truncation order).

Appendix E. Gaussian Clock Averages: Energy, Purity, and HS Fidelity
This Appendix collects the technical steps leading to the closed expressions (48)–(51).

Appendix E.1. Moment Propagation for Fixed V

For each fixed v, the unitary Uv induces a symplectic map Sv on R = (x, p)T,

R(t f ) = Sv R(ti), Sv ∈ Sp(2,R), (A38)

hence a Gaussian input remains Gaussian. Writing the input mean vector and covariance
at ti as

di ≡ ⟨R(ti)⟩, Vi ≡
1
2
⟨{∆R(ti), ∆R(ti)

T}⟩, ∆R ≡ R − d, (A39)

the output moments for realization v are

dv = Svdi, Vv = SvViST
v . (A40)

We work perturbatively at fixed t f and write

Sv = S0 + vS(1) +
v2

2
S(2) + O(v3), (A41)

where S(k) ≡ ∂k
vSv|v=0. A symplecticity-preserving construction of these derivatives is

given in Appendix D. This induces

dv = d0 + vd(1) +
v2

2
d(2) + O(v3), d(1) = S(1)di, d(2) = S(2)di, (A42)

Vv = V0 + vV(1) +
v2

2
V(2) + O(v3), (A43)
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with

V(1) = S(1)ViST
0 + S0Vi(S(1))T, (A44)

V(2) = S(2)ViST
0 + S0Vi(S(2))T + 2S(1)Vi(S(1))T. (A45)

Appendix E.2. Energy: Mean Deviation and Clock-Induced Variance

With H f = 1
2 RTG f R and G f = diag(mω2

f , 1/m), a Gaussian state with moments
(d, V) satisfies

⟨H f ⟩ =
1
2

Tr(G f V) +
1
2

dTG f d. (A46)

Expanding ⟨H f ⟩v using (A42) and (A43) gives

⟨H f ⟩v = ⟨H f ⟩0 + v E(1) +
v2

2
E(2) + O(v3), (A47)

E(1) =
1
2

Tr(G f V(1)) + dT
0 G f d(1), (A48)

E(2) =
1
2

Tr(G f V(2)) + (d(1))TG f d(1) + dT
0 G f d(2). (A49)

Since P(v) is even,
∫

dv P(v) v = 0 and
∫

dv P(v) v2 = σ2
v , hence

∆E =
∫

dv P(v)
(
⟨H f ⟩v − ⟨H f ⟩0

)
=

σ2
v

2
E(2) + O(σ4

v ). (A50)

The clock-induced variance across trajectories (defined in (40), which resembles a con-
stancy [43]) reads

Varv(H f ) = σ2
v (E(1))2 + O(σ4

v ), (A51)

because the mean shift is O(σ2
v ) while the leading fluctuations come from the linear term.

Appendix E.3. Gaussian Overlap Kernel

For one-mode Gaussian states ρ1, ρ2 with moments (d1, V1) and (d2, V2) in the conven-
tion [x, p] = ih̄, their Hilbert–Schmidt overlap is

Tr(ρ1ρ2) =
h̄√

det(V1 + V2)
exp
[
−1

2
(d1 − d2)

T(V1 + V2)
−1(d1 − d2)

]
. (A52)

Define the kernel K(v, v′) ≡ Tr(ρvρv′). Then

P = Tr(ρ̄2
S) =

∫∫
dv dv′ P(v)P(v′)K(v, v′), FHS =

1
P0

∫
dv P(v)K(v, 0), (A53)

with P0 ≡ K(0, 0) = Tr(ρ2
0) = h̄/

√
det(2V0).

Appendix E.4. Quadratic Expansion of − log K(v, v′) and Evaluation of the V-Integrals

Introduce Σ(v, v′) ≡ Vv + Vv′ and ∆d(v, v′) ≡ dv − dv′ . From (A52),

log K(v, v′) = log h̄ − 1
2

log det Σ(v, v′)− 1
2

∆dTΣ−1∆d. (A54)

Using (A42) and (A43) to second order, one needs

Σ(v, v′) = 2V0 + (v + v′)V(1) +
v2 + v′2

2
V(2) + O(3), (A55)

∆d(v, v′) = (v − v′) d(1) + O(2), (A56)
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and in the displacement term it is sufficient to set Σ−1 → (2V0)
−1 at this order.

Writing the quadratic expansion in the symmetric form

− log K(v, v′) = − logP0 + b (v + v′) +
1
2

a (v2 + v′2) − c vv′ + O(3), (A57)

one obtains the trace expressions

Q ≡ V−1
0 V(1), (A58)

b =
1
4

Tr(Q), (A59)

a =
1
4

Tr
(
V−1

0 V(2))− 1
8

Tr(Q2) +
1
2
(d(1))TV−1

0 d(1), (A60)

c =
1
8

Tr(Q2) +
1
2
(d(1))TV−1

0 d(1). (A61)

Exponentiating (A57) yields the Gaussian approximation to the kernel,

K(v, v′) ≃ P0 exp
[
−b(v + v′)− 1

2
a(v2 + v′2) + c vv′

]
. (A62)

Substituting into (A53) reduces P to a two-dimensional Gaussian integral and FHS to
a one-dimensional Gaussian integral, giving the closed forms (48) and (49). When
b = 0 (stationary kernel), the exponentials drop out and the results reduce to pure
square-root expressions.

Appendix E.5. Link Between ∆S2 and ∆ E

In the small-noise regime, ∆S2 = − ln(P/P0) = aσ2
v + O(σ4

v ) for b = 0, while (A50)
gives ∆E = χEσ2

v + O(σ4
v ) with

χE ≡ 1
2

E(2) =
1
4

Tr(G f V(2)) +
1
2
(d(1))TG f d(1) +

1
2

dT
0 G f d(2). (A63)

This yields (50) in the main text.

Appendix F. Bogoliubov—Symplectic Dictionary and Consistency Check
Here we show explicitly that the Bogoliubov description used in the vacuum/coherent

calculations and the symplectic description used for generic Gaussian inputs are two
representations of the same Gaussian unitary for each fixed v.

Appendix F.1. From Bogoliubov to a Symplectic Matrix in the Target Basis

At the final time, define the target ladder operator and corresponding quadratures by

aT = eiI f a f , x =

√
h̄

2mω f
(aT + a†

T), p = −i

√
h̄mω f

2
(aT − a†

T), (A64)

so that H f = h̄ω f (a†
TaT + 1

2 ). For a given noise realization v, the evolved annihilation
operator is related to aT by the Bogoliubov map

a(v) = α∗v aT − β∗
v a†

T , a†(v) = αv a†
T − βv aT , |αv|2 − |βv|2 = 1. (A65)
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Introduce the shorthand u ≡ α∗v and w ≡ −β∗
v, so that a(v) = u aT + w a†

T . Then
aT = u∗a(v)− w a†(v) and a†

T = −w∗a(v) + u a†(v). Substituting these into Equation (A64)
yields

x =

√
h̄

2mω f

[
(u∗ − w∗) a(v) + (u − w) a†(v)

]
, (A66)

p = −i

√
h̄mω f

2

[
(u∗ + w∗) a(v)− (u + w) a†(v)

]
. (A67)

Now express a(v), a†(v) back in terms of the same quadratures (x, p) in the v-basis,

a(v) =
√

mω f

2h̄
x +

i√
2h̄mω f

p, a†(v) =
√

mω f

2h̄
x − i√

2h̄mω f

p, (A68)

and collect coefficients. One obtains a real linear map R = (x, p)T 7→ S(T)
v R with

S(T)
v =

 ℜ(u + w)
1

mω f
ℑ(u − w)

−mω f ℑ(u + w) ℜ(u − w)

, u = α∗v , w = −β∗
v. (A69)

Using |αv|2 − |βv|2 = 1, it is straightforward to verify that S(T)T
v JS(T)

v = J (hence S(T)
v ∈

Sp(2,R)). This establishes the equivalence: specifying (αv, βv) fixes the symplectic map
S(T)

v , and conversely.

Appendix F.2. Vacuum State in Symplectic Formalism

For the target vacuum ρ0 = |0⟩T T⟨0|, the target covariance in the (x, p) basis is

V0 =
h̄
2

(
1

mω f
0

0 mω f

)
, (A70)

and for each v the output is a squeezed vacuum with covariance Vv = S(T)
v V0S(T)T

v . The
mean remains zero. Therefore the energy deviation is

⟨H f ⟩v − ⟨H f ⟩0 =
1
2

Tr(G f (Vv − V0)) = h̄ω f |βv|2, (A71)

in agreement with the Bogoliubov result in the main text (obtained by normal ordering H f

in the a(v) basis).
Moreover, the Hilbert–Schmidt overlap between two one-mode Gaussian states de-

pends only on their first and second moments. For the vacuum case, dv = 0 and

Tr(ρvρv′) =
h̄√

det(Vv + Vv′)
, (A72)

which, using the perturbative expansion βv ≃ iv β1 in the noise-dominated regime, yields

|⟨0, v|0, 0⟩T |2 ≃ exp
[
− 1

2 |β1|2v2
]
, |⟨0, v|0, v′⟩|2 ≃ exp

[
− 1

2 |β1|2(v − v′)2
]
, (A73)

https://doi.org/10.3390/e28050519

https://doi.org/10.3390/e28050519


Entropy 2026, 28, 519 23 of 25

which are exactly the Gaussian kernels used in the explicit Bogoliubov overlap calculation.
Performing the v (and v, v′) Gaussian averages then reproduces

F0 =
1√

1 + |β1|2σ2
v

, P0 =
1√

1 + 2|β1|2σ2
v

, (A74)

as quoted in Appendix E. The coherent-state case follows similarly: the covariance evolves
as in the vacuum, while the mean is transported linearly by S(T)

v , so all observables split
into a covariance contribution (squeezing) plus a mean contribution (displacement).

Appendix G. TUR
Because of computational difficulties, we formulate our TUR-type relation in terms of

the linear-entropy production and compute it for initially coherent states in terms of the
Bogoliubov coefficients:

RE ≡ SL
σ2

E

∆E 2 = 4
[
1 + 2|µ|2

(
1 + 2r cos φ + r2)]

1 + 2σ2
v |β1|2

[
1 + 2|µ|2(1 + 2r cos φ + r2)

]
+

√
1 + 2σ2

v |β1|2
[
1 + 2|µ|2(1 + 2r cos φ + r2)

]


×

{
1 + 3|β1|2σ2

v + 2|µ|2
[
1 + 6|β1|2σ2

v (1 + r cos φ)
]}

[
1 + 2|µ|2(1 + r cos φ)

]2 (A75)

where r := α1
|β1|

and cos φ := Re
(

β1
|β1|

∆
)

. In order to make it human-readable, we write

A ≡ 1 + 2r cos φ + r2 =
(

1 + reiφ
)(

1 + re−iϕ
)

B ≡ 1 + r cos φ

X ≡ 2σ2
v |β1|2

Y ≡ 1 + 2|µ|2 A (A76)

and find

RE =
4Y

1 + XY +
√

1 + XY
×

1 + 3
2 X + 2|µ|2[1 + 3XB][

1 + 2|µ|2B
]2 . (A77)

The first factor behaves as ≈ 2Y for X ≪ 1 and ≈ 4Y
XY = 4

X for X ≫ 1. The second factor is
asymptotically decreasing for large |µ|2, but for any fixed value, a strictly positive bound
can be found.
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