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Abstract

We develop an approximation method for the differential entropy h(X) of a g-component

Gaussian mixture in R". We ]lorov1de two examples of approximations using our method
Taylor 0 yflt
denoted by i~ ™ (X) an

lower bound to h( ), while h?lyﬁt( X) provides an accurate and efficient approximation to

. We show that hTaylor( X) provides an easy-to-compute

h(X). Elé()lyﬁt(x) is more accurate than known bounds and is conjectured to be much more
resilient than other approximations in high dimensions.

Keywords: Gaussian mixture; entropy; mixture distribution; differential entropy

1. Introduction
1.1. Differential Entropy of Gaussian Mixtures

A Gaussian mixture is a probability density function on R” of the form f(x) =
Z] 1 P]N

stands for a Gaussmn distribution with mean w and covariance matrlx K. In other words, f

( ), where x € R", the p; > 0 are weights satisfying Z _1pj =1,and Ny

is a mixture of ¢ Gaussian pdfs, with arbitrary weights, allowing each Gaussian to be of
different shape and displacement. A mixture like this occurs, e.g., when a stochastic pro-
cess, with probability mass function py, ..., ps, determines which distribution holds for x.
Such situations occur in many scientific areas. Furthermore, Gaussian mixtures are often
employed as function approximators, by virtue of being smooth and localized. They have
been used in a wide variety of studies, e.g., on diffusion models in physics and machine
learning [1-4], non-adiabatic thermodynamics [5], wireless communication [6], wireless
authentication [7], Byzantine attacks [8], gene expression [9,10], dark matter kinematics [11],
and quasar spectra [12]. The differential entropy h(X) of a continuous random variable
= — [y fx(x)In fx(x) dx

It represents the continuum limit of the (discrete) Shannon entropy for the probablhty mass

X € X, with probability density function fx, is defined as h(X

function fx(x;) Ax, where the volume Ax is sent to zero and the infinite contribution In ﬁ
is subtracted. The differential entropy of a random vector admits the same functional form
as in the univariate case, and our results hold more generally in n dimensions.

In thermodynamics, the dissipation of heat associated with the irreversible erasure of
information is at least k; T'In 2 as shown by Landauer [13]. In particular, Gaussian mixtures
have been used to model the state of a bit before erasure, and their differential entropy is
important to further bound the energy, hence improving upon the Landauer bound [14].
In [15], it is shown how neuronal populations encode information in the presence of an
external source. The mutual information between the input signal and the stationary
distribution of the neuronal populations is used to quantify the information encoded by
the neurons, and positivity hinges on the time scale of the input. Although when the input
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evolves rapidly the mutual information vanishes, it is shown that when the input signal
is of sufficiently low frequency, the stationary distribution of the neural populations is
a Gaussian mixture, and evaluating its entropy accurately is crucial in that setting. In
machine learning, the Active Diffusion Subsampling method [16] uses so-called particles
whose distribution is approximated by a Gaussian mixture. The entropy of the mixture
plays a crucial role in choosing new samples.

Analytically computing or estimating the differential entropy of a Gaussian mixture is
a notoriously difficult problem. Even numerical evaluation can be problematic in high di-
mensions. The special case of a single Gaussian is simple and yields 1(X) = 1 Indet(2meK).

1.2. Related Work

Various methods have been proposed to approximate the differential entropy of a
Gaussian mixture. A loose upper bound can be obtained from the fact that a Gaussian
distribution maximizes entropy, given the first and second moments. This yields [17]
h(X) < %ln det(27eX), with X = 2?:1 pi(ww! + K;) — (Z?:l piwi) (27:1 pjw]-)T. In [18],
a numerical approximation was given for the case g = 2,n = 1, wp = —w;. A sequence of
upper bounds for arbitrary g was obtained in [17], but only for n = 1. Furthermore, the
results are not in closed form, and the bounds in the sequence do not get progressively
tighter. Another method is to replace the density f inside the logarithm by a single
Gaussian f which has mean and covariance equal to the mixture. This leads to an exact
expression containing the relative entropy, h(X) = 1 Indet(27eZ) — D(f||f); one can then
find approximations or bounds for the relative entropy, as in [19,20]. This is done with
Monte Carlo integration, which has the drawback of being computationally demanding
and not giving an analytic expression.

In [21], an approximation was obtained by performing a Taylor expansion of In f(x)
in the variables x — w;. To avoid the need for expansion powers above 2, they introduced
the trick of representing wide Gaussians approximately as the sum of several narrow
Gaussians, in the f outside the logarithm. The Taylor expansion, as well as the splitting trick,
introduces inaccuracies. As shown in [21], one can obtain a basic concavity deficit upper
bound h(X) < 2?:1 pjIn pl] + 2}7:1 p]-% Indet(27eK;). This is significantly tighter than the
above-mentioned bound % In[(27e)" detX]; it is exact in the case of a single Gaussian, and
it gets arbitrarily close to the true value of /1(X) when the overlap between the components
of the mixture becomes negligible. A refinement was also introduced by means of merging
parts of the mixture that are clustered together. However, in configurations where the
mixture components have significant overlap whilst keeping the mixture non-trivial, this
bound becomes inaccurate.

In [22], tighter bounds are introduced for the differential entropy of general mix-
ture distributions. In particular, the concavity deficit bound is refined as h(X) <
(sup; ||gi — GillTv) ):}7:1 P lnpi]_ + ):}7:1 p]% Indet(27teK;), where || - ||ty denotes the total
variation distance, {g;} are the components of the mixture, and g; = }_;;; 15—’% gi is the
mixture complement of g;. Calculating the total variation distances between each compo-
nent and its complement becomes computationally demanding when both the number of
components and the dimension are large.

1.3. Contributions

We introduce a new method for estimating the differential entropy of a Gaussian
mixture. We approximate f lnjl? by a polynomial poly(f). For any positive integer k,

the power f* = (pN] +... + pq/\/q)k can be written as a multinomial sum containing a
product of powers of Gaussians. Hence, the integral [ poly(f(x))dx can be computed
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analytically. This yields a systematic way to approximate and/or lower bound /(X) by
analytic expressions.

e We consider polynomials that minimize the square error [ weight(s)[sIn I — poly(s)]?ds
on the range of f, with tunable function weight(s) = s". We observe that negative r gives
better results than positive r, which is to be expected since most of the volume in R" has
f(x) close to zero. In particular, r &~ —2 performs best in the mixture configurations that
we have studied, yielding relative errors in /1(X) of less than 1% already for the degree-3
polynomial fit.

*  We consider the truncated Taylor series — In % Yl %(1 - %)k for some constant m.
This too gives rise to an approximation for f In ]l( that is polynomial in f. While not as
accurate as the above-mentioned fit, it guarantees that each k-term has the same sign
if m > max,cpn f(x), and hence it gives rise to a sequence of increasingly accurate
analytic lower bounds on h(X). We observe that the relative error in /(X)) is still
several percent even at polynomial degree 10.

In Section 2.1, we obtain a general recipe to approximate the differential entropy via a
polynomial approximation as shown in Corollary 1. In Section 2.2, we apply Corollary 1
to the Taylor series of the logarithm to obtain a specific approximation for the differential
entropy. Although it is not a very accurate approximation, it serves as an easy-to-compute
lower bound. In Section 2.3, we apply Corollary 1 again using a polynomial approximation
of f(s) = —sIns, which gives an accurate approximation to the differential entropy. In
Section 3, we show numerical results of our approximations for various configurations,
and in Section 4, we assess our method and give pointers towards future work.

2. Polynomial Approximation
2.1. General Polynomial

Consider a random variable X € R" whose probability density function (pdf) is a

1_,. The Gaussian pdfs have covariance matrices

{Ki}?:y and they are centered on points wy, ..., w, € R".

Gaussian mixture with weights {p;}

’ 1y 172, 30w TK (o))
fx(x) = Z;Pijj,K]-(X) = (2m) "2 Z;Pj(detKj) e I : 1)
= =
We let gi(x) = Ny, k,(x) denote the Gaussian pdf in the following. The differential entropy
is h(X) = —Ex[In fx], which can be written as follows:
h(X) = —Ex[In fx] = —Ex[Inmm ' fx] = —Inm — Ex [m f;’l‘] 2)

where m can be chosen to enforce that the argument of the logarithm lies in a certain interval.
We would like to approximate the entropy by means of a polynomial approximation in
powers of fx:

C
—fxln% ~ anf)”é, 3)
a=1

In other words, we consider an order-C polynomial approximation. We set cp = 0 to
avoid diverging integrals. Equation (3) is more relaxed than truncating a series of the form
Yari Cafy; ie., we allow {c;} to depend on C. Using Equation (3), the differential entropy
h(X) reads as follows:

C
nX) ~ —Inm+ Y ca/f;g(x)dx, @)
a=1

https://doi.org/10.3390 /28040381
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and by choosing {c,} appropriately and analytically evaluating the integral, we obtain an
efficient approximation for 11(X). We start by rewriting the integral in Equation (4), and the
result is Corollary 1.

Lemma 1. Let {g;(x)}!_, be given in accordance with Equation (1), f = (t1,...,tg) s.t. t; > 0
and Y t; = a. Furthermore, let M~ and p be given by the following:

q
= Z ijfl, (5)
=1
! 1
p=) MK 'wj, (6)

=1

and then we have the following:
/Hg] dX - (f)/ (7)

where D(t) is given by the following:

q
D(f) = (27r) @1/ <H (detK;) wz) (det M)V/2e= 2 (T Wl K wi—p ™M) (g
i=1

Proof. See Appendix A. [

It follows that the integral in Equation (4) can be rewritten as shown in the follow-
ing corollary.

Corollary 1. The differential entropy h(X) of the Gaussian mixture is approximated by the following:

hiz (X) :—lnm+26a2<><npl> D(f), 9)

a=1  fe7,

where Ty = {t € Z%, : |f| = a} and (}) = (tl.?tq)'

Proof. See Appendix B. [

2.2. Taylor Series Approximation

We perform a Taylor series for the logarithm only, in order to obtain the coefficients

{c,} in Equation (3). We define Z = 1 — m~! fx(X) and we write:

fx _ _ v Lok
—fxIn=2 ——fxln(l—Z)—fxz%Z. (10)

k=1
The range of allowed m values is the one that keeps Z in the radius of convergence of
the Taylor series: |Z| < 1, i.e.,, m > maxyern fx(X)/2. For m = maxyepn fx(x)/2 then
Z € [-1,1), while for m = maxyecgrn fx(x) then Z € [0,1). Furthermore, values above
maxyern fx(x) such as m = Y; p;gi(w;) shrink the range of Z from below towards 1. By
performing the Taylor expansion for the logarithm, we obtain a series of the form given by
Equation (3) as shown in Theorem 1.

https:/ /doi.org/10.3390/e28040381
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Theorem 1. The procedure of performing the TaF/lor expansion of the logarithm as detailed in
Equation (10) yields the following coefficients {ca 71 Of the corresponding polynomial approx-
imation in Equation (3):

HC*]/ a= 1/

= _1\a+1 7 (11)
=V 1 (g:ll), otherwise.

Tayl
Caay or

m*1 a—1

and the corresponding differential entropy approximation as given by Equation (9) can be written
as follows:

vl c—1
R (X) = —Inm + He 1—m2 ”a”< . ) (12)

where Hy, is the k-th Harmonic number, and { B, } are given by the following:
—1)? -
Ba=”z()(m) (). 13
mA
teT,
Proof. See Appendix C. O

Note that one can show that (X) is given by the infinite series:

h(X) = —Inm —m i f Bor1 (k> (14)
iZ1am0 kK \a

which is not the result of an infinite power series in fy as evident by the 2 summation
which is inside the k summation. Taking the first C — 1 terms and changing the order of
Taylor} dependent on C. Note that Theorem 1 with
m = maxyepn fx(x) provides a lower bound for #(X). For some applications, having a

summations makes the coefficients {c

bound is more important than having a good approximation.

2.3. Polyfit
2.3.1. General Polyfit

Suppose we have a function f(s) defined on Z = [a, b] that we wish to approximate
via a polynomial expansion. We write

f(s) = f(s) Z dz s, (15)

and we define the error resulting from our estimation as follows:

bia /;bw(S)(f(S) — f(s))*ds, (16)

E =
where we consider the possibility of favoring portions of Z more than others by choosing

the weight function w(s) appropriately, and w(s) = 1 reduces E to the mean squared error.
Our choice of w and Z must be such that M7 in Lemma 2 is invertible.

https:/ /doi.org/10.3390/e28040381
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Lemma 2. Let My, d7, and Z7 be given by the following:
b L

(Ma); = [ w(s)s'tias, (17)

(d7)i = dz, (18)

)= [ w(s)f(5)sds, 19)

and then for invertible Mz, the coefficients dz ; in Equation (15) that minimize the error function E
in Equation (16) are given by the following:

dr = M;'z;. (20)
Proof. See Appendix D. [

2.3.2. Entropy Estimate Obtained from Polyfit

We now wish to use Lemma 2 to obtain an approximation for #(X). We first apply our
estimator to the function f(s) = —sIns in the following lemma.

Lemma 3. Let f(s) = —sInsonZ = (a,b],r € Rifa > 0andr > —3ifa = 0. Let w(s) =",
and then the estimator f(s) in Equation (15) is given by the following:

—slns =~ dI,l-si, (21)

C
i=1
where dz ; are obtained by solving Equation (20) with Mz and Z7 given by the following:

pititr+l _ gitjtr+

Mz)ij = — 51 (22)
TR (i+r+2)Inb) — (b a)]
(ZI)z - (i—|—7’—0—2)2 .

Proof. It follows from Equation (15), Lemma 2, and direct calculation. [

Corollary 2. Let f(s) = —sInsonZ = (0,b], and w(s) = s" withr > —3; then, {dz,} are
given by the following:

di—Inb, ifi=1
dri=19 , ;: o (23)
b 7d;, otherwise
where d is obtained by solving
d=M"1Z (24)
with M and Z given by the following:
- 1 1
Jp— 5. — 2
Mz] l'+]'+1’+1’ Zj (25)

Proof. See Appendix E. [J

Corollary 2 shows that the problem of finding a polynomial fit for f(s) = —sIns on
(0,b] is equivalent to finding the inverse of M, which is independent of b. However, M
is an ill-conditioned matrix as the elements M;; become increasingly smaller for higher
i 4 j. For example, if we take r = —2, then M is the Hilbert matrix with inverse elements,

https:/ /doi.org/10.3390/e28040381
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(H )= (-1 (i+j—1) (Cél_;l) (ng:ll) {(lfgz)} 2, which become numerically unstable
at C ~ 10. If we write fmax = maXxyern fx(x), then for our Gaussian mixture fx, the
possible values are in (0, fmax]. In a very large part of R", we find ourselves in the tails of
the Gaussian mixture, which corresponds to fx(x) being close to zero. Hence, we want
our weight function w(s) to reflect this, and emphasize the region close to zero in the

application of Corollary 2. Note that we can write

h(X) = —/fx(x) In fx(x)dx = /(/Ofm”a(s fx(x))slnsds> dx
_ —/Ofmaxslns(/&(s—fx(x))dx>ds - /Ofmaxf(s)V(s) ds,

where V(s) = [ 6(s — fx(x))dx can be thought of as the (# — 1)-dimensional volume where

(26)

the function fx equals s. We see from Equation (26) that our entropy approximation is not
only determined by how well we can estimate f(s) using Corollary 2, but also by V(s),
which for Gaussian mixtures will put more weight around s = 0. That is, we expect r < 0
in Corollary 2 to produce better results for our entropy approximation than » > 0, although
they will produce worse estimates of f(s) over any interval. Ideally, we set w(s) = V(s)
in Lemma 3, but V (s) has no closed-form solution. This leads us to the following entropy
approximation given by Theorem 2.

Theorem 2. Let r > —3, Z = (0, fmax); then, the entropy approximation I_agdyﬁt(x) based on
Lemma 3, Corollary 2, and Corollary 1 is given by the following:

. C . q

+Polyfit Polyfit a . ~

hcoyl (X) _ E Cuoyl z <f> (Hp§l>D(t), (27)
a=1 feT, i=1

Polyfit

where T is given by the following:

i d —1 , ifa=1 =
CEolyﬁt _ 1 ~nfmax 1ra = M_lf, (28)
faad,, otherwise
with ]\711-]- and Z; given by the following:
- 1 1
Mj=+——— Zi=——""-—3. 29
i+l “i (i+7+2)2 @9)

Proof. It follows from the direct application of Lemma 3, Corollary 2, and Corollary 1 to
—fxInfx. O

In Appendix F, we derive the volume function V (s) for the trivial case ¢ = 1. Around
s = 0, it blows up as 1/5s, with some additional logarithmic divergence; this gives some
intuition as to why we get good results at r < —1.

3. Numerical Results
3.1. Polyfit Results

We now present results of Theorem 2 applied to different Gaussian mixtures in order to
estimate /1(X). The performance metric we use is the percentage error compared to the exact
value for the entropy. The mixtures we used to show the validity of our approximation are
shown in Table 1. The examples cover various values of 7 and 4. This is not meant to be

https:/ /doi.org/10.3390/e28040381
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all-encompassing, but it still covers a sufficient part of the parameter space to showcase the

accuracy of our approximation.

Table 1. The different Gaussian mixtures tested using Theorem 2. The resulting entropy errors appear

in Figure 1.
qg n  Mixture Parameters
2wy = (1,07, wy = (-1,0)T, wy = (0,1.5)T, K; =1, p = (0.2,0.3,0.5)T
3 wy = (0,0)T, wy = (=15,1.5)T, w3 = (1.5,1.5)T, K; = <(1] O), K = (0%2 Oi2>'
? Ky = 75_2 _$'2>, p=(02,03,05)T
5 W= (0,0,0)T, wy = (=1.5,1.5,-1.5)T, w3 = (1.5,1.5,1.5)T, wy = (1,1,1)T, K; =I5,
A p =(02,03,0.3,0.2)
g wi=(0.. 0T, wy = (=15,15,...,15)T, wy = (1.5,...,1.5)7T, wy = (1,...,1)T, K; =1,
p=(02,03,03,02)T
5 o4 W= (0,0,0,0)T, wo = (—1.5,1.5,-1.5,1.5)T, w3 = (1.5,1.5,1.5,1.5)T, wy = (1,1,1,1)T

ws = (—3,3,-3,3)T, K; =1, p = (0.2,0.3,0.3,0.1,0.1)"

6
x =-2.5
x =-2
-3 5
x o1
® =25 4
3 *
— ¥
§
x x 52 ® x
x x g x x
x » . J bt x
L1 : 1 x % x
H
x x x 3 % 0 x x * .
o H . » * x *
-1
M
2
5 6 7 8 9 10 3 4 5 6 7 8 9 10
C C
(@) (b)
60
x
50
40
= . 30
. z
x 4 : ! ] 20
x g x
E 3
x * * x x 10 ® F3
x H x : 3 ] ] ]
M H §
0 x 2
‘ x
-10
-20
3 5 6 7 8 9 10 3 4 5 6 7 8 9 10
C C
(c) (d)

xx

3 4 5 6 7 8 9 10
c

(e)

Figure 1. The results of testing Theorem 2 on the Gaussian mixtures in Table 1. The graphs show

the percentage error

= Polyfit

KO0 100 of th imation /L™ (X) at diff lues of
G — 00 | of the approximation - (X) at different values of C.

@qg=3n=2Ki=hLb)g=3n=2(q=4n=3;d)g=4n=8()g=5n=4
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From Figure 1, we see that for low-dimensional cases (7 = 3, n = 2), our approximation
converges quickly to the exact value of the entropy (within less than 1% error), and we can
fairly trust numerical accuracy for those cases. As for the optimal r value for the weight
function, r = —2 is consistently the best choice for those parameters, with ¥ > 0 being less
favorable, as predicted in Section 2.3.2.

At g = 4, we start to see divergent behavior as n becomes larger. For the lower-
dimensional case of 4 = 4, n = 3, the behavior is similar to previous cases with very high
accuracy and r = —2 being the most favorable weight function. However, in the case of
q = 4,n = 8, the result diverges as C grows larger, although up to C = 7, the approximation
is fairly accurate. Furthermore, the best-performing r in this case is ¥ = —2.5 with an error
percentage of around —0.5% at C = 6. We conjecture that the divergent behavior in this
case is caused by numerical inaccuracies in the evaluation of multinomial coefficients.

For g = 5,n = 4, we again have convergent behavior yielding an accurate approximation
of the entropy with r = —2 being the best weight function. This prompts us to conclude
that our method produces a very highly accurate approximation when r € [—2.5, —2] and C
is kept between 3 and 8 in order to avoid computational inaccuracies. Note that the upper
bound mentioned in the introduction #(X) < Z?:1 pjln p% + Z?Zl pj% In det(27teK;) produces
values that are within 3-19% above the true entropy for the configurations in Table 1.

In Figure 2, we show Polyfit approximations of f(s) = —sIns as described in Lemma 3
for different values of r. We see clearly in Figure 2 that for r = —2, the approximation
is overall inaccurate compared to r = —1 and r = 1. However, r = —2 yields the best
approximation for the entropy (X). As we discussed in Section 2.3.2, the reason for this
is that the value of r = —2 makes the approximation better around s ~ 0, which is where
V(s) is highest.

0.4

0.2

-0.2

-0.4

-0.8

16 . . . . . . . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 2. Polyfit approximations of f(s) = —sIns for different values of r on the interval (0, 2] in
accordance with Lemma 3.

3.2. Taylor Series Results

We now show results for our approximation ﬁgaf;l “(X) based on the Taylor expansion

of the logarithm as outlined in Theorem 1. We do not expect it to be as accurate as l_zgo,;y ﬁt(X) ;
however, it provides us with an easy-to-compute lower bound for the entropy, as mentioned
earlier in Section 2.2. We show the percentage error compared to the exact value of the
entropy for different values of B for two mixtures that we take from Table 1. We use the case
of g = 3,n = 2 with non-spherical covariance matrices, as well as the case of g = 4,n = 8.

The results are shown in Figure 3. As we can see from Figure 3, E(T:afnlor(X) is not as accurate

https:/ /doi.org/10.3390/e28040381
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s flléilnyﬁt(X) as expected, especially in the higher-dimensional case. However, it does

provide monotonous and convergent behavior. Furthermore, the case § = 1/2 is the
fastest-converging case, which is also the case where computational inaccuracies start to
appear the fastest as we increase C.

104 181
O /=05 q
9l O (=062
3=0.75 Q
° O B=0875 16
8t o p=1 o
7t L4 140 ]
o o
S ) S [} o
5 5127 3
£ osf o o § o ¢
s ° o o
. : o o 10 o o g °
o g o o ° o
3 o P o o
° o o b4 (<] 8 ¢ [ ® )
2 (] o o o o
) ) o
; I I I I I I f s I I I I I |
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
c c

(a) (b)

Figure 3. The results of testing Theorem 1 on two of the Gaussian mixtures in Table 1. The graphs

_ pTaylor —
W 100) of the approximation h?’};lor(X) at different values of

C and for different values of B. (a) g =3,n =2; (b)g=4,n = 8.

show the percentage error

4. Discussion

Gaussian mixtures are one of the most applicable distributions in the literature, from
wireless communications to physics and diffusion models. They have found success in
either describing or modeling real life phenomena to a high degree of accuracy. One of
the most important quantities in characterizing a distribution is the Shannon (differential)
entropy, which, for Gaussian mixtures, does not have a known closed-form expression.

In this paper, we have derived a method by which the differential entropy of Gaussian
mixtures can be approximated both accurately and efficiently. Our method enjoys a high
degree of simplicity as it relies on the fact that for Gaussian mixtures “almost all the support has
an image that is almost zero”. For various configurations, this trick allows our approximation to
get very close to the true value for the differential entropy by summing only a small number of
terms. Although some configurations are more difficult to approximate with a small number
of terms, our method is accurate for a large number of randomly generated Gaussian mixtures
(not reported in Section 3). This makes inaccuracy an exception that can be circumvented by
avoiding numerical instabilities and taking into account higher-order terms.

It is not straightforward to benchmark against the existing literature. Many methods
are at least partly numerical, whereas our approximation technique yields fully analytic
expressions. The work [21] is closest to our technique in that it approximates /(X) with closed-
form analytic expressions. However, there are significant qualitative differences. Since [21]
tries to polynomially approximate In f(x), the order C of their Taylor series has to increase
with g as C = 2gq (in the worst case) in order to correctly fit all the ‘bumps’ in the function.
The error in In f(x) then explodes as |x|*7 when |x| increases beyond a certain radius. This
large error should be damped by the fact that it gets multiplied by the Gaussian tail of f(x).
However, at large g, this can require drastic application of the splitting trick, which introduces
errors. In contrast, our choice of polynomial order C is independent of g, and increasing g
does not lead to errors. In our technique, inaccuracies are caused by the mismatch between
the function sIn ! and the polynomial fit around s = 0. The performance of our technique
is constrained by the fact that the function sIn % has infinite derivative at s = 0 and hence
cannot be fitted with a polynomial of finite degree at that point.
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Our Polyfit method relies on choosing an appropriate weight function w(s) as dis-
cussed in Section 2.3. Ideally for Gaussian mixtures, w(s) should be optimally chosen
as V(s), which is difficult to estimate. However, from our experiments, we notice that a
simple power w(s) o s” gives good results, especially for negative r around r = —2. At
negative r, a lot of weight is given to small values of s. This makes sense because most of
the n-dimensional volume in the integral [dx covers the tails of the distribution f(X). For
a single Gaussian with spherical symmetry, it is easy to verify (see Appendix F) that the
volume function V(s) = [ dx §(s — f(x)) behaves as V( ) o L(In Im Fmax )21, At small s, this
expression blows up faster than but slower than . This suggests that r should lie in
the vicinity of [-2, —1]. More extenswe testing, with larger mixtures in higher dimensions,
will show how generally applicable our method is. We have not exhaustively studied
all possible polynomial fits. It is quite likely that some improvement can be gained by
choosing a better weight function, e.g., one that more resembles V (s).

Projection pursuit was introduced in 1974 as a method for analyzing multivariate
data through its lower-dimensional projections [23]. However, exploring the full space
of projections becomes increasingly impractical as the dimension grows [24]. Subsequent
work addressed this issue by identifying “interesting” projections, namely those that reveal
structure in the original data, through indices that measure departures from Gaussianity. One
such index is differential entropy [25]. When the data arise from a finite mixture, skewness
has also been used as a measure of non-normality for classifying projections [26,27]. Other
approaches include the differential entropy estimator proposed in [28]. It would be of interest
to compare these approaches with accurate estimation of differential entropy, using our
method and taking our estimate as the projection index. In particular, an important question
is whether maximizing skewness also leads to entropy optimization. A similar investigation
could be carried out in relation to the work of Pefia and Prieto [29-31]. These directions are
left for future work.
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Appendix A. Proof of Lemma 1

/Hg dx*/H 27T 2 (detK;)~/2e” 20w Kfl("*wf)>tjdx
=c(h) / LR by wy) TR (x-w) g
= C(f)e” S WK /6’7%):?:1 tj(XTKflexTKj’]wj,w;ijflx) "
=C(Pe” 1Y WK /e,%( (T K )x— XT(Zyzlt,‘Kj’le)f(wlTE]{lzltiK]fl)x)dx

C(f)e 22/ WK w//ef—( xX'M~'x—x"M ’1y7;¢TM’1x)dx

(A1)

=C(he” 3L twiK; er%ﬂTM’lﬂ/g*%(xfﬂ)TM’l(xfﬂ)dx

=C(} ) ):} L HWTK wje%”TMfly(ZN)n/Z(detM)l/Z,
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where we have the following:

q q
C(f) = [[(2m) "/?(detK;) 1% = (27r) /2T [(detK;) 1'%, (A2)
j=1 j=1

Note that we can alternatively write:

T /4
Mty = <2t ) M(Et,Kllwl>. (A3)
=1
Appendix B. Proof of Corollary 1

/f)%(X)dx = / (Zi Pigi(")>adx - / f1+t2+-2+tq:a (flltzf~ w%) (

t b ertg >0

a 1, a4 a i . R
- I (o ) e 2 () (1T o
f+bp+ottg=a \M1r P20 bq )\ =1 =1 bty t+eottg=a \'1rF2re s tq /) \ =1

Htp,estg >0 Htp ety >0

G
=
~
——

:Q
Kl
=
ReH
—_
(oW
»

(A4)

where the last equality follows from Lemma 1. Plugging into Equation (4) gives the
desired expression.

Appendix C. Proof of Theorem 1

fb+1

fxzk =fxbi: (:) <—m71fx) i ( ) K =—m Z < > it b+
__mkil(al) uﬁ;,

and plugging into Equation (10), we have the following:

(A5)

o _ . k+1 oo k+1
~fxIn X -r ’”2( ) jofx - ¥ L duf (A6)

ma

where & , is given by the following:

o=, - )“”“ (A7)

a—1) kmo-1

If we now take the first C — 1 terms, we have the following:

fX C—1k+1 c-1 C C C-1
~ a o~ ~ a
_f In=—= :chk,afx+"'zzzcufx Ezck,ufx+
k=1 a=1 k=1 a=1 a=1 k=1
. (A8)
_ 2 C;{aylor f)% +
a=1
where we have the following:
Taylor &
¥ =Y &1 =Hc_1, (A9)
k=1

https:/ /doi.org/10.3390/e28040381


https://doi.org/10.3390/e28040381

Entropy 2026, 28, 381 13 of 16

where Hy is the k-th Harmonic number. Furthermore, we have (a # 1):

c-1 c-1 a+1 c-1 a+1
1 . k -1 k -1
= Y=L (5 ) S = (5)
k=1 k=1 m k=a—1 a—1 km (AlO)
(=pmtt o (C—l)

mi-1 g—1\a—-1

and the last equality follows from the following:

C1/k\ & 1 [(k4+a\ &1/k+a-1 1/C
Zk(a):ZI}Jra( a )ZIga( a—1 >:a<a>' (A11)

k=a k=0

where we used the binomial identities:

1/a 1/a-1

a(b):b(b_l) a,b#0, (A12)
& (n+j\  (m+m+1\  (n+m41
];)(n>_<n+1 )= (A1)

Plugging the coefficients {caTaylor} into Corollary 1, we have the following:

1 T N
h(X) ~ —Inm+ Hc_4 Y (t ; , ) (H pil> D(f)
bty tty=1 N1 220000/ \j=1

B bty >0

C (_1)a+1 1 (C—l) 4 ( q )
IR o ) (1154 oo
= M Va-1\a-1 bttt tty=a ti, by, tg) \ig !
Bty >0 (A14)

(=11 /C-1 a+1 4
:—lnm—s—Hc,l—i—Z 7( ) Z < ) sz D(
a1 mtaNa e \Ut et

F b2 tg 20

C-1
B c-1
- _1 He1—m) Zat+l ,
nm+ Hec_q mﬁ7=1 1 4

where we used:

1 > (ﬁﬁ)D(E) =1. (A15)

Ftp bty =1 (fl,fz,. -t
B bty >0

Appendix D. Proof of Lemma 2

If we take the partial derivative of E w.r.t dz ;, we get the following:

= [ - flosias

o (g - T (A16)
f— 1 - . l+]
— (/a w(s)f(s)s'ds ]; dI’]/a w(s)s ds),
and setting it to zero, we get the following:
C b L b .
) dI,j/ w(s)s'ds = / w(s)f(s)s'ds, (A17)
]:1 a a

https:/ /doi.org/10.3390/e28040381


https://doi.org/10.3390/e28040381

Entropy 2026, 28, 381 14 of 16

or written in matrix form as follows:

Mzds = Z7. (A18)
In order to show that our solution is a global minimum, we show that the Hessian matrix
oE
Hjj = =———-— is positive definite. Taking the partial derivatives, we have the following;:
9dz,;9dz;
2 b .
Hj; = 2 /a w(s)s's/ds, (A19)

which is a Gram matrix (note that w(s) > 0 and a Gram matrix is positive semi-definite). It is
straightforward to see that H is positive definite since {+/w( } ~, are linearly independent.

Appendix E. Proof of Corollary 2

From Lemma 3 and Equation (20), we have the following:

. piti+r+l . pitr+2 b+ +21nb
A(d): = (Z+): d-): = _
;<MI)”( z)j = (Gr)i = —~ij+r+1 i Grrrr  ivriz
_ piti+r+l o N b2 1nb B pitr+2
~itjtr+1 Ity rs2 7~ (i+r+2)?2
N pitj+r+l (H)‘+ pitr+2 (ﬂ +bi+r+2lnb B pitr+2
Sitj+r+l I i r+ 2P iy y2 T (i4r+2)?
! , B (A20)
pi—1 - (dI)l +1Inb 1
Y —————(dg)j+ = =
j#lz—i—]—}-r—}-l i+r+2 (i+r+2)2
-1 bi~1(dz); +Inb
]#11+]+r+1 i+j+r+1 i1 (i+r+2)
:>2Ml]d~]221

J
Appendix F. Volume V (s) for a Single Gaussian

We consider the trivial ‘mixture’ that consists of a single Gaussian centered on the
origin, with spherical covariance matrix ¢?1. The volume V(s) as defined in (26) is then
given by

ex :
s) = /dx — Npo21(x / drr"~1s (s - (pz;‘)’) (A21)

We apply the rule 6(s — y(r)) = W and obtain

oo dwnl 5(r—/~202Infs ar>1)a1< o )“
° ) (A22)

exp — % ; s (ov/2m)"
(ovam)r o
s s
exp 2
22 -1
Here, we have used that Vo =S and that frmax = eIk
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