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Abstract

As remarked by Boltzmann, the Second Law of Thermodynamics is notable for the fact
that it is readily proved using elementary statistical arguments, but becomes harder and
harder to verify the more precise the microscopic description of a system. In this article, we
investigate one particular realization of the 2nd Law, namely Joule heating in a wire under
electrical bias. We analyze the production of entropy in an exactly solvable model of a
quantum wire wherein the conserved flow of entropy under unitary quantum evolution is
taken into account using an exact formula for the entropy current of a system of independent
quantum particles. In this exact microscopic description of the quantum dynamics, the
entropy production due to Joule heating does not arise automatically. Instead, we show
that the expected entropy production is realized in the limit of a large number of local
measurements by a series of floating thermoelectric probes along the length of the wire,
which inject entropy into the system as a result of the information obtained via their
continuous measurements of the system. The decoherence resulting from inelastic processes
introduced by the local measurements is essential to the phenomenon of entropy production
due to Joule heating, and would be expected to arise due to inelastic scattering in real
systems of interacting particles.

Keywords: entropy production; quantum thermodynamics; unitary entropy evolution;
dissipation; irreversibility

1. Introduction

Deriving the 2nd Law of Thermodynamics—the law of increase of entropy—from
microscopic dynamics is a project dating back to Boltzmann. Whether using classical or
quantum dynamics, the issue is that entropy is conserved under exact time evolution, taking
all degrees of freedom into account. The 2nd Law arises because, in practice, a macrosopic
observer is unable to keep track of all the information encoded in the microscopic degrees
of freedom of a system, so that the information [1] needed to specify those degrees of
freedom (and hence the system entropy) at later times continuously increases [2]. This
scenario has been implemented for open quantum systems to describe the increase of the
von Neumann entropy [3] associated with the reduced density matrix of a quantum system
coupled to a macroscopic reservoir [4], and has led to a large body of work on entropy
production in the quantum thermodynamics of such systems [5-8]. Contrary viewpoints
concerning the role of information and irreversibility in the thermodynamics of quantum
systems are discussed in [9,10].

However, the phenomenon of Joule heating, the key manifestation of the 2nd Law of
Thermodynamics in electrical transport, which has been observed experimentally even
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in atomic-scale conductors [11-14], has not yet been derived from a fully microscopic
quantum Hamiltonian (although phenomenologial approaches have been presented for
instance in Refs. [15,16]), and is apparently not amenable to the reduced-state approach
pioneered in Ref. [4] and reviewed in Ref. [8]. Computational approaches such as Ref. [17]
touch upon the electron-phonon relaxation mechanisms leading to Joule heating, reminis-
cent of the reduced-state approach. A quasi-microscopic description is provided by the
two-temperature model [18-22], wherein hot electrons with short relaxation times scatter
inelastically on longer timescales with phonons of lower temperature that subsequently
thermalize to an environment where this temperature can be measured.

In this article, we analyze the flow of entropy in a quantum electric circuit using a
new unitary entropy current formula [23], which correctly accounts for the fact that the
entropy of the universe, including all microscopic degrees of freedom, is conserved under
the electrical transport process. In this microscopic description of entropy flow, inelastic
scattering processes leading to thermalization and entropy production need to be explicitly
included in the model in order to account for the 2nd Law. This is achieved by attaching a
large number of floating thermoelectric probes [24,25] to a quantum wire that continuously
measure the local temperature and chemical potential along the length of the wire, serving
as sources of inelastic scattering and decoherence [26]. The information about the local
nonequilibrium electron distribution in the wire obtained by these probes is not stored, but
is injected as entropy into the quantum wire.

The physical picture that describes these measurements is the following: When a
steady flow propagates into a reservoir, the relaxation processes that it undergoes lead
to entropy production. Eventually, the distribution describing this flow into a reservoir
relaxes until it is a linear perturbation of the equilibrium distribution at infinity. In other
words, macroscopic measurements in electric circuits imply that the particles involved
in the transport have undergone processes of relaxation into equilibrium with the leads
they end up at, generating entropy. Examples of protocols for direct measurement of
entropy in these types of systems can be found in [27-30]. These processes occur naturally
in real circuits due to the fact that there are multiple sources of decoherence that in turn
permit this relaxation. This implies that only energy and particle fluxes are conserved, a
situation that is described by the conventional formula for heat currents, from which a
description of entropy currents can be defined for quasi-reversible processes in accordance
with thermodynamics by dividing heat currents by temperature T. It is an open question
how to define entropy currents in general irreversible processes [31].

The unitary description of entropy flow utilized in the present article expands on the
analyses of Refs. [23,32], which investigate persistent and microscopic flows of entropy
in open quantum systems, and is to be contrasted with the conventional quantum formu-
las [33-36] describing the flow of charge and heat into macroscopic reservoirs and that
implicitly assume complete thermalization of the outgoing distributions at infinity.

This paper is organized in the following way: A description of both the standard
paradigm and the proposed (unitary) approaches for describing entropy currents and the
differences in their consequences in terms of entropy generation is discussed in Section 2.
In Section 3, following an explanation of these discrepancies, a proposal to recover the
conventional entropy generation from the unitary description is tested with positive results
in an infinite-chain system. The limit behavior of the disparity in the different approaches
is explained as an end effect in Section 4 and a summary of the results can be found in
Section 5. Appendix A provides a derivation of the unitary entropy current formula for
independent quantum particles based on scattering theory. Three further Appendices B-D
describe the basics of the Non-Equilibrium Green’s Functions (NEGF) formalism used
in this work, the limit achievable by a single probe in the system in terms of entropy
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generation, and the quasi-classical resistance-network behavior in the chain as well as its
dependence on the system parameters, respectively.

2. Discrepancies Between Unitary and Dissipative Entropy Flows

The introduction of unitary entropy currents brings about the challenge of reconciling
it with previous descriptions of the flow of entropy and heat. Among these is the discussion
of entropy production.

The conventional description of (dissipative) heat flow in a multiterminal system is
given by the Biittiker-Sivan-Imry formula [33-35]

1) = [ de(e - ) L Tuplfy = £ )

where « labels the reservoirs, & is Planck’s constant, and v = 0 corresponds to the particle
current and v = 1 to the heat current, respectively, into reservoir a. T,z(€) is the trans-

mission function from reservoir  to & and f,(€) = (eﬁ“(e_i‘ﬁ) + 1) o is the Fermi-Dirac
distribution function of reservoir «, where B, = 1/kpT,.

Equation (1) implies that the electrical work supplied as electrons are transmitted
between the reservoirs is converted entirely into heat, a process known as Joule heating:

Y1) = =Y ped, @)
9

14

where the LHS is the total rate of heat production and the RHS is the electrochemical power
P supplied by the external electric bias. The total entropy production rate due to Joule
heating is

s

a Ta=To i o (0)
Z T, T()( Z,ualzx ) >0, 3)

24 24

where positivity is ensured since particles flow spontaneously from high to low chemical
potential. The conventional expression successfully describes the entropy production in
the irreversible process of currents flowing between macroscopic reservoirs.

In contrast with this, the unitary flow of entropy governed by the Schrédinger equation
leads to the conserved entropy current

I = 2/de§Taﬁ [sg(€) —su(e)], (4)

where s, (€) is the single-particle entropy contribution from a distribution f, at en-
ergy € and 7 is the entropy current into reservoir a. In the case of Fermions s,(¢) =
—kp[fuln fo + (1= fu) In(1 = fu)], while for bosons s*(e) = —kg[f*Inf* — (1+ f*) In(1+ f*)],

where f?(e) = <e/3(€*?*) - 1) 7o describe, for instance, phonon or photon entropy fluxes
if chemical potential is zero or conserved bosonic particles otherwise. Equation (4) is
analogous to the multi-terminal Biittiker formula [33] for charge transport, and is justified
within a local treatment of entropy flow [23,32] that keeps track of all microscopic degrees
of freedom (see Appendix A for a derivation of Equation (4) using the scattering theory of
quantum transport). A similar formula was derived in Ref. [31]. The key point to highlight
in this context is that this expression takes into account a higher degree of knowledge of the
system with respect to the previous case, by respecting and accounting for the exact unitary
quantum evolution of all degrees of freedom in the system and reservoirs.
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A central consequence of Equation (4) is that the total entropy is conserved
Y I;=o. (5)
o

It is important to note that this should not be unexpected if this formula is understood, the
same way it is clear that the unitary evolution of a quantum system leads to an unchanging
von Neumann entropy. To describe the currents via Equation (4) is to fully take into account
degrees of freedom that are disregarded in a dissipative framework, one that assumes
decoherence and thermalization of particles that come from a reservoir and end up in
another one, without modeling its mechanisms explicitly. This assumption of decoherence
is implicit [37] in the conventional current Formula (1) wherein an order of limits [38,39] is
taken to prevent coherent backscattering in a noninteracting translationally invariant reser-
voir (see also Refs. [40-42] for modern mathematically rigorous exploration of this issue
and its subsequent generalization to Hartree-Fock-type self-consistent interactions [43],
which can be used as a basis to generalize our entropy flow formulas).

This discrepancy in the description of the production of entropy between the conven-
tional dissipative entropy current and the exact unitary entropy current formulas is the
main subject of this work.

3. Emergence of Entropy Generation: Unitary to Dissipative

If Equation (4) successfully describes the flow of entropy at the microscopic level, then
there must be a way to recover the expression for the entropy production due to Joule heat-
ing, Equation (3), by leaving out the information contained in the degrees of freedom that
are ignored in the conventional dissipative current formula, Equation (1). A key hypothesis
of this work is that this discrepancy can be traced back to the mechanisms of decoherence
and inelastic scattering, which are implicitly assumed in the derivation of Equation (1) to
lead to complete thermalization of the outgoing fluxes into the macroscopic reservoirs.

3.1. Entropy Production in an Infinite Chain

As a tractable model to study the hypothesized emergence of irreversibility and
entropy generation from the unitary entropy current, Formula (4), we consider a quantum
wire modeled as an infinite tight-binding chain connecting source and drain reservoirs,
coupled to N floating thermoelectric probes whose continuous measurements [24,25] of
the local temperature and chemical potential serve as sources of decoherence and inelastic
scattering in the wire (see Figure 1). The source and drain reservoirs are held at a common
temperature Ty but with an electric bias y; — yp between their chemical potentials.

The total Hamiltonian is

H = Hg+ Hr + Hp + Hcoupling/ (6)

where

N-1
Hs=tY didi1+hc 7)
i=1

describes the central region of the wire, t being the tight-binding hopping matrix element
between neighboring sites of the chain; the reservoirs are described by

HR = Z t<2 C;:ac]‘+1,a +h.C.>, (8)

a=LR \j=1

where « labels the reservoirs, L for the source on the left and R for the drain on the right.
The labeling is such that the subscript (1, L) corresponds to the site at the interface between
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the left reservoir and the first site in the system, and (1,R) to the site at the interface
between the right reservoir and the Nth site in the system counted from the first probe. The
floating probes are also reservoirs described as metallic Fermi gases

N N
Hp=) Hp, = Y ¥ Skﬁclt,pﬁck,Pﬁr )
p=1 =1 kep,

and the couplings are described by

N
Hcoupling = t(CI,Ldl + CI,RdN> + 1;1 kZp Vkﬂczrpﬁdﬁ +h.c., (10)
=1kePy

where the first term corresponds to the coupling of the semi-infinite chains to the left and
right and the second term corresponds to the coupling of the N probes to the corresponding
sites in the system.

P1 Pg PN—l PN
TPI Tp2 TPN—l TPN
HPy HPy e HPN_1 HPy
| | | |
! ! ! !
L : rf : rfe : rfyv-1 : rfn R
: : It : : : : : : : : 2 i :
t t t t t t t t
Ty 15
H1 H2

Figure 1. Model system consisting of an infinite tight-binding chain coupled to N floating thermo-
electric probes, serving as sources of decoherence and thermalization. The Hamiltonian of the system
is given in Equations (6)—(10), and the tunneling widths I' are defined in Equations (12) and (13).
Information acquired through the probes’ continuous measurements results in entropy injected into
the wire. The semi-infinite sections to the left and right of the probe region represent the source and
drain reservoirs.

The semi-infinite source and drain reservoirs coupled to the ends of the N-site
quantum wire can be treated by the NEGF technique, as discussed in Ref. [44], lead-
ing to self-energy terms at either end of the wire £R(e) = [A(e) — iT(€)/2]|1)(1] and
R(e) = [A(e) — iT'(€)/2]|N)(N|, where the “Lamb shift” A and tunneling width I' are
given by

e+ (2—412)1, e< -2t

1
Ale) =34 € le| < 2t, (11)
e—(62—4t2)%, € > 2t,
42 — V2 el < 2¢,
r(e) = ( ) €| (12)

0, otherwise.

The tunneling-width matrices describing the coupling of the N floating probes to the
quantum wire are given by

I (e) = 27t|n)(n| Y |Vip,|*0(e — exp,), (13)
keP,
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and may be evaluated in the broad-band limit as I’ = «y,|n) (n| without loss of generality,
with zero Lamb shift. The corresponding tunneling-width matrices for the source and drain
electrodes are I'' (¢) = I'(€)|1) (1| and T?(¢) = T'(€)|N)(N]|, respectively.

3.2. Floating Probe Measurements

Each floating probe labeled by P, performs a continuous measurement that takes
electrons or holes from the system locally and replaces them with particles of the same
average energy, but with uncorrelated phases, acquiring information about the electronic
states in the wire and disposing of that information by injecting entropy into the system, not
storing it. This mechanism of decoherence and entropy production is akin to continuous
environmental monitoring as discussed by Zurek [6], and it puts this problem in the broader
context of the thermodynamics of information [45,46]. Similar considerations have been
used to derive the increase in entropy from measurements by local “demons” in classical
statistical mechanics simulations [47].

These probes serve as neither sources of particles nor energy in the wire, and their
chemical potentials and temperatures adjust to enforce this floating condition [24-26,48,49]

I =0and If, =0, ¥n=1,..,N, (14)

where | En is the current of energy into P,,, which is equivalent to

Il(jz)(nuplr--./‘uPN/Tpll-..,TPN) :O/ vn:l/-'-/N/ and V:O’1’ (15)

where the currents defined in Equation (1) are calculated using NEGF [50,51]. Such floating
probes are widely used in scanning potentiometry [52-57] and scanning thermometry [12,58-62].

The floating conditions define a set of 2N nonlinear equations in 2N unknowns, which
are the chemical potentials and temperatures of the thermoelectric probes. This set of
equations is intractable analytically and expensive to solve numerically, as it involves not
only nonlinear equations but integrations as well.

An important simplification can be made by performing a Sommerfeld expansion of
Equation (15), applicable when y, > kpTj Va as done in [63], leading to

1
1) = L Tou(po) (o — pp,) =0, n=1,...,N, (16)
[

1 - 2 22
1) = 4 Too) | L0~ T2 (12— 1

> : )] —0,n=1,...,N, (17)

where 19 = (1 + y12) and terms involving T/ s(#o) and higher derivatives have been
dropped, valid to leading order in the electrical bias, as needed to correctly describe
Joule heating.

The N equations (16) define a linear system for the N unknowns p,, which can then
be introduced as parameters for the N equations (17), which define another linear system
on the N temperatures of the probes squared TI%,,,' This method then not only puts the 2N
system of equations into two N systems, but linearizes them and avoids the necessity of
integration.

It is important to highlight that the transmission functions appearing in Equations (16)
and (17) are calculated exactly using NEGF, while the currents themselves are calculated
in the Sommerfeld expansion, which is exact to leading order in the electrical bias and
absolute temperatures.

Figure 2 shows chemical potential and temperature profiles along the quantum wire,
illustrating the generic behavior found for all but the weakest probe coupling (in the cases
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of very low 7, /t, 2k oscillations of both the chemical potential and temperature were
observed, as discussed in Refs. [48,64]), where the chemical potential drops nearly linearly
between the source and drain contacts, and the temperature exhibits a parabolic maximum
in the center, where the local distribution is maximally mixed.

P R s G G B B N i SR
l+++ ~ 88 8 g t++ ]
300 - _of 5 585 7
og" “go
’;Q 250 O o © -
— ) ~ O a © o)
& 2005 O o Y/t =10 o 4
 tsof o Pp/t=1 =
+ W/t=0.1
m i
100 | | | | |
0.05%} E o T T T T T
OCogQ
©Bpg
— ~°8 B
S “++'*+++1eégg-
CHEN | "t+1fog _
oy
o~ T+t+
i = E H - + + L
98 q A
BH 9o
_005 1 1 | | | O Ej
5 10 15 20 25 30

Probe #

Figure 2. Temperatures (top panel) measured simultaneously with chemical potentials (bottom panel)
in an infinite chain with 30 floating probes. Here Ty = 100K, t = 2.7 eV, Ay = 0.1 eV.

3.3. From Unitary to Dissipative Entropy Current

Given the temperatures and chemical potentials of the floating thermoelectric probes,
the unitary entropy current injected by a single probe may be calculated from Equation (4)
(using the same assumptions and Sommerfeld expansion),

S 1 ﬂzk%
_IPn = E ZTPn“(‘uO) 3 (Tpn - TD()/ (18)
o

and the total entropy production is the sum over all these contributions
Sp=-Y 13 (19)
n

The entropy injected by the probes due to their continuous measurements reflects a constant
generation of entanglement between the electrons in the probes and those in the quantum
wire, which models the generic inelastic scattering processes in a current-carrying wire
wherein electronic degrees of freedom in the wire become entangled with environmental
degrees of freedom, leading to dissipation.

In contrast, in the conventional framework of dissipative transport, the entropy pro-
duction due to Joule heating, described by Equation (2), takes the form

To$ = IV + 1Y = 19y — jiy) = P. (20)
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Our hypothesis is that the entropy injected into the system by the probes due to their
continuous measurements should approach the entropy expected due to Joule heating
in the limit that the local thermalization processes introduced by the probes is sufficient
to fully relax the outgoing distributions into the reservoirs. That is, as the number of
probes and their coupling strength increases, the ratio of Equations (19) and (20) should
approach unity

. ToSp
lim — — 1. (21)
Nyp—ro0 P
Conventionally [33-35,38], the equilibration processes introduced explicitly in our model by
the floating thermoelectric probes are implicitly assumed to take place within the reservoirs
themselves. The role of coherence in transport in this context aligns with the discussion
given in Ref. [65] (see Appendix D).

The central result of this article is the direct numerical verification of Equation (21)
presented in Figure 3, which shows moreover that this ratio exhibits joint scaling, that
is, many weakly coupled probes are as effective as few strongly coupled probes for the
purpose of generating entropy. This fact may be of use in future analyses, as it is cheaper to
simulate a few rather than many probes. However, there is a limit to this freedom, that is, a
single probe, however strongly coupled to the system, can lead to the ratio, Equation (21),
of at most 1/2 (see Appendix C), as indicated by the leftmost points of each data set
in Figure 3, which represent the results for a single probe. It is notable that according
to Figure 3, a very great number of inelastic scattering events are needed to completely
thermalize the outgoing distributions and recover the full entropy due to Joule heating.

1 AR | ¥ L LR |
v /t=100
091 o ~,/t=10
Y/t = 0.1
07t = 7,/t=0.01
Q. 06
=
Cg 05t
S
0.3}
0.2+
0.1+t
onm:"-’-‘um - - el
1072 107" 10° 101 102 10° 104

N -/t

Figure 3. Ratio of total entropy injected by N floating thermoelectric probes (due to their continuous
temperature/voltage measurements) to the entropy production expected due to Joule heating in the
wire, plotted versus Ny, /t, for varying N € {1,...,100} and several values of the probe coupling
Yp, where t = 2.7 eV is the hopping matrix element in the quantum wire, Ty = 232 K is the common
temperature of the source and drain electrodes, and the electric bias is Ay = 10kgTy = 0.2 eV.
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The predicted dependence of entropy production on the number of probes in this
quantum transport problem appears to be consistent with results on entropy production
due to a finite number of local “demons” coupled to a (classical) Ising spin chain [47].

4.1/ N Scaling: End Effects

The deficit of entropy injected by the microscopic probe measurements relative to that
due to macroscopic Joule heating scales as 1/ N for large N and its slope depends on 1, /t,
as can be seen in Figure 4. This fact can be qualitatively understood as an end effect, since
the deviation from complete thermalization is greatest at the ends of the wire, as shown in
Figure 5.

50

7o/t = 0.05
v/t = 0.01
o/t = 0.005 |-

T

45

N
o
T

O 1 1 1 1 1 1 1 1 1
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

1/N

Figure 4. Linear character of the ratio of entropy flows for an infinite chain with N probes and
multiple 7y, /t. The dotted lines are defined as the lines that cross the intercept at 1 and the nearest
corresponding data point. Ty = 100K, t =2.7eV, Ay = 0.1 eV.

As shown in Figure 2, the local temperature is greatest in the central region of the
quantum wire, where thermalization is maximum as the local distribution involves the
greatest mixing of the source, drain, and probe distributions. The local temperatures near
the ends of the wire are reduced, reflecting the greater admixture of source and drain
distributions, respectively, at temperature Ty = 115 K. This thermalization behavior is
confirmed in Figure 5, where the equilibrium Fermi-Dirac distributions fp, (€) of the probes
(characterized by the measured values of Tp, and yp,) are contrasted with the local non-
equilibrium distributions f,(€) in the quantum wire (see Ref. [25] and Appendix B for
a definition and discussion of f,(e)). The local distributions in the center of the wire
are visibly closer to the corresponding equilibrium probe distributions. This figure also
validates the expressions obtained through Sommerfeld’s expansion (16) and (17) in the
current case, as the local non-equilibrium distributions satisfy the conditions in [25].

The equilibrium probe and non-equilibrium system distributions differ more the closer
they are to the source and drain reservoirs, as equilibration is incomplete near the ends
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where few scattering events are not enough to fully thermalize the local distribution. In
contrast, near the center of the wire, electrons will have experienced multiple inelastic
scattering events such that propagation is akin to a random walk. This is consistent with
the fact that a single probe is unable to fully thermalize the local distribution, no matter
how strongly it is coupled to the system (see Appendix C), and the probes at or near the
boundary are mixing a pure Fermi-Dirac distribution from its neighboring source or drain
reservoir with the quasi-equilibrium distribution that has propagated down from the other
side of the chain. It is also observed that the stronger the coupling to the probes, the more
sequential is the transport from one side to the other, the more effective the probes are as
scatterers and the less likely particles keep their coherence, which results in a local non-
equilibrium distribution closer to the equilibrium distribution of the corresponding probes.

1 1 =
N
cfp =1 — 1
0.8 h Tolt = i 0.8 Tlt= g
n==6 n=11
‘ 1
AY
0.6 A 0.6
0.4 \ 0.4
A
02 N 02
0 0
1 1
t= t=
08 Yol 08 Yol
n=1 n==~6
0.6 0.6
0.4 0.4
0.2 0.2
3\
A
0 0
-0.1 0.1 -0.1 0 0.1
E (eV)

Figure 5. Equilibrium (fp,) and local non-equilibrium (f;;) distributions of particle occupations in
the sites of an infinite chain as locally measured by N = 11 probes. The top row corresponds to
vp/t = 0.25 and the bottom one to 7/t = 1. The first column shows the leftmost probe (n = 1)
measurement, the center column the middle of the set of probes (1 = 6) and the third column the
rightmost probe (n = 11). Here Ty = 115K, t = 2.7 eV, Ay = 10kgTy ~ 0.1 eV.

Figure 6 shows that the probes near the ends of the quantum wire inject the greatest
amount of entropy due to the less complete thermalization of the distributions at the ends
of the wire. (Note that when a floating probe performs such a measurement on a system
that is in thermal and diffusive equilibrium, the steady-state rate of entropy injected by the
probe goes to zero.)

The greater deviation from equilibrium of the local distributions near the ends of
the wire shown in Figure 5 can be quantified [63] by comparing the entropy S, of the
local distribution with the corresponding local entropy Sp, if the system was populated by
the equilibrium distribution of its locally coupled probe. The latter is greater due to the
maximum entropy principle, so the difference AS,, = Sp, — S, can serve as a metric for the
distance from local equilibrium, where

Sp, = — [ delfn, In fo, + (1= fr,) In(1 = fr,)]30 22)
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and

Sy = [delfuln fu+ (1— fi) (1~ f)lgn, 23)

where g,(€) = (n]A(e)|n) is the local spectrum of the system, A(e) being the spectral
function (see Appendix B). Figure 7 shows that the local distributions are quantitatively
much closer to local equilibrium for large probe coupling, as expected, and that the wire
ends are significantly farther from local equilibrium than the central regions of the wire, for
both weak and strong probe coupling.

&
v

R 4

¢ ¢
0.08 e v,/t=05 ]
¢ Pp/t=5
0.07 | )
0.06 | .
¢ ¢
cg” 0.05 F :
\’q
ODQ:O_04GI. . %
'T .. ..
0.03 F $e o8 ,
¢+ % 0% ¢
L ¢ % ... ¢ A
0.02
4 .°°00000000°'.. ot
0.“ ”’0
0.01 9000000000000 1
0 Il Il Il Il Il Il Il
5 10 15 20 25 30 35 40

Probe #

Figure 6. Entropy currents injected by each probe [Equation (18)] normalized by the total entropy
injected [Equation (19)] for two different values of the probe coupling v,. To = 115K, t = 2.7 eV,
Ap = 10kpTy =~ 0.1 eV in both.

0.012 e 7,/t=05 |
o (x100) 7,/t =5
0.01 o .
0.008 o .
C[i:
<1 0.006% 4 o !
] (]
0.004 1
] (]
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L ) e ¢
o 0!' ...z"l I":... "0
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Probe #

Figure 7. Deviation of the system distribution from local equilibrium for two values of the probe
coupling, quantified by the difference in entropy AS, = Sp, — S, between the equilibrium and
non-equilibrium distributions on each site in the chain. The case <y, /t = 5 is magnified by a factor of
100. Ty = 115K, t = 2.7 eV, Ay = 10kpTy =~ 0.1 eV in both cases.
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5. Summary

We have investigated the emergence of irreversibility in an exactly solvable model of a
quantum wire under electrical bias, coupled to N floating thermoelectric probes. Using a
new microscopic formula for entropy flow inspired by Refs. [23,32], we show how entropy
production and irreversibility arise due to the measurement process within a framework
of unitary evolution wherein global entropy is conserved. Here we have succeeded in a
project dating back to Boltzmann himself, to derive the 2nd Law of Thermodynamics from
a microscopic Hamiltonian.

In our model, the probes serve the role of the “environment” of the quantum wire. The
information obtained through the continuous measurements by the probes is injected as
entropy into the quantum wire, representing entanglement between the electronic degrees
of freedom in the probe reservoirs and those in the quantum wire. This process is akin to
continuous environmental monitoring as discussed by Zurek [6], but in the context of a
quantum scattering problem as opposed to projective quantum measurements. We find that
as the number of probes and the strength of their coupling to the wire increase, the entropy
injected approaches the value expected due to Joule heating in a macroscopic analysis of
the system. We have thus derived this macroscopic law from a fully microscopic analysis.

The deficit in entropy production for finite N was shown to scale as 1/N due to end
effects in the quantum wire. The local electron distribution near the ends of the wire
remains further from a local equilibrium than the distribution in the central region, where
many probes participate in the equilibration process. The entropy production due to probes
near the ends of the wire is thus maximal.
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Appendix A. Derivation of the Unitary Entropy Current Formula

In this appendix, we use the scattering theory of quantum transport [33,34,37,50] to
derive the unitary Formula (4) for the entropy current flowing into a macroscopic reservoir
connected to a quantum system. Consider a system of independent quantum particles
consisting of a quantum wire connected to M macroscopic reservoirs. Each reservoir « is
idealized as a quantum waveguide with fixed cross section and macroscopic length L,
and is held in equilibrium at temperature T, and chemical potential y,, where y, = 0 if
the particles are bosonic excitations, such as photons or phonons. Now consider a specific
waveguide mode with index 7 in reservoir «. The time rate of change of the entropy of this
mode due to particles emitted by the reservoir into the quantum system is

=) degn<e>v'}f 21— Run(€)Jsn(e), (&1)
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where Ry, (€) is the reflection probability back into mode n, L, = L, Vn € a, and g,(e),
vn(€), and sy, (€) are the chiral (uni-directional) density of states, group velocity, and entropy
function for mode #, respectively, with

_ [ —kalfalnfu+ (1= fu) (1= f)], fule) = [ePr( ) +1)71 (fermions),
Sn(e) o { —kp[fulnfy — (14 fu) In(1+ fu)], fule) = [eﬁ”(ei%') - 1}71 (bosons), (A2)

where B, = 1/kpTy and u, = p, if mode n is in reservoir a. s,(€) is the equilibrium
entropy of a state of energy € in mode 7, carried by particles (or holes) propagating at group
velocity vy(€).

The time rate of change of the entropy of mode 7 due to particles transmitted into
mode 7 from mode 1’ in another reservoir or reflected from mode n’ of the same reservoir is

/de 2 gn/ Un/ ) nn/ /dezgn/ Un/ /) nn/(e)sn’(e)/ (A3)
' #n

Sln

where R,/ (€) and T,/ (€) are the reflection and transmission probabilities, respectively,
into mode n.

For a waveguide mode with € = ¢, (k), the chiral density of states is given by g, (€) =
dNy,/de = (AN, /dk)/(den/dk) = (Ln/27)/(hv,(€)) = Ly/hvy(€). Equations (A2) and
(A3) can thus be combined to compute dS,, /dt = dS}f‘/dt +dS9ut/dt as

dSn

1
Son _ _ 2 /del =Y Ruw (e)] sn(€) + Z /deZTnn/ (€)s,(€). (A4)
n n
Conservation of probability under unitary evolution implies
Y Ruw(€) +) Tuwle) =1. (A5)
n’ n’

Equation (A4) can therefore be simplified to

dstn 7 /dezTnn €) —sn(e)]. (A6)

Finally, summing over the modes in reservoir «,

dSy _
il Sy

new

dSy

T (A7)

and defining the transmission function from reservoir  to reservoir « as

= Z 2 Trm’(e)l (A8)

new n’elB

we obtain
ds
S /deznﬁ [sp(e) = sale)], (A9)

which completes the derivation of Equation (4). Key assumptions in the derivation are
(i) the absence of interparticle interactions, and (ii) the absence of relaxation processes or
dissipation in the system or reservoirs. The absence of (implicit) relaxation processes in the
reservoirs is the source of the discrepancy between Equations (1) and (4).
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Appendix B. Green’s Functions and Local Non-Equilibrium Distributions

This appendix is meant to provide the necessary basic information regarding Non
Equilibrum Green’s Functions (NEGFs) methods used in this work, in particular the
definition of the retarded and lesser components of the Green’s function, and their relation
with the spectral function, transmission function, and local distribution. The reader is
referred to textbooks [50,51] for a more thorough exposition.

The retarded Green’s function GR(¢) describes the coherent evolution of a particle
since it is injected into the system until it leaves through a lead or is scattered into a different
state [50]. It can be calculated by solving the Dyson equation

6Me) = ([cfte)] " ~=e)) B (A10)

which is usually a matrix equation, and where G§ corresponds to the Green’s function
of the isolated system, and =R is the retarded self-energy, used to describe interparticle
interactions and the reservoir-system coupling (tunneling self-energy). In both steady-state

and equilibrium, the advanced component of the Green’s function is G% (¢) = [GR(e)] "
Interparticle interactions are not considered in this work.
The Green’s function of the isolated system satisfies

(€1 - Hs+i67)G{(e) =1, (A11)

where € is an energy variable, 1 is the unit operator,  is an infinitesimal positive constant
(required to ensure causality), and Hg is the system Hamiltonian matrix on the single-
particle Hilbert space, corresponding to (7).

The transmission function from reservoir  to a Tyg(€) can be obtained through the
use of Green’s functions

Top(e) = Tr [r“(e)cR(e)rﬁ(e)GA(e)}. (A12)

The lesser component of the Green’s function in the energy domain G<(¢€) encodes
energy-resolved quantum correlations between occupied particle states; it can be used to
generalize the concept of distribution functions beyond equilibrium. This component can
be calculated by solving the Keldysh equation

G<(e) = GR(e)=<(e)G"(e), (A13)

where the lesser component of the self-energy X< describes the non-equilibrium scattering
processes that insert or remove electrons from a quantum system, acting as a generalized
“in-scattering” term that drives the system away from equilibrium. In the present case,
without the presence of interparticle interactions or time-dependent effects

Z(e) =} T*(e)fale), (A14)

where f, is the Fermi-Dirac distribution function of reservoir a.

The spectral function A(e) generalizes the concept of density of states and helps us
determine the probability that an added/removed particle in the system has energy € and
also the lifetime broadening due to interactions or coupling to the environment. It can be
obtained through Green’s functions

i

Ale) = 5 GR(e) — G (o). (A15)
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The spectral function along with the lesser component of the Green’s function of

a system in equilibrium can be used to obtain the equilibrium distribution function of
the system

Gé;(e) = 27iA(€) feq(€), (Al6)

which serves as motivation for defining a local non-equilibrium distribution function of
the system (one that is generically out of equilibrium), as sampled by a probe P, f,(€)
discussed in [25,66] and defined as

_ Te{T™G=(e)}
fule) = TR A(e)}

(A17)

Appendix C. Entropy Generation Limit for a Single Probe

Considering (4) in the case of a single probe P and the two reservoirs 1 and 2 and due
to (5), with a minus sign to highlight the fact that this is the unitary entropy production
rate injected into the system by the probe,

1
I3 = 3 Z/de Tpg(e)[sp(e) —sp(e)] (A18)
B
Condition (15) for a single probe

1= » [ de (e = up) Tople) [ — fo] = 0, (A19)

for v = 0, 1. In the transport regime considered in this work, Tp; =const., Tpp =const., and
accounting (A19) fixes both yp and Tp

_ Tpip1 + Tpopio

_ nit e A20
Hp T + Tpo (A20)
and 212 2.2
7T kB 2 7T kB 2 Tp]sz 2
Tp = To+ ————5(m—p2) (A21)
3 3 (Tp1 + Tpa)?

Considering the same regime leading to the validity of the Sommerfeld expansion as in (18)

212

1 ok
~Ij ~ E(TPl + Tp2) 3 B(Tp — To) (A22)

Meaning that the total entropy production rate in the reservoirs is

11 TpiTpy (p1 — p2)

2
5 E Tp1 + Tpp To ’

L+15 (A23)

In contrast, the total entropy production rate due to the process of Joule heating according
to conventional thermodynamics can be obtained by considering

Y o= YIE-Y (A24)

Y 4ol = (g — ) 11V (A25)
4

The total particle current across the chain is

11(0) = % <T12 + ;HJTPZ) (g2 — p1) (A26)
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Assuming a full conversion of electrical energy into heat (Joule heating)
1 TypT
Qre_t(r M) — ) A27
T+ h( 12+ Ty—— (g2 — 1) (A27)
Then the entropy production rate due to Joule heating is
2+18 1 T;pT —m)?
1 2 _ <T12+ 1Pip2 ) (M2 — 1) _ (A28)
To h Tp1 + Tpa To

Since T, > 0, reaching the equality in the limit of very strong coupling v, /t — oo, meaning
no significant probability of direct tunneling from one reservoir to the other, the entropy
production (A23) is always less than or equal to half that of (A28) and can never match it,
regardless of how strongly the probe is coupled to the system.

This is an important manifestation of the distinction between equilibration and de-
coherence. Even a completely inelastic transport is not sufficient to saturate the entropy
production due to Joule heating. Though related, complete decoherence of the electron flow
does not equate to complete equilibration because decoherence refers to electron phases
and equilibration refers to distribution in energy; it is not possible to have decoherence
without inelastic scattering which causes relaxation in energy, but maximizing one does
not guarantee that the other would be a maximum as well.

Appendix D. Linear and Quadratic Dependence of Total Resistance

It is particularly simple to describe the total resistance in the limits of weak and strong
coupling 7y, /t. For strong coupling, it is assumed that transport is sequential, meaning
that particles have a high probability of transporting into their nearest-neighbor site and
negligible probability of going into others.

In a sequential transport regime, resistances are related to transmission probabilities
as R = E% Y %_, where spin does not play any role in the current model and with T;,
the transmission probability into different channels, which can be expressed in terms of
Green'’s functions.

Appendix D.1. Weak Coupling Limit
Considering a single probe, from Equation (16) and applying the condition (15),

Tpip1 + Tpopo
= = A29
P Tp1 + Tpo (A29)

which can be used to describe the overall current,

0 _1 TipTpo
L7 =—|T _— — Uqp). A
1= { R . (np —p1) (A30)
The transmission functions can be calculated with NEGF (see Appendix B). Due to the
time-reversal symmetry, Ty = Tp,. It follows

arp
Typle) = — (A31)
(e—€)2+T

withT? =, T =T2 =2, T = %Za I'*. The system’s energy is fixed ate = yp = 0,
following the assumption of constant transmission, then

442

’

Ti(e=¢) = (A32)
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is the transmission of direct tunneling from 1 to 2, whereas

by keeping only the leading order in 7, and they represent the transmission functions
between the reservoirs and the probe. It follows that

© _ 1 2], -

1Y = 21 2F (e = ). (A34)

The total effective transmission probability in this case would be
= TipTpr
T, = T+ ———"7F— A35
12 [ . (A35)
1 Tp
— ~1— A36)
. , (
1+ g at
(A37)

Rl h W

following the small 7y, /t assumption. Consequently
17
R=—5—=+ - ,
2 Ty 62( 4t )

showing a linear dependence with -y, /t.

For more than one probe, it is important to notice that contributions to the total
effective transmission Tj due to the introduction of probe—probe transmissions are of
(A38)

higher order
_ ()’
Trir; = ( 2t )
Ultimately, it can be inductively shown that for N weakly coupled probes, their contribution
to the total transmission is additive
Tp~l— N%, (A39)
(A40)

which results in L . )
_n 11 Tr

R_e2(1+ 4t)+0(t)'
A verification of the scaling of the total resistance in this regime is shown in Figure A1l

Appendix D.2. Strong Coupling Limit
assuming the transmission function among two adjacent probes is the same, but its Green’s

For multiple probes, a general expression for total resistance can be attained by
functions are easily obtainable for two probes.
Considering sequential transport and modeling each of the sites as a classical resistance
(A41)

contributing additively to the total resistance
R=R.+ (N —1)Ryy,

where R, represents the contact resistance and Ry, the resistance associated to the rest of
the N — 1 links (assumed identical) forming the chain, related to the transmission function
(A42)

among neighboring probes
Ton = F%|G§n|2'
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In the two probe case, the retarded Green'’s function takes the form
. ’)/p
1 z(to + —) to
R ) " (A43)
B+ (to+%) e i+ )
then - )
Ypto Y 1
Ty = P 2 :?5’ 7 (A44)
o) (i )
in the limit of large 1y, /¢ this simplifies to
16t
Ton —— —2, (A45)
Lo Ty
which yields a total resistance that depends quadratically on 1y, /¢
2
h 7y
R=R;+(N-1)5—5. A46
et )e2 1612 (A46)
350 .
16
300 . 15 .
2 [ ]
g 14 .
250 | | .
1 3 . 4
see®’ ﬁ
4
— 12 ]
L, 200 + .
=
= 0 1 2 4
=
—
e 150f 1 . N_1
LTI I Y] |
R 16
100 I
S
3 1
o
50 | &Aoo
_j ']
0 : -2
0 10 0 10

5 5
'Yp/t 'Y-p/t

Figure Al. Left: Total resistance in the sequential transport regime from transmission probabilities in

an infinite chain with 50 probes. Linear fit for 7y, < t shown in blue; quadratic fit for 7y, > ¢ shown
in red. Top right: Ry;, is the best-fit bias term subtracted from the total resistance divided by -y, /t to
isolate the linear dependence. Bottom right: R, is the best-fit linear and bias terms subtracted from
the total resistance divided by (7,/ t)? to isolate the quadratic dependence. Linear and quadratic

dependence in both limits are consistent with the analysis in Appendix D.

This series resistance model is of qualitative use, as it helps us understand the general

trends and confirm some of the intuitions about the system’s resistance, even though it
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lacks complete quantitative predictive in that the fitted contact resistance does not take on
universal values.
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