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Abstract

Many problems in physics and computer science can be framed in terms of combinatorial
optimization. Due to this, it is interesting and important to study theoretical aspects of
such optimization. Here, we study connections between Kolmogorov complexity, optima,
and optimization. We argue that (1) optima and complexity are connected, with extrema
being more likely to have low complexity (under certain circumstances); (2) optimization
by sampling candidate solutions according to algorithmic probability may be an effective
optimization method; and (3) coincidences in extrema to optimization problems are a priori
more likely as compared to a purely random null model.

Keywords: combinatorial optimization; Kolmogorov complexity; algorithmic information
theory; algorithmic sufficient statistics; symmetry; geometrical frustration

1. Introduction
Combinatorial optimization problems are common in physics and computer science,

where a certain geometry or configuration is sought to maximize a given objective func-
tion [1,2]. Decades of extensive study have been given to the practical question of how
to find optima in such settings, but it is also interesting to consider more abstract and
theoretical questions regarding general properties or relations among optima (if any). Here,
we consider some such questions, namely the connection between optima and extrema,
and simplicity and complexity.

To motivate these questions, note that intuitively we might expect that optima and
simplicity are related in nature since the laws of physics possess a lot of symmetries, and the
energetically lowest state will respect these symmetries unless the symmetry is broken.
For instance, the lowest energy state of, e.g., electrodynamics is the (very symmetric)
empty space. This is similar for quantum electro dynamics (QED) but in the presence of
particles the symmetry can be broken. Still, often the lowest energy state retains some
of the symmetries, e.g., in crystals and where the objective function stems from basic
physics and engineering principles [1]. This suggests there might be some general relation
between optima and simplicity [3]. On the other hand, it is well-known that many difficult
optimization problems involve high complexity objective functions, and the optimum is
also highly complex; for instance, frustration in physics, e.g., magnetic materials like spin
glasses, can exhibit very complex low(est) energy states.

Additionally, there are also several examples of optima that simultaneously optimize
several different functions, that is, geometries/configurations that are simultaneously opti-
mal, or near optimal, for different objective functions. Consider these motivating examples:
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(a) Suppose we have, arg max f (x) = arg max g( f (x)) for any monotone increasing func-
tion g, then different g will be optimized by the same x; (b) There exists a universally
optimal arrangements of points on a sphere, which is optimal for a range of different energy
functions [4]; (c) In studies of lattice proteins—a simplified biophysics model of protein
folding—it has been observed that a subset of (simple and regular) lattice protein folds
have the highest probability (i.e., have the most sequences assigned) [5], are the fastest
folders [6], the fastest unfolders [7], the most thermally stable [5], and are highly robust to
genetic mutations [8] (see also [9]); (d) Scale-free network architectures, with their regular
patterns have been found to be highly robust [10], and also efficient [11] due to having
small network diameters. Scale-free networks show the small-world property—indeed,
‘ultrasmall’ [11]: L ∼ log log N where L is mean length between nodes. These networks
are more efficient for small network diameters [11] and so the “resulting graph[s] includes,
for free, an enormous homeostasis against random failure.” [10].

These examples hint at some potential general relations between simplicity, complexity,
and optimization, and also potentially between optimizing one function and optimizing an
apparently unrelated function. The theoretical framework we adopt in exploring these rela-
tions is algorithmic information theory [12–14], also known as Kolmogorov complexity theory.
While there are many different ways to conceive of and measure “complexity” [15,16],
Kolmogorov complexity is a natural and powerful approach which is well established in
computer science and has a broad theoretical base of results. We examine various scenarios
in which the combinatorial problem is either simple or complex, and in which cases the
optimum will be simple or complex. Extending the investigation into simple and complex
optima, we study connections between simple optima and how certain configurations may
optimize different constraint functions, and relatedly, how employing sampling methods
based on configuration complexity may yield effective optimization methods.

2. Background and Problem Set up
2.1. Theoretical Framework

Developed within theoretical computer science, algorithmic information theory [12–14]
(AIT) sits at the intersection of computability theory and information theory. AIT is
fundamentally based on estimating the information content, or complexity, of discrete
objects or patterns, such as discrete sequences, or geometries. These information estimates
can yield mathematical relations and bounds, which can be used for various scientific and
mathematical predictions.

In AIT, information content is quantified by Kolmogorov complexity, K(x), which mea-
sures the complexity of an individual object x in terms of the amount of information
required to describe or generate x. Another way to think about K(x) is via compression,
where K(x) measures the size of the compressed version of x (assuming a perfect compres-
sor). If x is a simple string e.g., containing repeating patterns like x = 101010101010101010
then it is easy to compress, and hence K(x) will be small. Contrast this with a randomly
generated bit string of length n, which is highly unlikely to contain any patterns, and hence
cannot be compressed. In general, a sequence of length n is called “complex” or “random”
if K(x) ≈ n bits, and “simple” if K(x) ≪ n.

More formally, the Kolmogorov complexity KU(x) of a string x with respect to a (prefix
optimal) universal Turing machine [17] (UTM) U, is defined [12–14] as

KU(x) = min
p

{|p| : U(p) = x} (1)

where p is a binary program for U, and |p| denotes the length of the (halting) program p
in bits. Due to the invariance theorem [18] for any two optimal UTMs U and V, |KU(x)−
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KV(x)| ≤ c so that the complexity of x is independent of the choice of the machine, to within
an additive constant c. Hence, we conventionally drop the subscript U in KU(x), and speak
of ‘the’ Kolmogorov complexity K(x).

The quantity K(x) is formally uncomputable, meaning that there cannot exist a gen-
eral algorithm that for any arbitrary string returns the value of K(x). This is related
to the famous Halting Problem, and the logic of self-referential statements. In practice,
K(x) is commonly approximated by standard data compression algorithms [18] (but see
refs. [19–21] for other approaches). Note that Shannon information and Kolmogorov com-
plexity are related [22], but differ fundamentally in that Shannon information quantifies the
information or complexity of a random source, while Kolmogorov complexity quantifies
the information of individual sequences or objects.

While AIT contains many abstract results, a large number of studies have shown that
AIT and Kolmogorov complexity can be successfully applied in physics, including thermo-
dynamics [23–27], entropy estimation [28,29], in addition to applications in engineering
and statistics [18,30,31], and biology [32,33]. More details and technicalities can be found
in standard AIT references [18,34–36].

2.2. Problem Description

We consider a general combinatorial optimization problem to take the form: find the
optimal geometry/configuration/sequence x∗ where

x∗ = arg max
x

f (x) (2)

with x ∈ X , and f (x) is the objective function to maximize (there may be more than
one optimal solution). The set X is assumed to be some finite set of discrete geometries,
configurations, or sequences, such as binary strings of length n bits, graphs on n nodes,
the set of self-avoiding walks of length n on a lattice, etc. The value of n is a ‘natural’
measure of the size of the problem. We assume that we can enumerate all possible elements
within X .

Note that Kolmogorov complexity is distinct from computational complexity (which
examines the amount of time or computational resources required for computation). We
assume that the objective function f (x) is some computable function that can be evaluated
e.g., on a computer. Being computable means that the function can be evaluated in finite
time by mechanical means. Combinatorial optimization problems in physics and computer
science often come in this form of Equation (2), just described [2].

3. Complexity of Optima, Sets, and Objective Functions
3.1. Bounding the Complexity of Optima

It is common practice in AIT to form bounds or estimates on the complexity of objects
via bounding the descriptions of the objects. By “describe” or “specify”, we mean uniquely
identifying an element from a set. We will bound the complexity of optima (or extrema) as
follows: We can describe (or specify) any x ∈ X , given the value of n, by first generating
the set X using n, then producing an ordering of the elements of X using the function f
(i.e., ordering elements from most optimal to least), and then describing x exactly with its
rank r in the ordering [37]. Thus, we can bound the Kolmogorov complexity of optima by
implementing the following algorithm:

(i) Enumerate in order all elements xi ∈ X
(ii) For each xi ∈ X , evaluate f (xi)

(iii) List xi in descending order of optimality: x∗1 , x∗2 , . . . , x∗|X |
(iv) Set x∗ = x∗1 , print x∗ and halt
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Any element in the list x∗1 , x∗2 , . . . , x∗|X | can be identified by its rank r in the list, where r = 1
corresponds to the optimum x∗, r = 2 indicates the second highest value for f , and r = |X |
is assigned to the geometry with the lowest value of the objective function. Note that in
keeping with the nomenclature of statistical physics we will use the words “geometry”
or “configuration”, but this should not be read in the restrictive sense. Our results apply
more generally to situations where merely “object” or “element” or “sequence”, etc., is
more appropriate to the context.

If evaluating the objective function for different elements leads to the same function
value, then this could lead to multiple elements with the same rank r. To avoid this and
keep all ranks unique, we will assume that elements with the same value are also ranked
according to the order they appear in the enumeration. For example, if f (x45) = f (x52)

and x45 has rank r, then x52 will have a larger rank because it appeared later in the
original enumeration.

Assuming that the value of n is given, then the number of bits required to describe the
rank r is K(r|n). The number of bits to describe the function f is K( f |n), and the number of
bits to describe the full set of possible geometries/configurations is K(X |n). Because the
rank r, the function f , and the set X can be used to describe x∗r , then we can simply add
the preceding together and bound the complexity K(x∗r |n) of any geometry x∗r by

K(x∗r |n) ≤ K(X |n) + K( f |n) + K(r|n) + O(1) (3)

From this bound, we see that the complexity K(X |n) of the set X as well as the complexity
K( f |n) of the function f are important quantities. We will now examine these quantities in
more detail.

3.2. Complexity of the Set

The set X may in general be low or high complexity, taking on any complexity value on
a spectrum from zero to any positive integer value. Many optimization problems in physics
and computer science take the form of looking for an optimal x over all possible x within
some set, such as all possible graphs up to some size, all possible protein configurations, all
possible branching patterns, all possible topologies with some condition. Perhaps surpris-
ingly, the “set of all” objects of some kind typically has very low Kolmogorov complexity.
For example, the set of all binary strings of length n, {0, 1}n, has complexity only

K({0, 1}n|n) = O(1) (4)

because it can be described by the program “Enumerate and print all binary strings of
length n”. Contrast this with the complexity of a typical random element x ∈ {0, 1}n which
has complexity

K(x) ≈ n + O(log2(n)) (5)

far higher than O(1) bits.
Another example is The Library of Babel by Borges [38], which is a fictional library

collection of all possible books of 410 pages. The information content of the entire library is
almost zero, because it can be generated via a trivial algorithm enumerating all possible
letter combinations. In stark contrast, almost all books in the library have high information
content, because describing one precisely would require hundreds of pages of text (in a
typical case). Indeed, the countably infinite set of all binary strings {0, 1, 00, 01, . . . } has
very low information content, because it can be generated by a fixed length program,
and hence has complexity O(1) bits. Similarly, the set of all graphs on n nodes has very
low complexity, at most ≈log2(n) bits. This discussion shows that in many scenarios of
relevance to computer science or physics, the set X maybe be very simple (low complexity).
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Despite the preceding, a set can be complex if many bits are required to specify it
precisely. For example, if X is made from randomly selecting N ≪ 2n strings out of all
binary strings of length n, then in this case

K(X |n) ≈ N · n ≫ K({0, 1}n|n) = O(1) (6)

because the only way to precisely generate this set X is by individually specifying each
element, each of which has complexity ≈ n bits (with high probability, as in Equation (5)).
Similarly, a set of data taken from the internet, such as a set of films or articles, will typically
have high complexity, being constituted of high-information content images and text.
Within physics, a concrete example would be a physical system with f being the energy
which is typically a simple function, but with a complex boundary, e.g., waves in some
irregularly shaped pond. Having said that, you can always integrate the complexity of X
into f by enlarging the domain of f to some very simple domain, and then setting f = ∞
outside X .

3.3. Complexity of the Objective Function

An objective function f (x) may in general be low or high complexity, again on a
spectrum of possible complexity values. Low complexity functions will be those which can
be described with short programs, or via brief mathematical rules. Examples of common
simple functions are (low order) polynomials, trigonometric functions, and the Hamiltonian
(energy) of a system. These all are classed as simple O(1) complexity functions, because they
can be computed via small fixed-sized algorithms.

A function is high complexity if specifying it requires many bits, typically via a long
and detailed program. An example of a complex function is

f (x) = min
x∈X

H(x, z) (7)

where H is the Hamming distance between binary strings x and z, with z a random string
of length n. In this case, K( f |n) ≈ n bits, which may be arbitrarily large.

3.4. Constraints

Another instance where the objective function can effectively have high complexity is
if there are high-complexity boundary conditions or constraints which must be satisfied.
For example, in non-trivial linear programming problems, the number of constraints can
be large, and each constraint is specified by some essentially random values (each with
high information content). While this is an important practical consideration for many
optimization scenarios, we will not specifically investigate these types of constraints here
in this work (but formally this is equivalent to restricting/describing the domain X ).

4. Simplicity and Complexity in Optima and Extrema
Having considered different possible Kolmogorov complexity scenarios of objective

function and sets, and derived an upper bound on the related combinatorial optimiza-
tion problems, we will now consider four types of problem in terms of the simplicity or
complexity of optima. Each of these four types has a different relation of simplicity to
complexity: Simple (low-complexity) optimization problems with simple (low-complexity)
solutions; simple optimization problems with (apparently) high complexity solutions; high
complexity problems with high complexity solutions; and high complexity problems with
simple solutions.
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4.1. Simplicity from Simplicity

Above, we argued that many optimization problems relevant to physics and computer
science can have simple sets with simple objective functions. In these cases, assuming
that n (which quantifies the size of the system) is given, we have that K(X |n) = O(1) and
K( f |n) = O(1) are small, fixed-sized O(1) complexity objects. Further, highly optimal
structures x will have rank values r ≈ 1 (and r = 1 for a unique optimum) and hence
K(r|n) ≈ 0. Therefore, the right hand side of Equation (3) will be small, and we can write

K(x∗r |n) ≤ K(X |n) + K( f |n) + K(r|n) + O(1) =⇒ K(x∗r |n) = O(1) (8)

so that any x∗r with r ≈ 1 must have low Kolmogorov complexity (i.e., “simple”), and x∗

must have very low, O(1) complexity. Further, if there are multiple global optima, and we
are only concerned about one of these but not which one, then we can still choose r = 1.
If we are concerned about all global optima, the complexity of the set of all global optima is
also still O(1). Only if we are concerned about a specific optimum, then by definition there
is a secondary criterion, and if this is simple, then its complexity is still O(1).

Our argument shows formally how simplicity in optima can arise from simplicity of
the optimization problem. It is true that we have assumed that n is given here, and so
it is in principle possible that the complexity of n itself will lead to a higher complexity
of x∗r . However, it is unlikely that the effect is substantial because firstly the value n
contains at most O(log2(n)) bits, which is much smaller than typical complexity values of
objects in the set. Secondly, there are many ‘special’ and highly compressible values of n,
for which K(n) ≪ log2(n) and so there is even less of a possibility that the complexity of
n itself strongly influences the complexity of x∗r . Taking a scientific example, a kilogram
of water may contain n = 33, 428, 104, 385, 201, 608, 245, 856, 294 water molecules with
K(n) ≈ 90 bits, but if instead we take n = 3.3428 × 1025, then the complexity is reduced
substantially to K(n) ≈ 20, and yet will likely not change the optimization problem.
Nonetheless, it remains a possibility.

We have focused on optimal solutions, due to the inherent interest, but the deriva-
tions apply also to extrema more generally, including configurations which minimize or
extremize some function rather than maximize. That is, worst possible solutions as well as
best possible solutions may be simple. To see why, note that K(r|n) = O(1) also holds for
poorly ranked configurations with r ≈ |X |. For example, if there are 2n possible geometries,
then the last rank will be r = 2n, and hence K(r|n) = K(2n|n) = O(1). Therefore, the least
optimal geometry must also have low Kolmogorov complexity (assuming a simple set and
function). In general, any geometries with extreme values with respect to the objective
function will be low complexity, and so extrema, not just optima, must be low complexity.

Example 1. We give an example illustrating how simplicity can come from simplicity in combina-
torial optimization. Define X = {0, 1}n, and let the objective function be

f (x) =
n

∑
i=1

xi (9)

with x = (x1, x2, . . . , xn) ∈ X , i.e., f (x) counts the number of 1’s in the string. The set X has
complexity K(X |n) = O(1), and K( f |n) = O(1). It follows then from Equation (8) that the
optimal string x⋆ with r = 1 must have K(x⋆|n) = O(1) and hence be very simple. In this
somewhat trivial example, we can confirm this prediction by noting that the optimal solution is
x⋆ = (1, 1, 1, . . . , 1, 1) with n 1’s, and we know that K(111 . . . 11|n) = O(1). It is also noteworthy
that the worst solution (0, 0, 0, . . . , 0, 0) is an extrema, and is also very simple.
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Example 2. We give another example, this one less trivial and coming from biophysics. RNA
molecules fold into structures which are important for their function in the cell. The secondary
structure of an RNA molecule refers to the bonding pattern of chemical bases, and it is common
in bioinformatics to represent the secondary structure in dot-bracket form, such as (((. . . ))) . . . .
which can be explained via this diagram below:

G C A U A G U G C U G A U

1 2 3 4 5 6 7 8 9 10 11 12 13

( ( ( . . . ) ) ) . . . .

This means that base 1 is chemically bonded to base 9, and base 2 is bonded to base 8, and base 3 is
bonded to base 7. The other bases (numbered 4, 5, 6, 10, 11, 12, 13) are not chemically bonded to
any other base. Different underlying sequences give rise to different bonding patterns, and these
bonding patterns define the RNA secondary structures. For a sequence of length L bases, there are
around 1.76L [39] different possible (valid) secondary structures. Underlying these structures are
4L possible sequences of length L made up of the letters A, T(U), C, and G. The set of all RNA
sequences can be obtained by merely enumerating all possible sequences in order, which is a simple
O(1) complexity set, assuming we are given L. Also, the mapping [40] which generates a given
structure from a sequence is O(1) [31] for RNA folding (structures are adopted based on free energy
values). Therefore, the set of all structures of length L is O(1) complexity, given L.

We can set up an optimization problem as follows: enumerate all secondary structures x and
for each, let f (x) be the number of RNA sequences (from the 4L total) which adopt that structure
x as a minimum free energy fold. This is the score for the structure, where higher scores are more
optimal. Sort secondary structures by these scores, highest to lowest. According to our arguments
above, the highest scoring (optimal) structure must have low Kolmogorov complexity. In fact, it
is known [31] that the optimal structure is the trivial structure with no bonds at all, which is
extremely simple.

4.2. Complexity from Simplicity

We have proven that extrema and optimal solutions must have low Kolmogorov com-
plexity under certain conditions, but this is not necessarily the same as simple, symmetric,
or regular in the usual senses of the words. It is possible, in principle, that these solutions
appear complex or pseudo-random. Kolmogorov complexity defines simplicity in terms
of program length, and all intuitively simple (i.e., symmetric, repeating, regular) patterns
must have low Kolmogorov complexity. But the opposite does not hold; there may be irreg-
ular patterns that have low complexity. For example fractals are low complexity, but not
intuitively ‘simple’. Hence, for some simple optimization problem with low Kolmogorov
complexity, it may appear to be complex. In this case, we might have a form of complexity
arising from a simple (low complexity) problem. Having said that, we stress that this
‘complexity from simplicity’ is only apparent, and not true high (Kolmogorov) complexity.

Example 3. As an example of (apparent) complexity from simplicity in optimization, consider
the example,

f (x) = min
x∈X

H(x, z) (10)
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where H is the Hamming distance between x ∈ {0, 1}n = X and z, and z some pseudo random
binary string of the same length as x, such as the first n digits of π = 3.141 . . . when given in
binary form. The number π is a textbook example of a pattern which appears complex, but in fact
follows a deterministic pattern, hence having low Kolmogorov complexity.

Having highlighted the potential distinction between low Kolmogorov complexity
objects and intuitively simple objects, it is interesting to consider how often such low
complexity but irregular patterns might arise in physics and the natural world. On the one
hand, Wolfram [41,42] has argued for the ubiquity of complexity in natural systems, even
arising from simple deterministic rules. Similarly, the ubiquity of chaotic systems in nature,
such as the weather, would support this view. On the other hand, we might expect in many
natural systems that near optimal solutions will in fact be simple, or regular, or symmetric.
This is due to Vitanyi [30,43], who has given an argument for why common patterns in
natural science are unlikely to be pseudo-random, pointing out that common physics-based
objective functions are unlikely to contain universal Turing machines which can compute
arbitrary algorithms and generate pseudo-random patterns.

Hence, even though we have not proved that optima must be simple in an intu-
itive sense, in many settings relevant in physics low Kolmogorov complexity geometries
may be more likely to be intuitively simple as compared to typical configurations (under
certain conditions).

4.3. Complexity from Complexity

If the set or objective function is complex, then the optimum can be complex. That
is, if the RHS of Equation (3) is large, it is possible that the LHS is also large (complex).
This scenario is relevant to many optimization problems in computer science and physics
(and indeed more so in other areas of science, such as biology and ecology). This would be
complexity arising from complexity.

To assess whether the optimum is indeed high complexity, we can examine the condi-
tional complexity K( f ,X |x∗), which is the minimum number of bits required to generate
the function f and the set X , given access to x∗ (defined in Equation (2)). Assume here
that x∗ is the unique optimum solution. Intuitively, if this conditional complexity is low,
then the optimum solution x∗ contains a lot of information about the function f and set X ,
hence must be complex itself. More formally, we examine the ratio

α ≡ K( f ,X |x∗)
K( f ,X )

(11)

where we assume that K( f ,X ) is high complexity, i.e., not O(1) complexity, so that it is
unbounded for large n. If α ≪ 1 and K( f ,X ) is large, then the optimum x∗ must be
complex, due to the following argument:

K( f ,X ) ≤ K(x∗) + K( f ,X |x∗) + O(1) (12)

⇒ K( f ,X )

K( f ,X )
≤ K(x∗)

K( f ,X )
+

K( f ,X |x∗)
K( f ,X )

+ O(
1

K( f ,X )
) (13)

⇒ 1 ≲
K(x∗)

K( f ,X )
+ α (14)

Because α ≪ 1 then

1 − α ≈ 1 ≲
K(x∗)

K( f ,X )
⇒ K( f ,X ) ≲ K(x∗) (15)
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so that the optimum x∗ is complex. In other words, if knowing the optimum helps substan-
tially in describing the function and set, then it must be complex.

If instead we have α ≈ 1, then intuitively x∗ must be simple, as established by the
following argument: it is known [18] that for Kolmogorov complexity, to within logarithmic
accuracy, we have

K(x, y) ≈ K(x|y) + K(y) (16)

K(y, x) ≈ K(y|x) + K(x) (17)

K(x, y) ≈ K(y, x) (18)

for any binary strings x and y. Using these relations, we can write

K(x∗, f ,X ) ≈ K(x∗) + K( f ,X |x∗) (19)

K(x∗, f ,X ) ≈ K( f ,X ) + K(x∗| f ,X ) (20)

⇒ K(x∗) + K( f ,X |x∗) ≈ K( f ,X ) + K(x∗| f ,X ) (21)

and because α ≈ 1, and K(x∗| f ,X ) = O(1), we have

K(x∗) + K( f ,X ) ≈ K( f ,X ) + O(1) (22)

⇒ K(x∗) ≈ O(1) (23)

so that the optimum x∗ will be low complexity (to within logarithmic accuracy). We return
to the case of simple optima for complex problems later in this work.

Example 4. As an example of a complex optimum arising from a complex problem, consider the
optimization problem

f (x) = min
x

H(x, z) (24)

where H is the Hamming distance between x ∈ {0, 1}n = X and z, with z a random binary string
of same length as x. The optimum x solution will of course be x∗ = z so that the complexities
K(x∗) = K(z) ≈ n are equal. This shows complexity arising from complexity. Note also that the
extrema corresponding to the worst performing string, namely the binary string with all of the bits
of z flipped, also has high complexity. Note also that in the case of the optimum we have

α =
K( f ,X |x∗)

K( f ,X )
=

K(z|x∗)
K(z)

≈ O(1)
n

≪ 1 (25)

because x∗ contains most of the information of the optimization problem.

Example 5. A notable example of a complex function arises in the well-known assignment problem
from combinatorial optimization [2]: If there are n people and n jobs, and a matrix Cij giving the
affinity of person i for job j, the problem is to find the assignment of the jobs to the people which max-
imizes the total affinity. The space of configurations/sequences is the space of the n! permutations of
the n people. Here, the objective function f (x) is in general not simple, because the Kolmogorov com-
plexity of the matrix Cij will typically be O(n2) for a random matrix. The Kolmogorov complexity
of a typical permutation, and a typical optimal solution, is (using Stirling’s approximation)

K(x) ≈ log2(n!) + O(log2 log2(n!)) ∼ log2[(n/e)n] ∼ n log2(n) (26)

which is complex.
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Example 6. Consider the example of the Ising model (external magnetic field is zero; example
suggested by an anonymous reviewer) from statistical physics

f (x) = − ∑
(i,j)

Jijxixj (27)

and xi is a binary value, either 0 or 1, with i = 1, 2, . . . , n . This classic problem in combinatorial
optimization is to find the ground state x = (x1, x2, . . . , xn), which minimizes the energy of the
system. If the couplings are random variables Jij = ±1, then the objective function is complex
because each of these values requires 1 bit to specify whether +1 or −1. The optimum solution (if
unique) is also complex, as is well known in statistical physics and computer science. As a side
comment, if we were to replace random Cij or random Jij by pseudo-random, then the functions and
solutions would become low complexity.

Example 7. We could have a simple function f (x), but at the same time a complex set, e.g., the set
is made up of a random subset of {0, 1}n. In this case, the optimum solution could still be complex,
even though the function itself is simple.

4.4. Simplicity from Complexity

Finally, we turn to the case where simplicity can arise from complexity. This is perhaps
the most intriguing case. Having said that, the notion that simple laws can arise from
complex phenomena is well established in e.g., statistical physics [44].

Looking to Equation (3), the fact that it is an upper bound allows for both a large RHS
and small LHS, i.e., a complex function and or set, and yet a simple optimum solution.
As mentioned above in relation to Equation (11), if the conditional complexity ratio is
close to 1, then we can expect a low complexity optimum. But does this simplicity from
complexity occur in any combinatorial systems? We give examples now.

Example 8. Returning to the Ising model in Equation (27), if instead we impose that Jij ∈
{1, 2, 3, . . . , M} for some finite M, then we have a complex objective function. The complexity
arises due to specifying each of the positive Jij values. Despite this complexity, the solution which
maximizes the sum is simple, because the optimum is x∗ = (1, 1, 1, . . . , 1, 1, 1). This simplicity
follows from the fact that because all Jij > 0 the details of the specific positive values are irrelevant to
identifying the optimal solution, and yet those details are part of the specification (hence complexity)
of the function. It is easy to conceive of other cases where the function contains many details and
so has high complexity, while at the same time these details are largely irrelevant to the optimum.
In these cases, we will have simplicity arising from complexity.

To see another way in which simple optima can arise from complex objective functions,
we explore this question from a different perspective. Within AIT, the notion of algorithmic
probability [12,18,45,46] connects complexity and probability in a direct and profound way.
Mathematically, it states that

PU(x) = 2−K(x)+O(1) (28)

where PU is the probability that a random program run on a prefix universal Turing machine
prints output x, and halts. The equality shows that simple, low complexity outputs are
exponentially more likely than complex outputs. Thus, probability and complexity are two
sides of a coin.

Algorithmic probability is not easy to apply directly to real-world problems, at least
due to the uncomputability of K(x) but also due to the assumed presence of Turing ma-
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chines. With these issues in mind, a weaker but more directly applicable bound was
presented and tested in ref. [31]. The bound has the form

P(x) ≤ 2−aK̃(x)−b (29)

and is known as the simplicity bias bound. This bound applies to real-world computable
input-output maps. Here, K̃(x) denotes some computable complexity measure, such as
lossless compression-based measures. The constants a > 0 and b are independent of x.
The motivation for including the constant a in the bound is that real-world complexity
measures may not scale with Kolmogorov complexity. For example, a random binary
string of length n has K(x) ≈ n, while some specific real-world complexity measure may
scale like, say, 1.8n. Hence a can be adjusted to rescale the complexity appropriately.
Similarly, the presence of the constant b is also included to adjust the complexity measure
for appropriate scaling. For example, some specific real-world complexity measure may
assign all objects a minimum complexity of 5000 bits. Hence, the values of a and b allow for
re-scaling the complexity values. Having briefly discussed these, we note that the values of
a and b are not relevant to our present theoretical work here, and details of their estimation
and meaning are given in refs. [31].

The upper bound Equation (29) shows that if the probability distribution is nonuni-
form, it must be that the highest probability outputs are simple. It is not possible for complex
outputs to have high probability. This bound has so far been applied to a wide variety of
systems, including molecular shapes such as natural protein quaternary structures [33],
RNA secondary structures [31,33], polyomino self-assembled 2D tile shapes [33,47], output
patterns in machine learning [48–50], genetic programming [51], and natural [52] and
dynamical system [53,54] time series data. Now, let us see how this bound could apply to
an optimization problem, and yield simple optima from complex problems.

Example 9. We return to the RNA structure example from biophysics, described above. Suppose
we have a set of RNA structures, X . We also have a set of RNA sequences, S , and a mapping
function g : S → X . The function g is many-to-one, so that a given structure x may have many
sequences s which map to it, and |X | ≪ |S|, and K(g) = O(1) [31]. The function g(s) = x maps
sequences to structures by searching for the minimum free energy structure x ∈ X for the given
sequence s, hence the mapping g can be viewed as combinatorial optimization. The complexity of the
optimization problem depends primarily on K(s), and analogously to above we have

K(x) ≤ K(g) + K(s) + K(X |s) + O(1) = K(s) + O(1) (30)

because x and X can be generated by g and the sequence s, and an O(1) program. Now, consider
the following algorithm:

(i) Enumerate in order all sequences s ∈ S
(ii) For each s ∈ S , evaluate g(s) to find the corresponding x
(iii) Record the frequency ϕ(x) with which each structure x appears, where ∑x ϕ(x) = |S|
(iv) Define Pϕ(x) := ϕ(x)/|S| as the probability of observing structure x on random choice of s

For RNA structures, it is known [31,33] that the simplicity bias relation of Equation (29) applies
for a range of structure complexity values. Hence, Pϕ(x) ≲ 2−aK(x), and there are (many) simple
structures with high probability Pϕ(x). Supposing x has high probability Pϕ(x), then it follows that
the preimage g−1(x) ⊆ S contains many random and complex sequences. By definition, each of
these random and complex sequences mapped to a simple x via free energy minimization, hence these
complex sequences had a simple optimum. In other words, there were many complex optimization
problems with simple optima. It is easy to see that very similar arguments would yield examples of
simple optima in related optimization problems, such as lattice proteins [5].
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5. Optimization by Algorithmic Probability Sampling
In the preceding sections, we have seen how simple optima can occur from simple

optimization problems, but also from complex problems. Given the potential ubiquity of
simple optima, it is interesting to consider if there is a way to exploit this to search for
optima in combinatorial optimization problems.

Let us suppose we will attempt to solve an optimization problem by random sampling
from X , where as before the size of the system is parameterized by n. Let us consider the
expected waiting time to find the optimum (we will assume there is a unique optimum here),
that is, the expected number of random samples to find the optimum. From the geometric
distribution, we know that the expected waiting time to first observe some outcome which
has probability q is 1/q. Therefore, if we sample all elements of X uniformly randomly,
then q = 1/|X |. For simplicity, we will assume that |X | = 2n, which would be the case if
X is all binary strings of length n. Under these assumptions, the expected waiting time to
find the optimum (assuming unique) is

1/q = |X | = 2n (31)

which is exponential in n. Hence, this is not an efficient manner to find the optimum.
If instead we randomly sample elements of X according to their algorithmic probability,
then the probability q of choosing the optimum is

q = 2−K(x∗ |n)+O(1) (32)

so that the expected waiting time is

1/q = 2K(x∗ |n)+O(1) ≤ 2n+O(1) (33)

because
K(x∗|n) ≤ n + O(1) (34)

If you know the function and set is simple, then we expect the optimum to be simple (or
there exists a simple optimum), then

K(x∗|n) ≪ n =⇒ 1/q = 2K(x∗ |n)+O(1) ≪ 2n (35)

which means that the expected waiting time to find the optimum by sampling is expo-
nentially faster than by uniform sampling, or much faster, even super-exponentially, e.g.,
if K(x∗|n) = O(1). Interestingly, this suggests that sampling according to algorithmic
probability is a good way to find the optimum even if you do not know the complexity of
the optimum: if the complexity is high the number of samples you will need on average is

K(x∗|n) ≈ n + O(1) =⇒ 1/q = 2K(x∗ |n)+O(1) ≈ 2n+O(1) (36)

Therefore, in the case of a complex optimum, the expected waiting time in terms of the num-
ber of samples is not very different as compared to from uniformly sampling. Summarizing,
this means that sampling according to algorithmic probability will find the optimum much
faster if it is simple, and not much slower if it is complex. Hence, it appears that sampling by
algorithmic probability is an effective way to search for an optimum of optimization prob-
lems of varying complexity (note that we have ignored here the computational resources
required to generate samples).

Whether this method is practically useful remains to be seen in future work. There are
at least two problems to consider: (1) Kolmogorov complexity is uncomputable; and (2) that
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if complexity approximations are used, then computing the complexities may be time con-
suming, which adds to the computational complexity, and may be inaccurate. Nonetheless,
there are known cases when sampling can be faster than optimization algorithms [55],
and when random sampling itself largely explains generalization in machine-learning prob-
lems [56] (with further tuning of parameters via SGD improving, but not fully accounting
for, generalization success). These cases shed light on the potential value and impact of
sampling as a means of optimization.

This optimization method we proposed (i.e., sampling by algorithmic probability)
is closely related to Levin Search [18], a method invented by Leonid Levin for inversion
problems. The incomputable sampling process from PU(x) above is replaced by sampling
from the computable Speed prior S(x) [57], which includes a penalty on the run-time of
programs p. Some example applications of sampling from PU are (1) to show that average-
case complexity equals worst-case complexity ([18], Thm.4.4.1) and (2) for training large
language models (LLMs) [58]. If you replace sampling from Solomonoff’s PU by sampling
from the Speed prior S, then you get a stochastic version of Levin search compared to
Levin search which systematically evaluates all programs in increasing Kt-complexity,
where S(x) ≈ 2−Kt(x). Classical Levin search is applied to inversion problem, while we
are studying optimization problems here. Unlike in search, a difficulty in optimization is
that we may stumble upon the maximum quickly, but never know whether there is not
a better solution. But such any-time algorithms are typical in AI, and Levin search has
been extended to Levin Tree search with great practical success [59]. Hence, the proposed
method of optimization by sampling is related to earlier work but differs in three ways:
(1) optimization instead of inversion (as in Levin search); (2) using PU instead of S; and
(3) sampling instead of enumeration.

6. Coincidences of Extrema
In the Introduction, we saw some examples of optimal geometries that simultaneously

have high or optimal values for different objective functions, for example protein folds
and network architectures. We now consider whether these are rare exceptional cases,
or instead instances of a more general feature of combinatorial optimization.

6.1. Null Expectation for Simultaneously Optimizing Multiple Objective Functions

Consider a finite and simple set X as above, K(X |n) = O(1), and two different
objective functions f1 and f2, with respective optima x∗f1

, x∗f2
∈ X . If these two functions

are random functions, such that their values are random real variables (e.g., sampled from
Gaussian distributions), then the null model prediction for the probability that the two
optimal geometries coincide is

P(x∗f1
= x∗f2

) =
1
|X | (37)

assuming that all function values are distinct. This probability is typically exponentially
small, because |X | is typically exponential in n, e.g., |X | = 2n if X consists of all binary
strings. Hence, under the random function null model it is highly unlikely that the optimum
geometry for one function coincides with that of another function.

The situation is very different for optima from simple functions: if f1 and f2 are
simple, having O(1) complexity, then both x∗f1

and x∗f2
must be simple by Equation (8).

Because there are exponentially few simple geometries, we know that both x∗f1
and x∗f2

must come from this exponentially small set. Hence, it is a priori far more likely that x∗f1
and x∗f2

coincide.

https://doi.org/10.3390/e28020226

https://doi.org/10.3390/e28020226


Entropy 2026, 28, 226 14 of 18

More formally, let XO(1) ⊂ X be such that all elements are simple with O(1) complexity.
In this scenario, the null probability expectation that the two optima coincide is

|XO(1)| = O(1) ≪ |X | ⇒ P(x∗f1
= x∗f2

) =
1

|XO(1)|
≫ 1

|X | (38)

due to the fact that there are only O(1) simple geometries. While O(1) is not a precise
quantitative value, nonetheless we understand that this probability is much higher than
the exponentially small value of 1/|X |. The value 1/|XO(1)| may still be low, but it is much
higher than expected by random functions.

The preceding is an a priori argument, or expected null model for simple optima. It
does not mean that all simple optima will be optima for all simple functions. Indeed, if we
chose f2(x) = − f1(x) then the optimum for f1 will be the worst performing geometry for
f2. As discussed above, extrema must be simple, but not necessarily optimal.

Another reason why optima may not coincide is due the fact that while optima (under
the described conditions) must be simple, this does not mean that all simple geometries
must be optima. Some simple geometries may have low or medium values with respect to
the objective function. This is related to the occurrence of low complexity, low probability
patterns in studies of simplicity bias [60].

6.2. Coincidence of near Optima

The above argument can be extended beyond exactly coinciding optima, to geometries
which are close to being optimal, i.e., with rank r ≈ 1. We can ask, given we have an
optimal solution x∗f1

for f1, and we have a set X r
f2
⊂ X consisting of the r most optimal

geometries in X ranked according to f2, what is the probability that x∗f1
∈ X r

f2
? This is an

interesting question, because if x∗f1
∈ X r

f2
then it means that the optimal geometry for one

objective function f1 is also close to optimal for another apparently unrelated objective
function f2. To proceed, if f1 and f2 are random functions, then we expect

P(x∗f1
∈ X r

f2
) =

r
|X | (39)

which is very small for highly optimal geometries with r ≈ 1 because r ≪ |X |. Contrast
this with the case where functions are simple, then the null model prediction is

P(x∗f1
∈ X r

f2
) =

r
|XO(1)|

≫ r
|X | (40)

because both x∗f1
∈ XO(1) and X r

f2
⊂ XO(1) due to being simple. Overall, this section has

shown that when optima are simple, as a null model expectation, it is exponentially more
likely that an optimum solution to one simple combinatorial problem is also highly optimal
(or extremely suboptimal) for another arbitrary simple function.

In refs. [61–63], there is more exploration of the connection between Kolmogorov
complexity and coincidences.

7. Discussion
We have studied some connections between Kolmogorov complexity and optima

in combinatorial optimization problems. Our main findings are to explore four cases of
pairings, namely when the optimization problem is simple or complex, and when the opti-
mum/optima is/are simple or complex. For each case, we showed examples to illustrate.
Our second main result was to introduce a sampling method for solving optimization prob-
lems, namely by sampling potential solutions according to their algorithmic probability.
We showed that this method will exponentially reduce the expected waiting time when the
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optimum is simple, and yet only lower the expected waiting time for complex optimiza-
tion problems by a constant factor. Thus, this one method could be used for a variety of
problems of differing complexity, and even if the complexity of the optimum is not known.
Our third main result was to show that given a geometry/configuration is optimal for
one simple objective function, it is therefore more likely to be close to optimal for another
simple objective function, as compared to a null expectation based on random functions.
This is a rather surprising result, given that we typically conceive of exponentially large
search spaces. Importantly, we discussed and highlighted that ‘simple’ in terms of low
Kolmogorov complexity does not necessarily imply that the geometry/configuration will
be simple in the sense of regular, symmetric, or repeating patterns, but, on the other hand,
there are reasons to think that these meanings may, in fact, coincide.

Our results may perhaps help to understand the examples of discrete geometries given
in the Introduction (lattice proteins and networks) which simultaneously are simple, regular,
and also optimal for a number of different objective functions. We leave it to further work
to explore this application of our results in more detail. Similarly, our results may help to
explain in a general setting the results of Cohn and Kumar [64], who found that symmetrical
configurations can often be built using very simple potential functions, and perhaps also
the statement of Bormashenko [65] that the symmetry of biological structures follows the
symmetry of media in which the structure is functioning.

In ref. [33] (but also see [42]), it was argued that some of the symmetry in biology can
be explained by the fact that simpler shapes are easier to generate via efficient genomic
programs in DNA, which is a kind of ‘internal’ argument for simplicity. Here, we have
shown that symmetry and simplicity may arise from a kind of ‘external’ argument, that of
the simplicity of the external constraints.

Our work is also closely related to earlier studies of the Kolmogorov complexity of a
set and computational complexity [66], and also to optimization problems where it was
shown that expected complexity of the set is a good measure of problem difficulty [67].

The work here has focused on discrete geometries, configurations, or sequences, such
as binary strings, discrete graphs, branching patters, and lattice shapes. However, continu-
ous curves, functions and shapes can be discretised often quite easily [31], and because of
this, the arguments presented here apply to a wide array of shapes and geometries.

The size of an object is relevant when applying concepts from Kolmogorov complexity.
It is well known from analytical arguments [18] that for small data objects such as short
binary strings, some results from AIT may not apply. This is because many results in AIT
involve O(1) terms, which formally become negligible only in the limit of large complexity
values. Hence, for very small binary strings, AIT results may not be manifested [43], or at
least it is not possible to prove that they will be manifested. Additionally, in numerical work
examining simplicity bias in RNA structures, it was reported that the bias only becomes
apparent for larger lengths [31]. In this study, we have mainly studied optimization in
generic terms where the configuration/geometry/object sizes are parameterized by n.
Hence, our analytical results do not suffer from the potential limitations of using short
strings. Having said that, it is noteworthy and interesting to highlight that in potential
applications of our results to ‘small’ configurations/geometries/objects in the real world,
the small sizes may ‘wash out’ any manifestations of AIT predictions. Hence, we would
expect our results and connections of complexity to optimization to be more likely to
manifest in larger data objects. This size-dependence presents a limitation of our work for
real-world applications.

Looking at individual systems, we may be able to use system-specific theory to directly
infer that some optimal shape for one objective function is linked to optimal shapes for
some other objective function, e.g., employing thermodynamics to understand why high
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genetic mutational robustness and thermal stability are linked in natural proteins [68].
Importantly, such examples do not undermine our work here, in which we have attempted
to show a general theory linking optima, low complexity, and coinciding optima. Whether
or not particular cases can or cannot be understood with existing system-specific theory,
does not affect our arguments.

Overall, our results show an interesting and important link between combinatorial
optimization and Kolmogorov complexity, which we suggest should be further explored
and developed in future work.
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