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Abstract

Entropy originated in thermodynamics and has since become a central tool for quantifying 
uncertainty in probabilistic and information-theoretic systems. This study provides a 
unified mathematical synthesis of the Shannon, Rényi, Tsallis, and Sharma–Mittal entropies, 
focusing on their axiomatic foundations, functional structures, and limiting relationships. 
We show that Rényi entropy reduces to Shannon entropy as 𝛼 → 1, Tsallis entropy reduces to 
Shannon entropy as q → 1, and the two-parameter Sharma–Mittal entropy encompasses both 
Rényi (as 𝛽 → 1) and Tsallis (when 𝛽 = 𝛼), converging to Shannon entropy in the joint limit 
(𝛼, 𝛽) → (1, 1). Additivity, pseudo-additivity, concavity, and stability are compared across 
the four families, consolidating the unifying role of Sharma–Mittal entropy noted in earlier 
work rather than treating it merely as a more flexible formulation. Building on this synthesis, 
we connect it to a previously developed parameter-integrated framework that addresses 
the practical difficulty introduced by the Sharma–Mittal entropy’s two-parameter structure: 
fixing (𝛼, 𝛽) at a single, arbitrary pair makes any derived quantity—and, in feature selection, 
the resulting variable ranking—dependent on that choice. The framework integrates the 
conditional Sharma–Mittal entropy and information-gain surfaces volumetrically over a 
bounded region of the 𝛼-𝛽 plane, yielding three parameter-integrated indices—PICSME, 
PIGSME, and NIGSME—that are exact monotone transformations of one another and 
therefore induce an identical variable ranking for a fixed dataset and integration region. 
This illustrates how the unifying position of Sharma–Mittal entropy can be operationalized 
into a practical feature-ranking tool that does not require the selection of a single predefined 
(𝛼, 𝛽) pair.

Keywords: Shannon entropy; Rényi entropy; Tsallis entropy; Sharma–Mittal entropy;
generalized entropy; feature selection; kernel density estimation

1. Introduction
The concept of entropy first emerged in the context of thermodynamics to explain the 

direction of heat flow and the degree of disorder in physical systems. Initially treated by 
Clausius [1] as a state function related to the second law of thermodynamics, entropy later 
acquired a probabilistic and statistical meaning through the work of Boltzmann [2] and 
Gibbs [3]. In this process, entropy was linked to the number of microscopic arrangements 
corresponding to a macroscopic state and to the statistical structure of the system. Thus, en-
tropy evolved from being merely a concept expressing disorder in physical systems to becom-
ing a fundamental mathematical tool for measuring uncertainty in probabilistic systems.

Entropy 2026, 28, 1214 https://doi.org/10.3390/e28111214

https://crossmark.crossref.org/dialog?doi=10.3390/e28111214&domain=pdf&date_stamp=2026-11-05
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/entropy
https://www.mdpi.com
https://orcid.org/0009-0005-0230-2234
https://orcid.org/0009-0001-7933-901X
https://orcid.org/0000-0001-7430-2368
https://doi.org/10.3390/e28111214


Entropy 2026, 28, 1214 2 of 21

In the classical thermodynamic formulation, Clausius [1] introduced entropy as a 
state function associated with reversible heat transfer, expressed by dS = 𝛿𝑄rev

𝑇 , where T 
denotes absolute temperature, and 𝛿Qrev  is the infinitesimal heat transferred reversibly. This 
formulation established entropy within the second law of thermodynamics, independently 
of an explicit probability-based representation.

The statistical interpretation was subsequently developed through Boltzmann’s princi-
ple [2], commonly written as S = kB lnW, where kB  is the Boltzmann constant, and W denotes 
the number of equally probable microstates compatible with a macroscopic state. Gibbs [3] 
extended this probabilistic description through 𝑆 = −𝑘𝐵∑𝑛

𝑖=1 𝑝𝑖 ln 𝑝𝑖, where pi  represents 
the probability of the i-th microstate. For an equiprobable distribution, pi  = 1/W, the Gibbs 
expression reduces to Boltzmann’s principle. Ben-Naim [4] argues that thermodynamic 
entropy should be distinguished from a general information measure defined over arbitrary 
probability distributions.

The modern interpretation of entropy in information theory was shaped by Shannon’s 
1948 paper, “A Mathematical Theory of Communication” [5]. According to Shannon, the 
fundamental problem of communication is the ability to reproduce a message selected 
at one point, either exactly or approximately, at another point. In this approach, what 
matters is not so much the semantic content of the message as the fact that it was selected 
from a set of possible messages. Shannon [5] noted that a logarithmic measure is natural 
for quantifying the amount of information and discussed the suitability of this measure 
from both practical and mathematical perspectives. This framework treated entropy as a 
measure of average uncertainty associated with a probability distribution and established a 
fundamental mathematical structure for communication theory, coding theory, statistical 
inference, and subsequent data science applications.

A key strength of Shannon entropy is that it can be uniquely determined under certain 
axiomatic properties. These axioms, systematically addressed by Khinchin [6], include the 
principles of continuity, maximality, extensibility, and additivity. In particular, the property 
of additivity is one of the fundamental principles that defines Shannon entropy’s central 
role in classical information theory. According to this principle, the joint entropy of two 
statistically independent systems is equal to the sum of their individual entropies. Rényi [7] 
also emphasized this additivity property for independent experiments when discussing 
Shannon entropy and noted that it is one of the most important properties of entropy.

However, the additive nature of Shannon entropy may not be sufficient for every 
system. In particular, there has been a need for more flexible measures of entropy in 
systems involving long-range interactions, multifractal structures, strong correlations, or 
those that go beyond the classical Boltzmann–Gibbs statistics. In this line of development, 
Rényi entropy generalizes Shannon entropy through the concept of entropy order, thereby 
allowing for the control of the effect of different probability weights on the measurement of 
uncertainty [7]. In Rényi’s work [7], Shannon entropy is derived as a special limiting case 
of Rényi entropy.

Tsallis entropy, on the other hand, was proposed to generalize the Boltzmann–Gibbs 
statistic and has gained significant prominence, particularly in the context of multifrac-
tal structures and generalized statistical ensembles [8]. Tsallis [8] proposed a new form 
of entropy defined by the parameter q and demonstrated that it reduces to the classical 
Boltzmann–Gibbs statistic in the limit as q → 1. In this respect, Tsallis entropy can be 
regarded as an important single-parameter generalization that diverges from the Shan-
non/Boltzmann–Gibbs line but preserves the classical structure in the limit.

Sharma–Mittal entropy, on the other hand, extends this line of development to a 
broader mathematical framework. This two-parameter structure, proposed by Sharma and 
Mittal [9], holds a significant position among non-additive entropy measures due to the limit 
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and special-case relationships it establishes with Shannon, Rényi, and Tsallis entropies. As 
demonstrated in the review by Esteban and Morales [10] on entropy statistics, many entropy 
measures—such as Shannon, Rényi, Havrda–Charvát, Arimoto, and Sharma–Mittal—can 
be treated as special or limiting cases under a more general functional framework. In 
this context, the Sharma–Mittal entropy occupies a unifying position in the literature on 
generalized entropies because it goes beyond single-parameter entropy families to offer a 
two-parameter structure.

The aim of this study is to provide a unified mathematical synthesis of the Shannon, 
Rényi, Tsallis, and Sharma–Mittal entropies by examining their axiomatic foundations, 
functional structures, compositional properties, and limiting relationships. Beyond this 
theoretical synthesis, the study connects the two-parameter structure of the Sharma–Mittal 
entropy to a previously developed parameter-integrated volumetric framework for feature 
selection, thereby illustrating how generalized entropy theory can be operationalized for 
continuous-variable analysis.

This study does not claim new axiomatic or limiting results for the individual en-
tropy families. Sections 2–5 consolidate established definitions and properties, and the 
unifying role of the Sharma–Mittal entropy has been discussed previously by Masi (see 
Sections 5.1 and 6.3). The contribution of this work lies in presenting the four families 
within a common notation, placing their axiomatic foundations, composition rules, and 
limiting transitions side by side (Section 6), and connecting this structure, within a single 
treatment, to the parameter-integrated indices PICSME, PIGSME, and NIGSME (Section 7), 
so that the entropy families and the indices that operationalize their parameter dependence 
are presented as one coherent framework. The indices themselves were introduced in the 
authors’ earlier work (see Section 7.1), where their derivations, estimation protocol, and 
empirical validation are reported; Section 7 does not introduce a new method.

The remainder of the study is organized as follows. Sections 2–5 present the mathemat-
ical foundations of the Shannon, Rényi, Tsallis, and Sharma–Mittal entropies, respectively, 
including their axiomatic structure, functional form, and limiting relationships. Section 6 
provides a comparative synthesis of their parameter structures, compositional properties, 
and limiting relationships. Section 7 connects this theoretical structure to a parameter-
integrated volumetric feature-ranking framework.

Section 8 summarizes the main findings, acknowledges the limitations, and outlines 
directions for future research. Generative AI tools were used as assistive tools only. ChatGPT 
(OpenAI; GPT-6, high) was used to assist in creating the figures, which were checked by 
the authors for consistency with the text, and Claude (Anthropic; Claude Sonnet 5.5) was 
used to help refine English phrasing. All mathematical content, definitions, equations, and 
citations were prepared and verified by the authors, and no AI tool was used to generate 
data or results.

2. Shannon Entropy
2.1. Definition of Shannon Entropy

Shannon entropy is a fundamental functional in information theory that measures 
uncertainty based on a discrete probability distribution. Let the possible outcomes of a 
random variable defined on a finite sample space be x1 , x2 , x3 , …, xn  and let the corresponding 
probabilities be p1 , p2 , p3 , …, pn . Here, the conditions Pi ≥ 0 and ∑𝑛

𝑖=1 𝑝𝑖 = 1 hold. Shannon 
entropy is defined as follows [5]:

𝐻(𝑥) = −
𝑛

∑
𝑖=1

𝑝𝑖log 𝑝𝑖 (1)
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Since −logpi  = log(1/pi ), Shannon entropy can be interpreted as the probability-
weighted average of the information content of each event. Here, log 1

𝑝𝑖
 represents the 

amount of information gained when event xi  occurs, while 𝑝𝑖log 1
𝑝𝑖

 represents the expected 
contribution of this information. Thus, Shannon entropy measures the average uncertainty 
that exists prior to the outcome of a random experiment.

The base of the logarithm determines the unit of measurement for entropy. When the 
base of the logarithm is 2, entropy is expressed in “bits”; when the natural logarithm is 
used, it is expressed in “nat.”

For a discrete probability distribution over physical microstates, the Gibbs entropy is 
mathematically proportional to the Shannon entropy defined in Equation (1). When the 
natural logarithm is used, the relationship is S = kB H(x), whereas for a base-2 logarithm, 
the corresponding relationship is S = kB (ln2)H(x). Thus, the two expressions share the 
same functional structure, differing by a dimensional scaling factor and, where applicable, 
a logarithmic-base conversion. Nevertheless, this mathematical correspondence does not 
imply that their physical interpretations are identical. Ben-Naim distinguishes Shannon’s 
measure of information, which is defined on any probability distribution, from thermo-
dynamic entropy, which is defined on a much more restricted set of distributions, while 
also arguing that the former provides a quantitative basis for interpreting the latter. In 
discussing Boltzmann’s H-theorem, he further argues that the H-function is a Shannon 
measure of information but not thermodynamic entropy [4].

The intuitive meaning of Shannon entropy is that it measures how “uncertain” or 
“spread out” a distribution is. If the distribution is concentrated on a single outcome—that 
is, if one outcome occurs with probability 1—there is no uncertainty, and the entropy is 
equal to zero. Conversely, uncertainty reaches its highest level when all outcomes have 
equal probability. In the case of a uniform distribution with n outcomes, where 𝑝𝑖 = 1

𝑛 , 
Shannon entropy takes the value

H(x) = logn (2)

This result shows that uncertainty increases as the number of possible
outcomes increases.

2.2. Axiomatic Foundations
The importance of Shannon entropy stems not only from the fact that it is a suitable 

functional for measuring uncertainty, but also from the fact that it can be derived uniquely 
under certain natural axioms.

This axiomatic framework was later systematically addressed by Khinchin [6] and 
has been referred to in the literature as the Shannon–Khinchin axioms. In general, these 
axioms can be summarized around four fundamental principles. The first is continuity: the 
entropy function must behave continuously in response to small changes in probabilities. 
The second is the maximality principle: for a fixed number of possible outcomes, entropy 
must take its maximum value in a uniform distribution where all outcomes have equal 
probability. The third is extensibility: adding an impossible event with zero probability 
to the distribution should not change the entropy value. The fourth is the principle of 
additivity or separability: in a multi-stage selection process, the total uncertainty must 
be expressed as the probability-weighted sum of the uncertainty in the first stage and the 
conditional uncertainties of the subsequent stages.

Rényi [7] summarizes Faddeev’s postulates, stating that the properties of symmetry, 
continuity, normalization, and separability characterize Shannon entropy [11]. In this 
context, Faddeev’s postulates show that Shannon entropy is not merely an intuitive measure 
of uncertainty, but also a functional that arises necessarily under certain mathematical 
conditions that are taken for granted.
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The additivity axiom is one of the most distinctive features of Shannon entropy. If, for 
two statistically independent systems or experiments X and Y, the joint distribution can be 
written as p(x,y) = p(x)p(y), then the Shannon entropy can be expressed as

H(X,Y) = H(X) + H(Y) (3)

Rényi [7] also considered this property to be one of the most important characteristics 
of Shannon entropy. This property explains why Shannon entropy plays such a central 
role in classical information theory. At the same time, however, a significant portion of the 
later generalized entropy measures were developed precisely by modifying or relaxing this 
additivity axiom.

2.3. Main Mathematical Properties
Shannon entropy has many fundamental mathematical properties. First, entropy is 

never negative. Since log(1 ∕ pi ) ≥ 0 for 0 < pi ≤ 1, each term pi log(1 ∕ pi ) contributes a 
non-negative value. Therefore,

H(x) ≥ 0 (4)

holds. Entropy being zero corresponds to the case where the distribution is completely 
certain. In other words, if the probability of one event is 1, and the probability of all other 
events is 0, uncertainty disappears.

Second, Shannon entropy reaches its maximum value under a uniform distribution. If 
all n possible outcomes have equal probability, that is, Pi  = 1 ∕ n, then

H(x) = log(n) (5)

is obtained.
Third, Shannon entropy is a concave function. This property states that the entropy of 

a mixture of two probability distributions will not be less than the weighted average of the 
entropies of the distributions. In other words, an increase in mixing or uncertainty within 
a probability distribution does not reduce entropy. Concavity is one of the fundamental 
properties that enables the use of Shannon entropy in the context of statistical uncertainty 
and the maximum entropy principle.

A geometric interpretation of Shannon entropy can be obtained by considering proba-
bility distributions on the simplex Δ𝑛−1 = {(𝑝1, … , 𝑝𝑛) ∶ 𝑝𝑖 ≥ 0, ∑𝑛

𝑖=1 𝑝𝑖 = 1}. The uniform 
distribution (1/n,…,1/n) corresponds to the barycenter of this simplex and, as noted above, 
maximizes Shannon entropy. Entropy values therefore define level sets over the probability 
simplex, providing a geometric representation of uncertainty. A related but distinct geomet-
ric application was presented by Bormashenko et al. [12], who introduced Shannon-type 
informational measures of symmetry based on the occurrence of symmetry operations and 
symmetry elements in patterns composed of one- and two-dimensional shapes.

Fourth, Shannon entropy is invariant under permutations. When the order of the 
probabilities is changed, the entropy value remains the same because entropy depends only 
on the set of probability values. Therefore,

H(p1 ,p2 ,…,pn ) = H(p𝜋 (1) ,p𝜋 (2) ,…,p𝜋 (n) ) (6)

where 𝜋 denotes any permutation of the probabilities. This property indicates that entropy 
is influenced not by the names or order of events, but solely by their probability structure.

Fifth, Shannon entropy forms the basis for derived measures of information such as 
conditional entropy, joint entropy, and mutual information. Shannon [5] discussed the 
relationship between the uncertainty of joint events and conditional uncertainty, noting 
that when one variable is known, the uncertainty regarding the other variable does not 
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increase. This framework enables the definition of mutual information through the concepts 
of joint entropy and conditional entropy. Therefore, Shannon entropy not only measures 
the uncertainty of a single distribution but also plays a fundamental role in quantifying 
information sharing and the structure of dependencies among variables.

In conclusion, Shannon entropy is a classical measure of uncertainty possessing strong 
mathematical properties such as continuity, maximality, extensibility, additivity, concavity, 
and invariance under permutations. Due to these properties, it is regarded as the cornerstone 
of information theory. However, the additivity property, in particular, can be limiting in 
complex systems because it relies on the classical independence assumption. This limitation 
constitutes one of the primary motivations for the development of the Rényi, Tsallis, and 
Sharma–Mittal entropies, which will be discussed in subsequent sections.

3. Rényi Entropy
3.1. Definition of Rényi Entropy

Rényi entropy is one of the most fundamental single-parameter generalizations of 
Shannon entropy. Rényi [7] proposed examining the amount of uncertainty for a finite 
discrete probability distribution not only through the classical expected information content 
but also by weighting the probabilities in the distribution to varying degrees. This approach 
differs from Shannon entropy in that it offers a family of entropies capable of controlling 
sensitivity to different regions of the probability distribution.

Let P be a finite probability distribution

P = (p1 ,p2 ,…,pn ) (7)

such that pi ≥ 0 and
𝑛

∑
𝑖=1

𝑝𝑖 = 1 (8)

For 𝛼 > 0 and 𝛼 ≠ 1, the Rényi entropy is defined as follows:

𝐻𝑅
𝛼 (𝑃) =

1
1 − 𝛼 log(

𝑛
∑
𝑖=1

𝑝𝛼
𝑖 ) (9)

Here, 𝛼 is the parameter that determines the order or degree of the entropy. This 
parameter controls which regions of the probability distribution are given greater weight. 
When 𝛼 < 1, the influence of low-probability events increases relatively, whereas when 𝛼 > 1, 
the influence of high-probability events becomes more pronounced. For this reason, Rényi 
entropy is considered not merely a single measure of uncertainty, but a family of parametric 
entropies that examines different aspects of the distribution through different values of 
𝛼 [7,13].

The term 𝑛
∑
𝑖=1

𝑝𝛼
𝑖 (10)

in the structure of Rényi entropy provides an 𝛼-order moment-like summary of the proba-
bility distribution. The logarithmic transformation of this term ensures that Rényi entropy 
preserves its additivity property under independent systems. In this respect, Rényi entropy 
can be viewed as a generalization that modifies the way probabilities are weighted, without 
completely departing from the axiomatic framework of Shannon entropy.

In the literature on generalized entropy, Rényi entropy is recognized, along with Tsallis 
entropy, as one of the most widely used single-parameter entropy families. Amigó and 
colleagues [13] evaluated Rényi and Tsallis entropies as typical generalizations of the 
Boltzmann–Gibbs–Shannon entropy and note that both are linked to classical entropy via 
a limit. Fuentes and Gonçalves [14], on the other hand, emphasize that Rényi entropy 
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emerged in information theory as a parametric relaxation of Shannon entropy and was later 
addressed in the context of statistical mechanics.

3.2. Relationship with Shannon Entropy
The most fundamental relationship between Rényi entropy and Shannon entropy 

arises in the limit as 𝛼 → 1. Rényi entropy is not directly defined for 𝛼 = 1, because both the 
numerator and denominator in the formula approach zero. However, this is a removable 
singularity, and taking the limit yields Shannon entropy:

lim
𝛼→1

𝐻𝑅
𝛼 (𝑃) = −

𝑛
∑
𝑖=1

𝑝𝑖log𝑝𝑖 (11)

This result shows that Rényi entropy includes Shannon entropy as a special limit 
case [7,13,14]. Therefore, Rényi entropy can be interpreted not as an independent measure 
replacing Shannon entropy, but rather as a broader parametric family that encompasses 
Shannon entropy.

The limit can be verified with L’Hôpital’s rule. As 𝛼 → 1, both log ∑𝑛
𝑖=1 𝑝𝛼

𝑖  and 1 − 𝛼
tend to zero, and differentiating both with respect to 𝛼 gives

lim𝛼→1
log ∑𝑛

𝑖=1 𝑝𝛼
𝑖

1 − 𝛼 = lim𝛼→1
∑𝑛

𝑖=1 𝑝𝛼
𝑖 log 𝑝𝑖/∑𝑛

𝑖=1 𝑝𝛼
𝑖

−1 = −
𝑛

∑
𝑖=1

𝑝𝑖 log 𝑝𝑖 (12)

Thus, Shannon entropy emerges as the limit of Rényi entropy as 𝛼 approaches 1.
This limit relationship is one of the fundamental elements that determine the position of 

Rényi entropy among generalized entropies. While Shannon entropy measures the expected 
logarithmic information content of probabilities, Rényi entropy can modify the distribution’s 
sensitivity to different probability levels via the 𝛼 parameter. Nevertheless, when 𝛼 → 1, 
this parametric sensitivity disappears, and the classical Shannon form is restored [7,13].

3.3. Main Mathematical Properties
(i) Additivity: Rényi entropy preserves the additivity property for independent systems. 

For two statistically independent random variables X and Y, if their joint probabilities

pij  = pi qj (13)

then the Rényi entropy satisfies the following equation:

𝐻𝑅
𝛼 (𝑋, 𝑌) = 𝐻𝑅

𝛼 (𝑋) + 𝐻𝑅
𝛼 (𝑌) (14)

This follows from the factorization ∑
𝑖,𝑗

(𝑝𝑖𝑞𝑗)
𝛼

= (∑
𝑖

𝑝𝛼
𝑖 )(∑

𝑗
𝑞𝛼

𝑗 ), since the logarithm 

converts the product into a sum.
In this respect, Rényi entropy differs from Tsallis entropy because Tsallis entropy ex-

hibits pseudo-additivity rather than classical additivity for independent systems. Therefore, 
Rényi entropy can be regarded as a generalization that preserves the additivity property of 
Shannon entropy but parameterizes the probability weighting [7,13].

(ii) Monotonicity: Rényi entropy is monotonic with respect to the parameter 𝛼. In gen-
eral, for a fixed probability distribution, the Rényi entropy does not increase as 𝛼
increases; in other words, since larger 𝛼 values assign greater weight to the higher-
probability components of the distribution, the entropy value may decrease or remain 
the same [13].

(iii) Special cases: Certain parameter values of Rényi entropy correspond to classical 
measures of information. In the limit as 𝛼 → 0, Rényi entropy corresponds to Hartley 
entropy, which depends on the support size of the distribution:
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𝐻𝑅
0 (𝑃) = log|supp(𝑝)| (15)

Here, |supp(P)| denotes the number of outcomes with positive probability. The Rényi 
entropy obtained for 𝛼 = 2 is referred to as collision entropy in most contexts:

𝐻𝑅
2 (𝑃) = −log(

𝑛
∑
𝑖=1

𝑝2
𝑖 ) (16)

As 𝛼 approaches ∞, the Rényi entropy approaches the min-entropy:

𝐻𝑅
∞(𝑃) = −log(max

𝑖
𝑝𝑖) (17)

(iv) Permutation invariance: The entropy depends only on ∑
𝑖

𝑝𝛼
𝑖  and is therefore unchanged 

under any permutation of the probabilities.

(v) Concavity and stability: These properties are not as straightforward as for Shannon 
entropy. While Rényi entropy exhibits more regular concavity properties in the range 
0 < 𝛼 < 1, it is generally not concave for 𝛼 > 1. Furthermore, the literature indicates that 
Rényi entropy occupies a more delicate position regarding Lesche stability compared 
to Shannon and Tsallis entropies [13,14].

4. Tsallis Entropy
4.1. Definition of Tsallis Entropy

Tsallis entropy has been proposed as a single-parameter, non-additive generalization 
of the classical Boltzmann–Gibbs–Shannon entropy. Tsallis [8] introduced a new form of 
entropy defined by the parameter q, particularly for multifractal structures and systems 
where the classical statistical mechanics framework may prove inadequate. The aim of this 
approach is not to completely abandon the fundamental structure of Shannon/Boltzmann–
Gibbs entropy, but rather to generalize it through a more flexible parameter.

For a probability distribution P as in Equations (7) and (8), and for q > 0 and q ≠ 1, 
Tsallis entropy is defined as follows:

𝑆𝑇
𝑞 (𝑃) =

1
𝑞 − 1(1 −

𝑛
∑
𝑖=1

𝑝𝑞
𝑖 ) (18)

Here, q is the parameter that determines the non-additive nature of the entropy and its 
sensitivity to different regions of the probability distribution. The q parameter controls the 
weighting of probabilities in a manner similar to the a parameter in Rényi entropy; however, 
in Tsallis entropy, this parametric structure is based on a deformed logarithm rather than a 
logarithmic transformation [13].

Tsallis entropy can also be expressed using the q-logarithm. For x > 0, the q-logarithm

ln𝑞(𝑥) =
𝑥1−𝑞 − 1

1 − 𝑞 (19)

is defined, and it reduces to the classical natural logarithm as q to 1.
In this case, the Tsallis entropy can be written as in [13]:

𝑆𝑇
𝑞 (𝑃) =

𝑛
∑
𝑖=1

𝑝𝑖ln𝑞(
1
𝑝𝑖

) (20)

This representation allows Tsallis entropy to be interpreted as a q-deformed version of the 
classical logarithmic information content in Shannon entropy. Thus, Tsallis entropy is a 
generalized version of Shannon entropy not only at the level of the formula but also at the 
level of how information content is measured.
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The primary motivation for Tsallis entropy stems from the fact that classical Boltzmann–
Gibbs entropy is particularly suitable for statistically independent or weakly interacting 
systems, but may prove inadequate for systems with strong correlations or long-range 
interactions. For this reason, Tsallis entropy has gained a significant place in the context 
of non-extensive statistical mechanics and has contributed to a broader understanding of 
Boltzmann–Gibbs theory [8,15]. This connection to non-extensive statistical mechanics 
provides a physical motivation for the q-deformation, complementing the additive, order-
dependent generalization represented by Rényi entropy.

4.2. Relationship with Shannon Entropy
The most fundamental relationship between Tsallis entropy and Shannon entropy 

arises in the limit as q → 1. Tsallis entropy is not directly defined for q = 1, because both the 
numerator and denominator in the formula approach zero. However, this is a removable 
singularity, and taking the limit yields Shannon entropy:

lim
𝑞→1

𝑆𝑇
𝑞 (𝑃) = −

𝑛
∑
𝑖=1

𝑝𝑖log 𝑝𝑖 (21)

This result shows that Tsallis entropy includes Shannon entropy as a special limit 
case [8,13]. In this respect, Tsallis entropy is not a completely independent measure that 
replaces Shannon entropy; rather, it is a family of generalized entropies that extends classical 
entropy via the parameter q.

This limit relationship can be demonstrated using L’Hôpital’s rule applied to
Equation (18).

Since the probabilities sum to one, both the numerator and the denominator of 
Equation (18) tend to zero as q → 1 (a 0/0 form). The derivative of the numerator with 
respect to q is

−
𝑛

∑
𝑖=1

𝑝𝑞
𝑖 log 𝑝𝑖 (22)

and the derivative of the denominator is 1. Thus,

lim
𝑞→1

𝑆𝑇
𝑞 (𝑃) = −

𝑛
∑
𝑖=1

𝑝𝑖log 𝑝𝑖 (23)

is obtained. This result shows that Tsallis entropy is consistent with classical Shannon 
entropy and that the q-deformation vanishes at q = 1.

This connection is one of the fundamental elements defining the position of Tsallis 
entropy in the literature on generalized entropies. While Shannon entropy uses the classical 
logarithmic information content, Tsallis entropy measures information content via the q-
deformed logarithm. Therefore, the parameter q allows for the uncertainty structure of a 
distribution to be evaluated in different ways. However, in the limit as q → 1, this parametric 
flexibility disappears, and the classical Shannon form is restored [8,13].

4.3. Pseudo-Additivity and Main Mathematical Properties
The most fundamental way in which Tsallis entropy differs from Shannon and Rényi 

entropies is that it exhibits pseudo-additivity rather than classical additivity for independent 
systems. For two statistically independent systems A and B, if the joint probabilities

𝑝ij = 𝑝𝐴
𝑖 𝑝𝐵

𝑗 (24)

can be written in this form, then Tsallis entropy satisfies the following
composition rule:

𝑆𝑇
𝑞 (𝐴, 𝐵) = 𝑆𝑇

𝑞 (𝐴) + 𝑆𝑇
𝑞 (𝐵) + (1 − 𝑞)𝑆𝑇

𝑞 (𝐴)𝑆𝑇
𝑞 (𝐵) (25)
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This property clearly demonstrates the non-additive nature of the Tsallis entropy. When 
q = 1, the third term vanishes, and classical Shannon additivity is restored:

S(A,B) = S(A) + S(B) (26)

Thus, Tsallis entropy does not completely reject classical additivity; rather, it incorpo-
rates it as a special case within a more general composition rule via the parameter q [8,13].

This so-called additivity property explains the importance of Tsallis entropy in the 
context of non-extensive statistical mechanics. Classical Boltzmann–Gibbs entropy exhibits 
an additive and, in most cases, extensive structure in statistically independent or weakly 
interacting subsystems. However, in systems where correlations cannot be neglected at all 
scales, this classical structure may not be sufficient. Anastasiadis [15] emphasizes that, in 
this regard, Tsallis entropy has become a fundamental entropy measure for non-extensive 
statistical mechanics, generalizing the Boltzmann–Gibbs theory.

Another important property of Tsallis entropy is that it attains its maximum value 
in a uniform distribution. If all n possible outcomes have equal probability, that is,
if pi =1/n, then

𝑆𝑇
𝑞 (𝑃) =

1
𝑞 − 1(1 − 𝑛1−𝑞) (27)

is obtained.
This expression approaches the value of log n as q approaches 1 and yields the maxi-

mum value of Shannon entropy under a uniform distribution. This result shows that Tsallis 
entropy generalizes the principle of maximum uncertainty in a manner consistent with 
classical entropy [8].

Tsallis entropy exhibits concavity for q > 0. This property ensures that the entropy is 
sensitive to increases in mixing and uncertainty within the probability distribution. Fur-
thermore, under the condition q > 0, Tsallis entropy exhibits a structure that is acceptable 
in terms of generalized entropy axioms; it satisfies fundamental properties such as conti-
nuity, maximality, and extensibility [13]. Therefore, the q > 0 range can be considered the 
fundamental parameter region in terms of the mathematical and physical interpretations of 
Tsallis entropy.

Tsallis entropy also holds an important position in terms of Lesche stability. Lesche 
stability refers to the property that small changes in the probability distribution lead to 
controlled and small changes in the entropy value. For generalized entropies, this property 
is important for the entropy to be used in a way that is experimentally and statistically 
meaningful. Amigó and colleagues [13] note that the Tsallis entropy is Lesche-stable 
for q > 0. This places the Tsallis entropy on a more solid mathematical foundation compared 
to some other generalized entropy measures.

The Tsallis entropy is also closely related to the Rényi entropy. Both entropies use the 
common core expression

𝑛
∑
𝑖=1

𝑝𝑞
𝑖 (28)

However, while Rényi entropy transforms this expression into the entropy scale using the 
natural logarithm, Tsallis entropy is defined via a deformed logarithmic structure. Therefore, 
while Rényi entropy preserves classical additivity in independent systems, Tsallis entropy 
exhibits a pseudo-additive composition rule [13,15]. This difference demonstrates that 
generalized entropy measures differ not only at the formula level but also in terms of system 
composition and the interpretation of independence.

Finally, Tsallis entropy has also served as the foundation for the development of newer 
information measures. For example, Tsallis extropy has been defined as an extension of 
the Shannon extropy concept related to Tsallis entropy, and its mathematical relationships 
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with Tsallis entropy have been investigated [16]. Such studies demonstrate that Tsallis 
entropy serves as a productive foundation not only in the context of non-extensive statistical 
mechanics but also in the literature on modern information measures.

In conclusion, Tsallis entropy is a generalized, non-additive, and quasi-additive form 
of Shannon entropy with parameter q. It holds a fundamental place in the literature on 
generalized entropies because it recovers Shannon entropy in the limit q → 1, exhibits 
concavity and stability for q > 0, and incorporates the classical additivity for independent 
systems within a more general composition rule. With these properties, Tsallis entropy 
serves as an important intermediate step in the transition to Sharma–Mittal entropy.

5. Sharma–Mittal Entropy
5.1. Definition of Sharma–Mittal Entropy

Sharma–Mittal entropy is an important family of entropies that stands out among 
generalized entropy measures due to its two-parameter structure. Proposed by Sharma 
and Mittal [9], this framework is regarded as a unifying framework in the literature on 
generalized entropy because of the special cases and limit relationships it establishes with 
classical Shannon entropy as well as Rényi and Tsallis entropies. In their study on entropy 
statistics, Esteban and Morales [10] also demonstrated that different entropy measures—
such as Shannon, Rényi, Havrda–Charvát, and Sharma–Mittal—can be addressed under 
more general functional frameworks.

For a probability distribution P, as in Equations (7) and (8), and for 𝛼 > 0, 𝛽 > 0,
𝛼 ≠ 1, and 𝛽 ≠ 1, the Sharma–Mittal entropy can be defined as follows:

𝑆SM
𝛼,𝛽(𝑃) =

1
1 − 𝛽

[



[
𝑛

∑
𝑖=1

𝑝𝛼
𝑖 ]

1 − 𝛽
1 − 𝛼 − 1

]



(29)

Here, the parameter 𝛼 determines the order of weighting of the probabilities, while the 
parameter 𝛽 determines which non-additive transformation is used to map this weighted 
sum to the entropy scale. Therefore, unlike the Rényi and Tsallis entropies, which have a 
single deformation parameter, the Sharma–Mittal entropy offers a more general framework 
that evaluates uncertainty through two separate parameters [17].

In this formulation, the fundamental kernel is the sum ∑𝑛
𝑖=1 𝑝𝛼

𝑖  of Equation (10), which 
represents the common mathematical structure found in both the Rényi and Tsallis en-
tropies. However, the Sharma–Mittal entropy transforms this core through a two-parameter 
transformation, thereby presenting a form capable of unifying both Rényi’s logarithmic 
structure and Tsallis’s quasi-additive structure under a single framework. Masi [17] notes 
that the Rényi and Tsallis entropies are not direct generalizations of one another; rather, 
the Sharma–Mittal entropy offers a potential overarching framework that unifies these two 
structures within a consistent two-parameter framework.

Therefore, the Sharma–Mittal entropy should be regarded not merely as another gen-
eralization of Shannon entropy, but as an entropy family that expresses the common math-
ematical core of the Rényi and Tsallis entropies within a broader parameter space. In 
the classification of generalized entropic forms by Ilić and colleagues [18], the Sharma–
Mittal entropy is also considered among the fundamental entropy families defined by two 
deformation parameters.

5.2. Relationship with Rényi and Tsallis Entropy
The most important property of the Sharma–Mittal entropy is that, under appro-

priate parameter choices or as limits are taken, it encompasses the Rényi and Tsallis en-
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tropies. This property places the Sharma–Mittal entropy in a central position among 
generalized entropies.

First, the Rényi entropy is obtained as the limit of the Sharma–Mittal entropy as 𝛽 → 1.
Writing 𝐴 = ∑𝑛

𝑖=1 𝑝𝛼
𝑖  for the kernel of Equation (10), Equation (29) becomes

𝑆SM
𝛼,𝛽(𝑃) =

𝐴
1−𝛽
1−𝛼 − 1
1 − 𝛽 (30)

As 𝛽 to 1, the expression converges to the indeterminate form 0/0. Applying L’Hôpital’s rule,

lim
𝛽→1

𝑆SM
𝛼,𝛽(𝑃) =

1
1 − 𝛼 log(

𝑛
∑
𝑖=1

𝑝𝛼
𝑖 ) (31)

is obtained. This expression is exactly the Rényi entropy in Equation (9).

lim
𝛽→1

𝑆SM
𝛼,𝛽(𝑃) = 𝐻𝑅

𝛼 (𝑃) (32)

This result shows that the Rényi entropy is a limit case of the Sharma–Mittal
entropy [17,18].

Second, the Tsallis entropy is obtained as a special case of the Sharma–Mittal en-
tropy where 𝛽 = 𝛼. If 𝛽 = 𝛼 is substituted into the Sharma–Mittal formula, the expo-
nent (1 − 𝛽)/(1 − 𝛼) equals 1, and the expression reduces to (∑𝑛

𝑖=1 𝑝𝛼
𝑖 − 1)/(1 − 𝛼), which 

is the Tsallis entropy of Equation (18) with q = 𝛼; therefore,

𝑆SM
𝛼,𝛼(𝑃) = 𝑆𝑇

𝛼 (𝑃) (33)

holds. This reduction demonstrates that the Sharma–Mittal entropy encompasses the Tsallis 
entropy not only via a limit but also directly through a specific choice of parameters [17].

When these two transitions are considered together, the meaning of the two-parameter 
structure of the Sharma–Mittal entropy becomes clearer. The 𝛼 parameter represents the 
degree of probability weighting common to both the Rényi and Tsallis entropies. The 𝛽
parameter, on the other hand, is the second deformation parameter that determines how this 
weighted sum is transformed into the entropy scale. Therefore, the Sharma–Mittal entropy 
establishes a mathematical bridge between Rényi’s summative logarithmic structure and 
Tsallis’s quasi-summative structure.

According to Masi’s assessment [17], although the Rényi and Tsallis entropies use the 
same probability kernel, they have different transformation mechanisms. While the Rényi 
entropy processes this kernel using the classical logarithm, the Tsallis entropy is expressed 
through a deformed logarithmic structure. The Sharma–Mittal entropy, on the other hand, 
combines these two approaches into a two-parameter form, creating a broader family.

5.3. Shannon Entropy as a Limiting Case
The Sharma–Mittal entropy includes not only the Rényi and Tsallis entropies but also 

the Shannon entropy in the limit. As shown in previous sections, the Rényi entropy reduces 
to the Shannon entropy in the limit as 𝛼 → 1. Similarly, the Tsallis entropy yields the Shannon 
entropy in the limit as q → 1. The Sharma–Mittal entropy, however, due to its two-parameter 
structure, regains the Shannon entropy in the joint limit as 𝛼 → 1 and 𝛽 → 1.

This can be symbolically expressed as follows:

lim
𝛼→1,𝛽→1

𝑆SM
𝛼,𝛽(𝑃) = −

𝑛
∑
𝑖=1

𝑝𝑖log 𝑝𝑖 (34)

This limit relation demonstrates that the Sharma–Mittal entropy does not exclude 
the Shannon entropy; rather, it encompasses the classical Shannon entropy as a special 
limit point within a broader two-parameter structure. Therefore, the Shannon entropy 
can be interpreted as the classical case corresponding to the point (𝛼, 𝛽) = (1, 1) in the 
Sharma–Mittal parameter space.
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5.4. Main Mathematical Properties
The main mathematical feature of Sharma–Mittal entropy is that it is a family of two-

parameter generalized entropies. This structure allows for separate control of both the 
degree of probability weighting and the non-additive transformation form of the entropy. 
Therefore, Sharma–Mittal entropy offers a more flexible mathematical structure compared 
to the one-parameter Rényi and Tsallis entropies [17,18].

The first important feature is the generalizing nature of Sharma–Mittal entropy. While 
the Rényi and Tsallis entropies are obtained through appropriate parameter choices, the 
Shannon entropy is recovered in the limit. This transforms Sharma–Mittal entropy from 
merely a standalone entropy measure into a framework that establishes connections among 
generalized entropy families. Ilić and Djordjević [19] also note that the Sharma–Mittal 
entropy class can encompass the Rényi, Tsallis, Landsberg–Vedral, and Gaussian entropies 
as special cases.

Second, the Sharma–Mittal entropy does not generally satisfy the classical Shannon 
additivity for independent systems. Instead, it exhibits a parameter-dependent non-additive 
or pseudo-additive composition behavior. In this respect, it shares a structure similar to the 
Tsallis entropy; however, unlike the Tsallis entropy, this composition behavior arises under 
the influence of a two-parameter structure. Beck [20] emphasizes that properties such as 
composability and Lesche stability are important for generalized measures of information 
to carry physical meaning; he also discusses Sharma–Mittal entropies among generalized 
entropy families.

Third, Sharma–Mittal entropy has a structure that is sensitive to the parameter space. 
This is both an advantage and a point requiring attention. It is an advantage because 
different (𝛼, 𝛽) values can highlight different uncertainty structures of the distribution. 
However, it also requires caution because properties such as concavity, stability, and physical 
interpretation may not hold in the same way across the entire parameter space. Aktürk, 
Bağcı, and Sever [21] have specifically discussed, particularly in a thermostatistical context, 
whether Sharma–Mittal entropy truly goes beyond the Rényi and Tsallis entropies, and have 
noted that the physical interpretation of the Sharma–Mittal relative entropy is more reliable 
within certain limits. Therefore, when using Sharma–Mittal entropy, the mathematical and 
contextual meaning of the parameters must be clearly specified.

Fourth, Sharma–Mittal entropy can be expressed using different parameterizations. 
Various notations, such as (𝛼, 𝛽), (r, q), or (𝛼, q), are used in the literature. These differ-
ences are often merely different notations for the same underlying mathematical structure. 
However, since the specific case that corresponds to either Rényi or Tsallis may vary from 
study to study, it is important to clearly define the parameterization used [18,19].

6. Comparative Mathematical Evaluation of Generalized
Entropy Measures
6.1. Additivity and Pseudo-Additivity

A fundamental axis in comparing entropy measures is their compositional behavior 
under independent systems. For Shannon entropy, the additivity of Equation (3) holds for 
independent systems A and B.

Rényi entropy also preserves additivity for independent systems. This is because the 
logarithmic structure of Rényi entropy transforms the multiplicative probability sum that 
arises in independent distributions into an additive form [7]. Therefore, although Shannon 
and Rényi entropies have different parameter structures, they align in terms of classical 
additivity under independence.
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Tsallis entropy, on the other hand, exhibits pseudo-additivity rather than classical 
additivity for independent systems, with the composition rule given in Equation (25).

When q = 1, the third term vanishes, and classical Shannon additivity is restored. 
Therefore, the Tsallis entropy does not completely rule out classical additivity; rather, it 
includes it as a special case in the limit q = 1 [8,13].

The Sharma–Mittal entropy also generally does not satisfy classical additivity; instead, 
it exhibits a two-parameter non-additive composition structure. This structure generalizes 
the pseudo-additive behavior of the Tsallis entropy to a broader parameter space. However, 
the composition properties of the Sharma–Mittal entropy must be carefully considered 
depending on the parameterization and parameter region used. Beck [20] emphasizes 
that properties such as composability and Lesche stability are important for the physical 
and mathematical meaningfulness of generalized entropies. Therefore, the Sharma–Mittal 
entropy should be evaluated not merely because it is a more general formula, but by 
specifying under which composition conditions it is meaningful [20,21].

6.2. Limiting Relationships
The most important mathematical connection among these four measures of entropy 

lies in their limit and special-case relationships. Shannon entropy serves as the classical 
reference point for the other three families of entropy. For Rényi entropy,

lim
𝛼→1

𝐻𝑅
𝛼 (𝑝) = −

𝑛
∑
𝑖=1

𝑝𝑖log 𝑝𝑖 (35)

since Shannon entropy is the limit of Rényi entropy as 𝛼 approaches 1 [7]. Similarly, for 
Tsallis entropy,

lim
𝑞→1

𝑆𝑇
𝑞 (𝑃) = −

𝑛
∑
𝑖=1

𝑝𝑖log 𝑝𝑖 (36)

holds [8]. These two results show that, although the Rényi and Tsallis entropies have 
different mathematical structures, they share the same classical limit.

As shown in Section 5, the Sharma–Mittal entropy reduces to the Rényi entropy as 
𝛽 → 1 (Equation (32)), to the Tsallis entropy for 𝛽 = 𝛼 (Equation (33)), and to the Shannon 
entropy in the joint limit (𝛼,𝛽) → (1, 1) (Equation (34)), which clearly demonstrates its 
unifying role within the family of generalized entropies [17–19].

The thermodynamic origin of entropy provides a useful consistency check for these 
relationships. Using natural logarithms, for W equiprobable microstates, pi  = 1/W, Shannon 
entropy reduces to lnW, which corresponds to Boltzmann’s principle up to the factor kB . 
Rényi entropy also gives lnW for every admissible 𝛼, the Tsallis entropy reduces to the 
q-logarithm lnq W defined in Equation (19), and the Sharma–Mittal entropy reduces to 
ln𝛽 W, independently of 𝛼. This is consistent with the Rényi limit (𝛽 → 1) and the Tsallis 
case (𝛽 = 𝛼). The statement is purely formal and restricted to the equiprobable case; it does 
not by itself assign a thermodynamic interpretation to every parameter pair (𝛼, 𝛽).

6.3. Mathematical Positioning of Sharma–Mittal Entropy
The Sharma–Mittal entropy incorporates both the additive, logarithmic structure of 

the Rényi entropy and the pseudo-additive, deformed-logarithmic structure of the Tsal-
lis entropy simultaneously. Masi [17] notes that the Rényi and Tsallis entropies are not 
direct generalizations of one another, but that the Sharma–Mittal entropy unifies these 
two structures within a broader and more consistent two-parameter form. Therefore, the 
Sharma–Mittal entropy should be regarded not as a simple sum in the form of “Rényi 
+ Tsallis,” but as a more general mathematical structure that encompasses the common 
core of both entropies through different transformation mechanisms. Nevertheless, this 
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mathematical unification does not, by itself, establish a thermodynamic interpretation for 
every parameter pair (𝛼, 𝛽).

The geometric interpretation also extends to the generalized entropy framework 
through the probability power sum ∑𝑛

𝑖=1 𝑝𝛼
𝑖 , which underlies both Rényi and Sharma–Mittal 

entropies. Using natural logarithms, Equations (9) and (29) imply that, for fixed 𝛼 > 0 with 
𝛼 ≠ 1 and 𝛽 ≠ 1, the Sharma–Mittal entropy can be written as 𝑆SM

𝛼,𝛽(𝑃) = exp((1−𝛽)𝐻𝑅
𝛼 (𝑃))−1

1−𝛽 . 
Since this transformation is strictly increasing in 𝐻𝑅

𝛼 (𝑃), varying 𝛽 for a fixed 𝛼 changes the 
entropy scale without altering the corresponding families of level sets on the probability 
simplex. In contrast, varying 𝛼 can modify the geometry of these level sets by changing 
the relative weighting of probability components. This interpretation does not require a 
general concavity assumption for the Sharma–Mittal family.

However, the two-parameter structure of the Sharma–Mittal entropy does not always 
imply automatic superiority. While an increase in the number of parameters enhances 
modeling flexibility, it also introduces interpretive challenges. Aktürk, Bağcı, and Sever [21], 
in discussing whether the Sharma–Mittal entropy truly goes beyond Rényi and Tsallis in a 
thermostatistical context, have noted that certain physical interpretations of this entropy 
are particularly robust in limit cases. Therefore, when using the Sharma–Mittal entropy, the 
selected parameters must be determined not only based on computational convenience but 
also on mathematical and contextual justifications.

Concavity and Schur-concavity conditions have been studied systematically for gener-
alized entropies. Kvålseth [22] introduced a three-parameter entropy that contains several 
proposed generalized entropies as special cases, derived the conditions under which it is 
concave and Schur-concave, and applied these results to one- and two-parameter family 
members. Such conditions provide a rigorous basis for the parameter-region qualifications 
noted above for the Rényi and Sharma–Mittal entropies, and we refer the reader to that 
work for the precise conditions.

In this context, the Sharma–Mittal entropy can be regarded as an “umbrella” among 
generalized entropy measures; however, this assessment must be made with caution. The 
unifying role of the Sharma–Mittal entropy does not imply that it is the most appropriate 
entropy measure in every situation.

The hierarchical mathematical relationships and limiting transitions among Shannon, 
Rényi, Tsallis, and Sharma–Mittal entropies are illustrated in Figure 1. 

Figure 1. Mathematical hierarchy and limiting relationships among Shannon, Rényi, Tsallis, and 
Sharma–Mittal entropies.
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The fundamental mathematical differences between the Shannon, Rényi, Tsallis, and 
Sharma–Mittal entropies—in terms of parameter structure, additivity behavior, limit rela-
tionships with Shannon entropy, and their roles within the generalized entropy framework—
are summarized in Table 1.

Table 1. Comparative mathematical structure of Shannon, Rényi, Tsallis, and Sharma–Mittal entropies.

Entropy Measure Parameter Structure Additivity Behavior Shannon Limit Mathematical Role

Shannon entropy Without parameters Additive Basic form The classical measure 
of uncertainty

Rényi entropy Single parameter (𝛼) Additive 𝛼 →1
Parameterizes the 

probability 
weighting

Tsallis entropy Single parameter (q) Pseudo-additive q →1
Non-additive/non-
extensive offers a 

structure

Sharma–Mittal 
entropy

Two-parameter
(𝛼, 𝛽)

Two-parameter 
non-additive 

structure
(𝛼, 𝛽) → (1, 1)

A general framework 
combining the Rényi 
and Tsallis entropies

7. From Theory to Practice: A Parameter-Integrated Volumetric Extension 
of Sharma–Mittal Entropy
7.1. Motivation: Beyond a Single Parameter Pair

The relationships established in Sections 2–6 show that Sharma–Mittal entropy is not 
merely a two-parameter formula but a coherent mathematical bridge that connects the 
Rényi and Tsallis families and reduces to the Shannon entropy in the appropriate com-
mon limit. A structure of this kind raises a natural applied question: if 𝛼 and 𝛽 index an 
entire family of admissible uncertainty measures rather than a single one, which mem-
ber of that family should an empirical analysis actually report? In many applications of 
Sharma–Mittal entropy, this question is resolved by fixing 𝛼 and 𝛽 at a single, often arbitrar-
ily chosen, pair; the resulting value is then treated as though it were a unique descriptor 
of the underlying uncertainty, even though a different, equally admissible parameter pair 
may yield a materially different value, and in a feature-selection context, even a different 
ranking of candidate variables [9,17,18]. Classical filter-based feature-selection criteria face 
a related difficulty: correlation coefficients are sensitive to a single form of dependence, 
and many conventional entropy- or mutual-information-based feature-selection imple-
mentations for continuous variables rely on discretization, making the resulting estimates 
potentially sensitive to the chosen binning scheme [23,24]. Parametric generalized entropies 
have also been incorporated directly into applied information-theoretic pipelines—such 
as random-forest-based classification and regression [25] and topic-model performance 
evaluation [26]—but typically by fixing the entropy parameter at a single value throughout 
the analysis; the volumetric approach developed below instead removes this dependence 
on a single parameter choice.

Figure 2 contrasts the two approaches on the same 𝛼-𝛽 plane: rather than committing 
to a single, arbitrarily chosen point such as the one marked in red, the conditional entropy 
surface is evaluated everywhere inside the shaded region and integrated to obtain a single, 
parameter-integrated score that does not depend on the selection of a particular (𝛼, 𝛽) pair.
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Figure 2. Single-parameter selection versus volumetric integration over the 𝛼-𝛽 parameter space. 
(a) The conventional approach evaluates the conditional entropy at a single, arbitrarily selected 
parameter pair (𝛼*, 𝛽*), whereas the parameter-integrated approach considers the entire parameter 
region Ω = [0.05,0.95]2 . (b) For each feature Xj , the Sharma–Mittal conditional entropy H𝛼 ,𝛽 ((Y|XJ ) 
forms a surface over Ω. Integrating this surface over the continuous parameter region yields the 
parameter-integrated conditional entropy score, PICSMEj , corresponding to the volume under the 
entropy surface. Thus, the resulting score summarizes the information contained across the entire 
parameter region rather than depending on a single predefined (𝛼, 𝛽) pair.

Building on the framework previously developed and empirically validated by the 
present authors [27], this section shows how the theoretical unification established above 
can be translated into a practical feature-ranking criterion: rather than evaluating the 
conditional Sharma–Mittal entropy at one point of the 𝛼-𝛽 plane, the entire admissible 
region is integrated, and the importance of a candidate explanatory variable is defined 
through the resulting volumes rather than through its value at an arbitrarily selected 
parameter pair.

7.2. Conditional Sharma–Mittal Entropy for Continuous Variables
For a continuous target Y and a candidate explanatory variable Xj , the conditional 

Sharma–Mittal entropy is obtained by applying the transformation 𝜑𝛽  pointwise to the 
conditional Rényi entropy and averaging the result over the marginal distribution of Xj :

𝐻𝛼,𝛽(𝑌 ∣ 𝑋𝑗) = ∫ 𝑓𝑋𝑗
(𝑥)

{


[∫(
𝑓𝑌,𝑋𝑗(𝑦,𝑥)

𝑓𝑋𝑗(𝑥) )
𝛼

dy]

1−𝛽
1−𝛼

− 1

1 − 𝛽

}


dx (37)

Because the marginal, joint, and conditional densities entering Equation (37) are un-
known for empirical data, they are estimated nonparametrically through a Gaussian kernel 
density estimator, with the bandwidth fixed by Scott’s rule rather than by manual tuning, 
so that the same estimation protocol applies uniformly to every dataset and every candidate 
variable [28,29]. Keeping the bandwidth in the direction of Y identical in the marginal and 
joint estimators guarantees that marginalizing the joint density over Xj  exactly reproduces 
the marginal density of Y; this consistency condition, together with a renormalization of 
the conditional density at each conditioning point, removes a spurious source of negative 
information gain that would otherwise arise when kernel density estimation is applied to 
continuous variables without these safeguards [27].

Figure 3 summarizes the full computational pipeline, from the raw observations Y and 
Xj to the three reported indices, showing where kernel density estimation, the consistency 
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and renormalization safeguards, and volumetric integration each enter the calculation. 
Importantly, the observed variables are not discretized at any stage; the 60 × 60 grid is used 
solely for numerical integration over the continuous 𝛼-𝛽 parameter domain.

Figure 3. Computational pipeline of the parameter-integrated Sharma–Mittal framework, from kernel 
density estimation to the PICSME, PIGSME, and NIGSME indices.

7.3. Three Volume-Based Indices over the Parameter Plane
Instead of reporting H𝛼 ,𝛽 (Y|Xj ) at a single (𝛼, 𝛽), the conditional entropy surface is 

integrated over the rectangular region Ω = [0.05, 0.95]2  of the 𝛼-𝛽 plane, a region bounded 
away from the singularities at 𝛼 = 1 and 𝛽 = 1 while still spanning a broad deformation range. 
Specifically, 𝛼 = 1 and 𝛽 = 1 are excluded by the upper bound 0.95, since Equation (29) is 
defined directly only for 𝛼 ≠ 1 and 𝛽 ≠ 1, and these cases are obtained as limits; the same 
margin, 0.05, is applied at the lower end of both parameters, which keeps the region away 
from the boundaries 𝛼 → 0 and 𝛽 → 0. Let D ⊂ (0,1)2  denote the general integration domain 
in the 𝛼-𝛽 parameter plane; following [27], the present analysis adopts the specific domain 
D = Ω = [0.05, 0.95]2 , which is used throughout the derivations below [27]. In that study, 
sensitivity analyses conducted using alternative integration boundaries and grid resolu-
tions yielded completely stable feature rankings across all evaluated datasets (ρ = 1.00), 
supporting the robustness of the ranking criterion to these numerical design choices within 
the investigated settings; the chosen domain therefore provides a representative integration 
region while maintaining a safe distance from the singularities noted above. Three indices 
are obtained from this integration. The Parameter-Integrated Conditional Sharma–Mittal 
Entropy (PICSME) represents the residual-uncertainty volume that remains about Y once 
Xj  has been observed:

PICSME𝑗 =
1

|𝐷|∫
𝛼𝑈

𝛼𝐿

∫
𝛽𝑈

𝛽𝐿

𝐻𝛼,𝛽(𝑌 ∣ 𝑋𝑗) d𝛽 d𝛼 (38)

with D representing the integration region and |D| its area; a smaller PICSME indicates a 
larger reduction in uncertainty about Y. The Parameter-Integrated Gain of Sharma–Mittal 
Entropy (PIGSME) is the volume of the difference between the marginal and conditional 
entropy surfaces,

PIGSME𝑗 =
1

|𝐷|∫
𝛼𝑈

𝛼𝐿

∫
𝛽𝑈

𝛽𝐿

[𝐻𝛼,𝛽(𝑌) − 𝐻𝛼,𝛽(𝑌 ∣ 𝑋𝑗)]d𝛽 d𝛼 (39)
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And the Normalized Integrated Gain of Sharma–Mittal Entropy (NIGSME) rescales this 
gain volume by the target’s total entropy volume so that the index is dimensionless and 
comparable across datasets,

NIGSME𝑗 =
∫𝛼𝑈

𝛼𝐿
∫𝛽𝑈

𝛽𝐿
[𝐻𝛼,𝛽(𝑌) − 𝐻𝛼,𝛽(𝑌 ∣ 𝑋𝑗)]d𝛽 d𝛼

∫𝛼𝑈
𝛼𝐿

∫𝛽𝑈
𝛽𝐿

𝐻𝛼,𝛽(𝑌) d𝛽 d𝛼
(40)

Table 2 summarizes the interpretation and ranking direction of the three indices.

Table 2. Interpretation of the three parameter-integrated Sharma–Mittal information indices.

Index Interpretation Ranking Direction

PICSME Absolute volume of residual 
uncertainty about Y once Xj is known

Lower value indicates a more 
informative variable

PIGSME Absolute volume of uncertainty 
reduction attributable to Xj

Higher value indicates a more 
informative variable

NIGSME

Proportional share of the target’s 
uncertainty eliminated by Xj; 
dimensionless and, under the 

non-negativity conditions established 
in [27], bounded above by one

Higher value indicates a more 
informative variable

A numerical illustration of PICSME, PIGSME, and NIGSME applied to real datasets, 
together with their empirical rank correlations, is provided in [27].

7.4. Theoretical Properties Inherited from the Sharma–Mittal Structure
The volumetric construction preserves, rather than replaces, the mathematical proper-

ties of the Sharma–Mittal entropy discussed in Sections 5 and 6. If Xj  and Y are independent, 
the conditional Sharma–Mittal entropy coincides with the marginal entropy at every (𝛼, 𝛽) 
∈ D, so that PIGSME and NIGSME vanish exactly, and PICSME reduces to the target’s own 
entropy volume; negative values can therefore never arise from independence itself, but only 
from the interaction between a weak dependency and the convexity of the transformation 
𝜑𝛽  [27]. As (𝛼, 𝛽) → (1, 1), the gain volume converges to the classical Shannon mutual 
information, which is non-negative by the Kullback–Leibler property, so the volumetric 
criterion recovers the familiar information-gain filter as a limiting case rather than replac-
ing it [5]. Because the target’s marginal entropy volume VY  = ∫𝛼𝑈

𝛼𝐿
∫𝛽𝑈

𝛽𝐿
𝐻𝛼,𝛽(𝑌) d𝛽 d𝛼, the 

denominator of NIGSME, does not depend on the candidate variable within a fixed dataset, 
PIGSME and NIGSME are exact, strictly decreasing affine transformations of PICSME,

NIGSME𝑗 = 1 −
|𝐷| ⋅ PICSME𝑗

𝑉𝑌
(41)

For a fixed dataset and integration region D, PIGSME and NIGSME are therefore 
exact decreasing affine transformations of PICSME and induce the same feature ranking 
once the corresponding ranking directions are taken into account—an ordinal equivalence 
that follows as a mathematical necessity rather than an empirical coincidence [27]. Read 
together with Sections 3–6, this means that PICSME, PIGSME, and NIGSME should not be 
understood as three competing selection criteria, but as three reporting scales—absolute, 
differential, and normalized—of a single variable-importance criterion that is grounded 
in the same two-parameter structure that makes the Sharma–Mittal entropy a unifying 
framework in the first place.
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8. Concluding Comments
This study has provided a unified mathematical synthesis of the Shannon, Rényi, Tsallis, 

and Sharma–Mittal entropies, focusing on their axiomatic foundations, parameterizations, 
compositional properties, and limiting transitions, and has shown how they are connected 
within a common structural hierarchy. Shannon entropy [5] serves as the parameter-free 
classical reference point, while the Rényi and Tsallis entropies are two distinct single-
parameter generalizations that, respectively, preserve and relax classical additivity [7,8]. 
Both act on the same probability kernel but map it to the entropy scale through different 
transformations: a logarithm for Rényi and a deformed logarithm for Tsallis [13]. Sharma–
Mittal entropy encompasses both under appropriate parameter choices and reduces to 
Shannon entropy in the joint limit, which supports its unifying mathematical position rather 
than that of a merely more general formula [9,17,18]. At the same time, greater generality 
does not make it the most suitable choice for every application: concavity, stability, physical 
interpretability, and axiomatic consistency must be assessed for the problem at hand.

The two-parameter flexibility of the Sharma–Mittal entropy also makes any derived 
quantity depend on the chosen parameter pair. The parameter-integrated volumetric 
framework previously developed and empirically validated by the present authors [27], 
summarized in Section 7, addresses this dependence in feature selection by integrating the 
conditional Sharma–Mittal entropy and information gain over an admissible 𝛼-𝛽 region. 
This yields the indices PICSME, PIGSME, and NIGSME, which are ordinally equivalent for 
a fixed dataset and integration region. Thus, the same two-parameter structure that creates 
the dependence also provides the basis for integrating over it.

Several limitations should be acknowledged. The synthesis focuses on four major 
entropy families and does not aim to exhaust the broader landscape of generalized entropies. 
The volumetric extension is formulated for continuous target and explanatory variables 
and relies on kernel density estimation, numerical integration, and a predefined parameter 
domain; its robustness to alternative parameter ranges and grid resolutions was examined 
in [27], but the absolute values of the indices may still depend on the density estimator and 
the integration scheme. Future work may extend the framework to discrete or classification 
targets, alternative density estimators, other generalized entropy families, and parameter-
integration strategies beyond feature selection.
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