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Abstract

Wide-gap frequency-hopping sequences (WGFHSs) require a sufficiently large frequency
gap between adjacent frequency points, which grants them inherent resistance against
tracking jamming, barrage jamming, and multipath fading. Such sequences constitute a
critical building block for enhancing the anti-jamming performance of frequency-hopping
communication systems operating in complex electromagnetic environments. In practical
systems, the aperiodic Hamming correlation of sequences directly affects receiver synchro-
nization and sequence acquisition performance. Hence it bears greater practical significance
than periodic Hamming correlation. However, owing to the complexity of application
scenarios, related research is challenging, and existing results remain limited. In this paper,
we extend the traditional Peng-Fan aperiodic bound to WGFHSs, and derive two lower
bounds on the maximum aperiodic Hamming correlation of WGFHS sets. Numerical
examples demonstrate that the proposed bounds are tighter than the traditional Peng—Fan

aperiodic bound. This provides a more rigorous theoretical foundation for the design of
WGFHS sets.

Keywords: wide-gap frequency-hopping sequence sets; aperiodic hamming correlation;
Peng-Fan lower bound; frequency-hopping multiple access; anti-jamming communications;
sequence design

1. Introduction

Frequency-hopping multiple-access (FHMA) spread-spectrum communication em-
ploys information-independent pseudorandom sequences to expand the radio-frequency
signal bandwidth far beyond the baseband signal bandwidth. Spread-spectrum processing
reduces the power spectral density of transmitted signals, enabling reliable communica-
tion at low signal-to-noise ratios. At the receiver, despreading yields a processing gain,

M) Check for updates thereby improving the anti-interference tolerance of the system. Owing to its prominent
advantages including strong anti-jamming, anti-interception, and multi-user networking
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J capabilities [1], it has been widely applied in various wireless communication scenarios
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that simultaneously support voice and data transmission, including military anti-jamming
communications, Bluetooth, and smart grids (see Refs. [2-5], and the references therein).
In frequency-hopping communication systems, the carrier frequencies of each user are

Copyright: ©2026 by the author, governed by a frequency-hopping sequence (FHS). The multiple-access interference among
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distinct users [6,7]. Therefore, the design of FHSs with excellent Hamming correlation
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performance is crucial to guaranteeing the communication quality of frequency-hopping
communication systems, and various theoretical bounds on Hamming correlation provide
important theoretical criteria for evaluating the performance and guiding the construction
of FHSs.

In fact, most existing studies on FHSs concentrate on periodic Hamming correlation
(see Refs. [6-10]). However, in practical engineering applications, owing to limited syn-
chronization time, the effective observation window of the signal at the receiver is usually
shorter than the full sequence period [11]. In other words, aperiodic correlation describes
the interference conditions within a truncated observation window, and such interference
cannot be fully captured by periodic correlation metrics. Therefore, the aperiodic Hamming
correlation can more realistically characterize the interference level in actual communi-
cation processes and exhibit higher engineering reference value for system performance
evaluation. A larger aperiodic Hamming correlation value indicates more frequency col-
lisions between the target signal and interferers or unintended multi-user interference,
which further aggravates link interference and increases the packet loss probability. In
contrast, a smaller correlation value implies fewer frequency collisions and thus superior
anti-interference capability of the system. The well-known Lempel-Greenberger bound
gives a theoretical lower bound on the maximum periodic Hamming auto-correlation of a
single FHS. On this basis, the Peng-Fan bound is further extended to establish the lower
bound of the maximum periodic Hamming correlation for FHS sets, which has become a
classical theoretical achievement in the field of periodic Hamming correlation for FHSs.
For aperiodic application scenarios, the Peng-Fan aperiodic bounds provide the theoretical
lower bounds on the maximum aperiodic Hamming correlation of FHS sets, which serve
as an important criterion for evaluating the aperiodic Hamming correlation performance of
FHSs [7]. However, conventional FHSs impose no constraints on the adjacent frequency gap.
If the frequency gap between consecutive frequency points is small, the system becomes
highly susceptible to single-frequency narrow-band interference, partial-band jamming,
tracking jamming, and multipath fading. Once a certain frequency-hopping signal falls
into the interference-occupied frequency band, its adjacent frequency signals are also prone
to being jam-covered, which renders it difficult for the receiver to recover the corrupted
information through channel coding. This is particularly harmful in tracking jamming
and partial-band jamming environments commonly encountered in radar, Bluetooth, and
millimeter-wave systems.

To mitigate the aforementioned engineering challenges, the wide-gap frequency-hopping
sequences (WGFHSs) have been proposed [12,13], and the core constraint is that the differ-
ence between adjacent frequency points of the sequence must exceed a preset minimum
gap. This inherent property constitutes a core advantage of WGFHS over conventional
FH in single-frequency, narrowband, and partial-band interference scenarios. It helps
suppress frequency collisions and thereby enhances the anti-interference capability of the
system. This class of sequences was first developed in the Joint Tactical Information Distri-
bution System (JTIDS), and can effectively resist narrow-band interference, band-blocking
jamming and tracking jamming, thus holding significant application value in the field
of anti-jamming wireless communications [14,15]. It is worth noting that, despite some
advances in the study of WGFHSs, the existing theoretical bounds predominantly target
the periodic Hamming correlation, and research pertaining to the aperiodic Hamming
correlation bounds for WGFHSs is still severely insufficient. Li et al. generalized the
Lempel-Greenberger bound and the Peng-Fan periodic bound to derive the lower bound
for periodic Hamming correlation of WGFHSs, and further investigated the partial Ham-
ming correlation bounds for such WGFHSs [16,17]. In 2025, Tian et al. derived the aperiodic
bounds for WGFHSs [18]. Subsequently, Yang and Zheng et al. separately investigated
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the lower bounds on the aperiodic Hamming correlation of WGFHS sets under low-hit-
zone and no-hit-zone constraints [19,20]. These lower bounds are specifically designed for
quasi-synchronous FHMA systems to limit the range of aperiodic Hamming correlation
within a predetermined time-delay window. In 2026, Wen et al. investigated the periodic
and partial Hamming correlation bounds for multi-slot WGFHSs [21].

As emphasized above, the aperiodic Hamming correlation is more indicative of the
actual anti-jamming capability of a system in practical communications than its periodic
counterpart. Since the traditional Peng—Fan aperiodic bound lacks the wide-gap constraint,
its direct application to the performance assessment of WGFHS sets yields bounds that
are too loose to precisely capture the parametric restrictions imposed by the wide-gap
requirement on aperiodic correlation performance. This deficiency restricts both the de-
ployment and the performance evaluation of WGFHSs in practical systems. Consequently,
the derivation of aperiodic Hamming correlation bounds for WGFHS sets possesses both
important theoretical significance and urgent engineering application value.

Motivated by this research gap, this paper investigates the aperiodic Hamming corre-
lation bounds for WGFHS sets. By extending the traditional Peng—Fan aperiodic bound to
WGFHS sets, we derive two lower bounds on the maximum aperiodic Hamming correla-
tion of WGFHS sets. Furthermore, numerical examples verify that the proposed bounds are
tighter than the traditional Peng—Fan aperiodic bounds, thereby enabling a more precise
characterization of the theoretical limit of the aperiodic Hamming correlation for WGFHS
sets. The findings of this paper enrich the theoretical framework of WGFHSs and can
provide theoretical support for the optimal construction and performance evaluation of
WGFHS sets with respect to aperiodic Hamming correlation.

The remainder of this paper is organized as follows. In Section 2, we will review
some preliminaries. In Section 3, we will derive two lower bounds on aperiodic Hamming
correlation for WGFHS sets. In Section 4, we will provide numerical examples to verify
the tightness and attainability of the proposed bounds, together with a comparison against
the traditional Peng-Fan aperiodic bounds and the aperiodic WGFHS bounds. Finally,
Section 5 concludes the paper.

2. Preliminaries

In this section, we will review several fundamental definitions concerning FHSs, in-
cluding the aperiodic Hamming correlation function and wide-gap frequency-
hopping sequences.

2.1. Aperiodic Hamming Correlation Function

Throughout this paper, let 7 = {fo, fi,- - -, f;-1} denote an alphabet of size g, where
fi is a frequency, and g is a positive integer. Generally, F is defined by a set of integers

{0,1,---,g—1}.

Definition 1 ([6]). Let X = (x,x1,--- ,xNn—1) and Y = (Yo, Y1, - ,Yn—1) be any two FHSs
of period N over alphabet F. The periodic Hamming correlation of FHSs X and Y at a shift T is
defined by

N-1
Hxy(t) = ) h[xi,yis<), 0<T <N, 1
=0

1

where the modulo N is performed to calculate the index i + T, and hla,b] = 0ifa # band 1
otherwise.
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In particular, when X = Y, Hx x(7) is referred to as the periodic Hamming auto-
correlation function, which represents the number of frequency collisions between the
sequence X and itself within one sequence period at a relative time delay 7, and is simply
denoted by Hx (7). When X # Y, Hx y(7) is referred to as the periodic Hamming cross-
correlation function, which represents the number of frequency collisions between the
sequences X and Y within one sequence period at a relative time delay 7. Obviously, a
smaller value of Hx y(T) corresponds to fewer collisions between the two sequences, and
hence lower mutual interference.

Definition 2 ([7]). The aperiodic Hamming correlation of FHSs X and Y at a shift T is defined by
N-1-1
Axy(1) = ), hlx,yir<], 0<ST<N. )
i=0

Similarly, when X = Y, Ax x(7) is called the aperiodic Hamming auto-correlation
function, abbreviated as Ax (7). When X # Y, Axy(7) is referred to as the aperiodic
Hamming cross-correlation function.

Definition 3. Let S be a set of M FHSs of period N over an alphabet F of size q. The maximum
aperiodic Hamming auto-correlation function A, (X) for any single FHS X in S, the maximum ape-
riodic Hamming auto-correlation (AHAC) function Aq(S) of S, the maximum aperiodic Hamming
cross-correlation (AHCC) function Ac(S) of S, and the maximum aperiodic Hamming correlation
(AHC) function A, (S) of S are defined respectively as follows:

As(X) = max{Ax(7)|0 < T < N},

As(S) = max{Ax(1)|X € §,0< T < N},

Ac(S) =max{Axy(7)|X, Y € §, X #Y,0< T <N},
An(S) = max{A,(S), A:(S)}.

For brevity, we write A; = A4(S), Ac = Ac(S) and A, = Ay (S) in the subsequent
sections. A single sequence X is called an (N, g; A;(X))-FHS, and the set S is called an
(N, M, g; A (S))-FHS set.

In 2004, Peng and Fan derived the following lower bound on the maximum AHC
Ay, of FHS sets, which serves as one of the important metrics for evaluating the aperiodic
Hamming correlation performance of FHS sets.

Lemma 1 (Peng-Fan aperiodic bounds [7]). Let S be an (N, M, q; Ay, )-FHS set, then

(3VIN—Ng—N—-M—¢g)N
Amz{ (2MN —M —1)(M +q) w ©
and
(41 —N—1)MN — I(I1+1)(M+q)
Ap > { (2MN - M —-1)M W @

where I = [2MN/(M+q) |.

It is claimed that the set S is said to be optimal with respect to the aperiodic Hamming
correlation if its relevant parameters achieve the equal sign of Equation (3) or Equation (4).

https://doi.org/10.3390/e28101094


https://doi.org/10.3390/e28101094

Entropy 2026, 28, 1094

50f11

2.2. Wide-Gap Frequency-Hopping Sequences

Definition 4 ([12,14]). Let S be a set of M FHSs with period N over alphabet F of size q. For any
FHS s; = (s;(0),s;(1),...,5{(N —1)) in S, where 0 < i < M — 1, define

di = min {si(t+1) = si(8)], si(N = 1) =s;(0)[} — 1.

Ifd; > 0, then s; is called a wide-gap frequency-hopping sequence (WGFHS) with minimum gap d;.
For the sequence set S, define

D= min {d,}.
og%ﬂ‘_1{ it

If D > 0, then S is called a WGFHS set with minimum gap D.

In 2025, Tian et al. derived the following bounds on the maximum AHC A, of
WGFHS sets.

Lemma 2 ([18]). Let S bean (N, M, q; Ay )-WGFHS set, then

3MN? — MN —gN? — g
Am 2 [(ZMN—M—Z)(MnLq)-" ©)
and
MN@AI —=N+1)— (I>+1)(M+q)
Ap > { (2MN — M —2)M W ©

where I = [2MN /(M +q) |.

3. New Lower Bounds on the Aperiodic Hamming Correlation of
Wide-Gap Frequency-Hopping Sequence Sets

In this section, we will generalize the traditional Peng—Fan bound on the aperiodic
Hamming correlation for FHSs, and establish two theoretical lower bounds on the maxi-
mum aperiodic Hamming correlation for WGFHS sets with given alphabet size, sequence
period, and number of sequences.

Below, we first introduce the relevant lemma.

Lemma 3 ([7]). Let S be a set of M FHSs with period N over F of size q. For any two FHSs
X,Y € S, denote ] = | MN/q| and

N-1
Q(X,Y) =) Hxy(7). 7)
=0
Then, we have
202
Y oxy) = M
X,YES q

and

Z Q(X,Y) > (2]—|— 1)MN— (]+ 1)1q.
X,YeS

Next, we will derive two lower bounds on the maximum aperiodic Hamming correla-
tion for WGFHS sets.
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Theorem 1. Let S be an (N, M, q; Ay )-WGFHS set with minimum gap D, then

(BMN — Ng+ M+ q)N
Ay >
"= {(2MN—M—5)(M+q) ’ ®
and
A, > (41*N+3)MN—I(I+1)(M+6]) , )
(2MN - M —-5)M

where I = [2MN/(M+q)|.

Proof. Assume that the alphabet, denoted by F, is obtained by adding M distinct frequen-
cies fq, qu, cee, ffH M—1 to the alphabet F of size ¢, and satisfies the following conditions:

(1) Forany fie F, (0 <i<g—1)andany f; € F, (7 <j<g+M—1), we have

fi—fi=zD;
(2) Foranyf;€ F, (9<j<q+M-2),wehave|fi 1 —fj| > Dand|f; m-1— f4| > D.
For any WGFHS x; = (x;(0),x;(1),--- ,x;(N—1))in S = {x;{0 <i < M — 1}, letx;
denote the FHS obtained by appending N consecutive frequencies selected from F to the
right of x;, that is,

X0 = (x0(0), x0(1), -+, x0(N = 1), fo far1,- -+ farna),
X1 = (x1(0),x1(1), -, x1(N = 1), fa, a2, fyn),

vz = (xm—2(0), xp—2(1), - -+, xp—2(N = 1), fyem—2, fgem—1, - farN=3),

1 = (xm-1(0), xp-1(1), -+, xm1(N = 1), fyym—1, fg, -+, farn-2)-

Let S = (X, X1, -+ ,Xp_1), then S denotes a set consisting of M FHSs with period
2N over an alphabet F of size g + M. For any two distinct FHSs ¥; and ¥ in S with i # j,
according to Definitions 1 and 2, we have

A, (T)+ N -7, 0<T<N-1,
HJTHJTZ(T) = O, T = N,
Axx2N—1)+7—N, N+1<7t<2N-1.

and
Ax, i (T), 0<T<N-1,
HJT,,XT(T) = 0, T=N,
ij,xi(ZN— T), N+1<71t<2N-1
Then,
2N-1
Hz, (1)
¥, x€S 7=0
2N-1 2N-1
= Hex(T)+ ), ). Hg %(T)
7eS =0 x5S =0
Y%
N-2
= ) |Hg(0) + He (1) + H(N = 1) + ), He(7) |+
7;63 =2
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2N-2
Y [HXZ.(N) +Hg(N+1)+Hg(2N —1)+ Y Hg(1)|+
fieg T=N+2
N-1 2N-1
Y. | X Hex(m)+ ) Hex(1)
yi,yjeg =0 T=N+1
A%
N-2 2N-2
=2MN+ Y | Y (Ax(D+N-7)|+ Y | ¥ (Ax@N-1)+7-N)|+
X €S [ T=2 X €S | T=N+2
N-1 2N-1
Y Y A+ Y Y Agg(N-7)
xi,x]'ES =0 xi,ijS T=N+1
XiFX; Xi7X;

N-2 N-2 N-1
=2MN+ ) | Y} (Ag(D)+N=-7)|+ Y} | Y (Au(N=T)+7) [+ Y ) Axx(T)
eS| 1=2 xES | T=2 x;, X €S T=0

xi#xj
N-1
Y Y Ay
xi,x]ES =1
x,v;éxj
<2MN + (N —3)MA, + w + (N —3)MA, + w +M(M—1)NA+
M(M—-1)(N—-1)A,
=(N—-1)MN +2(N - 3)MA, + M(M —1)(2N — 1) A.. (10)
According to Lemma 3, we can obtain
2N-1 272
L X Han(0 2 S )
X;,X; XeS = q
and
2N-1
) Hy 5 (1) > 221+ 1)MN — (I +1)(M +q), (12)
%, 5e8S T=
where I = |2MN/(M +q)].
Combining Equations (10)—(12), we have
4M2N2 2N-1
< ) Z Hy; (1) < (N = 1)MN +2(N = 3)MA; + M(M —1)(2N — 1) A,
X, ]68 =
and
2N-1
2QI+1)MN - I(I+1)(M+q) < ) ZH“]
Xi, XJES =

< (N—-1)MN +2(N -3)MA; + M(M —1)(2N — 1) A..
Simplifying the above inequalities yields

2IN=-3)(M+q)As+(M—-1)2N -1)(M+q)Ac > (BMN — Ng+ M+ q)N

https://doi.org/10.3390/e28101094
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and
2(N = 3)MA, + M(M—1)(2N = 1)Ac > (41 — N+ 3)MN — I(I+1)(M + q).
Since Ay, = max{A,, Ac}, we have
(BMN — Nq+M+4q)N
Ay > ’
(2MN — M —5)(M+q)
and

A~ (AI=N+3)MN —I(I+1)(M+q)
"= (2MN — M — 5)M '

This completes the proof. [

By the bounds above, we naturally define the optimality of an aperiodic WGFHS set.

Definition 5. A WGFHS set S is said to be optimal with respect to the aperiodic Hamming
correlation if its relevant parameters achieve the equal sign of Equation (8) or Equation (9).

4. Some Examples of WGFHS Sets with Optimal Aperiodic
Hamming Correlation

In this section, we will present some examples of WGFHS sets to illustrate the tightness of
the bounds derived in Section 3. Among them, the two bounds given by Equations (8) and (9)
are new bounds on the maximum aperiodic Hamming correlation of WGFHS sets.

A natural question is whether these bounds can be achieved under certain FHS
parameters, i.e., whether they are optimal. We obtain an affirmative answer by numerically
evaluating the WGFHS sets in Table 1 via computer programs. Prior to this, we briefly
clarify the notation used herein. “Y” indicates that the corresponding parameters achieve
the equal sign of the above new bounds, and “N” indicates that the parameters cannot
achieve the equal sign of the above new bounds.

The following examples demonstrate that our bounds in Theorem 1 improve the
traditional Peng-Fan aperiodic bounds.

Example 1. Consider a WGFHS set S = {X, Y} with parameters N =5,M =2, =5,D =1,
given by
X =(0,2,4,1,3),

and
Y =(0,3,1,4,2).

It can be verified that A, = 0 and A,, = 1. Computing the right side of the Peng-Fan aperiodic
bounds in Lemma 1 yields

(B3MN—-Ng—N-M-¢)N] _
{ (2MN — M —1)(M +q) W_O’
{(41—N—1)MN—I(I+1)(M+L])W_0
(2MN — M —1)M o

Similarly, computing the right side of the bounds in Lemma 2, we have

7

3MN? — MN —gN? —¢q
[(2MN—M—2)(M+q)W
[MN(4I—N+1)—(12+I)(M+QW _0
(2MN —M —2)M o
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Finally, computing the right side of the new bounds given by Equations (8) and (9), we obtain

7

{BMNNq+M+mNW
(2MN — M —5)(M +q)
{ML—N+$MN—IU+DUM+®}_1

(2MN — M —5)M T

It is evident that the given WGFEHS set is optimal with respect to the new bounds in Theorem 1,
while it is not optimal with respect to the Peng-Fan aperiodic bounds and the aperiodic WGFHSs
bounds in Lemma 2.

In Table 1, we list several parameters of WGFHS sets that are optimal with respect to
the maximum aperiodic Hamming correlation.

Table 1. Some optimal WGFHS sets for aperiodic Hamming correlation.

(N,M, q,D) A, A (3) or (4) (5) or (6) (8) or (9)

G,2,5,1)
(6,20,5,1)
(7,20,5, 1)
(8,19,5,1)
©,19,5,1)
(6,20,6,1)
(7,798, 6,1)
(8,1048, 6, 1)
(7,9836,7, 1)

Z
Z
<

O Rk Rk O Rk R ok Rk o
e e e e e e e e
Z Z Z Z < = Z Z
< = R Z k===
I

Clearly, these numerical examples demonstrate that the proposed bounds are tighter
than the previous aperiodic bounds for many practical parameter ranges.

Remark 1. When the parameters of FHSs satisfy that the denominators in Equations (3)—(6), (8)
and (9) are all positive (otherwise, these formulas become mathematically meaningless and should not
be adopted), we compare the three groups of lower bounds in the following manner. In particular, if
the value computed by the above formulas is negative, the corresponding actual aperiodic Hamming
correlation value should be set to 0. This is because the aperiodic Hamming correlation essentially
represents the number of frequency collisions and cannot be negative.

Comparison of the bounds (without I). Observe that 2MN — M —1 > 2MN - M -2 >
2MN — M — 5 > 0; the denominators on the right sides of Equations (3), (5) and (8) are strictly
decreasing. Meanwhile, the numerators satisfy

[(BMN — Ng + M +q)N] — BMN? — MN — gN? — g] = 2MN + Ng +4 > 0,
and
[BMN? — MN — gN? —g] — [BMN — Ng— N —M —q)N] = N> + g(N — 1) > 0.

Hence, along the right sides of Equations (3), (5) and (8), the numerators are strictly increasing
while the denominators are strictly decreasing; it follows that the right sides of Equations (3), (5)
and (8) are strictly increasing.

https:/ /doi.org/10.3390/e28101094
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Comparison of the bounds (containing I). Similarly, the denominators are again strictly
decreasing along the right sides of Equations (4), (6) and (9). For the numerators,

(4] = N+3)MN — I(I+1)(M+q)] — [MN(4I —= N+1) — (I* + I)(M 4 q)] = 2MN > 0,
and
[MN(4I =N +1) — (P +1)(M+q)] — [(4I =N = 1)MN — I(I +1)(M +q)] = 2MN > 0.

Again, the numerators increase and the denominators decrease along the right sides of
Equations (4), (6) and (9), so the right sides of Equations (4), (6) and (9) are strictly increasing.

Therefore, the proposed bounds in Equations (8) and (9) are strictly tighter than the Peng-Fan
aperiodic bounds in Equations (3) and (4) and the aperiodic WGFHS bounds in Equations (5) and
(6), for any feasible parameter set as described above.

5. Conclusions

In this paper, we derived two lower bounds on the aperiodic Hamming correlation of
WGFHS sets. Extensive numerical examples verify that the proposed lower bounds are
tighter than the existing aperiodic bounds for both FHSs and WGFHSs. These results not
only enrich the theoretical framework of WGFHSs but also provide theoretical performance
benchmarks for practical anti-jamming FH system design.

One limitation of the present work is that the resulting expressions do not explicitly
involve the minimum gap parameter D, despite the fact that the wide-gap condition
corresponding to parameter D serves as an essential prerequisite throughout the proof. In
the final closed-form expressions presented in the paper, such dependence is incorporated
only via the worst-case counting argument. Therefore, future research directions include
deriving bounds that explicitly depend on D, as well as constructing infinite families
of WGFHS sets attaining our newly derived bounds. Explicit algebraic constructions
for optimal WGFHS sets under the aperiodic Hamming correlation criterion remain an
interesting open problem worthy of further investigation.
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