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Abstract: The notion of J-mutual information between non-stochastic uncertain variables
is introduced as a generalization of Nair’s non-stochastic information functional. Several
properties of this new quantity are illustrated and used in a communication setting to
show that the largest §-mutual information between received and transmitted codewords
over e-noise channels equals the (¢, §)-capacity. This notion of capacity generalizes the
Kolmogorov e-capacity to packing sets of overlap at most J and is a variation of a previous
definition proposed by one of the authors. Results are then extended to more general noise
models, including non-stochastic, memoryless, and stationary channels. The presented
theory admits the possibility of decoding errors, as in classical information theory, while
retaining the worst-case, non-stochastic character of Kolmogorov’s approach.

Keywords: e-capacity; (¢, §)-capacity; mutual information; non-stochastic uncertainty

1. Introduction

Shannon’s celebrated channel coding theorem states that the capacity is the supremum
of the mutual information between the input and the output of the channel [1]. In this
setting, the mutual information is intended as the amount of information obtained regarding
the random variable at the input of the channel by observing the random variable at the
output of the channel, and the capacity is the largest rate of communication that can be
achieved with an arbitrarily small probability of error. In an effort to provide an analogous
result for safety-critical control systems where occasional decoding errors can result in
catastrophic failures, Nair introduced a non-stochastic mutual information functional
and established that this equals the zero-error capacity [2], namely the largest rate of
communication that can be achieved with zero probability of error. Nair’s approach is
based on the calculus of non-stochastic uncertain variables (UVs), and his definition of
mutual information in a non-stochastic setting is based on the quantization of the range
of uncertainty of a UV induced by the knowledge of the other. While Shannon’s theorem
leads to a single letter expression, Nair’s result is multi-letter, involving the non-stochastic
information between codeword blocks of n symbols. The zero-error capacity can also be
formulated as a graph-theoretic property, and the absence of a single-letter expression
for general graphs is well known [3,4]. Extensions of Nair’s non-stochastic approach to
characterize the zero-error capacity in the presence of feedback from the receiver to the
transmitter using nonstochastic directed mutual information have been considered in [5].
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Kolmogorov introduced the notion of e-capacity in the context of functional spaces as
the logarithm base two of the packing number of the space, namely the logarithm of the
maximum number of balls of radius € that can be placed in the space without overlap [6].
Determining this number is analogous to designing a channel codebook such that the
distance between any two codewords is at least 2¢. In this way, any transmitted codeword
that is subject to a perturbation of, at most, € can be recovered at the receiver without
error. It follows that the e-capacity per transmitted symbol (viz. per signal dimension)
corresponds to the zero-error capacity of an additive channel having arbitrary bounded
noise of the radius at most €. Lim and Franceschetti extended this concept introducing the
(€,0) capacity [7], defined as the logarithm base two of the largest number of balls of radius
€ that can be placed in the space with an average codeword overlap of, at most, J. In this
setting, 6 measures the amount of error that can be tolerated when designing a codebook in
a non-stochastic setting, and the (€, §) capacity per transmitted symbol corresponds to the
largest rate of communication with error at most ¢.

The first contribution of this paper is to consider a generalization of Nair’s mutual
information based on a quantization of the range of uncertainty of a UV given the knowl-
edge of another, which reduces the uncertainty to, at most, J, and to show that this new
notion corresponds to the (¢, ) capacity. Our definition of (€, §) capacity is a variation of
the one in [7], as it is required to bound the overlap between any pair of balls, rather than
the average overlap. For 6 = 0, we recover Nair’s result for the Kolmogorov e-capacity
or, equivalently, for the zero-error capacity of an additive, bounded noise channel. We
then extend the results to more general channels where the noise can be different across
codewords and is not necessarily contained within a ball of radius €. Finally, we consider
the class of non-stochastic, memoryless, stationary uncertain channels, where the noise
experienced by a codeword of 1 symbols factorizes into n identical terms describing the
noise experienced by each codeword symbol. This is the non-stochastic analog of a dis-
crete memoryless channel (DMC), where the current output symbol depends only on the
current input symbol, not on any of the previous input symbols, and where the noise
distribution is constant across symbol transmissions and differs from Kolmogorov’s e-noise
channel, where the noise experienced by one symbol affects the noise experienced by other
symbols (in Kolmogorov’s setting, the noise occurs within a ball of radius €. It follows
that for any realization where the noise along one dimension (viz. symbol) is close to €,
the noise experienced by all other symbols lying in the remaining dimensions must be
close to zero.). Letting (1 — 6,,) be the confidence of correct decoding after transmitting n
symbols, we introduce several notions of capacity and establish coding theorems in terms
of mutual information for all of them, including a generalization of the zero-error capacity
that requires the error sequence {J, } to remain constant and a non-stochastic analog of
Shannon'’s capacity that requires the error sequence to vanish, as in n — co.

Finally, since in Nair’s case, all of our results are multi-letter, in the Supplementary
Materials, we provide some sufficient conditions for the factorization of the mutual infor-
mation leading to a single-letter expression for the non-stochastic capacity of stationary,
memoryless, uncertain channels, provide some examples in which these conditions are
satisfied, and compute the corresponding capacity.

The rest of the paper is organized as follows: Section 2 introduces the mathemati-
cal framework of non-stochastic uncertain variables that are used throughout the paper.
Section 3 introduces the concept of non-stochastic mutual information. Section 4 gives
an operational definition of the capacity of a communication channel and relates it to the
mutual information. Section 5 extends the results to more general channel models, and
Section 6 concentrates on the special case of stationary, memoryless, uncertain channels.
Section 7 draws conclusions and discusses future directions.
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2. Uncertain Variables

We start by reviewing the mathematical framework used in [2] to describe UVs. A
UV X is a mapping from a sample space () to a set 2, i.e., for all w € (), we have
x = X(w) € 2, namely

X: Q-2
w— X(w) = x. B
Given a UV X, the marginal range of X is

IX] = {X(w) : w € Q). @

The joint range of the two UVs X and Y is
[X, Y] = {(X(w), Y(w)) : w € O} 3)

Given a UV Y, the conditional range of X given Y =y is

[X]y] = {X(w) : Y(w) =y, w € O}, 4)

and the conditional range of X given Y is
[XIY] = {[X]y] -y € [Y]}- ®)

Thus, [X|Y] denotes the uncertainty in X, given the realization of Y and that [X, Y] repre-
sents the total joint uncertainty of X and Y, namely

[X, Y] = Upepyp [XIy] x {y}. (6)
Finally, two UVs, X and Y, are independent if for all x € [X],
[Y[x] = Y], )
which also implies that for all y € [Y],
[X]yl = [X]. (®)

3. 6-Mutual Information
3.1. Uncertainty Function

We now introduce a class of functions that are used to express the amount of un-
certainty in determining one UV given another. In our setting, an uncertainty function
associates a positive number with a given set, which expresses the “massiveness” or “size”
of that set.

Definition 1. Given the set of non-negative real numbers Ry and any set of 2, m g : 27— Ry
is an uncertainty function if it is finite and strongly transitive:
We have m 9- (D) = 0, and forall ¥ C X', # Q,

0<mg () < oo. )
Forall &, C %, we have

max{mg-(Yl),m%-(Yz)} < T’l’lggf(yl Uyz). (10)
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In the case where 2" is measurable, an uncertainty function can easily be constructed
using a measure. In the case where 2" is a bounded (not necessarily measurable) metric
space and the input set .7 contains at least two points, an example of an uncertainty
function is the diameter.

3.2. Association and Dissociation Between UV's

We now introduce notions of association and dissociation between UVs. In the fol-
lowing definitions, we let m 4-(.) and mg (.) be uncertainity functions defined over sets
Z and % corresponding to UVs X and Y. We use the notation &/~ ¢ to indicate that for
alla € o/, we have a > §. Similarly, we use &/ = ¢ to indicate that for all 2 € &/, we have
a < 4, where &/ C Rand § € R. For & = @, we assume that &/ =< ¢ is always satisfied,
while &/ > § is not. Whenever we consider i # j, we also assume that y; # y; and x; # x;,
where x;, x; € [X] and y;, y; € [Y].

Definition 2. The sets of association for UVs X and Y are

A (Y;X) = {m@(ﬂﬂ;(ﬂ[;ﬂﬂ)ﬂxzm L X, € [[X]]} \ {0} (12)

The sets of association are used to describe the correlation between two uncertain
variables. Since m 9 (@) = 0, the exclusion of the zero value in (11) and (12) occurs when
there is no overlap between the two conditional ranges.

Definition 3. For any 61,6, € [0,1), UVs X and Y are disassociated at levels (61,0, ) if the
following inequalities hold:
A (X;Y) = 64, (13)

A (Y;X) = 6, (14)

and, in this case, we write (X,Y) & (61,62).

Having UVs X and Y be disassociated at levels (J1,6,) indicates that at least two
conditional ranges [X|y1] and [X|y.] have non-zero overlap and that, given any two
conditional ranges, either they do not overlap or the uncertainty associated with their
overlap is greater than a ¢; fraction of the total uncertainty associated with [X]; the same
holds for conditional ranges [Y|x1] and [Y|x,] and for level d,. The levels of disassociation
can be viewed as lower bounds in the amount of residual uncertainty in each variable
when the other is known. If X and Y are independent, then all the conditional ranges
completely overlap, <7 (X;Y) and <7 (Y; X) contain only the element one, and the variables
are maximally disassociated (see Figure 1a).

In this case, knowledge of Y does not reduce the uncertainty of X, and vice versa. On
the other hand, when the uncertainty associated with any of the non-zero intersections of
the conditional ranges decreases but remains positive, X and Y become less disassociated
in the sense that knowledge of Y can reduce the residual uncertainty of X, and vice versa
(see Figure 1b). When the intersection between every pair of conditional ranges becomes
empty, the variables cease to be disassociated (see Figure 1c). Note that excluding the value
of 1 in the definition of disassociation allows us to distinguish the case of disassociation
from the case of full independence.
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(2) (b) ©

Figure 1. [llustration of disassociation between UVs. Case (a): variables are maximally disassociated,
and all conditional ranges completely overlap, in that all conditional ranges are equal to [X] (or [Y]).
Case (b): variables are disassociated at some levels (d1,d;), and there is some overlap between at
least two conditional ranges. Case (c): variables are not disassociated at any levels, and there is no
overlap between the conditional ranges.

An analogous definition of association is given to provide upper bounds on the
residual uncertainty of one uncertain variable when the other is known.

Definition 4. For any 61,6, € [0,1], we say that UVs X and Y are associated at levels (61,067) if
the following inequalities hold:
A (X;Y) 261, (15)

A (Y;X) = b, (16)

and in this case, we write (X,Y) & (31,5,).

Note that 41,0, = 1 is included in Definition 4 and not in Definition 3. This is because
in Definition 3, we have a strict lower bound on the uncertainty in the association sets.

The following lemma provides the necessary and sufficient conditions for association
to hold at given levels. These conditions are stated for all points in the marginal ranges [Y]
and [X]. They show that in the case of association, one can also include in the definition
the conditional ranges that have zero intersection. This is not the case for disassociation.

Lemma 1. Forany 61,0, € [0,1], (X,Y) & (81, 62) if and only if for all yy,y» € [Y], we have

m g ([X|y1] N [X]y2]])
o (X)) =V

(17)

and for all x1,xy € [X], we have

magy ([Y|x1] N [Y]x2]])
my () =% (19

Proof. The proof is given in Appendix A. O

An immediate yet important consequence of our definitions is that both association
and disassociation at given levels (41, d,) cannot hold simultaneously. We also understand
that, given any two UVs, one can always select J; and &, to be large enough such that they
are associated at levels (81, d2). In contrast, as the smallest value in the sets A(X;Y) and
A(Y; X) tends towards zero, the variables eventually cease to be disassociated. Finally, it
is possible that two uncertain variables are neither associated nor disassociated at given
levels (61,07). Also, any two uncertain variables are associated at level (1,1) trivially
by definition.
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Example 1. Consider three individuals, a, b, and c, are going for a walk along a path. Assume
they take, at most, 15, 20, and 10 min to finish their walk, respectively. Assume a starts walking at
time 5:00, b starts walking at 5:10, and c starts walking at 5:20. Figure 2 shows the possible time
intervals for the walkers on the path. Let an uncertain variable W represent the set of walkers that
are present on the path at any time and an uncertain variable T represent the time at which any
walker on the path finishes their walk. Then, we have the following marginal ranges:

[[W]] = {{a}r{b}’ {c},{a,b},{b,c}}, (19)
[T] = [5: 00,5 : 30]. (20)

We also have the following conditional ranges:

[T|{a}] = [5: 00,5 : 15], (21)
[T|{b}] = [5: 10,5 : 30], (22)
[T|{c}] = [5: 20,5 : 30], (23)
[T|{a,b}] = [5: 10,5 : 15], (24)
[TI{b,c}] = [5: 20,5 : 30]. (25)

Forall t € [5:00,5:10), we have
[Wie] = {{a}}; (26)

forall t € [5:10,5:15], we have
W[t] = {{a b}, {a}, {b}}; (27)

forall t € (5:15,5:20), we have
[Wie] = {{b}}; (28)

and for all t € [5:20,5:30], we have

[Wit] = {{b,c}, {b}, {c}}. (29)

Now, let the uncertainty function of a time set .7 be

(30)

(o)~ JE + 017 20,
m =
7 0 otherwise ,

where L(-) is the Lebesgue measure. Let the uncertainty function my (.) associated with a set of
individuals be the cardinality of the set. Then, the sets of association are

o (W;T)=1{1/5,3/5}, (31)
o (T; W) ={3/8,1/2}. (32)

It follows that for all 61 < 1/5 and 6, < 3/8, we have
(W, T) & (61,6,), (33)

and the residual uncertainty in W given T is at least a 61 fraction of the total uncertainty in W,
while the residual uncertainty in T given W is at least a d, fraction of the total uncertainty in T.
On the other hand, for all 61 > 3/5 and 65 > 1/2, we have
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(W, T) & (61,62), (34)

and the residual uncertainty in W given T is at most a 61 fraction of the total uncertainty in W,
while the residual uncertainty in T given W is at most a d; fraction of the total uncertainty in T.

Finally, if 1/5 < 61 < 3/50r3/8 < 6, < 1/2, then W and T are neither associated
nor disassociated.

a C

1 | 1 1

I 1 I 1

| | | | | | |

! | | | | | 1
5:00 5:05 5:10 5:15  5:20  5:25  5:30

Figure 2. Illustration of the possible time intervals for the walkers on the path.

3.3. 0-Mutual Information

We now introduce the mutual information between uncertain variables in terms of
some structural properties of covering sets. Intuitively, for any § € [0,1] the J-mutual
information, expressed in bits, represents the most refined knowledge that one uncertain
variable provides about the other at a given level of confidence (1 — §). We express this
idea by considering the quantization of the range of uncertainty of one variable, induced by
the knowledge of the other. Such quantization ensures that the variable can be identified
with uncertainty at most . The notions of association and disassociation introduced above
are used to ensure that the mutual information is well defined, in that it can be positive
and exhibits a certain symmetric property.

Definition 5. d-Connectedness and d-isolation.

e Foranyé € [0,1], points x1, xp € [X] are 6-connected via [ X|Y] and are denoted by xq o o)
if there exists a finite sequence {[X|y;]} X, of conditional sets such that x; € [X|y1], x2 €
[X|yn] and for all 1 < i < N, we have

my ([X]yi] N [X[yi-])
5 (IX]) > 0. (35)

If x1 R xp and N = 1, then we say that x1 and x, are singly d-connected via [X|Y], i.e.,
there exists a y such that x1,x, € [X|y].

e Aset.” C [X] is 6-connected via [X|Y] if every pair of points in the set is 5-connected
via [X|Y].

o Aset.” C[X] is singly 6-connected via [X|Y] if there exists a y € [Y] such that every point
in the set is contained in [X|y], namely .7 C [X|y].

e Twosets S, C [X] are é-isolated via [X|Y] if no point in 7] is 5-connected to any point
in yz.

Example 2. Consider the same setting discussed in Example 1. For 6 = 2/8, two points at
times 5:05 and 5:25 € [T]| are d-connected. The sequence of conditional sets connecting the
two points is {[T|{a}], [T|{b}]}, where the sets are defined in (21) and (22). This is because
5:05 € [T|{a}],5: 25 € [T|{b}] and

mz ([THa} ] O ITHO) _ 3 _ 5 (36)

m 7 ([T]) 8

For all 6 > 0, two points at times 5:00 and 5:05 € [T| are singly §-connected since
5:00,5:05 € [T|{a}].
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Likewise, for all 6 > 0, the set . = {[T|{a}]} is singly d-connected by definition.
For 6 = 2/8, the set . = {[T|{a}], [T|{b}]} is d-connected. This is because for all
x1,x € .7, one of the following scenarios holds:

*  x1,x € [T{a}].
*  x1,x € [T{b}].
e xp € [T|{a}] and x, € [T|{b}], or vice-versa.
In the first two scenarios, the points x1 and x; are singly 6-connected. In the third scenario,
the points are 6-connected since

mg ([THa}] NITHY) _ 3 _ & (37)

m 7 ([T]) 8

Forall 6 > 0, the two sets [T|{a}] and [T|{c}] are é-isolated since there is no overlap between
the two sets.

Definition 6. J-overlap family.
Forany 6 € [0,1], a [X|Y] 6-overlap family of [X], denoted by [X|Y]}, is the largest family of
distinct sets covering [X], such that

1. Each set in the family is 6-connected and contains at least one singly d-connected set of the
form [X|y].

2. The measure of overlap between any two distinct sets in the family is at most ém o ([X]), namely
forall 71,75 € [X|Y]5, such that .71 # .#5; we also have m g (.71 N ) < dm g ([X]).

3. For every singly d-connected set, there exist a set in the family containing it.

The first property of the J-overlap family ensures that points in the same set of the
family cannot be distinguished with confidence of at least (1 — ), while also ensuring that
each set cannot be arbitrarily small. The second and third properties ensure that points
that are not covered by the same set of the family can be distinguished with confidence of
at least (1 — ¢). It follows that the cardinality of the covering family represents the most
refined knowledge at a given level of confidence (1 — §) that we can have about X, given
the knowledge of Y. This also corresponds to the most refined quantization of the set [X]
induced by Y. This interpretation is analogous to the one in [2], extending the concept of
overlap partition introduced there to a -overlap family in this work. The stage is now set
to introduce the J-mutual information in terms of the d-overlap family.

Definition 7. The 6-mutual information provided by Y about X is
I5(X;Y) = log, |[X|Y]5] bits, (38)
if a [X|Y] é-overlap family of [X] exists; otherwise, it is zero.

We now show that when variables are associated at level (J, d,), there exists a 6-overlap
family, so that the mutual information is well defined.

Theorem 1. If (X,Y) <5 (6,02), then there exists a 6-overlap family [X|Y].
Proof. We show that

[XIY] = {[X|y] : y € [Y]} (39)

satisfies all the three properties of 6-overlap family in Definition 6. First, note that [X|Y]
is a cover of [X], since [X] = U,y [X|y], even though [X|y] for different y may overlap
with each other. Second, each set in the family [X|Y] is singly J-connected via [X|Y], since
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trivially, any two points x, x, € [X|y] are singly é-connected via the same set. It follows
that Property 1 of Definition 6 holds.
Now, since (X,Y) < (6,8,), then by Lemma 1, for all y1,y, € [Y], we have

m g ([X|ya] N [X]y2])
(X))

which shows that Property 2 of Definition 6 holds. Finally, it is also easy to see that Property
3 of Definition 6 holds, since [X|Y] contains all sets [X|y]. Hence, [X|Y] satisfies all the
three properties in Definition 6, which implies that there exists at least one set satisfying

(40)

these conditions. Hence, the maximum over these sets is defined and the claim follows. [

Next, we show that a §-overlap family also exists when variables are disassociated at
level (4,97). In this case, we also characterize the mutual information in terms of a partition
of [X].

Definition 8. J-isolated partition.
A [X|Y] é-isolated partition of [X], denoted by [X|Y]s, is a partition of [X]| such that any two sets
in the partition are d-isolated via [X|Y].

Theorem 2. If (X,Y) & (6,82), then the following holds:
1. There exists a unique 5-overlap family [X|Y]j.
2. The d-overlap family is the d-isolated partition of largest cardinality, in that, for any [X|Y]s,

we have
IIXIYTs| < [IX[YT31, (41)

where the equality holds if and only if [ X|Y]s = [X|YTj.

Proof. First, we show the existence of a J-overlap family. For all x € [X], let € (x) be the
set of points that are é-connected to x via [X|Y], namely

Cx)={xe[X]:x Lo x1}. (42)

Then, we let
C={%(x):xe[X]}, (43)

and show that this is a J-overlap family. First, note that since [X] = U »c¢., we know
that C is a cover of [X]. Second, for all ¥(x) € C, there exists a y € [Y] such that
x € [X]y], and since any two points x1,x, € [X|y] are singly d-connected via [X|Y], we
understand that [X|y] C € (x). It follows that every set in the family C contains at least
one singly d-connected set. For all x1, x, € €(x), we also have x; Lo x and x o Xp. Since
(X,Y) & (6,02), by Lemma A2 in Appendix C, this implies that xq s xp. Tt follows that
every set in the family C is §-connected and contains at least one singly J-connected set,
and we conclude that Property 1 of Definition 6 is satisfied.
We now claim that for all xq, x, € [X], if

% (x1) # € (x2), (44)

then
m g (€ (x1) N € (x2)) = 0. (45)

This can be proven by contradiction. Let € (x1) # ¢ (x2) and assume that m 4 (€ (x1) N
€(x2)) # 0. By (9), this implies that €(x1) N €(x2) # @. We can then select
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z € €(x1) N € (xz), such that we have z o x1 and z o xp. Since (X,Y) & (6,02),
by Lemma A2 in Appendix C, this also implies that x; o xp , and, therefore, € (x1) =
¢ (x2), which is a contradiction. It follows that if € (x1) # %(x2), then we must have
mqg (€ (x1) N€(x2)) = 0, and, therefore,

o (€(x) NE ()
may (K 0S¢ (46)

We conclude that Property 2 of Definition 6 is satisfied.

Finally, we understand that for any singly -connected set [X|y], there exist an x € [X]
such that x € [X|y], which by, (42), implies that [X|y] C ¢(x). Namely, for every singly
J-connected set, there exist a set in the family containing it. We can then conclude that C
satisfies all the properties of a 5-overlap family.

Next, we show that C is a unique J-overlap family, which implies that this is also
the largest set satisfying the three conditions in Definition 6. By contradiction, consider
another d-overlap family D. For all x € [X], let Z(x) denote a set in D containing x. Then,
using the definition of ¢’(x) and the fact that Z(x) is é-connected, it follows that

P(x) C € (x). (47)
Next, we show that for all x € [X]), we also have
€(x) C 2(x), (48)

from which, we conclude that D = C.
The proof of (48) is also obtained by contradiction. Assume there exists a point

¥ € €(x)\ Z2(x). Since both x and ¥ are contained in ¢(x), ¥ e x. Let x* be a point
in a singly connected set that is contained in Z(x), namely x* € [X|y*] € 2(x). Since

both x and x* are in 2(x), we understand that x % x*. Since (X,Y) & (6,0,), we can

apply Lemma A2 in Appendix C to conclude that % % x*. Tt follows that there exists a
sequence of conditional ranges {[X|y;]}Y, such that ¥ € [X|y;] and x* € [X|yn], which
satisfies (35). Since x* is in both [X|yn] and [X|y*], we obtain [X|yn] N [X|y*] # @, and
since (X, Y) ﬁ) (6,62), we obtain

m g ([X[yn] N [X]y*])
m g ([X])

Without loss of generality, we can then assume that the last element of our sequence is

> 4. (49)

[X|y*]. By Property 3 of Definition 6, every conditional range in the sequence must be
contained in some set of the -overlap family D. Since [X|y*] C Z(x) and [X|y1] € 2(x),
it follows that there exist two consecutive conditional ranges along the sequence and two
sets of the J-overlap family covering them, such that [X|y;_1] € Z(x;_1), [X|yi] € 2(x;),
and Z(x;_1) # Z(x;). Then, we have

my (2(xi—1) N 2(x;))

= my (([Xlyi ] N [X|yi]) U(2(x; 1) N 2(x7)))

(a) (50)
> mg ([X|yi—1] 0 [X]yi])

2 m o (IX]),

where (a) follows from (10) and (b) follows from (35). It follows that
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ma (2(xi—1) N D(x;))
m g ([X])

and Property 2 of Definition 6 is violated. Thus, ¥ does not exists, which implies

> 9, (51)

¢ (x) C 2(x). Combining (47) and (48), we conclude that the d-overlap family C is unique.

We now turn to the proof of the second part of the theorem. Since by (46), the
uncertainty associated with the overlap between any two sets of the J-overlap family C is
zero, it follows that C is also a partition.

Now, we show that C is also a J-isolated partition. This can be proven by contra-
diction. Assume that C is not a J-isolated partition. Then, there exists two distinct sets
€(x1),%€(x2) € C such that €(x1) and ¢ (x) are not d-isolated. This implies that there
exists a point ¥; € €' (x1) and %, € € (x7) such that ¥, o %. Using the fact that ¢’(x;) and
€ (xy) are -connected and Lemma A2 in Appendix C, this implies that all points in the
set ¢'(x1) are d-connected to all points in the set (x;). Now, let x] and x5 be points in a
singly d-connected set contained in % (x1) and ¢'(xy), respectively: x7 € [X|y;] C € (x1)
and x; € [X|y;] € €(x2). Since xj NN x5, there exists a sequence of conditional ranges
{[X|y]}Y, satisfying (35), such that x; € [X|y1] and x € [X|yn]. Without loss of gen-
erality, we can assume [X|y;] = [X|y;] and [X|y2] = [X|y;]. Since C is a partition, we
understand that [X|yj] € € (xq) and [X|y;] € € (x1). It follows that there exist two con-
secutive conditional ranges along the sequence {[X|y;] }fi ; and two sets of the -overlap
family C covering them, such that [X|y;_1] C ¢(x;_1) and [X|y;] € ¥(x;) and that
€(xi_1) # € (x;). Similarly to (50), we hold that

mo (€(xi—1) NE(x;))
m g ([X])

and Property 2 of Definition 6 is violated. Thus, ¢'(x1) and ¢ (x2) do not exist, which

>4, (52)

implies that C is a d-isolated partition.

Let P be any other é-isolated partition. We wish to show that |C| > |P| and that the
equality holds if and only if P = C. First, note that every set 4 (x) € C can intersect, at
most, one set in P; otherwise, the sets in P would not be §-isolated. Second, since C is a
cover of [X], every set in P must be intersected by at least one set in C. It follows that

ICl = [P]. (53)

Now, assume the equality holds. In this case, there is a one-to-one correspondence & :
C — P, such that for all x € [X], we have ¥ (x) C £(%(x)), and since both C and P are
partitions of [X], it follows that C = P. Conversely, assuming that C = P, then |C| = |P|
follows trivially. [

We have introduced the notion of mutual information from Y to X in terms of the
conditional range [X|Y]. Since, in general, we have [X|Y] # [Y|X], one may expect the
definition of mutual information to be asymmetric in its arguments. Namely, the amount of
information provided about X by the knowledge of Y may not be the same as the amount of
information provided about Y by the knowledge of X. Although this is true in general, we
show that for disassociated UVs, symmetry is retained, provided that when swapping X
with Y, one also rescales ¢ appropriately. The following theorem establishes the symmetry
in the mutual information under the appropriate scaling of the parameters ¢; and d,. The
proof requires the introduction of the notions of taxicab connectedness, taxicab family, and
taxicab partition, which are given in Appendix C.1, along with the proof of the theorem.
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Theorem 3. If (X,Y) & (61,062) and a (81, 62)-taxicab family of [X, Y] exists, then we have
Is, (X;Y) =I5, (Y; X). (54)

4. (e,0)-Capacity

We now give a definition of the capacity of a communication channel and relate it
to the notion of mutual information between the UVs introduced above. We consider a
normed space £ to be totally bounded if, for every € > 0, 2" can be covered by a finite
number of open balls of radius €. We let 2" be a totally bounded, normed space such that
forall x € 2, we have ||x|| <1, where ||.|| represents the norm. This normalization is for
convenience in the notation process, and all results can easily be extended to metric spaces
of any bounded norm. Let X C 2" be a discrete set of points in the space, which represents
a codebook.

Definition 9. e-perturbation channel.
A channel is called e-perturbation if for any transmitted codeword x € X, x is received with noise
perturbation at most €. Namely, we receive a point in the set

Se(x) ={y € 2"+ |x —yll < e}. (55)

Given the codebook & is transmitted over an e-perturbation channel, all received
codewords lie in the set Y = J,cx Se(x), where Y C & = 2. Transmitted codewords can
be decoded correctly as long as the corresponding uncertainty sets at the receiver do not
overlap. This can be achieved by simply associating the received codeword to the point in
the codebook that is closest to it.

For any x1, x, € X, we now let

, (56)

e (x1, xg) = M2 (5elx1) 0 Se(x2))
o Moy (7)

where mgy (.) is an uncertainty function defined over the space %. We also assume without
loss of generality that the uncertainty associated with the whole space %" of received code-
words is mg (%) = 1. Finally, we let Ve C % be the smallest uncertainty set corresponding
to a transmitted codeword, namely Ve = S¢(x*), where x* = argmin, . »- mg (Se(x)). The
quantity 1 — e.(x1, x2) can be viewed as the confidence we have in not confusing x; and
X7 in any transmission or, equivalently, as the amount of adversarial effort required to
induce a confusion between the two codewords. For example, if the uncertainty function is
constructed using a measure, then all the erroneous codewords generated by an adversary
to decode x; instead of x1 must lie inside the equivocation set depicted in Figure 3, whose
relative size is given by (56). The smaller the equivocation set is, the larger the effort
required by the adversary to induce an error must be. If the uncertainty function represents
the diameter of the set, then all the erroneous codewords generated by an adversary to
decode x; instead of x; will be close to each other in the sense of (56). Once again, the
closer the possible erroneous codewords are, the harder it must be for the adversary to
generate an error, since any small deviation allows the decoder to correctly identify the
transmitted codeword.

We now introduce the notion of a distinguishable codebook, ensuring that every code-
word cannot be confused with any other codeword, rather than with a specific one, at a
given level of confidence.
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equivocation set

56(1'1) 56(332)

Figure 3. The size of the equivocation set is inversely proportional to the amount of adversarial effort
required to induce an error.

Definition 10. (e, §)-distinguishable codebook.
Forany 0 < e < 1,0 < < mgy (Ve), a codebook X C 2 is (€,0)-distinguishable if for all
x1,% € X, we have ec(x1, %) < 6/|X|.

For any (¢, §)-distinguishable codebook X and x € X, we let

ee(x) =) ee(x,x). (57)
X' eX:x!#x

It now follows from Definition 10 that
ee(x) <9, (58)

and each codeword in an (g, §)-distinguishable codebook can be decoded correctly with
confidence of at least 1 — J. Definition 10 guarantees even more, namely that the confidence
of not confusing any pair of codewords is uniformly bounded by 1 — ¢/|X|. This stronger
constraint implies that we cannot “balance” the error associated with a codeword trans-
mission by allowing some decoding pair to have a lower confidence and enforcing other
pairs to have higher confidence. This is the main difference between our definition and the
one used in [7], which bounds the average confidence and allows us to relate the notion of
capacity to the mutual information between pairs of codewords.

Definition 11. (e, 6)-capacity.
For any totally bounded, normed metric space £, 0 < € < 1,0 < § < mg (Ve), and the
(e, 0)-capacity of 2 is
C¢ = sup log, | X| bits, (59)
xezd

where 2.0 = {X : X is (e,0)-distinguishable} is the set of (e, &)-distinguishable codebooks.

The (e, §)-capacity represents the largest number of bits that can be communicated
by using any (e, d)-distinguishable codebook. The corresponding geometric picture is
illustrated in Figure 4. For § = 0, our notion of capacity reduces to Kolmogorov’s e-capacity,
which is the logarithm of the packing number of the space with balls of radius .

6>0

Figure 4. Illustration of the (¢, §)-capacity in terms of packing e-balls with maximum overlap 4.
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In the definition of capacity, we have restricted 6 < mg (Ve) to rule out cases when
the decoding error can be at least as large as the error introduced by the channel and when
the (e, )-capacity is infinite. Also, note that mg (Ve) < 1since Ve C ¢ and (10) holds.

We now relate our operational definition of capacity to the notion of UVs and mutual
information introduced in Section 3. Let X be the UV corresponding to the transmitted
codeword. Thisisamap X : & — X and [X] = X C £. Likewise, let Y be the UV
corresponding to the received codeword. Thisisamap Y : % — YVand [Y] =Y C #. For
our e-perturbation channel, these UVs are such that for all y € [Y] and x € [X], we have

[YIx] = {y e YT: lx —yll < e}, (60)
[Xly] = {x € [X] : [[x —yll < e}, (61)

(see Figure 5). Clearly, the set in (60) is continuous, while the set in (61) is discrete.

[Yl=]

Figure 5. Conditional ranges [Y|x] and [X|y] due to the e-perturbation channel.

To measure the levels of association and disassociation between X and Y, we use an
uncertainty function m 4 (.) defined over 2" and mgy (.) defined over #'. We introduce the
feasible set

Fs ={X:[X] € &, and either
(X, ) & (0,6/|[X])) (€2)
or (X,Y) & (1,6/([X]])},
representing the set of UVs X such that the marginal range [X] is a discrete set repre-
senting a codebook, and the UV can either achieve (0,6/|[X]|) levels of disassociation
or (1,6/|[X]|) levels of association with Y. In our channel model, this feasible set also

depends on the e-perturbation through (60) and (61).
We can now state the non-stochastic channel coding theorem for our e-perturbation channel.

Theorem 4. For any totally bounded, normed metric space 2, e-perturbation channel satisfy-
ing (60) and (61),0 < e < 1,and 0 < 6 < mgy (Ve), we have

o= sup Is 1) (Y3 X) bits. (63)
XeF5,0<6/may ([Y])

Proof. First, we show that there exists a UV X and § < §/mgy ([Y]) such that X € Z,
which implies that the supremum is well defined. Second, for all X and ¢ such that

X e 9\5, (64)

and
5

IN

/may ([Y]), (65)
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we show that

Finally, we show the existence of X € .Z5and § < 6/my ([Y]) such that L5/ (Y;X) = C.
Let us begin with the first step. Consider a point x € Z". Let X be a UV such that

[X] = {x}. (67)
Then, we hold that the marginal range of the UV Y corresponding to the received variable is
[Y] = [xix], (68)
and, therefore, for all y € [Y], we have
[X]y] = {x}. (69)
Using Definition 2 and (67), we hold that
o (Y;X) =@, (70)

because [X] consists of a single point, and, therefore, the set in (12) is empty.
On the other hand, using Definition 2 and (69), we have

1}if 3 Y
S (XY) = {1} if 3y, y2 € [Y], 1)
@  otherwise.
Using (70), and since ./ < 4 holds for &/ = &, we have
A (Y; X) 26/ (|[X][ma (IY]))- (72)
Similarly, using (71), we have
F(X;Y) X1 (73)
Now, combining (72) and (73), we have
(X,Y) & (1,8/([[X]Ima ([Y])))- (74)

Letting 6 = 6/mg ([Y]), this implies that X € .#; and the first step of the proof is complete.
To prove the second step, we define the set of discrete UVs

G ={X:[X] C 2,35 <6/my([Y])
such that V.1, % € [Y|X], (75)
my (1 0.72) /my ([Y]) < 8/11X]},
which is a larger set than the one containing all UVs X that are (1,4/|[X]]|) associated with

Y. Now, we will show that if a UV X € ¢, then the corresponding codebook X' € 2. If
X € ¢, then there exists a § < §/my ([Y]) such that for all .#,.%5 € [Y|X], we have

my (S10.7) _ 6
my ([YD)  ~ [IX]I

It follows that for all x1, x; € [X], we have

(76)
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my (Y] N[Y|x]) o &
may ([YT) - |IX1
Using X = [X], (60), [Y] = Y = Uqycx Se(x) and may (%) = 1, for all x1,x2 € X, we have

(77)

My (Se(x1) NSe(x2)) _ dmy ([Y])
my (%) I
(78)
@ 5
S EYI
]
where (a) follows from § < §/mg ([Y]). Putting things together, it follows that
Xe¥9 — X2yl (79)
Consider now a pair of X and 4 such that § < 6/mz ([Y]) and
X € % (80)
If (X,Y) Y) & (0,5/|[X]|), then, using Lemma A1 in Appendix C, there exist two UVs, X and
Y and § < 6/my ([Y]), such that
(X,Y) & (1,6/[[X1)), (81)
and
|[[Y|X]]§/H[Xﬂ\| = |[[Y|XH§/\[[)‘(]H|‘ (82)

On the other hand, if (X, Y) & (1,6/|[X]|), then (81) and (82) also trivially hold. It then
follows that (81) and (82) hold for all X € .#;. We now have

IS/\[[X]H(Y?X) = log(|HY|X]]§/H[XH‘|)

2 1og (I1VIXT, gz )
2 1og(I1), >
© log(|X]),

d
(g) ce,

where (a) follows from (81) and (82), (b) follows from Lemma A3 in Appendix C since
5 <6/may ([Y]) < may (Ve)/may ([Y]), (c) follows by defining the codebook X correspond-
ing to the UV X, and (d) follows from the fact that using (81) and Lemma 1 allows X € G,
which implies for (79) that X € 2.
Finally, let
X" = argsup y 55 log(|X]), (84)

which achieves the capacity C2. Let X* be the UV whose marginal range corresponds to
the codebook X*. It follows that for all .#7, . € [Y*|X*], we have

Moy (AN A) 6

my @) = X (83)

which implies that mg (%) =1,
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my (S NA) _ 6
my ([Y])  ~ [[X*]lma ([Y*])
Letting 0* = 6/mgy ([Y*]), and using Lemma 1, we hold that (X*,Y*) & (1,6*/|[X*]|),
which implies that X* € Us; /., ([[Y*]]ﬁ 5, and the proof is complete. [

(86)

Theorem 4 characterizes the capacity as the supremum of the mutual information over
all UVs in the feasible set. The following theorem shows that the same characterization is
obtained if we optimize the right-hand side in (63) over all UVs in the space. It follows by
Theorem 4 that rather than optimizing over all UVs representing all the codebooks in the
space, a capacity-achieving codebook can be found within the smaller class Uss /,,,,,, (v, %5
of feasible sets with error at most 6 /mgy (Ve), since for all [Y] C &, may (Ve) < may ([Y]).

Theorem 5. The (€, 6)-capacity in (63) can also be written as

Cl=  sup Iy pxy(Y;X) bits. (87)
X:[X]CZ,
3<é/my ([Y])

Proof. Consider a UV X ¢ U, Jmay ([v]) 75 Where Y is the corresponding UV at the
receiver. The idea of the proof is to show the existence of a UV X € U;_ Jmay ([7]) 75 and
the corresponding UV Y at the receiver, and

8 = dmy ([Y])/may ([Y]) < 6/m([Y]), (88)

such that the cardinality of the overlap partitions

|[[Y|X]]§/H[)’q]\| - |[[Y|XH§/‘[[X]H|‘ (89)

Let the cardinality
|[[Y|X]]§/|[[X]]|‘ =K. (90)

By Property 1 of Definition 6, we hold that for all .%; € [Y|X]} Sl there exists an x; € [X]
such that [Y|x;] € .%;. Now, consider another UV X whose marginal range is composed of
K elements of [X], namely

IX] = {xq,...xk}- (91)

Let Y be the UV corresponding to the received variable. Using the fact that forall x € 27, we
have [Y|x] = [Y|x] since (60) holds, and using Property 2 of Definition 6, for all x, x’ € [X],
we obtain

my (V)N [Yx]D) _ 8
my (VD) X’

(@) §
< 7 7

= I

where (a) follows from the fact that [X] C [X] using (91). Then, for all x,x" € [X], we
hold that

(92)

my (AN TTD _ Sy (YD)
X7l
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since § = 6may ([Y])/may ([Y]). Then, by Lemma 1, it follows that
(X,7) & (1,5/|[X])). (94)
Since 6 < 6/mgy ([Y]), we have
6 < 8/my ([Y]) < my (Ve)/may ([Y]). (95)
Therefore, X € F5and 6 < 6/mg ([Y]). We now hold that
IV1K15 gy | 2 1K1
(96)

b *
(:) |[[Y|X]]5/|[[X]]\ |/

where (a) follows by applying Lemma A4 in Appendix C using (94) and (95) and (b)
follows from (90) and (91). Combining (96) with Theorem 4, the proof is complete. O

We now make some considerations with respect to previous results in the literature.
First, we note that for 6 = 0, all of our definitions reduce to Nair’s ones and Theorem 4
recovers Nair’s coding theorem ([2] (Theorem 4.1)) for the zero-error capacity of an additive
e-perturbation channel.

Second, we point out that the (€, §)-capacity considered in [7] defines the set of (¢, d)-
distinguishable codewords such that the average overlap among all codewords is at most
6. In contrast, our definition requires the overlap for each pair of codewords to be at most
§/|X|. The following theorem provides the relationship between our C? and the capacity
C‘g considered in [7], which is defined using the Euclidean norm.

Theorem 6. Let C2 be the (e, 8)-capacity defined in [7]. We have

Cg < ~g/(2m@(V€))’ (97)

and "
Smay (V€)22C€+1
€ .

& <c (98)

Proof. For every codebook X € 5&;‘5 and x1,xp € X, we have
ee(x1,x2) < 6/|X|. (99)
Since mqy (%) = 1, this implies that for all x1, x, € X, we have
may (Se(x1) N Se(x2)) < 8/|X]. (100)

Forall X € 2, the average overlap defined in ([7] (53)) is

A:L Zﬂ (101)

X] S 2may (Ve)

Then, we have
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A= ﬁ Y i (Se(x1) N Se(x2)),
Xy (Ve) , 2
2
(2 5|X| ) (102)
2| X Py (Ve)
0
= 2my (Ve)'
where (a) follows from (100). Thus, we have
< ¢/ @ma (Vo)) (103)
and (97) follows.
Now, let X' be a codebook with average overlap at most J, namely
—_— Moy (Se(x1) N Se(x2)) < 4. (104)
2|X|m@ Ve X] A EX
This implies that for all x1,x; € X, we have
|[Xlmy (Se(x1) N Se(xa)) _ 26| X [Py (Ve)
may (¥) - omg(¥)
105
@ 251 Py (Ve), (109)
S 522Cg+1m?y(ve)/
where (a) follows from the fact that mg (%) = 1. Thus, we have
ct < im0, (106)

and (98) follows. O

To better understand the relationship between the two capacities and show how they
can be distinct, consider the case in which the output space is the union of the three e-balls
depicted in Figure 6; this is the only feasible output configuration.

Figure 6. Output configuration for the computation of 2’ and €2’
We now compute the two capacities 2’ and C¢ in this case. We have
my (Se(x1) N Se(x2)) =6, (107)

and the average overlap (101) is
A=Z-=—. (108)
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It follows that
- log,3, ifdé' >d/6.
co = Jlog3, 10T =0/ (109)
log,2, otherwise.

On the other hand, the worst case overlap is

36

My (Se(x1) N Se(x2)) =0 = Tz

(110)

and it follows that
log,3, if¢’ > 3.

=
0 =
log,2, otherwise.

(111)

5. (N, §)-Capacity of General Channels

We now extend our results to more general channels where the noise can be different
across codewords and is not necessarily contained within a ball of radius e.

Let X C Z be a discrete set of points in the space, which represents a codebook. Any
point x € X represents a codeword that can be selected at the transmitter, sent over the
channel, and received with perturbation. A channel with transition mapping N : 2° — %
associates with any point in 2~ a set in %/, such that the received codeword lies in the set

Sn(x)={ye# :ye N(x)} (112)

Figure 7 illustrates possible uncertainty sets associated with three different codewords.

1 <) Sn(x1)

To ‘6 SN(.’E2)

x3 <§ SN(x3)

Figure 7. Uncertainty sets associated with three different codewords. Sets are not necessarily balls;

they can be different across codewords and can also be composed of disconnected subsets.

All received codewords lie in the set Y = (J,cx Sn(x), where Y C &, For any x1, xp

€ X, we now let
Mgy (Sn(x1) NSn(x2))
My (%)

en(x1,x2) = , (113)

where mgy (.) is an uncertainty function defined over %. We also assume without loss
of generality that the uncertainty associated with the space % of received codewords is
mgy (%) = 1. We also let Vy = N(x*), where x* = argmin, . 5-mg (N(x)). Thus, Vy is the
set corresponding to the minimum uncertainty introduced by the noise mapping N.

Definition 12. (N, §)-distinguishable codebook.
Forany 0 < 6 < mgy (Vy), a codebook X C 2" is (N, 6)-distinguishable if for all x1,x, € X, we
have ey (x1,x2) < 6/|X|.

Definition 13. (N, §)-capacity.
For any totally bounded, normed metric space X, channel with transition mapping N, and
0 <6 < mg (Vy), the (N, 6)-capacity of Z is
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C% = sup log, | X| bits, (114)
Xezy

where 2 = {X : X is (N, 6)-distinguishable}.

We now relate our definition of capacity to the notion of UVs and mutual information
introduced in Section 3. As usual, let X be the UV corresponding to the transmitted
codeword and Y be the UV corresponding to the received codeword. For a channel with
transition mapping N, these UVs are such that for all y € [Y] and x € [X], we have

[Y[x] ={y € [Y] :y € N(x)}, (115)
[Xlyl ={x € [X] : y € N(x)}. (116)

To measure the levels of association and disassociation between UVs X and Y, we use an
uncertainty function m 4-(.) defined over 2", and mg (.) is defined over #. The definition
of the feasible set is the same as the one given in (62). In our channel model, this feasible
set depends on the transition mapping N through (115) and (116).

We can now state the non-stochastic channel coding theorem for channels with transi-
tion mapping N.

Theorem 7. For any totally bounded, normed metric space 2, channel with transition mapping
N satisfying (115) and (116), and 0 < 6 < mg (Vy), we have

XeF5,8<6/mg ([Y])

The proof is along the same lines as the one of Theorem 4 and is omitted.

Theorem 7 characterizes the capacity as the supremum of the mutual information over
all codebooks in the feasible set. The following theorem shows that the same characteriza-
tion is obtained if we optimize the right hand side in (117) over all codebooks in the space. It
follows by Theorem 7 that rather than optimizing over all codebooks, a capacity-achieving
codebook can be found within the smaller class Uz, (v,)%5 of feasible sets with error

> Y \VN
at most 6 /may (V).

Theorem 8. The (N, §)-capacity in (117) can also be written as

Cu = sup Iy x(¥; X) bits. (118)
X:[X]cZ,
6<8/may ([Y])

The proof is along the same lines as the one of Theorem 5 and is omitted.

6. Capacity of Stationary Memoryless Uncertain Channels

In this section, we consider the special case of stationary, memoryless, uncertain channels.

Let 2" be the space of 2 -valued discrete-time functions x : Z~y — %, where Z~¢ is
the set of positive integers denoting the time step. Let x(a : ) denote the function x € 2°®
restricted over the time interval [a,b]. Let X C 2°® be a discrete set which represents a
codebook. Also, let X' (1 : n) = Uyexx(1 : n) denote the set of all codewords up to time n
and X (n) = Uycyx(n) denote the set of all codeword symbols in the codebook at time n.
The codeword symbols can be viewed as the coefficients representing a continuous signal
in an infinite-dimensional space. For example, transmitting one symbol per time step can
be viewed as transmitting a signal of unit spectral support over time. Any discrete-time



Entropy 2025, 27, 472

22 of 37

function x € X can be selected at the transmitter, sent over a channel, received with noise
perturbation, and introduced by the channel. The perturbation of the signal at the receiver
due to the noise can be described as a displacement experienced by the corresponding
codeword symbols x(1),x(2),.... To describe this perturbation, we consider the set-valued
map N® : 2°® — 277, associating any point in .2 to a set in %%, where #'® is the space
of #-values discrete-time functions. For any transmitted codeword x € X C 2°%, the
corresponding received codeword lies in the set

Sne(x) ={y e #*:ye N”(x)}. (119)
Also, the noise set associated with x(1:n) € X(1:n) is
Sne(x(1:n)) ={y(l:n) e #":y e N°(x)}, (120)

where #" = &' X% x ---x % . We are now ready to define stationary, memoryless,

n
uncertain channels.

Definition 14. A stationary, memoryless, uncertain channel is a transition mapping N®© : 2 — 27%
that can be factorized into identical terms describing the noise experienced by the codeword symbols.
Namely, there exists a set-valued map N : 2" — % such that foralln € Z~gand x(1:n) € 2,
we have

Sne(x(1:n)) = N(x(1)) x ... x N(x(n)). (121)

According to the definition, a stationary, memoryless, uncertain channel maps the nth
input symbol into the nth output symbol in a way that does not depend on the symbols
at other time steps, and the mapping is the same at all time steps. Since the channel can
be characterized by the mapping N, to simplify the notation, we will use Sy(.) instead
of S N ()

Another important observation is that the e-perturbation channel in Definition 9
may not admit a factorization like the one in (121). For example, consider the space to
be equipped with the L? norm, the codeword symbols to represent the coefficients of
an orthogonal representation of a transmitted signal, and the noise experienced by any
codeword to be within a ball of radius €. In this case, if a codeword symbol is perturbed by
a value close to €, the perturbation of all other symbols must be close to zero.

For stationary, memoryless, uncertain channels, all received codewords lie in the
set Y = UyexSn(x), and the received codewords up to time # lie in the set Y (1 : n) =
UyexSn(x(1:n)). Then, for any x1(1:n),x2(1:n) € X(1:n), we let

en(x1(1:n),x2(1:m))
_ my (Sn(x1(1:n)) NSn(x2(1:n))) (122)
B may (Y™) '

where mgy(.) is an uncertainty function defined over the space of the received code-
words. We also assume without loss of generality that at any time step n, the uncer-
tainty associated with the space %" of received codewords is mg (#™) = 1. We also let
VN = N(x*), where x* = argmin, . ,-mg (N(x)). Thus, Vy is the set corresponding to the
minimum uncertainty introduced by the noise mapping at a single time step. Finally, we
let V{; = Vy x Vy X - -- x V. The quantity 1 — e.(x1(1 : n), x2(1 : n)) can be viewed as

n
the confidence we have of not confusing x1(1 : n) and x,(1 : n) in any transmission or,
equivalently, as the amount of adversarial effort required to induce a confusion between the
two codewords. For example, if the uncertainty function is constructed using a measure,



then all the erroneous codewords generated by an adversary to decode x;(1 : 1) instead of
x1(1 : n) must lie inside the equivocation set Sy (x1(1 : 1)) N Sn(x2(1 : 1)) whose relative
size is given by (122). The smaller the equivocation set is, the larger the effort required
by the adversary to induce an error must be. If the uncertainty function represents the
diameter of the set, then all the erroneous codewords generated by an adversary to decode
x2(1 : n) instead of x1(1 : n) will be close to each other, in the sense of (122).

We now introduce the notion of a distinguishable codebook, ensuring that every code-
word cannot be confused with any other codeword, rather than with a specific one, at a
given level of confidence.

Definition 15. (N, d,)-distinguishable codebook.
Foralln € Z~gand 0 < 6, < mgy (V});), a codebook X,y = X (1 : n) is (N, 6, )-distinguishable if
forall x1(1:n),x2(1:n) € Xy, we have

en(x1(1:n),x(1:n)) <o,/ | X (123)
It immediately follows that for any (N, J,, )-distinguishable codebook &, we have

en(x(1:n)) = Y en(x(1:n),xX'(1:n)) <6y, (124)
¥ (1in)€Xy:
x'(1:n)#x(1:n)

so that each codeword in X}, can be decoded correctly with confidence at least 1 — J,,.
Definion 15 guarantees even more, namely that the confidence of not confusing any pair of
codewords is at least 1 — d,, /| X}, |.

We now associate with any sequence {4, } the largest distinguishable rate sequence
{Rs, }, whose elements represent the largest rates that satisfy that confidence sequence.

Definition 16. Largest {0, }-distinguishable rate sequence.
For any sequence {6, }, the largest {6, }-distinguishable rate sequence {R;, } is such that for all

n € Zq, we have

1 X,
Rs, = sup % bits per symbol, (125)

Xy € 25 (n)

where %13”(11) = {X, : Xy is (N, 6, )-distinguishable}.

We say that any constant rate R that lays below the largest {J, }-distinguishable rate
sequence is {J,, }-distinguishable. Such a {J, }-distinguishable rate ensures the existence
of a sequence of distinguishable codes that, for all n € Z+(, have a rate of at least R and
confidence of at least 1 — §,,.

Definition 17. {6, }-distinguishable rate.
For any sequence {0, }, a constant rate R is said to be {6, }-distinguishable if for all n € Z,
we have

R <Ry, (126)

We now give our first definition of capacity for stationary, memoryless, uncertain chan-
nels as the supremum of the {J, }-distinguishable rates. Using this definition, transmitting
at a constant rate below capacity ensures the existence of a sequence of codes that, for all
n € Z~o, have confidence of at least 1 — Jy,.
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Definition 18. (N, {6, })« capacity.
For any stationary, memoryless, uncertain channel with transition mapping N, and any given
sequence {0y }, we let

Cn({6n})« = sup{R : R is {6, }-distinguishable} (127)
= inf Ry bits per symbol. (128)
JISY/AR))

Another definition of capacity arises if, rather than the largest lower bound to the
sequence of rates, one considers the least upper bound for which we can transmit, satisfying
a given confidence sequence. Using this definition, transmitting at a constant rate below
capacity ensures the existence of a finite-length code (rather than a sequence of codes) that
satisfies at least one confidence value along the sequence {4, }.

Definition 19. (N, {J, })* capacity.
For any stationary, memoryless, uncertain channel with transition mapping N, and any given
sequence {0y }, we define

Cn({én})" = sup Ry, bits per symbol. (129)

nelsq

Next, consider Definition 19 in the case of {J,} as a constant sequence; namely, for
all n € Z~p, we have 6, = 6 > 0. In this case, transmitting below capacity ensures the
existence of a finite-length code that has confidence of at least 1 — J. This is a generalization
of the zero-error capacity,

Definition 20. (N, d)* capacity.
For any stationary, memoryless, uncertain channel with transition mapping N and any sequence
{6n}, where for all n € Z~o we have 6, = & > 0, we define

C = sup Rs, bits per symbol. (130)
neZsg

Letting 6 = 0, we obtain the zero-error capacity. In this case, below capacity, there
exists a code with which we can transmit with full confidence.

Finally, to give a definition of a non-stochastic analog of Shannon’s probabilistic
capacity, we first say that any constant rate R is achievable if there exists a sequence J,, — 0
as n — oo such that R lays below limsup, Rs,. An achievable rate R then ensures that
for all € > 0, there exists an infinite sequence of distinguishable codes of rate of at least
R — € whose confidence tends towards one as n — oo. It follows that in this case, we can
achieve communication at rate R with arbitrarily high confidence by choosing a sufficiently
large codebook.

Definition 21. Achievable rate.
A constant rate R is achievable if there exists a sequence {6, } such that 5, — 0 as n — co and

R <limsup Ry, . (131)

n—oo
We now introduce the non-stochastic analog of Shannon’s probabilistic capacity as the
supremum of the achievable rates. This means that we can pick any confidence sequence
such that J,, tends towards zero as n — oo. In this way, J,, plays the role of the probability
of error and the capacity is the largest rate that can be achieved by a sequence of codebooks
with an arbitrarily high confidence level. Using this definition, transmitting at a rate below
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capacity ensures the existence of a sequence of codes achieving arbitrarily high confidence
by increasing the codeword size.

Definition 22. (N, {] 0})* capacity.
For any stationary, memoryless, uncertain channel with transition mapping N, we define the
(N, {} 0})* capacity as

Cn({J 0})" = sup{R : R is achievable} (132)

= sup limsupRs,. (133)
{62 }:00=0(1) n—00

We point out the key difference between Definitions 20 and 22. Transmitting below
the (N, )* capacity ensures the existence of a fixed codebook that has confidence of at
least 1 — 4. In contrast, transmitting below the (N, {] 0})* capacity allows us to achieve
arbitrarily high confidence by increasing the codeword size.

To give a visual illustration of the different definitions of capacity, we refer to Figure 8.

Rs

n

sup Rs,

n€lso

limsup Rs,

n—oo

inf Rs,

n€lso

Figure 8. Illustration of capacities: This figure plots the sequence R, for a given sequence of 6, with
respect ton > 0.

For a given sequence {9, }, the figure sketches the largest {J, }-distinguishable rate
sequence R;, . According to definitions 18 and 19, the capacities Cn({d,})* and Cn ({0, })+«
are given by the supremum and infimum of this sequence, respectively. On the other hand,
according to Definition 22, the capacity Cn({} 0})* is the largest limsup over all vanishing
sequences {9, }. Assuming the figure refers to a vanishing sequence {J, } that achieves the
supremum in (133), we have

Cn({0n})« = CN({1 0})" = Cn({da})" (134)

We now relate our notions of capacity to the mutual information rate between transmit-
ted and received codewords. Let X be the UV corresponding to the transmitted codeword.
Thisisamap of X : £'° — X and [X] = & C Z'®. Restricting this map to a finite time
n € Z~g yields another UV X(n) and [X(n)] = X' (n) C Z". Likewise, a codebook segment
isa UV X(a : b) = {X(n)},<n<p of marginal range [X(a : b)] = X(a : b) C 2b-o+1,
Likewise, let Y be the UV corresponding to the received codeword. It is a map of
Y: & =5 Yand [Y] =Y C#*. Y(n)and Y(a:b) are UVs,and [Y(n)] =Y C #* and
[Y(a:b)] =Y(a:b) C b=l For a stationary, memoryless, uncertain channel with
transition mapping N, these UVs are such that for alln € Z~¢, y(1 : n) € [Y(1: n)] and
x(1:n) € [X(1:n)], and we have

[YA:n)|x(1:n)]={y(1:n)e[YQ:n)]:

(135)
y(1:n) € Sn(x(1:n))},



[X1:n)|y(l:n)] ={x(1:n) e [X(1:n)]:
y(1:n) € Sn(x(1:n))}.

Now, we define the largest J,-mutual information rate as the supremum mutual infor-

(136)

mation per unit-symbol transmission that a codeword X (1 : ) can provide about Y(1 : n)
with confidence of at least 1 — 6, /|[X (1 : n)]|.

Definition 23. Largest o,-information rate.
For all n € Z~, the largest 8,-information rate from X(1:n)toY(1:n)is

I; . Y(1:n);X(1:n
Rl = sup ey (VL X2 m) (137)
X(Ln):[X(Lm)]Cc 2™, n
5<8n/may ([Y(1)])

In the following theorem. we establish the relationship between R;, and Rgn.

Theorem 9. For any totally bounded, normed metric space 2, disrete-time space 2 >, stationary,
memoryless, uncertain channel with transition mapping N satisfying (135) and (136), and sequence
{61} such that, for all n € Z~o, we have 0 < 6, < mg (V}), we have

I: _ Y(1:n),X(1:n
Rs, = sup 5/11x ]| € (1:m); X( )). (138)
_ X(Lm)eZF5(n), "
5<8n/may ([Y(1:n)])

We also have
Rs, =R} . (139)

Proof. The proof of the theorem is similar to the one of Theorem 4 and is given in
Appendix B. O

The following coding theorem is now an immediate consequence of Theorem 9 and of
our capacity definitions.

Theorem 10. For any totally bounded, normed metric space 2, disrete-time space 2", stationary,
memoryless, uncertain channel with transition mapping N satisfying (135) and (136), and sequence
{61} such that for alln € Z~o,0 < 8, < mgy (V) and 0 < 6 < may (V), we have

(1) Cn({0n})« = inf R}, (140)
n€lsg n

(2) Cn({ox})" = sup R}, (141)
[ASV/AR))

(3) Cn({l0})*=  sup limsupRtlsn, (142)
{8, }:6a=0(1) n—0o0

(4) C§ = sup R§ :Vn € Z.q, 0, =0. (143)

nel~g

Theorem 10 provides multi-letter expressions of capacity, since R<IS,, depends on
15/‘[[)((1:”)]”(1/(1 : n); X(1 : n)) according to (137). In the Supplementary Materials, we
establish some special cases of uncertainty functions, confidence sequences, and classes
of stationary, memoryless, uncertain channels, leading to the factorization of the mutual
information and to single-letter expressions.
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7. Conclusions and Future Directions

We presented a non-stochastic notion of information with worst-case confidence and
related it to the capacity of a communication channel subject to unknown noise. Using the
non-stochastic variables framework of Nair [5] and a generalization of the Kolmogorov
capacity allowing some amount of overlap in the packing sets [7], we showed that the
capacity equals the largest amount of information conveyed by the transmitter to the
receiver, with a given level of confidence. These results are the natural generalization of
Nair’s ones, obtained in a zero-error framework, and provide an information-theoretic
interpretation of the geometric problem of sphere packing with overlap, as studied in [7].

Non-stochastic approaches to information and their use to quantify the performance
of various engineering systems have recently received attention in the context of esti-
mation, control, security, communication over non-linear optical channels, and learning
systems [8—14]. We hope that the theory developed here can be useful in the future in some
of these contexts. While refinements and extensions of the theory are certainly of interest,
explorations of application domains are of paramount importance. There is evidence in the
literature regarding the need for a non-stochastic approach to study the flow of information
in complex systems, and there is a certain tradition in computer science, especially in the
field of online learning, to study various problems in both a stochastic and a non-stochastic
setting [15-17]. Nevertheless, it seems that only a few isolated efforts have been made to-
wards the formal development of a non-stochastic information theory. Wider involvement
of the community in developing alternative, even competing, theories is certainly advisable
to eventually fulfill the need of these application areas.

Supplementary Materials: The following supporting information can be downloaded at https:
/ /www.mdpi.com/article/10.3390/e27050472 /s1, Kolmogorov capacity with overlap.
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Appendix A. Proof of Lemma 1
Proof. Let (X,Y) & (01,6,). Then,

A (X;Y) 26y, (A1)

A (Y;X) = 6. (A2)
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Let

Then, for all (y1,y2) € .1, we have

ma ([X[y ] N[ X|y2]])
m g ([X]) =0=a (A9
Also, if (y1,y2) € 71, then
m g ([X[y1] N[ X|y2]|) .
m g ([X]) ¢ AXY), (A9)

and if (y1,12) ¢ 1, then using (9), we have

m g ([X[y] N [X|y2]) .
el € 7 (X;Y). (A6)

This along with (A1) and (A4) implies that (17) follows.
Likewise, let

Sy = {(x1/x2) . m?!/([[y‘xl]] N [[Y|x2]]|) — O} (A7)

may ([Y])

Then, for all (x1,x7) € %,

may ([Y]x1] 0 [Y]x2]])

=0 < ds. A8
o (IV1) = "
Also, if (x1,x2) € 7, then
mg;/([[Y|x1]]ﬁ[[Y\x2]]\) d(Y: X A9
vy )
and if (y1,y2) ¢ 7, then using (9), we have
my (V)0 IYIxI) oy, x), (A10)

may ([Y])

This along with (A2) and (A8) implies that (18) follows.
Now, we prove the opposite direction of the statement. Given that for all yq,y» € [Y],
we have

m g ([X|ya] N [X]y2]])
() (A1D

and for all x1, x, € [X], we have

mayy ([Y|x1] N [Y]x2]])
my () =% (A12)

Then, using the definition of .7 (X;Y) and 7 (Y; X), we have

A (XY) 20, (A13)

A (Y;X) = 6. (A14)

The statement of the lemma follows. O
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Appendix B. Proof of Theorem 9

Proof. We will show (138). Then, using Lemma A4 in Appendix C, (139) follows using the
same argument as in the proof of Theorem 8.

We proceed in three steps. First, we show that for all n > 0, there exists a UV X(1 : n)
and § < 6,/mg ([Y(1: n)]) such that X(1 : n) € F;(n), which implies that .#;(n) is not
empty, and so the supremum is well defined. Second, forall n > 0, X(1 : 1), and b such that

X(1:n) € F5(n), (A15)

and
5 <6n/may ([Y(1:n)]), (A16)

we show that

I/ ix oy (Y1 1 n); X(1 2 m)
n Rén‘

Finally, for all n > 0, we show the existence of X(1: 1) € .F;(n)and § < 6, /ma ([Y(1: n)])

such that
Ls 1 px sy (Y (L 2 m); X(1 2 m))
n

Let us begin with the first step. Consider a point x(1: n) € 2. Let X(1: n) bea UV
such that

=Ry, (A17)

[X(1:n)]={x(1:n)}. (A18)

Then, we hold that the marginal range of the UV Y(1 : n) corresponding to the received
variable is
[Y(1:n)]=[Y(1:n)x(1:n)], (A19)

and therefore, for all y(1: n) € [Y(1: n)], we have
[X(1: ) y(1:m)] = {x(1 5 )}, (A20)
Using Definition 2 and (A18), we have
S(Y(1:n);X(1:n)) =0, (A21)

because [X(1 : n)] consists of a single point, and therefore, the set in (12) is empty.
On the other hand, using Definition 2 and (A20), we have

{1}if 3y1(1:n),y2(1: n)
o (X(1:n);Y(1:n)) = e [y(1:n)], (A22)

@  otherwise.
Using (A21), and since &/ < ¢ holds for o/ = @, we have
A (Y(1:n); X(1:n)) 26,/ ([[X(1: n)[may ([Y (12 n)])). (A23)
Similarly, using (A22), we have
(X(1:n);Y(1:n)) < 1. (A24)

Now, combining (A23) and (A24), we have

(X(L:n), Y(L:m)) & (1,60/(IX(L: )] lmg (IY(L: )]))). (A25)
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Letting & = 6, /may ([Y(1: n)]), this implies that X(1 : n) € #;(n) and that the first step of
the proof is complete.
To prove the second step, we define

4 (n) —{X(l :n): [X(1:n)] C 27",

36 < 8,y /may ([Y(1: n)]) such that
VA, S e[Y(:n)|X(1:n)],
my (S10.5) 5 }
my ([Y(L:n)]) = |[X(1:n)]] ]

which is a larger set than the one containing all UVs X (1 : n) that are (1,5/|[X(1 : n)]|)
associated with Y(1 : n). Similarly to (79), it can be shown that

(A26)

X(1:n) €9 (n) = X(1:n) € 2 (n) (A27)
Consider now a pair, X(1 : n) and §, such that § < 6, /mg ([Y(1:n)]) and
X(1:n) e F5(n). (A28)

If(X(1:n),Y(1:n)) & (0,6/][X(1 : n)]|), then, using Lemma A1 in Appendix C, there
exist UVs X(1:n)and Y(1:n)and § < 6,/mg ([Y(1:n)]) such that

(X(1:n),Y(1:n)) & (Q,6/([X(1:n)])), (A29)

and

[[Y(1:m)|X(1: ”)]]E/H[X(lrn)}]ﬂ

_ _ i (A30)
=[Y(1:n)|X(1: ”>ﬂ5/\[[)‘((1:n)]]\|'

On the other hand, if (X(1:1),Y(1:n)) & (1,8/|[X(1: n)]|), then (A29) and (A30) also

trivially hold. It then follows that (A29) and (A30) hold for all X(1 : n) € F3(n). We

now have

L5 ix ) (YL m); X(1 2 m))
= log(|[Y(1:n)[X(1: n)]]}/u[x(m)ml)

D 1og (117 (1 : ) [X(1: )5, gy )

. _ (A31)
< log(|[X(1:m)]]),

9 1og(|2(1: ),

(d)
S nRénr

where (a) follows from (A29) and (A30), (b) follows from Lemma A3 in Appendix C since

5 <6u/may ([Y(1:n)]) < my (V) /mgy ([Y(1:n)]), (c) follows by defining the codebook

X (1 : n) corresponding to the UV [X(1: n)], and (d) follows from the fact that using (A29)

and Lemma 1, we have X(1 : n) € G(n), which implies by (A27) that X (1 : n) € .%”1\5/’ (n).
Forany n € Z, let

log (| Xnl)

6(%”73” (n) n ’ (ABZ)

*
X, = argsup X,
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which achieves the rate R;, . Let X* be the UV whose marginal range corresponds to the
codebook X;f. Tt follows that for all .7, .1 € [Y*|X*], we have

my (A NA)

, A33

mg (@) = X (A35)
which implies that mg (") =1,

Moy (1 N0A) On A34

ng (CT) = (X Ima (D) (834)

Letting 6* = &, /ma ([Y*]), and using Lemma 1, we hold that (X*, Y*) & (1,6 /|[X*]),
which implies
X* & Uggén/m@/(ﬂy*ﬂ)g”(n), (A35)

and (138) follows. [

Appendix C. Auxiliary Results
Lemma Al. Given a 6 < mg (Vy), two UVs X and Y satisfying (60) and (61), and a
5 < 8/may ([Y]) such that

(X,Y) & (0,6/([X])). (A36)

Then, there exist two UVs X and Y satisfying (60) and (61), and there exists a & < §/maqy ([Y])
such that

(X,Y) & (1,6/([X1)), (A37)
and
IYIXT5 x| = 1VIRT; gy (A38)
Proof. Let the cardinality
|[[Y|X]]:§/”[X]]|\ =K. (A39)

By Property 1 of Definition 6, we hold that for all .} € [Y|X]} /1K1 there exists a x; € [X]
such that [Y]x;] C .. Now, consider a new UV X whose marginal range is composed of K
elements of [X], namely

[X] = {x1,x2, ..., xK} (A40)

Let Y be the UV corresponding to the received variable. Using the fact that forall x € 27, we
have [Y|x] = [Y|x] since (60) holds, and using Property 2 of Definition 6, for all x, x’ € [X],
we have

my (Y] N [YIX]) _ &
may ([Y]) — X1 (A41)
5

XTI

where (a) follows from the fact that [X] C [X] using (A40). Then, for all x,x’ € [X], we
hold that

A
IND

my (VO [V __Sma ([Y])
my (M) (X]Ima (7))’
a9 5
SW,

(A42)

—
N

where § = 6myy ([Y])/ma ([Y]). Then, by Lemma 1, it follows that
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(X,Y) & (1,6/|[X]))- (A43)
Since § < 6/may ([Y]), we have
6 < 0/my ([Y]) < my (Ve)/my ([Y]). (A44)
Using (A43) and (A44), we now hold that
IY1K13 gy | 2 1K1
(A45)

b *
(:) |[[Y|X]]5/|[[X]]\ |/

where (a) follows from Lemma A4 in Appendix C and (b) follows from (A39) and (A40).
Hence, the statement of the lemma follows. [

Lemma A2. Let
(X,Y) & (5,6). (A46)

If x L x1 and x 2 Xp, then we hold that x, 2 X7.

Proof. Let {[X|y;]}}, be the sequence of conditional range connecting x and x;. Likewise,
let {[X|7;]}Y, be the sequence of conditional range connecting x and x,.
Now, by Definition 5, we have

x1 € [X|yn], (A47)
x € [X|7x], (A48)
x € [X[yl, (A49)
and
x € [X[in] (A50)

Then, using (9), we hold that

my ([X|ya] O X7

my XD (A0
which implies that
m%([[n)igl(]][[;]][g}qylm c JZ%(X; Y). (A52)
Using the fact that
(X,Y) & (6,8), (A53)
we will now show that
{[X[ynD, [Xlyn-1l, - - [X|na ], IXIAD, - [X[9R D} (A54)

is a sequence of conditional ranges connecting x; and x;. Using (A52) and (A53), we
hold that
m g ([X]ya] N [X 7]
m g ([X])

Also, forall1 <i< Nand1 < j< N, wehave

> 4. (A55)
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m g ([X|yi] N [ Xlyi-all
> 0, (A56)
m g ([X])
e (IX19;) N X171
m g (LX) O XY
> 0. (A57)
m g ([X])
Also, we have
X1 € [[X|yN]], and x, € [[XWN]] (A58)

Hence, combining (A55), (A56), (A57) and (A58), we hold that x; s X via (A54). O

Lemma A3. Consider two UVs X and Y. Let

P min ¢y ma ([X[y])

(A59)
m g ([X])
If 61 < &%, then we have
XY, [ < [IY1I- (A60)
Proof. We will prove this by contradiction. Let
[[XIYT5, 1 > (1Y (A61)

Then, by Property 1 of Definition 6, there exists two sets .7, .72 € [X|Y] 5, and one singly
Jd1-connected set [X|y] such that

[X]y] € 1, and [X]y] C . (A62)
Then, we have

my (1N S) & my ([X]y])
my ([X]) = ma([X]) '

(A63)

where (a) follows from (A62) and (10), (b) follows from (A59), and (¢) follows from the
fact that §; < 0*. However, by Property 2 of Definition 6, we have

my (1 NS)
(KD =" (A64)

Hence, we hold that (A63) and (A64) contradict each other, which implies that (A61) does
not hold. Hence, the statement of the theorem follows. [

Lemma A4. Consider two UVs X and Y. Let

5= min ¢y mo ([X[y])
m g ([X])

(A65)

Forall 6, < 6* and 6, < 1,if (X,Y) & (81,62), then we have

[IXIYT5, | = [IYTI- (A66)
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Additionally, [X|Y] is a 61-overlap family.

Proof. We show that
[X[Y] = {[Xly] : y € [Y]} (A67)

is a 1-overlap family. First, note that [X|Y] is a cover of [X], since [X] = Uyenrg[XIyl-
Second, each set in the family [X|Y] is singly é;-connected via [X|Y], since trivially any
two points x1, xp € [X|y] are singly 6;-connected via the same set. It follows that Property
1 of Definition 6 holds.

Now, since (X,Y) <& (41,6,), then by Lemma 1 for all y1,y» € [Y] we have

m g ([X|y1] N [X]y2])
my(X)

which shows that Property 2 of Definition 6 holds. Finally, it is also easy to see that Property
3 of Definition 6 holds, since [X|Y] contains all sets [X|y]. Hence, [X|Y] satisfies all the
properties of 41-overlap family, which implies that

(A68)

[IXIYT] < [TXTYT5, - (A69)
Since |[X|Y]| = |[Y]], using Lemma A3, we also have
[IXIYT] = [1XTYT5, - (A70)

Combining (A69), (A70) and the fact that [X|Y] satisfies all the properties of d;-overlap
family, the statement of the lemma follows. [

Appendix C.1. Taxicab Symmetry of the Mutual Information
Definition Al. (61, 8;)-taxicab connectedness and (81, 62)-taxicab isolation.

e Doints (x,y), (x',y") € [X,Y] are (61, 62)-taxicab connected via [ X, Y] and are denoted by

(x,y) 3 (x',y"), if there exists a finite sequence { (x;, y;) }X. of points in [X, Y] such that

(x,y) = (x1,11), (X, y") = (xn,yn), and for all 2 < i < N, we have either

ma ([Xlyd O [Xlyial) 5

A1 ={x; = xj_jand m - ([X])

or

may ([Y[x:] O [Y|x;1])
may ([Y])

Ay = {y; = yi—1and > 0}

If (x,y) W (x,y") and N = 2, then we say that (x,y) and (x',y’) are singly (81, 8, )-taxicab
connected, i.e., either y =y’ and x,x' € [X|y] or x = x" and y,y’ € [Y|x].

o Aset.” C[X,Y]is (singly) (61,062)-taxicab connected via [X, Y] if every pair of points in
the set is (singly) (61, 8,)-taxicab connected in [X, Y].

e Twosets 71, C [X,Y] are (61, 2)-taxicab isolated via [ X, Y] if no point in 7 is (61, 02)-
taxicab connected to any point in /3.

Definition A2. Projection of a set

o The projection ;" of aset . C [X,Y] on the x-axis is defined as

SF={x:(x,y) € 7} (A71)
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o The projection yj of aset & C [X,Y] on the y-axis is defined as
S =1y (xvy) e 7} (A72)

Definition A3. (d1,6,)-taxicab family

A (01, 62)-taxicab family of [X,Y], denoted by [X, Y]]Z‘(s1 5) 154 largest family of distinct sets

covering [ X, Y] such that

1. Each set in the family is (61, 0;)-taxicab connected and contains at least one singly 61-
connected set of form [X|y] x {y} and at least one singly 5-connected set of the form

[Y|x] x {x}.

2. The measure of overlap between the projections on the x-axis and y-axis of any two distinct
sets in the family are at most 61m o ([X]) and dymay ([Y]), respectively.

3. For every singly (61, 8,)-connected set, there exists a set in the family containing it.

We now show that when (X, Y) & (61,672) hold, the cardinality of the (1, 6, )-taxicab
family is same as the cardinality of the [X|Y] d1-overlap family and [Y|X] &,-overlap family.

Proof of Theorem 3. We will show that |[X, Y] &1 52)| = |[X[Y]3,]- Then, |[X,Y] ?51 52)| =
Y |X] §2| can be derived along the same lines. Hence, the statement of the theorem follows.
First, we will show that

D={s":7¢€]X, Y155} (A73)

satisfies all the properties of [X |Y]]:§1.
Since [X, Y] ?51 5) is a covering of [X, Y], we have

Ugrepss = [X], (A74)

which implies that D is a covering of [X].
Consider a set .7 € [X, Y]]E‘J1 5,)- For all (x,y),(x,y) € 7, (x,y) and (¥,y') are
(61, 62)-taxicab connected. Then, there exists a taxicab sequence of the form

(xr]/)/ (xl/ y)/ (xlzl/l)/ cee (xnflz y/)/ (x// y/)

such that either A; or A; in Definition A1 is true. Then, the sequence {y,y1,...,¥n-1,y'}

yields a sequence of conditional range {[X|#] }]7.’;“11 such thatforalll <j<n-+1,

m o ([X[7;] O [X|Fj-1])
m g ([X])

x € [X|71], and ' € [X|na]- (A76)

> 61, (A75)

Hence, x s ¥ via [X]Y]. Hence, .5 is é1-connected via [X|Y]. Also, . contains at least
one singly d;-connected set of the form [X|y] x {y}, which implies [X|y] C .#;". Hence,
& contains at least one singly &;-connected set of the form [X|y]. Hence, D satisfies
Property 1 in Definition 6.

Forall ¥, % € [X,Y] ?51,52), we have

my (SN So) < Simy ([X]), (A77)

using Property 2 in Definition A3. Hence, D satisfies Property 2 in Definition 6.
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Using Property 3 in Definition A3, we hold that for all [X|y] x {y}, there exists a set
L(y) € [X,Y] ?51 5,) containing it. This implies that for all [X|y] € [X]|Y], we have

[X|y] € 7 (y)}. (A78)

Hence, D satisfies Property 3 in Definition 6.
Thus, D satisfies all the three properties of [X |Y]};§1. This implies, along with
Theorem 2, that
D] = [[XIY]5,1, (A79)

which implies that
X YT (5,5 | = IIXIYG, - (A80)

Hence, the statement of the theorem follows. [
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