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Abstract: We propose a scheme to enhance the range and precision of ultra-low temperature
measurements by employing a probe qubit coupled to a chain of ancilla qubits. Specifically,
we analyze a qubit chain governed by Heisenberg XX and Dzyaloshinskii–Moriya (DM)
interactions. The precision limits of temperature measurements are characterized by
evaluating quantum Fisher information (QFI). Our findings demonstrate that the achievable
precision bounds, as well as the number of peaks in the QFI as a function of temperature, can
be controlled by adjusting the number of ancilla qubits and the system’s model parameters.
These results are interpreted in terms of the influence of energy transitions on the range
and the number of QFI peaks as a function of temperature. This study highlights the
potential of the probe qubit–ancilla chain system as a powerful and precise tool for quantum
thermometry in the ultra-low temperature regime.

Keywords: quantum thermometry; energy transitions; ultralow temperature measurement

1. Introduction
Precise measurements of ultracold temperatures are essential for effective heat man-

agement, ensuring the robust and optimal operation of quantum devices [1–5]. The
rapidly developing field of quantum thermometry addresses fundamental and practical
questions related to temperature measurements and precision limits across a wide range
of quantum technology platforms, including solid-state impurities [6–9], optomechanical
systems [10], quantum gases [11,12], dephasing impurities [13,14], and topological spinless
fermions [15]. Optimal quantum thermometry schemes have been investigated in various
contexts, such as probe optimization [16,17], critical quantum thermometry [7,15,18,19],
sequential measurement thermometry [20–22], and global quantum thermometry frame-
works [23–26]. Beyond conventional equilibrium measurements, non-equilibrium ap-
proaches to extract temperature information have also been explored [27–31]. These include
quantum thermometry techniques based on repeated interactions between a probe and the
system [32–34], as well as periodically driven or modulated probes [35,36]. While typical
quantum thermometers are based on two-level quantum systems (qubits) [8,21,37–41] in
diverse configurations [4,5,42–45], recent studies have highlighted the advantages of multi-
level systems, such as a two-level system with a degenerate excited state, for enhancing
both range and precision [46,47]. The question of finding a more experimentally feasible
system with high sensitivity to a broader range of ultra-low temperatures is critical for the
efficiency of quantum technologies.
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Similar enhancements in quantum thermometry achieved with highly degenerate
two-level systems can also be realized using multiple qubit systems. An exceptional
opportunity in quantum thermometry with multiple qubits lies in leveraging quantum
correlations [12,48,49], entanglement [50–52], squeezing [53], and coherence [54–56] to
enhance thermometric precision [13,57–62]. Ancilla-assisted quantum probes can enhance
the sensitivity of single temperature estimation [63–66]. Using a single probe qubit cou-
pled to a network of ancilla qubits allows for estimating multiple temperatures [54,55].
While promising, these approaches face notable limitations, such as the need for quantum
measurements due to the presence of coherences in the probe qubit state. Moreover, the
scheme in Ref. [55] relies on an asymmetric interaction, where the z-component of one spin
is coupled to the x-component of another spin. This type of interaction has not yet been
experimentally realized and poses significant challenges due to its inherent asymmetry.
Interestingly, there exists a naturally occurring weak asymmetric spin-spin interaction, the
DM interaction [67,68], which emerges alongside the exchange interaction in systems lack-
ing inversion symmetry [69,70]. In this work, we consider a probe qubit coupled to a chain
of N − 1 ancilla qubits, where all the qubits interact through both the DM interaction [67,68]
and the Heisenberg XX exchange interaction.

To characterize the precision limits of spin-chain ancilla-assisted ultracold temperature
estimation, we evaluate the QFI [3]. We begin by examining the simplest case of two
coupled qubits and demonstrate that the presence of two different energy channels (allowed
transition frequencies) enables sensitivity of the scheme to two different temperatures,
leading to a second peak in the QFI. Moreover, the precision associated with these QFI
peaks can be finely tuned by adjusting the relevant system parameters. Building on this
foundation, we extend our analysis to systems with multiple ancilla qubits. Remarkably,
the system parameters can be determined to ensure that each additional ancilla qubit
added to the spin chain introduces a distinct energy channel, further enhancing the range
of temperature estimations and, most remarkably, generating additional peaks in the
QFI at progressively lower temperatures. For a spin chain of N qubits, the number of
possible energy transitions increases exponentially with N. To maximize the utility of these
transitions, we carefully adjust the system parameters to make the transition energies as
distinct as possible, enabling the probe qubit to provide sensitive temperature information
across a broader range of ultra-low temperatures. In a system with Heisenberg XX and DM
interactions, we demonstrate that the maximum number of distinct transitions is limited
to N for a chain of N qubits. Consequently, our scheme achieves a linear increase in the
number of measurable transitions as the system size grows, offering an efficient pathway
to expand the operational range and precision of quantum thermometry.

Compared to previous quantum thermometry proposals, we summarize the distinct
features of our scheme: (i) Our probe and ancilla qubit chain exhibit high sensitivity for
more than one temperature, as indicated by multiple peaks in the QFI that scale with the
number of ancilla qubits, which typically requires highly degenerate multilevel probes [47].
(ii) Our scheme is based on the complete thermalization of the spin chain, making it au-
tonomous in comparison to other proposals for wide-range probe thermometers [16,71].
(iii) It does not require initial coherence [64] or an initial entangled state [58,72] to enhance
precision. (iv) Our results are robust against the bath spectra, which was not the case
for previous multiple-peaked QFI probes [16]. (v) While critical quantum thermometry
offers enhanced precision due to quantum phase transitions [73–75], it faces limitations in
operating effectively over a wide temperature range, especially at low temperatures. The
remainder of the paper is organized as follows. In Section 2, we introduce our theoretical
model for temperature estimation and discuss the open system dynamics, with the Gibbs
thermal state serving as the steady state of the entire system. In Section 3, we present our
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findings for the case of a two-qubit system, focusing on populations, energy transitions, and
the QFI analysis, with additional details on the two-qubit state provided in Appendix A.
Section 4 extends these results to systems with multiple ancilla qubits. Additionally, classi-
cal Fisher information and optimal measurement strategies are discussed in Appendix B,
while Appendix C presents the theoretical determination of the spin chain density matrix.
Finally, this paper concludes in Section 5.

2. Model
Our quantum thermometry model is based on a physical system of N spin-1/2 qubits

coupled through Heisenberg XX and DM interactions. To measure the temperature of
a thermal sample, N − 1 ancilla qubits are immersed in a thermal bath, with one qubit
remaining isolated to serve as a probe for estimating the unknown temperature T, as
illustrated in Figure 1. We begin with a brief discussion of the two-qubit system and then
extend our analysis to the case involving multiple ancilla qubits. The total Hamiltonian for
the two-qubit system is given by the following [69,70,76]:

ĤS = Ĥ0 + ĤI

= Ĥ0 + ĤXX + ĤDM,
(1)

where Ĥ0 is the Hamiltonian of non-interacting qubits and is given by the following:

Ĥ0 =
1
2

ωaσ̂z
a ⊗ Îp +

1
2

ωp Îa ⊗ σ̂z
p, (2)

where ωa and ωp represent the frequencies of the ancilla and probe qubits, respectively,
and σ̂α

i represent the α = x, y, z components of the Pauli spin-1/2 operators for the probe
(i = p) and ancilla qubits (i = a). The unitary operators are denoted by Îi. The second
term in Equation (1) represents the Heisenberg XX coupling between the two qubits and is
given by the following:

ĤXX = J(σ̂x
a σ̂x

p + σ̂
y
a σ̂

y
p), (3)

where J denotes the coupling strength of the exchange interaction. The last term in
Equation (1) is the DM interaction, which is an antisymmetric exchange interaction de-
scribed by the Hamiltonian ĤDM, which reads as follows:

ĤDM = g(σ̂x
a σ̂

y
p − σ̂

y
a σ̂x

p ). (4)

The strength of the DM anisotropic field, which is taken along the z-direction, is character-
ized by g.

The free Hamiltonian of the thermal sample consists of an infinite number of non-
interacting bosonic modes and is given by the following:

ĤB = ∑
k

ωk b̂†
k b̂k, (5)

where b̂†
k (b̂) are the creation (annihilation) operators for the k-th mode in the bath with

frequency ωk. The system–bath interaction is described by the Hamiltonian as follows:

ĤSB = σ̂x
a ⊗ ∑

k
sk(b̂k + b̂†

k ), (6)

where σ̂x
a is the Pauli spin X operator for the ancilla qubit, and the term sk denotes the

coupling coefficients between the ancilla qubit and each kth mode of the sample.
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Figure 1. A schematic representation of our thermometry scheme is shown. The system consists of a
probe qubit with a transition frequency ωp located outside of the thermal sample. This qubit is used
as a probe to measure the unknown temperature T of a sample. The measurement is facilitated by
ancilla qubits with transition frequencies ωi (i = 1, 2, 3, . . . , N − 1), which are immersed in the sample.
The qubits are coupled via a combination of the Heisenberg XX interaction (ĤXX) with coupling
strength J, and DM interaction (ĤDM) characterized by strength g.

The eigenvalues of the system Hamiltonian (1) are ±ωS and ±η, where

ωS =
ωp + ωa

2
, and η =

√
ω2

D + 4g2 + 4J2 (7)

with the notation ωD := (ωp − ωa)/2 introduced for convenience. The eigenvectors
associated with the eigenvalues can be expressed as follows:

|1⟩ : = |ωS⟩ = |00⟩,

|2⟩ : = |η⟩ = 2(J + ig)
∆

|01⟩+ η − ωD
∆

|10⟩,

|3⟩ : = | − η⟩ = −η − ωD
∆

|01⟩+ 2(J − ig)
∆

|10⟩,

|4⟩ : = | − ωS⟩ = |11⟩,

(8)

where the parameter ∆ defined as follows:

∆ :=
√

4J2 + 4g2 + (ωD − η)2. (9)

The energy transitions induced by the bath are depicted in Figure 2, which displays all
the possible transitions for ωa = ωp (Figure 2a) and ωa ̸= ωp (Figure 2b). The system
Hamiltonian (1) in the diagonal basis takes the form of H̃s = diagonal(ωS, η,−η,−ωS).

The Hamiltonian in Equation (1) can be realized across various experimental platforms.
For example, trapped ion registers [77–80] and superconducting qubits [81,82] already
support qubit chains, making them promising candidates for temperature monitoring.
Ultracold atoms [73,83,84] in optical lattices simulate spin models via synthetic gauge
fields, while solid-state systems [85,86], including quantum dots and NV centers, naturally
exhibit Heisenberg along with the spin–orbit couplings. Nuclear magnetic resonance
experiments [76,87] provide a robust testbed for DM-coupled qubits, and quantum dots
coupled through exchange and DM interactions [88–90] may have potential applications in
temperature sensing.
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Figure 2. (a) Energy transitions induced by the bath when the two qubits are resonant, such as
ωp = ωa. The two transitions ω1 and ω2 are of almost the same order, such as ω1 ∼ ω2. (b) shows
the transitions induced when the two qubits are off-resonant, such as (ωp ̸= ωa). In this case, the
transition energies ω1 and ω2 are of different orders.

3. Results
3.1. Sensitivity of Populations with T

The density matrix of the probe qubit is found by tracing out the ancillary qubit from
a two-qubit density matrix (see Appendix A for more details). Consequently, we have
the following:

ρ̂p = Tra[ρ̂ss] =

(
p(T) 0

0 1 − p(T)

)
, (10)

where the population of the excited state of the probe density matrix is given by the following:

p(T) =
cos(2θ) sinh

( η
T
)
+ χ − sinh

(ωS
T
)

2χ
, (11)

where the parameter χ is explicitly given in Appendix A. In any quantum metrological
analysis, identifying the parameter points where the density matrix shows the most rapid
variation is crucial. Since the probe density matrix in Equation (10) depends solely on the
single independent parameter p(T), our discussion focuses on determining the temperature
regions where this function changes most rapidly.

All parameters in this work are scaled by the frequency ωp and are presented in
dimensionless form unless explicitly specified otherwise. We show the exact first deriva-
tive of the population p(T) (Equation (11)) of the excited state of the probe as a function
of temperature T for two different cases in Figure 3. We observe a single temperature
peak in the p′(T) of the probe state shown in Figure 3a when the system exhibits sim-
ilar frequencies (ωa = ωp). This can be explained by the allowed transitions shown
in Figure 2a, offering a single channel to imprint the temperature information. On the
other hand, we observe that when the two qubits have different frequencies, it leads to
special temperature peaks in p′(T), as shown in Figure 3b. These two peaks in the first
derivative of the populations can be understood by the allowed transitions shown in
Figure 2b, where we can see two distinct energy channels. Based on this analysis, we
proceed with a detailed investigation of the probe state’s density matrix through low-
and high-temperature approximations to better understand the observed peaks in the
population dynamics.
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Figure 3. The behavior of the first derivative of the population p′(T) of the excited state of the probe
qubit as a function of temperature T for (a) ωa = 1 and (b) ωa = 0.04. We can see that there is
an additional peak at lower temperatures when ωp ̸= ωa, while only one peak can be seen for the
resonant qubits, ωp = ωa. The parameters are set to ωp = 1, g = 0.02, and J = 0.04. All the system
parameters are scaled with the probe qubit frequency ωp = 1.

3.1.1. Low-Temperature Peak

The steady-state solution of the system is sensitive to changes in the unknown value
of T and this sensitivity can be used to determine the value of T. As the system does not
generate coherences in the probe state, the populations within the density matrix serve as
effective indicators for measuring T. Therefore, we will carry out a detailed analysis of the
population dynamics of the probe qubit.

We first examine the case where the two qubits are off-resonant and the two transition
frequencies are of different orders, specifically, ωp ≫ ωa. This leads us to investigate a very
low-temperature regime, and we assume {η, ωS} ≫ T. Under this assumption, we can
write the following:

cosh(
η

T
) ≈ sinh(

η

T
) ≈ eη/T

2
. (12)

Therefore, the probe population is simplified to the following:

p−(T) ≈
cos2 θ

1 + eω−/T , (13)

where we define ω− = ωS − η. The first derivative of the population under this limit is
given by the following:

p′−(T) =
ω− cos2(θ)sech2(ω−

2T )

4T2 . (14)

In Figure 4a, the exact (blue dashed) and approximate (red solid) first derivatives of the
population p(T) of the probe are plotted as a function of bath temperature T, showing that
the approximation we consider is valid for low-temperature regimes. The derivative of
the population in Figure 3b shows that the population of the probe has two peaks, one
at a low temperature and the other at a higher temperature. The additional peak at low
temperatures appears due to the fact that the two qubits have a large frequency difference
(ωp ≫ ωa), allowing for another energy transition. This figure clearly shows that the two
peaks at low temperatures from the exact and approximate values of p are consistent.



Entropy 2025, 27, 204 7 of 27

Figure 4. (a) The first derivative of the population p′−(T) as a function of T in the low-temperature
limit, while (b) shows the first derivative of the population p′+(T) as a function of T in the high-
temperature limit. In both plots, the blue dashed curve represents the exact expression for the first
derivative of p as given in Equation (11), while the solid red curve corresponds to the approximate
expressions given in Equations (14) and (17), respectively. The parameters are set to ωp = 1, ωa = 0.04,
g = 0.02, and J = 0.04. All the system parameters are scaled with the probe qubit frequency ωp = 1.

The two peaks in the behavior of the population can be well explained by the transition
frequencies of qubits. The possible energy transitions for the qubits are shown in Figure 2.
When the qubits are resonant, the population value is low in the low-temperature regime,
while for the off-resonant qubits, the populations increase rapidly as more transitions occur,
indicating two peaks in the population. To investigate the behavior of the lower peak, we
determine the value of the temperature, where the value of dp/dT reaches its maximum,
such that d2 p/dT2 = 0. After some straightforward calculations, the temperature T∗ at
which the change in population ‘p’ reaches its maximum is given by a transcendental
equation, as follows:

T∗
low =

ω−
2

tanh(
ω−
2T∗ ). (15)

The above expression (15) clearly shows that the position of the lower peak can be
adjusted by modifying the value of ω−. This implies the existence of a distinct frequency,
ω−, associated with the high-temperature peak. To elucidate the physical mechanism
underlying the two peaks in the population, we consider two temperature exchange
channels corresponding to the transitions at ω+ and ω−. Consequently, for two peaks to
manifest in p′(T), there must be a significant gap between the magnitudes of ω+ and ω−.

3.1.2. High-Temperature Peak

To resolve the peak at high temperatures, we apply certain assumptions, specifically
setting cos 2θ ≈ −1 for the parameters under consideration. Under such assumptions, the
expression of p in Equation (11) reduces to the following:

p+(T) ≈
1

1 + e
ω+

T
, (16)

where ω+ = ωS + η. The first derivative of p is given as follows:
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p′+(T) =
ω+sech2(ω+

2T )

4T2 . (17)

This reveals another effective frequency ω+ associated with the peak at higher temperatures.
Since we are examining the first derivative of the population p, we need to maximize the
first derivative of p. After conducting some algebra, we obtain the value of T∗ at which the
population has a maximum value, which is given as follows:

T∗
high =

ω+

2
tanh(

ω+

2T∗ ). (18)

In Figure 4b, we present the first derivative of the population as a function of temperature
T for off-resonant qubits using the approximate above expression (17). The approximate
results at high temperatures align closely with the exact behavior of dp/dT. The two energy
channels, corresponding to the effective frequencies ω+ and ω−, play a crucial role in
resolving the two peaks. These peaks emerge when there is a significant difference between
ω+ and ω− and it allows for more transitions. Further discussions are provided in the
next section.

3.2. QFI Analysis

The sensitivity of the density matrix to small changes in the unknown parameter T
can be quantified using the QFI. Specifically, for the density matrix of a two-level system,
the QFI is calculated as follows [91,92]:

FQ(T) = Tr
[
(∂TρT)

2]+ 1
|ρT |

Tr
[
(ρT∂TρT)

2], (19)

where ∂T := ∂/∂T represents the partial derivative with respect to T and |ρT | shows the
determinant of the density matrix ρT . In a single-shot measurement scenario (such as
m = 1, where m shows the number of measurements performed), the ultimate precision
limit is determined by the Cramér–Rao bound, which relates the variance in T with the
inverse of QFI through relation Var(T) ≥ 1/FQ(T). Using the above formula, we find the
exact QFI for the probe qubit, which is given as follows:

FQ(T) =
(B + ζ − η cos(2θ) + ωs)2

T4χ2
[
χ2 −

(
sinh

(
ωs
T
)
− cos(2θ) sinh

( η
T
))2
] , (20)

where
B := sinh

( η

T

)
sinh

(ωs
T

)
(ωs cos(2θ)− η),

ζ := cosh
( η

T

)
cosh

(ωs
T

)
(ωs − η cos(2θ)),

(21)

where B and ζ in the above Equation (20) are defined for the sake of brevity. The QFI as
a function of T for different values of the coupling strength g is plotted in Figure 5. In
particular, Figure 5a,b depict the following two distinct cases: in one case, QFI exhibits
two peaks as a function of temperature T, while the other shows a single peak in QFI. We
can now have a one-to-one correspondence between the first derivative of the population
and QFI for off-resonant qubits. We compare Figures 3b and 5a, and we can observe
that—similar to the first derivative of p(T)—the QFI also exhibits a second peak at low
temperatures. Notably, the height of the additional peak in the QFI at lower temperatures
can be enhanced by increasing the coupling strength g, which consequently improves the
precision of temperature estimation. Nevertheless, precision at low temperatures can be
further enhanced by adjusting the coupling parameter J while keeping g fixed. The position
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and magnitude of this peak can be understood through the population expression in
Equation (13). As shown, the numerator contains a cos2 θ term that depends on the coupling
parameters g and J; this term increases with the value of g or J, while the denominator
primarily influences the location of the peak. Thus, by tuning g J, we can vary the height of
the QFI peak without shifting its position significantly. This provides a useful mechanism
for optimizing thermometric precision. In contrast, the peak at higher temperatures remains
unaffected by the values of these coupling parameters, as the population in Equation (16)
does not exhibit any dependence on g or J. The high-T peak is identical to the QFI of
a two-level system at thermal equilibrium [55]. This shows that the low-temperature
peak can be adjusted by tuning g, while the high-temperature peak remains stable, as it
depends on other system parameters. We can conclude from these results that adding
more ancilla qubits may increase the number of peaks in the QFI. Similar observations with
multiple peaks in QFI have been reported for periodically driven probes [36], though the
physical mechanism responsible for multiple peaks in QFI is fundamentally different in
these non-autonomous schemes.

Figure 5. (a) QFI FQ as a function of an unknown parameter T for different values of coupling
strength g at ωp = 1 and ωa = 0.04. The solid magenta, orange dashed, and blue dot-dashed curves
correspond to g = 0.01, g = 0.02, and g = 0.03, respectively. We set J = 0.05. (b) QFI for the resonant
qubits case, such as ωp = ωa = 1. The solid magenta, orange dashed, and blue dot-dashed curves
correspond to g = 0.01, g = 0.1, and g = 0.15, respectively. Here, we set J = 0.35. All the system
parameters are scaled with the probe qubit frequency ωp = 1.

3.2.1. Role of Transition Energies

The appearance of two peaks in the QFI can be explained by the presence of two
energy channels, ω− and ω+, appearing in Equations (14) and (17), respectively. When the
two qubits are resonant, such that ωa = ωp = 1, and with coupling strengths of g = 0.03
and J = 0.05, we find that ω− = 0.88 and ω+ = 1.11. This shows that the two frequencies,
ω− and ω+, are relatively close but not identical, with a difference of 0.23. This means that
these two energy channels do not allow efficient temperature information transfer in the
lower temperature regime. As a result, we observe only a single peak in the QFI, as shown
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in Figure 5b. However, the precision of temperature estimation due to this peak can be
enhanced by increasing the value of g and J.

In contrast, when we consider an off-resonant case, where ωa = 0.04 and ωp = 1 with
the same coupling strengths g and J, the values of the energy channels become ω− = 0.026
and ω+ = 1.013, indicating that ω− ̸= ω+ (such that ω+ ≫ ω−). This difference in energy
scales between the two channels enables the ancilla qubit to transfer additional temperature
information, allowing for more precise control over the operational range of temperature
measurement at low temperatures. This is reflected in Figure 5a, where we observe an extra
peak in the QFI as a function of T. Since the low- and high-temperature peaks in the QFI
are associated with ω− and ω+, respectively, the corresponding maxima are determined
with a precision of up to three decimal places. These values are given by T− = ω−/4, and
T+ = ω+/4.4.

The physical mechanism behind the energy transitions induced by the bath, responsi-
ble for possible energy channels, can be further explained using Figure 2. The coupling
parameters g and J play a crucial role in determining the behavior of transition energies.
For two qubits, the transition energies are given by ω1 = ωS − η and ω2 = ωS + η (where
ω1 and ω2 correspond to ω− and ω+, respectively), as shown in Figure 2. Both frequencies
depend on g and J, with the key quantity being the energy splitting ∆ω = ω1 − ω2. This
splitting makes the transition frequencies distinct and directly influences the second peak
of the QFI.

Increasing either g or J modifies ∆ω, causing the transition energies to converge. As
a result, the QFI exhibits a single peak at a lower temperature, while the peak at higher
temperatures diminishes. However, at very strong coupling strengths, the behavior may
differ, necessitating careful analysis of transition energies. To ensure that transition energies
remain sufficiently distinct, optimizing these coupling parameters is crucial. Therefore, it is
essential to have multiple peaks in QFI, and the transition energies must be in different order.

3.2.2. Approximate QFI

To derive the analytical expressions for the QFI corresponding to each peak, we can
use the approximate values of the probe’s population. Therefore, the QFI can be computed
based on the probe population in Equation (13), and using the formula in Equation (19), it
is given by the following:

F low
Q ≈

ω2
− cos2(θ)e2ω−/T

T4
(
1 + eω−/T

)2(sin2(θ) + eω−/T
) . (22)

In a similar way, we apply the assumptions for the high-temperature limit; the expres-
sion of QFI using Equation (16) for the high-temperature limit is given by the following:

Fhigh
Q ≈

ω2
+sech2(ω+

2T
)

4T4 . (23)

The total QFI is the sum of these two and is given by the following:

F approx
Q ≈ F low

Q +Fhigh
Q . (24)

Both the exact (Equation (20)) and approximate (Equation (23)) QFI values as a function
of T are shown in Figure 6. In general, they agree well, especially in the low-temperature
regime, where they are identical. A small difference appears at high temperatures. We
provide a detailed discussion of the classical Fisher information and optimal measurements
in Appendix B.
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Figure 6. QFI FQ as a function of T for ωp = 1, ωa = 0.04, g = 0.02, and J = 0.04. The solid
blue curves are obtained using exact QFI in Equation (20), and the red dashed curve is plotted
using approximate QFI in Equation (24). All the system parameters are scaled with the probe qubit
frequency ωp = 1.

4. Multiple Ancilla Qubits
In our study of the two-qubit scenario, we observed that the QFI peaks are closely

related to the allowed transitions within the system. Since there are only two possible
transitions for the two-qubit case, the system can exhibit at most two QFI peaks. In the
following section, we extend our analysis to a larger chain of N qubits, which enables the
measurement of a broader range of temperatures.

4.1. Probe State

The Hamiltonian for this system, which incorporates the interactions of interconnected
multiple ancilla qubits with the probe, can be expressed as follows:

Ĥ =
N

∑
i=1

1
2

ωiσ̂
z
i +

N−1

∑
i=1

Ji

(
σ̂x

i σ̂x
i+1 + σ̂

y
i σ̂

y
i+1

)
+

N−1

∑
i=1

gi

(
σ̂x

i σ̂
y
i+1 − σ̂

y
i σ̂x

i+1

)
. (25)

with the probe being the qubit numbered ‘N’, so ωN = ωp, JN , and gN denote the couplings
of the probe to the system via the last ancilla qubit.

To investigate the case of multiple ancilla qubits analytically, we find a reduced state
for the probe qubit in the case of a chain of N qubits, which is given by the following (see
Appendix C for detailed calculations):

ρ̂p =
TrA[e

−β ∑ij Mij ĉ†
i ĉj ]

ΠN
l=1(1 + e−βEl )

, (26)

where ĉ†
i (ĉi) are the fermionic creation (annihilation) operators corresponding to the ith

qubit, obtained through the Jordan–Wigner transformation, and TrA signifies the trace
over the N − 1 ancilla fermions and A = {1, 2, . . . , N − 1}. The partition function,
Z = ∏N

l=1(1 + e−βEl ), encapsulates information about all transition frequencies El present
in the system.

As detailed in Appendix C, for a system with N qubits, the maximum number of
distinct transition frequencies is N. Since the partition function encodes information about
these transition frequencies, the probe state can access this information, allowing for the
detection of a wide range of temperatures through local measurements of the probe qubit.
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The transition frequencies can be determined by calculating the eigenvalues of the
N × N tridiagonal matrix M, described as follows (see Appendix C):

Mi,i = ωi,

Mi,i+1 = 2(Ji + igi),

Mi+1,i = 2(Ji − igi), (27)

with Mi,j = 0 for all other combinations of i and j. The transition frequencies El that appear
in the partition function correspond to the eigenvalues of this matrix. It becomes evident
from this analysis that the maximum number of QFI peaks we can observe increases linearly
with the system size, as the transition frequencies correspond to the eigenvalues of the
N × N M matrix.

4.2. Absence of Coherences

Now, since we are focusing solely on the transition frequencies, it is essential to prove
that coherences do not play a role in our system. It might be more prudent to evaluate the
thermal state density matrix in the energy basis of the fermionic Hamiltonian, where it is
just given as follows (see Appendix C):

ρ̂th =
e−β(∑l El â†

l âl)

Z . (28)

After conducting some algebra, we can prove that this matrix can be written in the original
basis as follows:

ρ̂th =
Πk

(
1 + ∑i,j(e−βEk − 1)Û†

kjÛik ĉ†
i ĉj

)
Z , (29)

where Û is the unitary matrix that diagonalizes the system Hamiltonian with details
mentioned in Appendix C. Looking at the above form of the density matrix, we try to
establish that there will be no coherences in the probe state.

ρ̂p =
TrA

[
Πk

(
1 + ∑i,j(e−βEk − 1)Û†

kjÛik ĉ†
i ĉj

)]
Z . (30)

Suppose we want to evaluate the matrix element ⟨0|ρ̂p|1⟩, which measures the coherence

in the probe state. We also define θ
i,j
k = (e−βEk − 1)Û†

kjÛik for notational convenience,

⟨0|ρ̂p|1⟩ =
1
Z ⟨0|TrA

[
Πk

(
1 + ∑

i,j
θ

i,j
k ĉ†

i ĉj

)]
|1⟩. (31)

The only way the term in question can be non-zero is if it involves both the fermionic
operator ĉN and its Hermitian conjugate in the probe’s density matrix. The thermal state,
as defined in Equation (29), is a complex many-body operator. When fully expanded, this
operator consists of a sum of terms involving different numbers of fermionic operators.
These terms include the following:

• 2-fermion terms, such as ĉ†
1 ĉ2;

• 4-fermion terms, such as ĉ†
1 ĉ2 ĉ†

3 ĉ4;
• 8-fermion terms, such as ĉ†

1 ĉ2 ĉ†
3 ĉ4 ĉ†

5 ĉ6 ĉ†
7 ĉ8, and so on, up to 2N-fermion terms.

For the probe density matrix to exhibit coherence, it must arise from terms containing
only the raising or lowering operators of the probe fermion. For example, terms like
ĉ†

i ĉj ĉ†
k ĉN would contribute to coherence.
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However, since the partial trace over the ancillas corresponds to taking an expectation
value with respect to the ancillary states, only those terms where both the raising and
lowering operators of the same ancillary fermions are present will survive the partial trace.
This condition is not satisfied for operators such as ĉ†

i ĉj ĉ†
k ĉN , because these contain an

odd number of ancillary fermionic operators. This results in having no coherences in the
probe state.

Since coherence is absent in the probe state, the QFI depends solely on the population
(p(T)). Given that the trace of the density matrix is 1, the QFI effectively depends on a
single element of the probe density matrix, namely ⟨0|ρ̂p|0⟩. We will now try to write the
form of this matrix element, as follows:

⟨0|ρ̂p|0⟩ =
1
Z ⟨0|TrA

[
Πk

(
1 + ∑

i,j
θ

i,j
k ĉ†

i ĉj

)]
|0⟩. (32)

Analyzing this term further analytically becomes challenging. Therefore, we shift to nu-
merical investigations, carefully selecting parameters such that the transition frequencies
El are separated by distinct orders, leading to well-defined peaks in the quantum Fisher
information. We have earlier seen in the two-qubit case that if all the transition frequen-
cies are of distinct order, we can roughly estimate the Fisher peak points by solving the
transcendental equation, given as follows:

T̃i ≈
Ei
2

tanh
(

Ei

2T̃i

)
, (33)

where Ei denotes the transition energies available in the system. We assume that this
equation can also serve as a guide in the case of multiple QFI peaks, provided that the
eigenvalues of the ‘M’ matrix, defined in (27), are of distinct orders. To verify this assump-
tion, we choose parameters that ensure the eigenvalues differ in order and confirm their
validity in the results of following subsections.

4.3. N = 3

It is worth noting that when the eigenvalues of the matrix M in Equation (27) differ
significantly in magnitude, the locations of the QFI peaks can be determined by numerically
solving Equation (33). Our approximate numerical results indicate that each QFI peak
reaches its maximum value at T = Ei/2.4.

In what follows, we present our results for the case with more than one ancilla qubit.
In particular, for NA = 2 (where NA represents the number of ancilla qubits, such as
NA = N − 1), we plot the QFI for the probe qubit as a function of temperature T for
different values of coupling strength when two ancilla qubits are attached to the thermal
bath shown in Figure 7. The addition of a second ancilla qubit introduces another energy
channel, allowing for enhanced information exchange between the bath and the probe.
As a result, there are three energy channels in total, that is, two previously established
channels, which we explored in the previous section, and the new channel that enables
us to investigate the low-temperature regime. This range enhancement is reflected in the
emergence of a third peak in the QFI at low temperatures. The vertical lines in Figure 7a
represent the values T̃i calculated using Equation (33) for the eigenvalues of the matrix in
Equation (27), each corresponding to the respective QFI peak. These values are obtained by
numerically solving the general form of Equation (33) using the same set of parameters. In
this case, we fix the probe and ancilla frequencies as follows: ωp = 1 (probe), ω2 = 0.4 (first
ancilla), and ω1 = 0.04 (second ancilla). The coupling strengths of the XX interaction J are
fixed, such as J2 = 0.4 and J1 = 0.05. The coupling strength between the probe and the
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first ancilla is set to g2 = 0.4 and we vary the coupling strength g1 between the probe and
the second ancilla. The heights of the two peaks at low temperatures can be adjusted by
varying the coupling strengths g1 and g2, respectively. For example, increasing g1 enhances
the height of the third (leftmost) peak (as shown in Figure 7c), improving the precision of
temperature estimation at lower temperatures. In Figure 7c, we observe that the two peaks
at higher temperature values have merged, making them indistinguishable. However, the
precision of temperature estimation due to the middle peak decreases, and the height of
this peak can be increased by tuning g2 by fixing the value of g1. We can conclude that
there is a trade-off between parameters, such as gi and Ji, allowing us to fine-tune their
values to enhance precision within the desired temperature range.

Figure 7. QFI of probe qubit as a function of temperature T for the case of two ancilla qubits attached
to the bath (NA = 2); (a–c) correspond to plots for g1 = 0.04, 0.06, 0.1, respectively. For each g1 value,
we set J1 = 0.06, 0.08, 0.3, respectively. The remaining parameters are fixed as ωp = 1, ω2 = 0.4,
ω1 = 0.04, g2 = 0.4, and J2 = 0.4. The solid red vertical lines indicate the temperature values
calculated using Equation (33) for the eigenvalues of the M matrix defined in Equation (27). All the
system parameters are scaled with the probe qubit frequency ωp = 1.

4.4. N = 4

We now extend the system to include three (NA = 3) ancilla qubits and present the
results in Figure 8 for different values of coupling strength g1 between the probe and
the third ancilla qubit. The QFI is plotted as a function of temperature T on a log–log
scale for different values of the coupling strength, g1, and the other parameters are fixed.
The inclusion of this third ancilla introduces an additional energy channel, allowing us
to explore the low-temperature regime further. With four energy channels in total for the
exchange of temperature information, the QFI exhibits four distinct peaks as a function
of temperature T. Numerical analysis shows that the newly added ancilla should operate
at a lower energy scale, with its transition frequency ω1 set lower than both ω2 and ω3.
Likewise, the coupling between the probe and the additional ancilla must remain weak,
i.e., g1 should be small.
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Figure 8. QFI of the probe qubit as a function of temperature T on a log–log scale is shown for
the case of three ancilla qubits attached to the bath (NA = 3); (a–c) correspond to the plots for
g1 = 0.0055, 0.006, 0.0065, respectively. For each g1 value, we set J1 = 0.0075, 0.008, 0.0085. respec-
tively. The rest of the parameters are fixed to ωp = 1, ω3 = 0.4, ω2 = 0.04, ω1 = 0.004, g3 = 0.4,
g2 = 0.06, J3 = 0.4, and J2 = 0.08. The solid blue vertical lines indicate the temperature values
calculated using Equation (33) for the eigenvalues of the matrix in Equation (27) associated with each
peak. All the system parameters are scaled with the probe qubit frequency ωp = 1.

We fixed the probe frequency at ωp = 1, and the ancilla qubit frequencies are set to
ω3 = 0.4 (first ancilla), ω2 = 0.04 (second ancilla), and ω1 = 0.004 (third ancilla). The
coupling strength between the probe and the first ancilla is set to g3 = 0.4, and with the
second ancilla, its value is g2 = 0.05. We plot the QFI for different values of g1, representing
the coupling strength between the probe and the third ancilla qubit. The corresponding
Heisenberg coupling strengths J are shown in Figure 8. To enhance precision in the low-
temperature regime, g1 must be properly tuned. We consider three different values, as
follows: g1 = 0.0055, g1 = 0.006, and g1 = 0.0065, as illustrated in Figure 8a–c, respectively.
As g1 increases, the height of the QFI peak in the low-temperature regime also increases,
leading to improved temperature estimation precision.

Similarly, to enhance precision due to other QFI peaks, we can tune g2 and g3. There-
fore, optimizing the parameters associated with specific QFI peaks is crucial for improving
the accuracy of temperature measurements. Additionally, for distinct transition energies,
the ancilla qubit transition frequencies should follow the hierarchy ω1 < ω2 < ω3, and the
coupling strengths should satisfy g1 < g2 < g3.

The reduced state of the probe given in Equation (26) is a many-body state; therefore,
it is difficult to draw direct conclusions that which peaks of QFI correspond to the available
transitions and establish the role of transition energies in resulting the QFI peaks. We can
infer the parameter ranges where the QFI peaks align with the transition energies. To this
end, we will now discuss the influence of transition energies on the number of peaks in
the QFI as a function of temperature. For multiple ancilla qubits, we numerically solve the
general eigenvalue equation in Equation (27) to determine the transition energies for any
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number of qubits. Figure 9 illustrates the available transition energies E as a function of
g2 obtained by solving Equation (27) for N = 4 and the corresponding QFI values under
different parameter choices.

(a) (b)

(c) (d)

Figure 9. Top row: (a) Transition energies E as a function of coupling strength g2 and (b) the
corresponding QFI as a function of temperature T for N = 4, with the following parameter set:
ωp = 1, ω3 = 0.4, ω2 = 0.04, ω1 = 0.004, J1 = 0.007, J2 = 0.06, J3 = 0.4, g1 = 0.005, and g3 = 0.4.
For plotting QFI, we consider the weak coupling strength of g2 = 0.04. Bottom row: (c) Transition
energies E as a function of coupling strength g2 and (d) the corresponding QFI as a function of
temperature T for N = 4, with the following parameter set: ωp = 1, ω3 = 0.4, ω2 = 0.04, ω1 = 0.004,
J1 = 0.006, J2 = 0.04, J3 = 0.4, g1 = 0.004, and g3 = 0.4. For plotting QFI, we consider a strong
coupling strength of g2 = 2.

When the onset frequencies of the qubits are distinct and follow a hierarchy, as dis-
cussed earlier, the transition energy as a function of g2 remains well-separated and we have
four frequencies that exhibit a clear ordering, as shown in Figure 9a. Consequently, the QFI
displays four distinct peaks corresponding to these E values, as depicted in Figure 9b. This
shows how the transition energies align with the QFI peaks.

Conversely, if the ancilla qubits still have the same values but transition energies
are plotted as a function of strong coupling values, such as g2, we can still see different
transition energies as shown in Figure 9c.

Interestingly, in this scenario, the QFI exhibits only two peaks as a function of tem-
perature T. This occurs because increasing the coupling strength causes energy levels to
converge, and there are only two frequencies for which QFI can be well separated, thereby
reducing the number of peaks.

In general, interactions play a nuanced role, depending on the specific parameters
considered. From these observations, we conclude that distinct ancilla qubit frequencies are
not a strict requirement for multiple QFI peaks; rather, the existence of different transition
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energies primarily governs the number of peaks. A similar trend holds when fixing g2 and
plotting E as a function of other coupling values.

4.5. N = 5

Finally, we investigate the system by increasing the total number of ancilla qubits to
NA = 4. This introduces yet another energy channel, allowing us to probe even deeper into
the low-temperature regime. As expected, with the addition of this new energy channel, the
QFI now displays five distinct peaks as a function of temperature T, corresponding to the
additional level of control over the system dynamics in the ultra-low temperature regime.
The results are plotted in Figure 10 as a function of T for different values of coupling
strength g1 between the probe and fourth ancilla. The introduction of a fourth ancilla adds
a new energy channel that allows the probe to estimate the ultra-low temperature regime,
the precision of which can be enhanced by tuning gi values. As seen in Figure 10a–c, we
fixed g2, g3, and g4 while varying g1 from g1 = 0.0005 to g1 = 0.0007. This adjustment
increased the height of the third QFI peak (from the right) but reduced the precision at
the low-temperature peak. Similarly, fine-tuning other g values allows optimization over
a broader range of measurable temperatures. This suggests that to improve estimation
precision in the low-temperature regime, it should be set to g1 ≤ 0.0005 while the other
g values can be optimized to enhance the precision of the remaining peaks. Thus, each g
value can be adjusted to modulate the height of its corresponding QFI peak.

Figure 10. QFI of the probe qubit as a function of temperature T in the case of four ancilla qubits
attached to the bath (NA = 4). (a–c) represent the plots for g1 = 0.0005, g1 = 0.00055, and g1 = 0.0007,
respectively. The rest of the parameters are fixed to ωp = 1, ω4 = 0.4, ω3 = 0.04, ω2 = 0.004,
ω1 = 0.0004, g4 = 0.2 and g3 = 0.06 , and g2 = 0.005. The values of J are fixed as follows: J4 = 0.4,
J3 = 0.08, J2 = 0.008, and J1 = 0.00095. The dashed blue vertical lines indicate the temperature values
associated with each peak. All the system parameters are scaled with the probe qubit frequency
ωp = 1.
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From these results, we find that adding more ancilla qubits introduces additional
energy channels that facilitate the exchange of temperature information, thereby extending
the accessible temperature range to lower regimes. The results suggest that the probe qubit
should always be at a higher energy scale, and properly setting this energy scale difference
is crucial for probing the low-T regime. As seen in the two-qubit case, where there are only
two energy channels, ω− and ω+, the QFI shows two peaks. For a higher number of ancilla
qubits, we can determine the jump frequencies and predict the location of the peaks in the
QFI through El . For instance, in the case of NA = 4, the order should be ω1 < ω2 < ω3 <

ω4 < ωp; similarly, the coupling strengths should follow g1 < g2 < g3 < g4. By following
a similar analysis, one can identify an arbitrary number of peaks in the QFI. However, as
all these peaks occur at low temperatures, we may observe smooth behavior in the QFI for
a large number of ancilla qubits. Our results indicate a significant method for measuring
ultra-low temperatures using chains of qubits. Moreover, while increasing the number of
ancilla qubits extends the range of measurable temperatures, it also leads to a reduction in
the precision of temperature estimation.

5. Conclusions
In this paper, we presented a scheme for estimating low temperatures using a qubit

chain coupled via Heisenberg XX and DM interactions. We exploited the allowed transi-
tions between energy levels to measure low temperatures in quantum thermometry. We
first considered a two-qubit configuration where the ancilla qubit was connected to both the
thermal bath and the probe and served as a mediator. The dynamics of this open quantum
system were described by a Gibbs thermal state under the assumption of weak system–bath
coupling. We investigated the sensitivity of the populations of the probe qubit with respect
to temperature under two distinct cases. For the resonant qubits, we found that the first
derivative of the excited state of the population increases as a function of temperature T,
exhibiting a single peak. Conversely, in the off-resonant case, we observed an additional
peak with a smaller amplitude and sharper variations at lower temperatures. This behavior
arises because there are two different energy transitions, ω+ and ω− (where ω+ ̸= ω−),
facilitating the exchange of temperature information between the bath and the probe. In
the resonant case ω+ ≈ ω−, this effectively reduces the system to a single transition. For
efficient low-temperature measurements, these findings emphasize that the two qubits
should operate at different energy scales, with the probe qubit having a higher energy
(h̄ωp > h̄ωa) than the ancilla qubit.

We derived analytical expressions for the population of the excited state of the probe
qubit and the corresponding temperature in both low- and high-temperature regimes,
focusing on points where the first derivative of the population reaches its maximum. Using
these approximate expressions of the population, we calculated the QFI separately for each
regime and observed that the QFI as a function, T, exhibits two peaks, corresponding to
the two allowed transitions in the system.

Moreover, since the system does not generate coherences, all temperature information
can be extracted solely from the populations of the probe, which adds another layer of
robustness to the results. As a consequence, quantum measurements are not essential,
underscoring the significance of this study. To validate this, we calculated the CFI for the
probe and found it to be identical to the QFI. Subsequently, we explored optimal measure-
ments that are capable of saturating the quantum Cramér–Rao bound. We observed that
the Fisher information based on σ̂z provides the same temperature information as the QFI
and CFI based on the population measurement. In contrast, the Fisher information based
on σ̂x measurements yields zero information, which indicates that these measurements are
not suitable for temperature estimation in the current scheme.
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Finally, we investigated a chain of N interacting qubits. We derived an expression
for the probe qubit that accounts for all energy channels (transitions) through El . With
N − 1 ancilla qubits, we can now have N + 1 energy channels that facilitate the exchange
of temperature information between bath and probe and imprint them on the state of the
probe. These additional energy channels enhance the range of measurable temperatures,
with each new peak in the QFI appearing progressively at lower temperatures. Furthermore,
the precision associated with each QFI peak can be adjusted by fine-tuning the relevant
system parameters. Therefore, with such a configuration, we can achieve an arbitrary
number of peaks in the QFI associated with each transition, enabling the measurement of
ultra-low temperatures in quantum systems using qubits as probes.

Our proposed thermometry scheme, based on physical interactions between qubits,
provides a promising foundation for practical thermometric applications, offering enhanced
sensitivity in ultra-low temperature regimes. By incorporating such natural interactions,
the proposed scheme not only broadens the range of measurable temperatures but also
ensures experimental feasibility, bridging the gap between theoretical advances and their
practical deployment in quantum thermometry.
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Appendix A. Two-Qubit Density Matrix
Here, we discuss the thermalization of two qubits with the thermal sample. To this end,

we consider the weak system–bath coupling of the form given by Equation (6), allowing
the entire two-qubit state to reach a Gibbs thermal steady state [93,94]. The resulting steady
state of the two qubits on a diagonal basis is given by the following:

ρ̃ss =
1
Z


e−βωS 0 0 0

0 e−βη 0 0
0 0 eβη 0
0 0 0 eβωS

, (A1)

where Z = 2
(

cosh (βωS) + cosh (βη)
)

is the partition function expressed in the diagonal
basis and β = 1/T(kB = 1) is the inverse temperature. The density matrix for the two
qubits in the computational basis can be obtained by applying the unitary transformation,
which reads as follows:

ρ̂ss = Û†
ρ̃ssÛ =

e−βĤS

Z , (A2)

where the explicit form of the unitary transformation Û that is used to transform the density
matrix ρ̃ss from the diagonal basis to the computational basis is given by the following:
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Û =


1 0 0 0

0 2(J+ig)
∆

ωD−η
∆ 0

0 η−ωD
∆

2(J−ig)
∆ 0

0 0 0 1

. (A3)

In the two-qubit computational basis {|++⟩, |+−⟩, | −+⟩, | − −⟩}, the density matrix ρ̂ss

is given by a two-qubit X state [95], as follows:

ρ̂ss =


d1 0 0 0
0 d2 c 0
0 c∗ d3 0
0 0 0 d4

, (A4)

where the diagonal elements (populations) of the density matrix are given by the following:

d1 =
1

2eωS/T cosh
( η

T
)
+ e2ωS/T + 1

, d2 =
cos2(θ) + sin2(θ)e2η/T

2eη/T cosh
(ωS

T
)
+ e2η/T + 1

,

d3 =
sin2(θ) + cos2(θ)e2η/T

2eη/T cosh
(ωS

T
)
+ e2η/T + 1

, d4 =
eωS/T

2χ
.

(A5)

The off-diagonal term (coherence) is given by the following:

c =
i sin(2θ) sinh

( η
T
)

2χ
. (A6)

The mixing angle θ is defined as follows:

θ = sin−1

(
ωD − η√

4g2 + 4J2 + (ωD − Ω)2

)
. (A7)

In Equations (A5) and (A6), we introduce a parameter that reads as follows:

χ = cosh
( η

T

)
+ cosh

(ωS
T

)
. (A8)

Appendix B. Classical Fisher Information and Optimal Measurements
In our analysis, we initially examined the temperature-dependent populations, which

play a pivotal role in temperature estimation. The temperature sensitivity was further
quantified using the QFI as a key figure of merit, providing a rigorous measure of the
precision achievable in temperature measurements. Given that the system lacks coherences,
we can now use the classical Fisher information (CFI) to quantify the amount of information
that the temperature-dependent populations provide regarding the temperature estimation.
The CFI serves as a valuable measure of sensitivity in parameter estimation, allowing us to
assess how well the populations can be utilized to infer the unknown temperature of the
system. The general form of the CFI for a probability distribution p(x; θ) with respect to a
parameter θ can be expressed as follows [3,96]:

I(θ) =
∫ 1

p(x; θ)

(
∂

∂θ
ln p(x; θ)

)2
dx, (A9)

where p(x; θ) denotes the probability distribution of θ as a function θ. We calculate the
CFI by using the temperature-dependent populations of the probe’s density matrix (using
Equation (A9)). Remarkably, we find that the CFI is exactly equal to the QFI, which
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we computed earlier using Equation (19). This equivalence indicates that, in this case,
classical and quantum measurements converge, and the CFI captures the same amount of
information as the QFI for temperature estimation, i.e., I(T) = FQ. This result highlights
that the classical measurement scheme based on population measurement alone can be as
efficient as a full quantum approach, reinforcing the practical relevance of using population
measurements in quantum thermometry.

It is essential to determine the best optimal measurement that can saturate the quan-
tum Cramér–Rao bound. Therefore, we will present a measurement protocol that is
implemented in practical experiments. For a single qubit thermometer, we chose projective
measurements, and the corresponding Fisher information is given by the following [13]:

F (⟨X̂⟩) = 1
Var(X̂)

(
∂⟨X̂⟩
∂T

)2

, (A10)

where ⟨X̂⟩ and ⟨∆X̂⟩ denote the mean and variance of the observable X̂, respectively.

Figure A1. Fisher information calculated using (19) and the optimal Fisher information based on
the σz measurement, both plotted as functions of temperature T. The parameters are set to ωp = 1,
ωa = 1, g = 0.02, and J = 0.04. All the system parameters are scaled with the probe qubit frequency
ωp = 1.

To compute the Fisher information based on measurement ⟨σ̂z⟩, we employ the probe
state and derive the following quantities:

⟨σ̂z⟩ =
cos(2θ) sinh

( η
T
)
− sinh

(
ωs
T
)

cosh
( η

T
)
+ cosh

(
ωs
T
) ,

⟨∆σ̂z⟩ = 1 −
(
sinh

(
ωs
T
)
− cos(2θ) sinh

( η
T
))2(

cosh
( η

T
)
+ cosh

(
ωs
T
))2 .

(A11)

Using these expressions along with Equation (A10), we obtain the following form of
⟨σ̂z⟩-based Fisher information:

F (⟨σ̂z⟩) =

(
B + ζ + η cos(2θ) sinh2( η

T
)
− η cos(2θ) cosh2( η

T
)
+ ωs

)2

T4(1 − α)χ4 , (A12)

where the parameter α is given by the following:

α :=

(
sinh

(
ωs
T
)
− cos(2θ) sinh

( η
T
))2

χ2 . (A13)
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However, the QFI obtained from σ̂x measurements is zero. The QFI values in Equations (19)
and (A12) are plotted in Figure A1 as a function of temperature T. It can be observed that
both methods (FQ and F (σz)) yield identical Fisher information, a result that holds across
all parameter regimes. This demonstrates that the QFI is consistent with the optimal Fisher
information. Importantly, the QFI derived from the σx measurement is zero, highlighting
its inefficacy in this context. These results suggest that precise temperature estimation at
the quantum limit can indeed be achieved, but through carefully tailored measurement
strategies that target the most informative observables, such as the σz measurement for
probes interacting with thermal samples.

Appendix C. Chain of N Qubits
The Hamiltonian for a chain of N qubits in Equation (25) can be transformed to a

fermionic chain using the following Jordan–Wigner transformation:

σ̂z
i = 2σ̂+

i σ̂−
i − 1, σ̂x

i = σ̂+
i + σ̂−

i , σ̂
y
i = −i(σ̂+

i − σ̂−
i ), σ̂±

i =
σ̂x

i ± iσ̂y
i

2
. (A14)

Therefore, the above Hamiltonian is as follows:

Ĥ =
N

∑
i=1

ωi
2
(2σ̂+

i σ̂−
i − 1)−

N−1

∑
i=1

igi

[
(σ̂+

i + σ̂−
i )(σ̂+

i+1 − σ̂−
i+1)− (σ̂+

i+1 + σ̂−
i+1)(σ̂

+
i − σ̂−

i )
]

+
N−1

∑
i=1

Ji

[
(σ̂+

i + σ̂−
i )(σ̂+

i+1 + σ̂−
i+1) + (σ̂+

i − σ̂−
i )(σ̂+

i+1 − σ̂−
i+1)

]
After conducting some algebra for simplification, the above Hamiltonian takes the follow-
ing form:

Ĥ =
N

∑
i=1

ωiσ̂
+
i σ̂−

i + 2
N−1

∑
i=1

(Ji + igi)σ̂
+
i σ̂−

i+1 + (Ji − igi)σ̂
+
i+1σ̂−

i (A15)

According to the Jordan–Wigner transformation, we can transform the spin operators into
corresponding fermionic operators using the following:

σ̂+
i = ĉ†

i eiπ ∑l<n ĉ†
i ĉi ,

σ̂−
i = ĉie−iπ ∑l<n ĉ†

i ĉ.
(A16)

After conducting some straightforward algebra, we obtain the following:

Ĥ = C† M̂C, (A17)

where we ignore the scale changing by the constant term −∑N+1
i=1

ωi
2 in the above Hamilto-

nian, as it will eventually cancel out when we consider the thermal state, and the vectors C
and C† are given by the following:

C =


ĉ1

ĉ2

ĉ3
...

ĉN

, C† =
(

ĉ†
1 ĉ†

2 ĉ†
3 . . . ĉ†

N

)
, (A18)

and M̂ is a (N + 1)× (N + 1) matrix that connects the fermionic operators ĉ and ĉ†. Hence,

Ĥ = C† M̂C, (A19)
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Now, suppose that we can diagonalize M̂ by using the following transformation:

M̃ = Û† M̂Û, which implies that M̂ = ÛM̃Û†, (A20)

where Û is a diagonalizing matrix and M̃ is a diagonal matrix. Suppose that (M̃)ij = Eiδij

and M̂in = Ûij M̃jkÛ†
kn = ÛijEjδjkÛ†

kn, which implies that M̂in = ∑j ÛijEjÛ
†
jn. Using this in

the Hamiltonian, we can write the following:

Ĥ = C† M̂C

= ∑
jk

ĉ†
j M̂jk ĉk

= ∑
jkl

ĉ†
j ÛjlElÛ

†
lk ĉk.

(A21)

By defining the following operators:

âk = ∑
j

U†
k,j ĉj, â†

k = ∑
j

Uj,k ĉ†
j , (A22)

we can write the Hamiltonian as follows:

Ĥ = ∑
l

El â†
l âl , (A23)

where El is the transition frequency available for the lth level. Since the steady-state solution
of the two-qubit system in a global basis is a thermal state, for the chain of N qubits, we
can write the thermal state as follows:

ρ̃th =
e−β(∑l El â†

l âl)

Tr[e−β(∑l El â†
l âl)]

. (A24)

where the partition function Z = Tr[e−β ∑l El â†
l âl ] can easily be found and is given by

the following:
Z = ΠN

l=1

(
1 + e−βEl

)
. (A25)

This represents the thermal state of a chain of ancilla qubits, including the probe qubit, on a
diagonal basis. To obtain the density matrix of the probe qubit, we first need to transform
this thermal state back to the computational basis. After the transformation, we trace out all
the ancilla qubits. Consequently, the density matrix in the computational basis is expressed
as follows:

ρ̂th =
e−β ∑ij Mij ĉ†

i ĉj

Z . (A26)

The partition function in this case is basis-independent, and from its structure, it is evident
that all the system’s frequencies can be identified through the energy levels El . This
indicates that the partition function encapsulates the complete spectrum of the system’s
energies, enabling the detection of all relevant frequencies. Finally, the state of the probe
state in the computational basis in terms of the fermionic operators is given as follows:

ρ̂p =
1
Z TrA[e

−β ∑ij Mij ĉ†
i ĉj ], (A27)

where TrA signifies the trace over the N − 1 ancilla fermions and A = {1, 2, . . . , N − 1}.
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95. Upadhyay, V.; Naseem, M.T.; Marathe, R.; Müstecaplıoğlu, Ö.E. Heat rectification by two qubits coupled with dzyaloshinskii-

moriya interaction. Phys. Rev. E 2021, 104, 054137. [CrossRef] [PubMed]
96. Braunstein, S.L.; Caves, C.M. Statistical distance and the geometry of quantum states. Phys. Rev. Lett. 1994, 72, 3439–3443.

[CrossRef] [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1103/PhysRevLett.110.046803
http://dx.doi.org/10.1103/PhysRevA.87.022337
http://dx.doi.org/10.1088/0305-4470/32/14/007
http://dx.doi.org/10.1093/acprof:oso/9780199213900.001.0001
http://dx.doi.org/10.1103/PhysRevE.104.054137
http://www.ncbi.nlm.nih.gov/pubmed/34942835
http://dx.doi.org/10.1103/PhysRevLett.72.3439
http://www.ncbi.nlm.nih.gov/pubmed/10056200

	Introduction
	Model
	Results
	Sensitivity of Populations with T
	Low-Temperature Peak
	High-Temperature Peak

	QFI Analysis
	Role of Transition Energies
	Approximate QFI


	Multiple Ancilla Qubits
	Probe State
	Absence of Coherences
	N = 3
	N = 4
	N = 5

	Conclusions
	Appendix A
	Classical Fisher Information and Optimal Measurements
	Chain of N Qubits
	References

