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Abstract: In this paper, we study self-normalized moderate deviations for degenerate
U-statistics of order 2. Let {X;,i > 1} be i.i.d. random variables and consider symmetric
and degenerate kernel functions in the form h(x,y) = Y721 A;8/(x)g;(y), where A; > 0,
Eg/(X;) = 0, and g;(Xj) is in the domain of attraction of a normal law for all I > 1.

Under the condition };°; A; < co and some truncated conditions for {g;(Xy) : I > 1},

Ya<izj<n M(Xi X)) 2)

2
we show that logP( > x2) ~ —3 for x, — o0 and x, = o(y/n), where

maxj<j<eo Alvr%,l

V2 =Y, ¢?(X;). As application, a law of the iterated logarithm is also obtained.

Keywords: moderate deviation; degenerate U-statistics; law of the iterated logarithm;
self-normalization

MSC: 60F15; 60F10; 62E20

1. Introduction and Main Results

The recent three decades have witnessed significant developments on self-normalized
limit theory, especially on large deviations, Cramér-type moderate deviations, and the law
of the iterated logarithm. Compared with the classical limit theorems, these self-normalized
limit theorems usually require much less moment assumptions.

Let X, X1, Xp, ... be independent identically distributed (i.i.d.) random variables. Set

n n
Sw=) X;and VZ =) X%
i=1 i=1
Griffin and Kuelbs [1] obtained a law of the iterated logarithm (LIL) for the self-
normalized sum of i.i.d. random variables with distributions in the domain of attraction of
a normal or stable law. They proved that

1. If EX = 0and X is in the domain of attraction of a normal law, then

Sn

I
el v, (2loglogn)1/2

n—o0

=1 as. (1)

2. If X is symmetric and is in the domain of attraction of a stable law, then there exists a
positive constant C such that

Sn

i
ot Vi (2loglogn)l/2

n—oo

=C as. (2)
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Shao [2] obtained the following self-normalized moderate deviations and specified
the constant C in (2). Let {x,,, n > 1} be a sequence of positive numbers such that x,, — oo
and x, = o(y/n) as n — oo.

1. If EX = 0and X is in the domain of attraction of a normal law, then

S 1

i —2 on - _-

nlgrolo X, logP(Vn > xn> 5 3)

2.  If X is in the domain of attraction of a stable law such that EX = 0 with index
1 < & <2, or Xj is symmetric with index « = 1, then

L S
nlglgoxnzlogl’(vz > xn> = —B(a,c1,¢2),
where B(«a, c1,¢2) is a constant depending on the tail distribution; see [2] for an explicit
definition.

Shao [3] refined (3) and obtained the following Cramér-type moderate deviation
theorem under a finite third moment: if EX = 0 and E|X|? < oo, then

P(Sn/Vn > xn)

P(Z > xy) —1 4)

for any x,, € [0,0(n!/%)), where Z is the standard normal random variable.

Jing, Shao and Wang [4] further extended (4) to general independent random variables
under a Lindeberg-type condition, while Shao and Zhou [5] established the result for self-
normalized non-linear statistics, which include U-statistics as a special case.

The U-statistics were introduced by Halmos [6] and Hoeffding [7]. The LIL for nonde-
generate U-statistics was obtained by Serfling [8]. The LIL for degenerate U-statistics was
studied by Dehling, Denker and Philipp ([9,10]), Dehling [11], Arcones and Giné [12], Te-
icher [13], Giné and Zhang [14], and others. Giné, Kwapien, Latata and Zinn [15] provided
necessary and sufficient conditions for the LIL of degenerate U-statistics of order 2, which
was extended to any order by Adamczak and Latata [16].

The main purpose of this paper is to study the self-normalized moderate deviations
and the LIL for degenerate U-statistics of order 2. Let

1

U, = —— (X, X)),
1) 2, )
where
h(x,y) =Y Mgi(x)gi(y). (5)
s}

A motivation example for the LIL is the one with the kernel h(x,y) = xy. Obviously,
V?2/(2V2loglogn) — 0. Then, via (1) and (2), we have

1. If EX = 0and X is in the domain of attraction of a normal law, then

1
limsup ————-—
n%wp 2V2loglogn

Y, XiX;

1<iZj<n

= limsu [ S
B n%oop Vi (2loglogn

2
)1/2} =1 as. (6)
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2. If X is symmetric and is in the domain of attraction of a stable law, then there exists a
positive constant C such that

1
limsup ——+——
g 2VZloglogn

Y, XiX;

1<i#j<n

z 2
)1/2} =C* as.

= limsu [ S
B ﬂ*)OOp Vi (2loglogn

For the general degenerate kernel /1 defined in (5), we have

agk

nn—NU, = VDI 10:69)10:6)

1 1<i#j<n

w((Lax) - Lt )

1

1

|
agh

I=1

Suppose that g;(X) is in the domain of attraction of a normal law for every | > 1. Then,
Ly(x) := Eg*(X1)I(|g1(X1)| < x) is a slowly varying function for all [ > 1 as x — co. Let
{xn,n > 1} be a sequence of positive numbers such that x, — oo and x, = o(y/n) as
n — oo. Foreach I > 1, set

by = inf{x >1:Lj(x) > O},
Zp] = inf{s s >bp+1, LIS(ZS) < Jf’} (7)
Write
W, — n(n—1)U,

B maxi<j<eo A Z?:l glz(Xi) '

We have the following self-normalized moderate deviation:
Theorem 1. Let Eg;(X) = 0and A; > 0 for every | > 1.

i Mgt
Supwﬁo as m — co ®)

veR Li<i<oo M&H(x)
and

lim Egi(X)I(|g1(X)| < z1) gk (X)I(|gx(X)] < 2y 1)
n—reo Lyi(zp) Lic(zu k)

—0 )

forany 1 # k. Then, for x,, — oo and x, = o(\/n),

lim xn_zlogP(Wn > x%) = 71.

n—rco 2

As an application, we have the following self-normalized LIL:

Theorem 2. Under the assumptions in Theorem 1, and instead of (8), we assume that for each
I € [1,00), there is a constant ¢; > 0 such that

Mgt (x) >
SUp —5——5— < ¢ and ¢ < oo. (10)
xeR Lioq Mgt (x) 1;
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Then,

lim sup W =2 as. (11)
n—oo loglogn

Remark 1. We use an example to show that (9) cannot be removed. Let g1(x) = x, g2(x) = x°

and Ay = Ay =1, A\; = 0for | > 3. Let X be a Rademacher random variable. Then, n(n — 1)U, =
Licizjan(XiXj + X} X?) = 2 1izjcn XiXj and Wy = 2 1<izj<n XiXj/ Ty X By (6),
limsup, .., W,/ loglogn = 4 a.s. which contradicts (11).

2. Proofs

In the proofs of theorems, we will use the following properties for the slowly varying
functions g; (e.g., Bingham et al. [17]). As x — oo,

P(|g1(X)| > x) = o(Li(x) /%), (12)
Elgi(X)[1(Ig1(X)] = x) = o(Ly(x)/x), (13)
Elgi(X)IPI(11(X)] < x) = o(xP 2Ly (x)), p > 2. (14)

Since L;(s)/s?> — 0as s — o0 and L;(x) is right continuous, in (7), z,,; — co and for all
sufficiently large n values, we have

nLy(zy)) = xaz2 (15)

nl*

2.1. The Upper Bound of Theorem 1

Foreach ! > 1 and i > 1, denote the truncated function
§1(Xi) = &1 (X)I(1g1(Xi)| < 2y 1)-
Since Eg;(X;) = 0, we have
E1(Xi) = 0(Li(zn1)/2n1) = 0(xu\/Li(241)/ /1) (16)

by (13) and (15). For each | > 1, write
n _ n 5 n 5
Yor =3 81(Xi), Yoy =) &(X;) and Vi, =} & (X)),
i=1 i=1 i=1

By Condition (8), for each 0 < &€ < 1, there exists 1 < m < oo such that

1<l<o0

m oo
m max V2, > Y AVE > (1—e) Y A V2L (17)
=1 =1

Hence, for x;, — oo,

© A Y2
L1 Y >x,%>. (18)

P(Wn > (1+e)x;) <P ———2
( n_( ) ") - (maX1<l<ooAanzl B
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Observe that for any random variables {U;}{°, and {Z;}{°; and any constants x > 0 and
0 < a < 1/3, we have the following via the Cauchy inequality:

P(Z(uz +2)* > x)

1

A
M
=
N
;_\
|
&
v
_|_

e
g
N
N
Y
IS

N
=
N———

(19)

N
M
=
—~N
;_\
I
N
Q
\/
_|_

e
!
N
—~N
v
Q

N
=
N——

Forany 0 < € < 1/3, by (18) and (19), we have

P(Wn > (1 +£)xfz>

P():?o_l M(Z (XD I(81(X0)] > 2,1))° S st2>

2
max)<j<eo )Lan,l

© A Y?
+P(Z”l”'l2 > (1- 2e)x§>. (20)

maxi<j<eo /\an,l

IN

For any integer m > 1 and any constant C; > 0 with Cje < 1, we have

2?0:1 /\IY2
P(”lz > (1- 2e)x§>

maxi<j<eo AV,

< P( max. MVE <f Z MLy an))
I<I< €= m+1

P max A V2 < (1—¢)n max A Li(z
+ <l<l<)<(>ol w1 < ( )11X lz(m))

-|-P< Z:l:erl Al n,l
(n/€) Y52 1 MLi(zny)
ip ( YL MYE

(1 —e)nmaxq<j<,y ALi(z)

> Cie(1 — 28)x%>

>(1-Ce)(1— 2e)x5>. (21)

Applying (21) to (20), we have

P(Wn > (1+ e)xﬁ)

IN

P( max /\IVZ < — E AZLI an)>
1=l< € 1=m+1

P MV2E < (1 — AL
+ <1I<nzi)§o 1V < ( 3)”1221 1 I(Zn,l)>

+P<Z‘z’°_1 M (T (XD (X > 2)” 22>

max)<j<eo )ler%,l

n P( YISt /\er%,l
nY 3 iq ALi(zug)
2?1:1 )‘IY;%I
P > (1 —Cqe 1—2e2x2)
(”maX1<l<m MLi(zyg) — ( ) S
Ly+hpo+ L+ I+ 14 (22)

>Ci(1- 2£)x,21>




Entropy 2025, 27, 41 6 of 27

2.2. Estimation of I 1 and I »
Proposition 1. For m > 1 that is sufficiently large,

111 =P max )LIV b < — Z AlLl an) < exp(—2x%) (23)
' Sl<oo €2 m+1
and for any constants § > 0and 0 < n < 1,
P(Zm 121); Aanz,l <(1- 77)n1<lz<:oo ALy (Zn,l)> < exp(—2x2), (24)
P<lf<r}ax A 281 I(]g1(Xi)| < 0zy) < (1 ’7)”1T<nla<>§o/\sz(Zn,z)>
< exp(—2x;). (25)

In particular,

Ly < P< max A;V? '} < (1—¢)n max AlLl(znl)) < exp(—2x2).

1<I<oo 1<I<o0

Proof. We shall apply the following exponential inequality (see, e.g., Theorem 2.19 of de
la Pefia, Lai and Shao [18]). If Y3, ..., Y}, are independent random variables with Y; > 0,
pin =Y 1EY;and B2 = Y' | EY? < oo, then for 0 < x < pip,

p($35 ) <o),

Y (8), L1 MV / XiZa MV, — 0asm — oo. Then, by (17),

Yitma MV,
LI”IZ%O as m — oo. (26)
maxj <j<eo A1V
Hence,
smaX/\l l>2 Z % l>2 Z /\lz
< I=m+1 I=m+1 i=1
Then,

[e9)
Ly < ( Y 7\12& ; Z AL an>
I=m+

I=m+1 i=1

(lel m-+1 /\ILI(an) ) 27
exP< 2nE(LP 1 MET(X1))? ) )

By Minkowski’s integral inequality, (14) and (15),

2
E( Y. /\lgzz(Xl)>

I=m+1

IA

2
{ ) /\I(ES’?(Xl))UZ}

I=m+1

2
= 0<\f Z )\lLl an)> . (28)

Xno 2 m+1
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Therefore, (23) follows from (27) and (28). To show (24), notice that by (17),

o) (o) n
m max MV, > (=) Y Ve > (1—n) YA 2??(&')

1<i<oo i

Then,

1<l<oo

<2m max /\l 1 < (1—n)n Z AILI(Zn,l)>

IN

(i Parice mewmz))
( ((%

Yo AMLy(zpy ))2>
E(X72 Mgl (Xq))?

Similar to the proof of I; 1 as in (27) and (28), we have (24).
To show (25), let

In= min{l t MLy (za) = max )\ILI(Zn,l)}‘

Then,

N < < (1—
<1I<nzix A Zgz I(]81(Xi)| < 0zy) < (1 ’7)”;2%&@1(%,1))
n
< (Z L8 (X)1(1g1,(X)| < 62,,) < (1 ﬁ)n/\z,sz,,(Zn,zn)>
-1
<

( —))2(nAy, Ly, (2a,))> )
nAZ Egl (X1)I(lg1, (X1)| < 0z,)
_ Tl)Lln Lln (Zn l”))

- nA2 (L} (6zu,)/%3) )

Since L;(6zy,1)/Li(z,;) — 1, (25) follows. [

2.3. Estimation of I

Proposition 2.

. (z, 1 AT 1 (X100 | > 20))
2 =

maxj<j<eo )\IV

> ) < exp(-212).
Proof. Via the Cauchy-Schwarz inequality,

Y A X @ ()T (X)] > 20) )

maxj<j<eo A Vil

YR M (X)) D I(lgi(X)| > Zn,z)_

maxj<j<eo A Vil

By (17), the sum of the diagonal terms is as follows:

Yo 181( DI(181(Xi)| > z,1) < e2x2
maXj<j<eo /\an,l - 2
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I < p Zl<z;£]<n Zl 1 )\lgl( ) (|gl< ])| > Zn,l) gzx;%
2 =< >
maxj<jceo A i 18] 09 2
< p Yi<icicn i M&T (X I(Ig1(X))| > z41) _ a2
- max<j<c A Litq §7(Xi) T4
L p Yacjeicn i1 M&T(X)I(181(X))| > zy1) - ex?
maxi<j<eo A Liq §7(X) -4
< p Zl<1<]21 1)\181( i)l (|gl(Xj)\ > Zp1) e2x2
N 2<] n maXi<j<eo )\l Zlg ]gl2(Xl) T4
+ P Z Z]<I<Vl El 1)‘ng( ) (‘31(2]” > Zn,l) > sz%l
1<j<n maxi<j<eo Al Z]<i<n &7 (Xi) 4
= Dbi+hp. @9
Let
b= Yi<ici Licq Mgt (X 1(181(X))| > zy)
e maxi<j<eo M Li<i<j 8] 7(Xi)
Then, for any constant ¢ > 0,
Iy < Ee'Ei2¥ietexi/4 (30)
Let Ej be the expectation of Xj for 2 <j < n. Then,
n X n—1 p.
Ee'5-2% = E(e' 5= g, ettn), (31)

Since |¢* — 1] < e0vs |s| for any s € Rand 0 < ¢, < m for some sufficiently large m value,

then

|Ene'® —1] < e™tEngy

e t21<1<n21 1/\181( ) (|gl( )|>an)
maxi<jceo A Li<icn 87 (Xi)

By (12) and (15), we have P(|g;(X4)| > z,;) = o(x3/n). Then, together with (17),

Ene'?" =1+ o0(x%/n) = (/)
Applying (32) to (31), we have
Ee!Ti2®) — po(x3/m) pot T2 ¢
Similarly,

Eet Z]n;zl ‘P] — E( tz;l;ZZ ‘P] E 1et¢nfl )
o(x /n)Eeon QZ(P]

Continue this process from X, to X;. We conclude that

EetZ};z(P]- _ enxo(x%/n) _ eo(x%).

(32)

(33)
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Applying (33) to (30) and letting t = 16/¢2, we have
L < exp(—3x2). (34)
By the same argument,
by < exp(—3x3). (35)

Combining (29), (34) and (35), we obtain the proposition. O

2.4. Estimation of I3

Let Yy, ..., Y, be an independent copy of Xj, ..., X;;. We will use the following lemma
which is a Bernstein-type exponential inequality for degenerate U-statistics.

Lemma 1 ((3.5) of Ging, Latala and Zinn [19]). For bounded degenerate kernel h; j(X;,Y;), let

Z/]

A= max”h,] XZ,Y f

, ZEh (Xi,Yj),

—max{HZEh )’oo,

o

Then, there is a universal constant K such that

S} < ke[

Recall (16). Hence, by (19) and the definition of I3 in (22),

Zloo:m+1 Al(Yn,l - EYn,l)2
Y1 ML (z)

I < P( > Cin(1— 28)2x§>. (36)

Let

hn (X, Y) Z A(&i(Xi) — Egi(Xi))(81(Y;) — EGi(Y)))- (37)

I=m+1

In addition to the estimate of I3, we include (40) in the following proposition which will be
used in the proof of Theorem 2, where

hp )(XUY)
; 1 (81 (X)I(81(Xi)| < Bzuy) — Egr(Xi) I(|1(Xi)] < Bzyip) }
x {1 (YD I(Ig1(Y)] < Bzyp) — Egi(Y) I(Ig1(Y)] < Bzup) }- (38)

Proposition 3. For a sufficiently large constant C; > 0,

P( Ya<ijen hm(Xi, Y))

= >C x2> < exp(—3x2), 39
nY 2 ML (zyg) 2 p(=3x) 39)
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Then, by (36) and the decoupling inequalities of de la Pefia and Montgomery-Smith [20], for a
sufficiently large C1 > 0,

Yi<ijn hm(Xi, X;)
ny 2 1 MLi(zg)

I3§P< > Cy(1—2¢)%x 2) < exp(—2x2).

Suppose that A; > 0 forall 1 <1 < oo and d > 0 is a constant. For constants 0 < a, p < 1 that
are sufficiently small,

P<Zl<i,j<[um] hig) (Xi, Y))
n Y2 MLi(zn)

Proof. We will prove (39) and (40) simultaneously. By (15) and (37),

> dX%> < exp(—2x7). (40)

nLl an)

An = (X, Y|, < 4 Z ANz =4 2 A ——5= (41)
l=m+1 I=m+1
By (15) and (38),
4B n L%y MLi(za1)
A”/(ﬁ) = Hh(ﬁ)(xi’y H <4Z)\Z,B nl = ‘B l )1(2 4§ (42)
Let
B; = EhZ,(X; Eh2,(x,Y;
pi=maxq |l ) Em(Xiy)| o )X Ern(x )|
1<i<n © Tigj<n ©
Since [g;(Y;)| < z,,, then by Cauchy-Schwarz inequality, (15) and (37),
=S 2
| & e, <ne(2 ¥ macx) - gl
1<i<n e I=m+1
< 4nE Y A(8i1(X0) — Egi(Xq)) Z \izh)
I=m+1 I=m+1
[e0) [e9) L
< 4n Y MLi(zeg) Y )\zuin’l)-
I=m+1 I=m+1 Xn
The same result can be obtained for || Y1 <j<, EhZ,(x,Y;)|co. Therefore,
B2 < 4 (T2 1 MLi(201))? 13
n = 22 . (43)
n
Similarly,
Brap) = maX{H » Eh%m(xl'y)‘ Ly }Eh%m(xfyf)Hw}
1<i<[a i<lan

ZnLl(an)

< 406112)\1[4 ﬁznl Z)\,B .

Since 0 < B <1, then L;(Bz,;)/Li(2z,;) < 1. Hence,

< 4ap?n® (24 ALy (20,))?

n
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By (37) and the Cauchy-Schwarz inequality,

C% = Z Eh%n(Xi,Yj)
1<i,j<n
ad _ _ 2 & _ _ 2
< Y Y ME@(X)—Eg(X))” Y. ME(&(Y;) —Egi(Y)))
1<i7%n 1= I=mt1
o 2
< (X M) (44)
I=m+1
Similarly,
2 _ 2
Coapy = L B (X))

1<i#j<[an]

0 2
< a*n? ( ) /\le(ﬁZn,l))
=1

0o 2
< ﬁ#(ZAm&MO. (45)
=1
Now let
x = Conx? 2 ALy (zp ). (46)
I=m+1

By (41) and (46),

1/2
<x>1/2 > Cznx% Zloo:m+1 AILI(ZH,I) — (C2/4)1/2x2
Ay 4n E?O:m-&-l AILI(Z”/I)/X% '

By (43) and (46),

2/3 0 o
( x ) / - (Cz”x% Yizmi1 AlLl(z”/”) = (C2/2)2/3x721'

By 2n Y e MLa(Z0p) / X
By (44) and (46),

x Conx2 ¥ 1 AiLi(z) — Gy
Cn — ”):?o:erl /\ILI(Zn,l) !

Then, (39) follows from Lemma 1 for a sufficiently large C; value. Similarly, let

Xg = dnxg Y ALy (z,)- (47)
=1
By (42) and (47),
1/2 o 1/2
Xq o (xS AL (za) _ Vi,
Ay ) \ABPn 2y MLi(zu) /X5 287"

By (44) and (47),

X4 23 > dnx% 2?0:1 /\ILI (Zn,l) 2/3 B < d )2/33{2
Buagg)) — \2vVaBn ity MiLi(za1)/xn 2vap) "
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By (45) and (47),

q o dnag Y2y MiLi(z) _ d 2
Cuap)  aniiZqgALi(zey) 27"

Therefore, (40) follows from Lemma 1 for & and p values that are sufficiently small. [

2.5. Estimation of I4

Lemma 2 below follows Corollary 1(b) of Einmahl [21] and Lemma 4.2 of Lin and
Liu [22]. However, we add the condition Zfil E|&,il|*> < b2, and our result is in a form
of an exponential inequality for independent random vectors. We use the same positive
constants c17, c9 and ¢z, (depending only on the vector dimension d) in Einmahl [21].

Lemma 2. Let y1,...,8p, be independent random vectors with a mean of zero and values in
R4 suchkthat |&nill < Ay and Zfil E||&,il|*> < b2, where || - || denotes the Euclidean norm. Let
Sn = Y;'4 Cn,i- Suppose that

Cov(S,) = Buly (48)

where B, > 0, 1; is a d x d identity matrix, and u, is a positive sequence such that oan,l/ 2 s o0
and

ky,
Y E{ 1120, ? exp@nl&nil) | < B (49)
i=1
Let
ky
Bo = B2 Y E{ &0l explanlEnil) }- (50)
i=1

Then, for any 0 < -y < 1, there exists n., such that for all n > n.,

P(ISull = %) < exp{eanpu(calB? +1) }

(=) P —)Pa?
% { exP( 2B, TP 2,8, B2 Tog(1/ )
(1- ')’)2C%7“%B%
2 _
+2dexp ( 2(d262 + dcyy AuttnBy)

uniformly for x € [enB},/z, c170n By, where {e,}n>1 can be any sequence with e, — oo and

Proof. Let,;, 1 <i < k;, be independent N(0, UZCOU(CW')) random vectors, which are
independent of the §,, ;s, where

0% = ¢ log(1/Bn)- (51)

By (49) and (50), we have B, < a;lB;UZ — 0asn — oo. Hence, 0 — 0 asn — oo. Let
pu(y) be the probability density of B, /2 Zfil(é‘n,i + 11n,i) and ¢ 1,2, be the density of
N(0, (1 + ¢?)I,). By Corollary 1(b) in Einmahl [21] (together with the Remark on page 32),

for [ly|| < c17a,BY/?,

Pn(Y) = basory, W) exp(Tu(y)) with  [Tu(y)| < caoBu(llyll® +1)- (52)
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Forany0 <y <landx € [enB,ll/z,cszan],
P([|Sn]l = x)
kn kn
S P(‘Sn‘FZWrz,z’ >(1—7)X)+P< Zﬁn,i >'yx)
=1 i=1
ky
= P((l —7)x < ’ Sn+ Zﬂn,i < C17aan)
i=1
kn ky
+P(‘ Sn+ Znn,i > 0170‘an> +P( 27771,1' > ’)/x>
i=1 i=1
ky
< P((l —7)x < ’ Sn+ Zﬂn,i < ‘3170‘an>
i=1
+P(([Snll = (1 = 7)cr7anBy)
kn kn
+P( 27771,1' > 7517“n3n) +P< 27771,1' > ')’x)
i=1 i=1
kn kn
< P((l —7)x < ’ Su+ Y il < clyaan) +2P< Y il = 7x>
i=1 i=1
+P(([Snll = (1 = 7)er7anBy)
= h+h+]s (53)

Let N denote a centered normal random vector with covariance matrix I;. Then, by (52),

= /(1—7)x/B,1/2<HyHScnvan}l“ 4)(1+0'2)Id(y) exp(Tu(y))dy

<ex c C3 DC3B3/2—|—1 /
< p{ ZO.Bn( 17%En )} lyl|>(1—7)x/BL/?

< eXp{Czoﬁn (C?7“%B%/2 + 1) } %

{P(INIl = (1= )%/BY/?) + P(cINI| 2 v(1 = m)x/B}/?) ). (54

4)(1 +02)1y (y)dy

Observe that ||N||? has a x3 distribution. It is well known that for a 3 random variable Y,
P(Y >vy) < (ye!~¥/¢/d)%/2 for y > d. Hence,

P(INJ > (1 - )%/B}/?)

- <(1 _61;343(2 exp <1 o« ;;j4x2)>d/2
L (- 0520
< exp <— (1_2;,363(2> (55)
by x%/B,, — co. Similarly,
P(eN = (1= 7)x/BY?) < exp(W)
3(1 — 352
= (s os/A) o0
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by (51). Then, by (54)—(56), we have

i < exp{czoﬁn (017"‘333/2 + 1) }
(1—7)° ) ( (1 - 7)%? )}
VY P Gl D55 RPN O : 57
{ p( 2By, P\ 208,82 1og (1/n) 7
Since the distribution of 7,; is N(0,0%Cov(¢,;)), the distribution of Zi'(il Mn,i 18

N(0, c? Zﬁl Cov(&,,;)). Since the &, ;s are independent, Zﬁfll Cov(y) = Cov([‘,ﬁ‘i1 ¢ni) = Buly
by (48). Hence, the distribution of Zﬁl 1,i i8 N(0,0?By,1;). Then, similar to (56),

k
L = ZP( > 'yx) ZZP(UHNH > ’yx/B,l/2)
i=1
3,2
rox
< 2exp(— . 58
N exp( 2Bycanfi log(l/ﬁn)> %

By (57) and (58), we have

hith< exP{CZO'B” (C17“3B3/2 " 1)}

(1- ’7)6x2> ( 7 (1—7)°** > }
xXq exp| ———==— ] +3exp| — . 59
{ p< 2B, P\ " 2B, p2l0g(1/Bn) ©9)
Next, we estimate J3. Foreach1 <i < n,leti,; = (égi)' el @g))T, where a” denote the

transpose of a vector a. Then

kﬂ

Z én,i

n

ZC?’IZ

ol = | B = (£ ())<= 2]

=1 "i=1

Hence,

Js = P(

\Snll > (1= 7)cr7anBy)
kn

IN
I M

2 1 - ')’)C17D‘an)

Si(

')’)C170‘n B,
] .

121 E||&,il> < b2 foreach 1 <[ < d. By Bernstem s inequality (e.g., (2.17) of de la Pefia,
Lai and Shao [18]),

Since 6] < A and Y5 E[1&,i]2 < b2, then [2)] < [|&,il < Aqand ¥, E(g\))? <

(1 —7)*ci,a7B;
< 2 - '
I3 < deXP( Zdz(b% + c17An0, By /d) (60)

Then, the lemma follows by applying (59) and (60) to (53). O

Now, we estimate I, in the following proposition, which uses some ideas in Liu and
Shao [23]:
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Proposition 4.
U o2
L < P( Y MYy — EY,p)” > (1— Cre)(1 —2¢)°nx;; max )Lle(Zn,l)>
=1 1<I<m
(1 —Cie)(1 —2¢)*x2
< — .
G
Proof. Foreach1 <i <mn,let
T
Gui = (VA1(§1(X5) ~ E&1 (X)), -, v/ A (G (X0) — Egn(X2) )
Let B, = n and X be the covariance matrix of G, ;. For 1 <i <, let
Eni = 272Gy (61)

Then,
Cov(Cyg+ -+ Cnn)
_ E{(Z1/2(Gn,1+---+cn,n))(z1/2(Gn,1+~--+cn,n))T}
= T2E{(Gui+ 4 Gup)(Gup 4+ Gu) TV
- 12 5 E{Gnlic,{/j}zfl/?

1<i,j<n

Since the X;s are independent, then

n
Cov(én,l R gn,n) = 271/2 2 E{Gn,,‘Gz;,i}Zil/z
i=1
—  nly = Byly.

Hence, Condition (48) in Lemma 2 is satisfied. Let

Cinxn
172

Ky =

where C;; > 0 is a finite constant depending only on m. We shall verify Condition (49).
By (61),

6l = (2726,,) (£726,:) = GLE "G (62)

Observe that X is positive definite by Assumption (9). Then, by the identity
T 9)2
T A—1 (x°9)
A = — 63
AT e s “

for any m x m positive definite matrix A, we have

Hgn,i (64)

GT-19)2

2 T v—1 ( n,i

=G, 2 "G,; = m —_—
i ot HL?Hale 9Tz
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Let 9" = (97,...,0;,) such that ||[#*|| = 1and (G,Ll?*)z = malegﬂzl(GLﬁ)Z. Then, for any
Om) € I2, by the Cauchy-Schwarz inequality,

9= (b1,...,0m
m 2
(GLo? — (g;\/Amgxx - EGi(X)% )

_ (l 181 Eg—l(Xi)ﬁl /AILI(Zn,l)>2

nl)

(&i1(X Egl( &
< O A Li(z,).
<) Lz &) 1221, T ALy (zn)

=1
Xn\/Li(zy1)/+/n) by (13) and (15).

(65)

Since Eg;(X7) = O for all I > 1, then E§;(X;) =

By Assumption (9),
9Ty = 191191/\/ MAE(1(X1) — EGi(X1))(8r (X1)

TAESE(X1) — 2191)\1 Egi(Xy))?
=1

+ Y 4O/ MAYEG(X1)3r (X1)

1<IAI <m

- Y %%V MAPEG(X1)EGy (X1)

1<IA<m

1 L
— ZﬁzAlLl an Zﬂl)le ('x l(zn1)>

+o(1) Y wﬁmm%%mm
1<I£<m

. ﬂlﬂl/\/mxo(x” \L/lﬁ(z”"))()( Ijﬁ(znl/)).

1<IAI <m

— Egy(X1))

A

I
MS |

Il
—

By the Cauchy-Schwarz inequality,

m
Y, %y \//\ZAI’LI(Zn,l)Ll’ (zup) < m Yy OFAIL(2y)).

1<IA<m 1=1

Hence,
(66)

m
OTZ0 = (140(1)) Y 07 ALy (z))-
1=1

Applying (65) and (66) to (64), we have
2 2 (81(Xi) — Egi(Xi))?
Ionill® =23, ==y (67)

i) < zpy = +/nLi(z,))/x, by (15), and (16), we have

4mn
1n,ill* <

Since |§;(X
(68)

l’l
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By (67),
" E(8(Xi) — Egi(Xi))?
E||éqill? <2 : Yo < 2m 69
L S MEmEE (69)
and
3/2
o (81(Xi) — Egi(Xi))?
E 113 < 23/2E (gl( 1 1 1 . 70
||§ﬂ,l|| — lzzl Ll(Zn,Z) ( )
By Holder’s inequality,
- - 3 -
(f: <gl<xi>Egz<xz->>2> " e g X0 — Eg(X)P 71)
= Li(zy,) = L /2( 1)
Combining (70) and (71), we have
8E|&1(X:) [
Elnl? < 2w
" 1:21 Ls/z(zn,l)
— i Zi’llLl Zi’ll)) =0 nl/z (72)
=1 L3/2 (zn,1) n

by (14) and (15). Since B, = n and a, = Cpxn /12, then by (68) and (72), we have

i - E{ 12l exp(an i) |
i=1

Cmxy nl/2 Cixy (4mn 172
< ano( o | P\ 2 =o0(n) = o(By).

Hence, Condition (49) in Lemma 2 is satisfied. Similarly,

B = B2 L E{ Il explanl i)}

1/2 C 4 1/2
-3/2 n mXn mn
n nxo ex — | ——
(xn> p(nl/Z(x%

= o(1/xy). (73)

Then, B2 log(1/Bx) = o(1/x,). By (68), we have ||&, ;|| < (4mn/x3)V/? := A,. By (69),
we have Y!' | E||€,;||*> < 2mn := b2, Then, by Lemma 2 and (73) with B, = n and
&y = Cpxn/nY/? for a sufficiently large C,, value, we have

p(||sn|| > n1/2xn)

1— 7)bna2 3(1—9)3na2
< exp{o(x%)}{ eXP<—(;,3nx> texp < B m)}
(1= 7)?ci,Chxin
+2m exp <_2(2m3n T m(4mn/x2)1/2617menn1/2)
)62
< exp (x {exp< >+exp< )}+exP(—4x3,)
S exp( (1 27 )
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Lettingy=1—(1— 8)1/7, we have

P(||Sn\| > nl/zxn) < exp(—(l_;)x’zl). (74)

Similar to (62),

I5ule = | S
2

(2 6) (2126w

i=1

Foysfel

=

We will use Identity (63) to estimate (75). Let 8* = (97, ..., 9;,) be such that ||¢*|| = 1 and

(i;cn,,) 0" = max (lzlcm) (76)
Observe that
n T m n o\ 1/2
max (Y- Gy) 0= (Z(Zm(g'z(Xn—Eg'z(Xi))) ) - 77)
I91=1 \ ;5 =1 i=1
By (66),
)Tz = (1+40(1 f 2A1Ly(2,)
< (1+0(1))1<li>§n/\11~1(2n,1) (78)

because ||#*|| = 1. By Identity (63) and by (76)—(78),

N S (S0 VAL(81(X) — Egi(X)
(i:ZlGn,i) z 1(;(;”’1) - = 1(1+2)maX1§ll§m /\ILI(Zln/l) ’
(79)

By (74), (75) and (79), with the application of (16) and (19),

L < <Zz ML @) B (X)) Cls)(1—28)3nx%)

maxy<j<y, ArLi(z,1)

P(@‘;wl‘) = 2 G,) > 1G9l 2s>3nx%)
= p(ls,p > GG

1+e¢

(1 —Cye)(1 —2¢)*x2
oS

IA

IN

Since ¢ is arbitrary, then the upper bound of Theorem 1 follows from (22) and the
estimates of Iy, I, I3 and I4.
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3. The Lower Bound of Theorem 1

Let0 <e < 1be sufficiently small. For 1 < m < oo that is sufficiently large, by (26),
maxj <j<eo )\IV | = maxq<i<m /\l Together with (17), we have

(wn > (1—8) x3)

maxj<j<eo )\IV

. <2, 1 AT 81(X0)) >2) 0)

maxi<j<m MV
Let §;(X;) be the random variable with distribution which is of the distribution of

¢1(X;) conditioned on |g(X;)| < z,;. Define Y,,; = ¥I'; (X;) and an =Y F(X).
By the definition of L;(x) and (12),

Egzz( i) = EGH(Xi)/P(1g1(Xi)| < zy)
Li(zn1)/ P(181(Xi)| < zuip) = Li(zn1) (1 +0(1)).

Notice that (13) implies E;(X1) = 0(L;(z,,1)/2n;1)- Then, we have

of == E(Y,; — EY,,))* = nE(§1(X1) — EGi(Xq))?
= nEZ7(X1)(1+0(1)) = nLi(z,;)(1+o(1)) (81)

and
EV2, = nLy(z,)(1 +0(1).
Then, for0 < é < 1,

<zl AT 810D xi>

maxj<j<y )\IV

<Zl 1 AT 81(X >} >x$,, max |g;(X;)] Szn,l;/1§l§m>

maxj<j<p )\IV 1<i<n

_ <21 1M §1(X )} >x%>P<max 191(Xi)| < 24y, 1 <1 <m)

maxj<j<p )\IV - 1<i<n

2
> Zl 1 A{EL &i(X0)} > 22, V2, < (1+428)02,1<1<m
maXi<j<m )\IV '
X (112?2( 81(Xi)| < zyp,, 1 <1< m)
>

maXlglém /\10'12

P(Zl_l MEL §i(X)) > (1+25)x%>

m
O < <<
xP(ln<1a<x lg1( 1)|_zn,l,,1_l_m> ; > (1+26)07). (82)
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Without the loss of generality, assume that max; <<, AIUIZ =M 012. Then,

m n 2
P(D—l A{EL &i(Xi)} > (1+25)le>

maxj<j<y )\1(71

. P<A1{):?1§1(Xz‘)}2 > (1+25)x%>

= 2
)\10’1

> P<Zg1 > (1+20)Y%0yx, >

Recall (15) and (81). Take ¢ = 1/x,; thus, we have |§(X;)| < z,; = co;. Therefore,
by Theorem 5.2.2 in Stout [24], for any v > 0, we have

(Zgl 1+25)1/201xn> > exp(—(x2/2)(1426)(1+7)). (83)
On the other hand,

P(lrgag; 181(Xi)| <z, 1 <1< m) = [P(|g1(X1)| < zyp, 1 < T <m)]"

= 1= Pl (X0 2 2031 <7< )" 2 1= PO (X0)] 2 200"
> exp(—2n Y P(1g1(X1)| > 21)) = exp(—o0(:3)). (84)

=1

We apply the following exponential inequality (see Lemma 2.1, Cso6rgd, Lin and
Shao [25]; see also Pruitt [26] and Griffin and Kuelbs [1]) for the rest of the proof.

Lemma 3. Let ¢, Gy, -+ ,Cn be i.id. random variables. Then, for any b,v,s > 0,

" ve’nEZ?I(|&;| <b) sb s
Y (@l(z] < b) - Ezl(E] < b)) > Sl +U> <2

EgH(X;) = o(zh1L1(zn1))- (85)

In Lemma 3, we take §; = §3(X;),s = x3,b = 2z, and v = 1/6. Notice that sb/v = S07 and
2
2B UGISD) — o(02) by (81) and (85). Then,

2b
l

Combining (80), (82), (83), (84) and (86) and letting A, 5 — 0, we have

(1+28)07) = P(Vi, — EVZy > (14 26)0f — EViy)

~EG (X)) 2 6(1+0)0 )

| /\

\ /\

(86)

P(W, > (1 —e)x2) > exp(—x2/2).
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4. The Upper Bound of Theorem 2

Lemma 4 (Lemma 2.3 of Giné, Kwapien, Latata, and Zinn [15]). There exists a universal
constant C3 < oo such that for any kernel h and any two sequences of i.i.d. random variables,

we have
Y (X, Y| > t) §c3P<

i<k,j<I

i<m,j<n

P( max

k<m,<n

> f/C3)

forallm,n € Nandall t > 0.

Proposition 5. Under the assumptions of Theorem 1,

lim sup Yy AT 8i(X0)°

> <2 as.
n—oo MaAX]<]<oo /\’Vn,l loglogn

Consequently,

lim sup 2 as.

n
n—oo loglogn —

Proof. Let x, — coasn — oco. Let § > 1 with 6 — 1 be sufficiently small. For any positive
integer k € (n,6n], via a similar idea as in (19) with0 < 7 < 1,

2
( LA (2 &%)
Pl max

> 2(1+17)3x2
n<k<bn  maxj<jco VP =2

IA

P(z;’il M (T 81(X))"

max <o ATV

>2(1—n)(1+ 17)396%)

max 5 >
n<k<6n maxi<j<e A1 Vi 2

) k 2
+P< Lt M(Eiam &1(X))” (1 +77)3x%>
= Hj + H,. (87)
Notice that (10) implies (8). By (17) and the upper bound of Theorem 1,

H, < exp(—(l —17)3/2(14—17)33(%). (88)

Let 0 < 4 < 1 be a sufficiently small constant. By (19),

H, < P|2 MV < (1— ML
, < (mlrg}ego 1V < ( U)”lglz@o I z(Zn,z)>

2

00 k . .

4p max Zl:l /\l (Zi:n-i—l gl(Xz)I(|gl()2(z)| > 577211,1)) > ;74(1 + ;7)3x%
n<k<én maxg<j<co AV 2

2
o mXnskson E M (Tl 81 X011 (X0 < 9pz0))
nY<i<oo MLi(Z01)

- (1—17)(1—217)172(1+77)3X%>

- 4m

= Hy1+ Hyp + Haj3. (89)
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y (24) in Proposition 1,
Hyy < exp (—2x2). (90)
By the Cauchy-Schwarz inequality, for each k,
2
S A T 80 (X) (181 (Xi)| > Sy20) }
max)<j<eo A Vk21

2?0:1 Al E?:n-i—l glz(Xi) Zz n+1 <|gl( 1)| > (577271,1) (91)

IN

IN

Hjpq

maxj <j<eo A Vk,l

By (17), for some m value that is sufficiently large, the sum of the diagonal terms is as
follows:

Zl 1)\121 n+1gl( ) (‘gl( )| >5772n,l)
maxj<j<eo A Vk,l

< m. (92)

By (91) and (92),

Hy, < P( i Cni<izj<k Licq MgT (X I(1g1(X;)| > 6yzp1) - 175(1+17)3x,%>

n<k<én maxi<j<eo )\l Zl n-+1 gl ( ) B 2

P< max Zn+l<1<]<k Yo ?\zgl( i) (]g1(X )| > 0nzy) > ’75(1 + 77)3x2
n<k<on maxi<j<eo /\1 Zl n+1 g, ( ) 4

P< max Lnt1<j<i<k Lio1 Mgt (X 1(1g1(X)| > 0nz,) S 72 (1+ 17)3x%>
n<k<60n maxi<j<eco /\l Zz n+1871 ( ) N 4

Pl max Zn+1<1<] Yo 1/\lg1( i) 1([g1( ]2)| > 577271,1) > 775(1 +77)3x%
n<k<bn, 5=y max<j<eo Al Lnt1<i<j & (Xi) 4

Pl max Z Z]<1<k Yo 1)‘lg1( ) 1(gi( ]2)| > 5’7271,1) > 775(1+77)3x31
n<k<én, {7k maxi<j<eo A Lj<i<k 87 (Xi) 4

Hyp1 + Hppp. (93)

Let

Zn+l<z<]21 1/\181( DI(lg1(X )| > 01zy))
maxj<j<eo Al Zn+1§z<] 8i ( X;)

$; =

Then, for any constant t > 0,

< Lnti<icj Lie Mgt (X) 1(181(X))] > n1z,,) o 1P +n)x
— \nragj<ion) maxi<j<eo At Lnt1<icj 81( i) - 4
S EefZ][ n+2 ¢/e*t715(1+17)3x%,/4. (94)

Let E; be the expectation of X; for n 42 < j < [0n]. Then,

[on]—1

[on] )
EetLj=nr29i — E(e Pl 11+2¢]E[9 ]e Gn]) (95)



Entropy 2025, 27, 41

23 of 27

Since |¢f — 1| < %V5|s| forany s € Rand 0 < Pj9n) < m for some m value that is sufficiently
large, then

Ejpe' " — 1

IN

" tE gy Plon]
MY 1 <icfon] Lict Mi8T (X)) P81 (Xjgn))| > 012n,1)
mMax| <j<oo M Lnt1<i<on) & (Xi)

By (12) and (15), we have P(|g;(X|gn))| > 012;1) = o(x2/n). Then, together with (17),
E[Qn]et‘/’wﬂ] =1+40(x%/n) = o /m), (96)

Applying (96) to (95), we have

on) n]—

on)—1
Eet ):/[=2 4)] — eo(x% /Yl) Eet ):]['=n+2 ¢]

Similarly,
[6n]-1 [Bn]-2
Eetzj:nu (/- E(et Li—n+2 i En,1€t¢[9"]’l)

On]—
_ @ TR

Continue this process from X, to X;,11. Thus, we conclude that

on

ot Dimnsa i — ol(6-Dmlxo(x3/n) _ yo(:3). ©@7)
Applying (97) to (94) and letting t = 8/ (5°(1 + 77)3), we have
Hyoq1 < exp(—Zx%). (98)
To estimate Hp 5, let

Yicick Lioa Mgt (X 1(181(X))| > 0nz,,,)
maxi<jceo A Ljci<k & (Xi)

ik =

Then, for any constant ¢ > 0,

5 1+ 3x2
Hpypp < P ( Y. max g > W)
n+l§j<[9n]]<k§9n
< Eet):/[in;]lji maxX;k<gn ¢j,ke—t75(1+17)3x% /4' (99)

Let E; be the expectation of X; for n +1 < j < [n]. Note k > j. Then,

on|—1
Eet Zj[':,],ﬂ maX;k<gn Pjk

1,‘2[%!]71 max; ;
= E(¢' Limn2™®<kson Yk E | of MO0 1ck<on Y1) (100)
Observe that

220 M (i (X0 ) 1(121(X))| > 672,1)

maxy<j<eo A1 Ljci<k 87 (Xi)

bik = (101)
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Then, by (17), 0 < 4,41 x < m for some m value that is sufficiently large. Since |¢* — 1| <

e¥Vs|s| for any s € R,

‘En+1et maXy1<k<gn Yni1k 1’ < €mttEn+1 max lpn+l (e
n+1<k<6n !

Under Assumption (10), for each I € [1,c0),
2 . 2 o v 2 = 2
Aan,l = 2/\181 (XZ) < 1 2 ZAvgv(Xi> =0 Z /\VV?I,V‘
i=1 v=1i=1 v=1
Recall that (17); then, for each | € [1,0),

2
MV me;

maxj<jco Ve, ~ 1€

Hence, by (101),
m o0
Yik< 1 Z;Cll(\gl(xjﬂ > 61zp1)-
Then,

m o0
E < ——) P X > 0z, )-
wil | A P < 1—51221 1P(181(Xn+1)| > 0nz, 1)

(102)

By (12) and (15), we have P(|g;(X;,41)| > 09z,;) = o(x2/n). Then, together with (10),

E max =0 x2/n .
n+1 n+1<k§9n¢n+1,k ( n )

Then, by (102) and (103),
En+letmaxn+1<k§9n ll’n+1,k — 1 + O(x%l/n) — eO(X%/Tl)'
Continue this process from j = n + 2 to j = [0n] — 1 and by (100),

[on]—1 ) )
Eet Zj:n+] maX;<k<gn Pjk — eo(x%) .

Applying (104) to (99) and letting t = 8/ (°(1 + 17)3), we have
H2,2,2 < exp(—Zx%).
By (93), (98) and (105),

Hyp < 2exp(—2x2).

(103)

(104)

(105)

(106)

By the definition of H 3 in (89), and by Lemma 4, there is a constant 0 < C’ < oo such that

on
Hy3 < C'P

n 2?0:1 /\lLl (Zn,l) - 4mcC’

(z;’il M (XD (X)] < oy200)* (1 3y
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Similar to (36),
e - o (m M (22 {10810 < 720) — Egn(X)1(181(X0)| < dyz)} )
’ n Y2y MLy(zp,1)
o (1=3n)nx; )
- 4mcC’
By the decoupling version of (40) in Proposition 3,
Hps < C’ exp(—zxﬁ). (107)
Combining (89), (90), (106) and (107), we have
H, < (3+C) exp(—zxi). (108)

By (87), (88) and (108),

I k 2
21:1 Al (Zi:l gl(Xi)) 3.2
P| max 2 = 2(1+m)"
n<k<én maXj<j<eo )‘le,l

< exp(—(1=n)7A(1 4 y)R).
Let n = [6/] for some j € N. We have
00 k 2
P Lz (Zi:l gl(Xz’)) > 2014 1)x
efgg();fﬂ maxj<j<eo )‘lvkz,l T [91}

<exp(—(1 =) 1+, ).

Let x2 = loglog n. Then,

; (T 81(X‘))2

[7e

max
0/ <k<6/t1 MAX]<]<oo )tl log logk —

2
( £y M (T &%)
max
exp

(1+17)>

-
Il
—

IN

IA
[\18 T Mg T [\18

>2(1+ 17)3x[29,]>

bi<k<oi*l  MaxXi<iceo MV

(—(1=)7"*(1+ ) logloglo'])

IN

xp(( —1)*(1+1)logj) < oo

-
I
—

By the Borel-Cantelli lemma,

(X a(X)?
lim sup Yo 1(21,181( z))

n—eo Maxi<j<e A V7 loglogn

< 2 as.
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5. The Lower Bound of Theorem 2
Proof. By the definition of W,

2
W, YA <(Z?—1 81(Xi)) —Yig 812(Xz‘))
loglogn max <j<co A1 V> ' loglogn
Yi=1 )‘Z(Zizl gz(Xi)> Y2 MV

max)<j<e MV loglogn — maxj<jce V7 loglogn’

By (17), L2 A V?2 1/ (max<j<co At 2/1 loglogn) < m/((1—¢)loglogn) — 0asn — oo,
we have

We o Yt /\1(2?21 81(Xi))2

loglogn ~ maxj<j<e AV, loglogn’

Then,
2
o (T (X))
10g10g7’l k:zl 2 loglogn k=min{j:max;<jcco AZV,%/l:/\jV’%j}-
Hence, by (6),
lim sup o _ >2 as.
n—oo loglogn
O
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