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Abstract: Genuine multipartite entanglement is crucial for quantum information and related tech-
nologies, but quantifying it has been a long-standing challenge. Most proposed measures do not meet
the “genuine” requirement, making them unsuitable for many applications. In this work, we propose
a journey toward addressing this issue by introducing an unexpected relation between multipartite
entanglement and hypervolume of geometric simplices, leading to a tetrahedron measure of quadri-
partite entanglement. By comparing the entanglement ranking of two highly entangled four-qubit
states, we show that the tetrahedron measure relies on the degree of permutation invariance among
parties within the quantum system. We demonstrate potential future applications of our measure in
the context of quantum information scrambling within many-body systems.

Keywords: genuine multipartite entanglement; entanglement measure; geometric measure; triangle
measure; tetrahedron measure; entanglement entropy; entanglement polygon inequalities; entropic
fill; permutation invariance; information scrambling

1. Introduction

Genuine multipartite entanglement (GME) is a form of entanglement beyond two parties,
offering distinct advantages over two-party entanglement [1]. The primary benefit of GME
lies in its capacity to facilitate complex quantum tasks [2–4]. Consequently, comprehending
GME in many-body systems is valuable for the development of quantum technologies.

An entanglement measure is necessary to quantify the amount of entanglement. En-
tanglement measures are vital in various actions, including investigating the dynamical
behavior of many-body systems, quantifying the performance of quantum protocols, and
identifying the nature of phase transitions in many-body systems [5–8]. The “genuine”
requirement requires that a GME measure should only, and always, vanish for biseparable
states [9,10]. Essentially, a GME measure should quantify the degree of nonbiseparability
among multi-party quantum states. This is crucial to quantify accurately the collective
strength of the parties’ entanglement and unlock their potential in quantum tasks.

Unfortunately, many proposed multipartite entanglement measures, including some
extensively used [11–14], fail to meet the “genuine” requirement, making them unsuit-
able in many practical applications. One popular route to construct a GME measure is
to use distance-based approaches, including relative entropy [15] and some “geometric
measures” [16–18]. However, evaluating such measures requires using optimization proce-
dures, which is highly challenging, sometimes even for pure states.

In this work, to solve this measure-identification problem, we embark on a distinct
journey. The journey begins with the triangle measure for three-qubit systems that we
introduced recently [10]. However, extending this measure to systems with more than three
qubits is challenging due to the over-flexibility of geometric shapes. Various attempts have
been made, but they either fail to meet the “genuine” requirement or lose simple geometric
intuition [19–21].

We demonstrate the possibility of a “geometric journey” by presenting a tetrahedron
measure for four-qubit systems. We show that our novel method, even though sharing the
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same term “geometry” with distance-based measures, presents fundamental distinctions by
offering an unexpected connection between multipartite entanglement and hypervolume
of geometric simplices. It also relies on the degree of permutation invariance among
parties within the quantum system—a feature not shared by the distance-based measures.
This promises future avenues, for example, for investigating information scrambling in
many-body systems.

2. From Three to Four

Von Neumann entropy is crucial in our approach. Specifically, the entanglement E of
a bipartite pure quantum state ψ12 can be characterized by the von Neumann entropy S of
either of the individual parties, E(ψ12) := S(ρi) ≡ −Tr(ρi log2 ρi), where ρi is the reduced
density operator of the party i. E(ψ12) is called entanglement entropy of the state ψ12.

Other crucial ingredients are the “entanglement polygon inequalities” [22]. Specifically,
for a general n-qubit system, when entanglement entropy is considered between one
qubit and the remaining (n − 1) qubits, we obtain n one-to-other bipartite entropies. The
entanglement polygon inequalities require that any one of them cannot exceed the sum of
the other (n − 1) values. For a three-qubit state, these relations hold Ei(jk) ≤ Ej(ki) + Ek(ij).
Here, Ei(jk) := S(ρi), where the subscript i refers to the system’s ith qubit, and {i, j, k} is
any permutation of {1, 2, 3}.

Those inequalities can be geometrically interpreted as the three one-to-other entropies
representing the lengths of the three edges of a triangle. We demonstrated that the area of
this triangle can measure three-qubit GME, with squared concurrence being employed in
lieu of entanglement entropy [10,23]. We now illustrate that entanglement entropy offers
distinct advantages.

The inequalities for four-qubit systems are [22]

Ei(jkl) ≤ Ej(kli) + Ek(lij) + El(ijk), (1)

with {i, j, k, l} being any permutation of {1, 2, 3, 4}. As suggested in [22], Equation (1)
induces a quadrilateral, with the four edge lengths equal to the four one-to-other entropies.
Therefore, following from the triangle measure in [10], a tempting candidate of a four-qubit
GME measure is the area of this quadrilateral.

However, using the quadrilateral defined above poses problems. Firstly, since entan-
glement is invariant under qubit permutations, the four one-to-other entropies Ei(jkl) must
be treated equally. However, the four edges of a quadrilateral are not necessarily equal.
A quadrilateral with different edge lengths can be arranged in three different ways, as
shown in Figure 1. Furthermore, a quadrilateral has five degrees of freedom, while the edge
lengths fix only four of them. Consequently, even if the four edge lengths are fixed, the area
of the quadrilateral can still vary, rendering the entanglement measure undetermined.
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Figure 1. The interpretation of Equation (1) as a quadrilateral violates the invariance of entanglement
under qubit permutations since the four edges are not treated equally, resulting in three distinct
possible quadrilaterals. Here, edges of the same color indicate equal length.

3. From Polygon to Simplex

Instead, we consider an “entropic tetrahedron” induced by Equation (1), of which
the four face areas are equal to the four one-to-other entropies. The advantage of this
tetrahedron approach quickly becomes apparent when one observes that the four faces are
treated equally. We reinterpret the results of [22] in this new framework as entanglement
simplex inequalities, where the term “simplex” generalizes the notions of triangle and
tetrahedron to arbitrary dimensions.

Before proceeding, it is important to note that a tetrahedron has six degrees of freedom,
while the four face areas fix only four of them. Consequently, if we attempt to employ the
entropic tetrahedron’s volume to measure GME, it remains undetermined.

To further elaborate, we note that every tetrahedron has a unique inscribed sphere
tangent to all four faces. For each face, one can connect the point of contact with the
inscribed sphere to the three vertices, which divides the face into three smaller triangles.
The twelve smaller triangles on the four faces are related pairwise: any two triangles that
share an edge of the tetrahedron have the same area. The six different areas of the smaller
triangles are labeled {σ12, σ13, σ14, σ23, σ24, σ34}, as shown in Figure 2. As a simple exercise,
one can show that the areas of the smaller triangles fix the tetrahedron, whose volume is

V =

√
2

3
S1/2(A0 A1 A2 A3)

1/4,

with A0 = +
√

σ12σ34 +
√

σ13σ24 +
√

σ14σ23,

A1 = −
√

σ12σ34 +
√

σ13σ24 +
√

σ14σ23,

A2 = +
√

σ12σ34 −
√

σ13σ24 +
√

σ14σ23,

A3 = +
√

σ12σ34 +
√

σ13σ24 −
√

σ14σ23.

(2)

and S = 2(σ12 + σ13 + σ14 + σ23 + σ24 + σ34), the total surface area of the
entropic tetrahedron.
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Figure 2. The inscribed sphere for a tetrahedron divides the four faces into twelve smaller triangles.
Any two smaller triangles that share an edge of the tetrahedron exhibit identical areas, represented
by the same color.

The six parameters {σij} must add up to the four face areas induced by the “entangle-
ment simplex inequalities”, given by (including four index permutations)

σij + σik + σil = Ei(jkl). (3)

However, these equations cannot fix the tetrahedron, as two more equations are re-
quired, and while the one-to-other entropies have been used so far, the construction of a
four-qubit GME must also involve entropies representing two-to-other bipartitions, namely,
{E(12)(34), E(13)(24), E(14)(23)}, with E(ij)(kl) := S(ρij) ≡ S(ρkl), where the bipartitions sepa-
rate the qubits into two groups of two.

On the one hand, if any one of the three two-to-other entanglement entropies vanishes,
the state is biseparable. According to the “genuine” requirement, our proposed GME
measure, the volume of the tetrahedron, should be zero. On the other hand, if any one of
the three quantities A1, A2, and A3 in Equation (2) vanishes, the tetrahedron’s volume is
also zero. To ensure consistency between these two conditions, we relate the quantities by
the following Equations (including three index permutations):

−√
σijσkl +

√
σikσjl +

√
σilσjk = λ · E(ij)(kl). (4)

The additional parameter λ can be canceled out when dividing the equations in (4) in
pairs, leading to six equations for {σij} by combining Equations (3) and (4).

Equation (4) can be transformed to the quadratic form: σijσkl = (λ2/4)[E(ik)(jl) + E(il)(jk)]
2.

Together with Equation (3), this simplifies the equations into one quartic equation for one
single variable σij with four distinct solutions. Importantly, this reasoning is universally
applicable to all six {σij} due to their inherent symmetry. Consequently, a total of four sets
of solutions exist for the six equations.

Our numerical investigations consistently confirm the presence of four distinct solution
sets. Within these sets, there is one unique solution where all {σij} have non-negative values.
Consequently, given an arbitrary four-qubit state, a tetrahedron can always be constructed
where the areas of the six smaller triangles of the tetrahedron are equal to the non-negative
values {σij}. We call the construction an entropic tetrahedron.

4. Four-Qubit “Entropic Fill”

We introduce the four-qubit entropic fill, denoted as F4 := (37/6/2)V2/3, with V
being the tetrahedron volume, given in Equation (2). The prefactor 37/6/2 ensures the
normalization 0 ≤ F4 ≤ 1. As will be explained, the exponent 2/3 contributes to the
additivity of F4. We now prove that F4 is a GME measure for four-qubit pure states.
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(A) F4 satisfies the “genuine” requirement—for an entanglement measure E to be “genuine”,
it is required that E = 0 for all biseparable states, and E > 0 for all nonbiseparable
states [9,10]. We proceed to demonstrate that F4 adheres to this “genuine” requirement.

For a four-qubit pure system, there are two types of biseparable states: one-to-other
biseparable and two-to-other biseparable. In the case of one-to-other biseparable states, all
four quantities A0, A1, A2, and A4 are zero, resulting in a tetrahedron with zero volume.
For two-to-other biseparable states, one of the three quantities A1, A2, or A3 is zero, leading
to a tetrahedron with zero volume as well.

Conversely, if the volume of the constructed tetrahedron is zero, there are four possible
scenarios, based on the expression of V in Equation (2):

• Possibility (a): (A1 A2 A3) = 0, but A1, A2, and A3 are not all zero. Without the loss of
generality, we assume that A1 = 0. According to Equation (4), this leads to λ ̸= 0 and
E(12)(34) = 0, indicating that the state is at least two-to-other biseparable.

• Possibility (b): A0 = 0. This is equivalent to A1 = A2 = A3 = 0. In this scenario, it is
easy to observe that

√
σ12σ34 =

√
σ13σ24 =

√
σ14σ23 = 0. Therefore, at least one factor

under each square root should be chosen to equal zero. We first assume that there
exists a subscript i such that σij = σik = σil = 0. This leads to Ei(jkl) = 0, indicating
that the state is at least one-to-other biseparable.

• Possibility (c): A0 = 0, but the assumption in Possibility (b) is not valid. It can be
shown that the only possibility to maintain each square root being zero is σjk = σkl =
σl j = 0, while σij ̸= 0, σik ̸= 0, and σil ̸= 0. The four face areas satisfy the relations
Ei(jkl) = Ej(kli) + Ek(lij) + El(ijk) with Ei(jkl) > Ej(kli) > 0, Ei(jkl) > Ek(lij) > 0, and
Ei(jkl) > El(ijk) > 0, representing a tetrahedron with its four coplanar vertices. Using
the same approach as in the appendix of [10], a contradiction can be shown. Therefore,
this scenario does not exist for four-qubit systems.

• Possibility (d): S = 0. This implies that all {σij} are equal to zero. According to
Equation (3), the state is a product state.

Therefore, we have demonstrated that the volume of the entropic tetrahedron assigned
to a four-qubit state is zero if and only if the state is biseparable, demonstrating that F4
satisfies the genuine requirement.

(B) F4 is additive—an entanglement measure E is additive if E(ψ⊗n) = nE(ψ), indicating
that the entanglement of n identical copies of a state is n times the entanglement of a single
copy [24].

With von Neumann entropy’s additivity being a known fact, the quantities
{Ei(jkl), E(ij)(kl)} are all additive in Equations (3) and (4). Consequently, for n identical
copies, the non-negative solutions of {σij} increase by a factor of n. This establishes the
additivity of F4 and justifies the essential inclusion of the exponent 2/3 for V.

(C) Local monotonicity—an entanglement measure E should also satisfy local monotonicity,
requiring that E is nonincreasing under local operations and classical communications
(LOCC) [25]. For a general mixed state ρ, it means that E(ρ) ≥ E(Λ(ρ)), where Λ is an
arbitrary LOCC process [26]. For measures only defined for pure states, a stronger form
of the requirement applies: E(ψ) ≥ ∑i piE(φi), where {pi, |φi⟩} is the ensemble obtained
from |ψ⟩ under LOCC [27].

We verify the local monotonicity of F4 by adopting the numerical technique explained
in [28]. In particular, as is shown in [1], it suffices to confine LOCC processes to positive-
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operator-valued measures {X1, X2} with binary outcomes, acting only on qubit 1. These
operators satisfy the relation X†

1 X1 + X†
2 X2 = I and can be generally parameterized as

X1 =

(
sin α1 cos β1 −eiβ2 sin α1 sin β1
sin α2 sin β1 eiβ2 sin α2 cos β1

)
,

X2 =

(
cos α1 cos β1 −eiβ2 cos α1 sin β1
cos α2 sin β1 eiβ2 cos α2 cos β1

)
,

(5)

with {αi, βi} ∈ [−π, π]. Since entanglement measures are invariant under local uni-
tary transformations, it suffices to confine the input state ψ to the generalized Schmidt
form [29] as follows:

|ψ⟩ = c0|0000⟩+ c4|0100⟩+ c5|0101⟩+ c6|0110⟩
+ c8|1000⟩+ c9eiϕ1 |1001⟩+ c10eiϕ2 |1010⟩
+ c11eiϕ3 |1011⟩+ c12eiϕ4 |1100⟩+ c13eiϕ5 |1101⟩
+ c14eiϕ6 |1110⟩+ c15eiϕ7 |1111⟩,

(6)

with ∑i c2
i = 1 and {ϕi} ∈ [0, π]. The binary outcome states are given by |φi⟩ = (Xi ⊗ I⊗

I⊗ I)|ψ⟩/√pi, and {pi} are normalization factors. Local monotonicity of F4 is equivalent
to the inequality

M(ci, ϕi, αi, βi) :=

[
F4(ψ)− ∑

i

(
piF4(φi)

)]
≥ 0. (7)

We have conducted thorough numerical verifications, revealing that the minimum
value of M among the 22 parameters is on the order of −10−6. We emphasize that the
numerical uncertainty associated with M, stemming from numerically solving
Equations (3) and (4), is of a comparable magnitude, with ∆M ∼ 10−6. To elaborate, we
employ the propagation of uncertainty formula: ∆M = |∂M/∂σij|∆σij, where ∆σij ∼ 10−15

arises from the double-precision format of σij. Remarkably, our analysis indicates that
|∂M/∂σij| can attain the order of 109, confirming the overall uncertainty in M as ∆M ∼ 10−6.
Therefore, the minimum value of M being −10−6 only reflects the systematic uncertainties
embedded in the numerical computations.

For further validation, we fix the parameters {ci, ϕi, αi, βi} that previously resulted
in the negative values of M. We repeatedly solve Equations (3) and (4). Remarkably, the
computed value of M exhibits oscillations, frequently transitioning to positive values across
multiple trials. This observation illustrates that the minimum value of F4 is effectively zero
within the numerical-uncertainty tolerance. Consequently, this provides evidence that the
entropic fill F4 satisfies the stronger version of local monotonicity for four-qubit pure states.

Now that we have confirmed that the quantity F4 meets all criteria, (A) the “gen-
uine” requirement, (B) additivity, and (C) local monotonicity, we claim that the entropic fill
F4 derived from the volume of the entropic tetrahedron is a proper four-qubit
entanglement measure.

For a visual demonstration of entropic tetrahedra for different types of states, refer to
Figure 3. The caption provides detailed explanations.
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States

Separabilities

Tetrahedra

Volumes

|1234 |1 ⊗ |234 |12 ⊗ |34 |1 ⊗ |2 ⊗ |34 |1 ⊗ |2 ⊗ |3 ⊗ |4
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One to other

biseparable

Two to other

biseparable

One one two

biseparable
Product

> 0 = 0 = 0 = 0 = 0

1

2

3

4

(a)

1 2, 3, 4

(b)

1, 2 3, 4

(c) 1

2

3, 4

(d)

1, 2, 3, 4

(e)

Figure 3. Entropic tetrahedra for different types of four-qubit states. (a) The tetrahedron for a
genuinely entangled state has a positive volume. (b) The tetrahedron for a one-to-other biseparable
state is an infinitely long line with zero volume, represented by the dashed line. (c) The tetrahedron
for a two-to-other biseparable state is also an infinitely long line with zero volume, represented by
the dashed line. (d) The tetrahedron for a one-one-two biseparable state is a coplanar triangle with
zero volume. It is interesting to note that this is the only case where the shape of the tetrahedron is
not fixed, as long as the area of the triangle is equal to the bipartite entropy E34. (e) The tetrahedron
for a product state is a dot with zero volume.

5. Permutation Invariance of Quantum Parties

Entropic fill derives from the bipartite entropies {Ei(jkl), E(ij)(kl)}. We note that these
values induce two additional entanglement measures through algebraic constructions: one
being their minimum, labeled as “MIN”, and the other being their geometric mean, labeled
as “GM.” Constructions within these approaches can be found in [9,28,30–32]. Importantly,
the two algebraic measures MIN and GM also satisfy the above three criteria (A), (B), and
(C), establishing them as two additional entanglement measures. Next, we compare these
three measures.

In four-qubit systems, the Greenberger–Horne–Zeilinger (GHZ) state (|0000⟩+ |1111⟩)
/
√

2 and the cluster state |ϕ4⟩ = (|0000⟩+ |0011⟩+ |1100⟩ − |1111⟩)/2 are two famous
examples of highly entangled states [33]. These two states possess different entanglement
properties and are used for different quantum tasks, so it is not straightforward to determine
their entanglement ranking. Interestingly, we find that the above three measures give three
entirely different entanglement rankings for the two states, as illustrated in Table 1.

Table 1. Bipartite entanglement entropies, their minimum (labeled as MIN), their geometric mean
(labeled as GM), and entropic fill F4 for the GHZ state and the cluster state.

{Ei(jkl)} {E(ij)(kl)} MIN GM F4

GHZ {1,1,1,1} {1,1,1} 1 1 1

cluster {1,1,1,1} {1,2,2} 1 1.219 0.976

Specifically, the MIN measure considers the two states as equally entangled, with
MIN(GHZ) = 1 = MIN(ϕ4), as it only considers the smallest bipartite entropy, ignoring
all the other details. The GM measure ranks the cluster state as more entangled, with
GM(GHZ) = 1 < 1.219 = GM(ϕ4), as it multiplies all entropies together.

The entropic fill measure presents a contrasting perspective by assigning a higher
entanglement value to the GHZ state, evident in F4(GHZ) = 1 > 0.976 = F4(ϕ4). This
distinction arises from its geometry-based construction, and geometry is tightly linked
to symmetries. To illustrate, consider that greater symmetry corresponds to a larger
volume—a principle demonstrated by the fact that a sphere is the most symmetric and has
the maximal volume with a fixed total surface area.

Applying this principle to our context, both the GHZ-state and the cluster-state tetra-
hedra share an identical total surface area. However, the tetrahedron associated with the
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GHZ state has a greater volume, signaling a higher degree of symmetry. This geometric
symmetry comes from the permutation invariance among parties within the quantum
system. Specifically, the GHZ state remains invariant under the permutation of all four
qubits. In contrast, the cluster state exhibits permutation invariance only between the first
two qubits and the last two qubits. Our tetrahedron measure of entanglement successfully
captures that permutation invariance.

Furthermore, from our tetrahedron measure F4, we can define the degree of permuta-
tion invariance P as follows: P := F4/F(S)

4,max, where F(S)
4,max is the maximal F4 value with the

total surface area of the entropic tetrahedron fixed by S, given by F(S)
4,max = S/4. Applying

this to the two highly entangled states, we have P(GHZ) = 1 and P(ϕ4) = 0.976.
As a further illustration, we examine the generalized GHZ states represented by

cos θ|0000⟩+ sin θ|1111⟩. We emphasize that, despite having varying F4 values denoting
their entanglement, these states consistently exhibit a maximal degree of permutation
symmetry, P = 1, for all possible angles of θ. This observation serves as a validation of
the suitability for our defined quantity P , as these states inherently exhibit permutation
invariance among all four qubits.

6. Further Discussions
6.1. Scalability

Continuing along the geometric journey, the generalization to systems with five or
more qubits presents an intriguing direction for future exploration, involving hypervolume
of simplices in dimensions larger than three, making it challenging to obtain an intuitive
visual representation.

Nonetheless, our tetrahedron measure presented in this work maintains its scalability.
Specifically, we can consistently partition a large system into four groups and explore
genuine quadripartite entanglement among these groups. Essentially, the tetrahedron
measure is a genuine four-qudit entanglement measure, where each party possesses more
than two dimensions. The extension of entropic fill to qudit systems has been made
possible by a recent study [34]. Additionally, we have conducted numerical verifications,
demonstrating the existence of unique non-negative solutions for Equations (3) and (4) in
qudit systems up to d = 50. Consequently, we conjecture that our tetrahedron measure is
also applicable to qudit systems.

An immediate application of this result is the investigation of quantum information
scrambling, a phenomenon that describes the redistribution and transformation of infor-
mation within quantum many-body systems. However, previous studies of information
scrambling only involved entanglement across bipartitions, overlooking the rich landscape
of multipartite entanglement [35–37]. This omission comes from the absence of a suitable
measure to quantify GME.

With our novel GME measure relying on symmetric properties of quantum states,
we can explore various GME properties in many-body systems, both theoretically and
experimentally. This can involve studying the “velocity” of GME generation, enhancing
our comprehension of distinct timescales within early stages of thermalization following
quantum quenches. We also anticipate the identification of new phases, such as the “GME
volume law” and the “GME area law”.

6.2. Mixed-State Extension

The convex-roof construction generalizes entropic fill to mixed states ρ as F4(ρ) =
min ∑i piF4(ψi), with the minimization taken over all pure-state realizations ρ = ∑i pi|ψi⟩
⟨ψi|. Although this method is computationally intensive, numerical techniques were
developed to evaluate this quantity [38–40]. Recently, a method was proposed to estimate
convex-roof-based entanglement measures in experiments [41].
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6.3. Alternative Approaches

As an additional observation, we have recently become aware of a distinct yet intrigu-
ing approach involving the use of a tetrahedron for quantifying genuine quadripartite
entanglement, as proposed by Guo et al. [42]. This approach bears similarity to ours in the
sense that it also uses a tetrahedron, with its volume serving as a GME quantifier. However,
a notable difference lies in their approach: they did not employ the entanglement polygon
inequalities in Equation (1) that are crucial in our approach for the one-to-other types of
entanglement. This distinction raises an intriguing question about how their approach
might be adapted and extended to larger systems, thereby contributing to the ongoing
geometric exploration of multipartite entanglement.
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