‘ entropy

Article

Joint Communication and Channel Discrimination

Han Wu

check for
updates

Citation: Wu, H.; Joudeh, H. Joint
Communication and Channel
Discrimination. Entropy 2024, 26, 1089.
https:/ /doi.org/10.3390/e26121089

Academic Editors: Mehrasa
Ahmadipour, Shlomo Shamai (Shitz)
and Michele Wigger

Received: 5 November 2024
Revised: 29 November 2024
Accepted: 6 December 2024
Published: 13 December 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Hamdi Joudeh *

Information and Communication Theory Lab, Department of Electrical Engineering,
Eindhoven University of Technology, 5600 MB Eindhoven, The Netherlands; h.wul@tue.nl
* Correspondence: hjoudeh@tue.nl

Abstract: We consider a basic joint communication and sensing setup comprising a transmitter,
a receiver and a sensor. The transmitter sends a codeword to the receiver through a discrete memory-
less channel, and the receiver is interested in decoding the transmitted codeword. At the same time,
the sensor picks up a noisy version of the transmitted codeword through one of two possible discrete
memoryless channels. The sensor knows the codeword and wishes to discriminate between the two
possible channels, i.e., to identify the channel that has generated the output given the input. We study
the trade-off between communication and sensing in the asymptotic regime, captured in terms of
the channel coding rate against the two types of discrimination error exponents. We characterize the
optimal trade-off between the rate and the exponents for general discrete memoryless channels with

an input cost constraint.
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1. Introduction

We consider a setting comprising a transmitter, a receiver and a sensor. The transmitter
has a random message W which it encodes into a sequence X" £ Xy,Xy,..., X, of length
n, drawn from an alphabet . This sequence serves as an input to a pair of channels

Pynjxn : X" — V" and Pgn‘ xn X" — Z", where " and Z" are the corresponding output
alphabets. The receiver observes Y" 2Y,Y, ..., Y through Py» X" and wishes to retrieve
the message W from Y". The sensor, on the other hand, observes Z" L Z1,75,..., 7,
through PY, X7 which depends on a fixed yet unknown parameter 6 € ©. The sensor has
access to W as side information (the transmitter and sensor are, e.g., co-located) and wishes
to estimate the channel parameter 6 from (Z", W). An illustration is shown in Figure 1.

Transmitter Commun. Channel Receiver
xn Yyn» .
w Jn(W) ‘ Pynixn  —— on(Y") — W
R zZn
6 <~ n(Z", W) P xn
Sensor Sensing Channel

Figure 1. [llustration of the considered setting. A precise definition of all blocks is given in Section 2.

The above setting is a very basic model for joint communication and sensing (JCAS),
or integrated sensing and communication (ISAC). The JCAS/ISAC paradigm has emerged
with the aim of designing wireless systems in which transceivers utilize the same hardware
and spectrum resources efficiently to both communicate and sense, and has received
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increased research attention in recent years; see, e.g., [1,2]. Potential practical use cases
include next-generation cellular networks, where base stations will be able to communicate
with active devices and simultaneously detect and track passive moving targets from
backscattered signals [3]; and automotive applications, where vehicles will be able to
sense their surroundings to identify and track road obstacles, and communicate with other
vehicles on the road and infrastructure [4,5].

In this paper, our aim is to shed some light on the fundamental performance limits and
trade-offs in JCAS systems. As a step in this direction, we focus on discrete memoryless
settings: the input and output alphabets are finite, and the noisy channels are stationary
and memoryless. Moreover, we also limit our attention to the case where the parameter 6 is
drawn from ® = {0,1}, which represents the most basic sensing task of target detection or
classification. That is, with knowledge of W (and, hence, X") and upon observing Z", the
sensor wishes to discriminate between the two channels Pg,,‘xn and P%”XH.

Note that in the setting we consider, the sensing channel parameter (or state) to be
estimated does not influence the communication channel. This is an abstraction of practical
scenarios where the phenomenon or target to be sensed is distinct from the device or user
involved in communication; see, e.g., [1,2].

1.1. Related Work

A basic information-theoretic formulation for JCAS was proposed by Kobayashi et
al. [6], involving a terminal communicating with a second terminal over a state-dependent
memoryless channel, and simultaneously estimating the channel state sequence from
generalized feedback (in relation to the model in Figure 1, the transmit-estimate terminal
in [6] includes both the transmitter and sensor). The performance trade-off between
communication and state estimation is characterized in terms of a capacity-distortion
function, a quantity borrowed from earlier works on state amplification [7-9]. The results
and insights from [6] were extended by several authors in multiple directions, including
multi-terminal settings [10-12], secrecy-constrained settings [13,14] and multi-antenna
Gaussian settings [15], to mention a few. The capacity-distortion trade-off in the original
setting of [6] has also been studied under a special logarithmic loss distortion measure,
yielding a simple characterization in terms of mutual information quantities [16].

All the above-mentioned works follow the same modeling logic in [6]. That is, the
state to be estimated varies in an i.i.d. fashion from one channel use to the other. This
model fails to capture scenarios where the sensing task involves estimating a state (or
parameter) that changes at a much slower timescale compared to channel uses. To study
this latter case, one may consider an abstraction where the state to be estimated remains
fixed throughout the whole transmission period, a model that sits at the extreme opposite
of the ii.d. state model. This approach was first taken in by Joudeh and Willems in [17],
where a special case of the setting in Figure 1 with discrete binary channels was considered,
as well as a case with continuous Gaussian channels. In both cases studied in [17], the
sensing task considered is that of target detection, i.e., discriminating between a target
response and pure noise. The extension to discriminating between an arbitrary pair of
channels in discrete memoryless settings, as described in Figure 1, was considered in our
preliminary works [18,19]. Concurrently, Chang et al. [20] studied an almost identical
model to the one in Figure 1 and further investigated the case of discriminating between
more than two channels and the role of adaptive schemes, a work that was later extended
in [21]. Other related works include the extension of the target detection setting in [17] to
vector Gaussian channels (i.e., multiple antennas) [22], as well as strong converse results
for discrete memoryless settings in [23,24].

Another seemingly related line of work considers the problem of joint detection and
decoding at the receiver [25,26]. In the most basic instance of this problem, the receiver
wishes to detect the presence of a codeword, i.e., discriminate between codeword and noise,
and decode it in case it is present. In contrast with the setting in Figure 1, the joint detection
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and decoding problem co-locates the sensor with the receiver and not the transmitter, and
is hence quite distinct from the problem we study in the current paper.

Most relevant to the present paper are the results of Chang et al. in [20,21] and our
preliminary results in [18,19]. The nuanced differences between these works are further
elaborated in light of our contributions in the next subsection. Before we proceed, we
highlight a few more relevant works, some from the classical literature. The basic sensing
task that we consider, with a binary parameter 6, is a simple binary hypothesis testing
problem. This is a canonical problem in both statistics and information theory, and notable
works that characterize the asymptotic performance limits include those by Chernoff [27],
Hoeffding [28], Shannon-Gallager-Berlekamp [29], Csiszar-Longo [30] and Blahut [31]. The
specific version of the problem that we consider here, where the sensor knows (and may
control) the input X" and wishes to distinguish between two channels PY, X7 and P%,,lxn
from an observation Z", is also known as channel discrimination [32], hypothesis testing
with feedback [33] or controlled sensing [34]. This problem has been considered in a number
of works under various assumptions, including fixed-length non-adaptive transmission
in Shannon-Gallager-Berlekamp [29] and Blahut [31]; fixed-length adaptive transmission
in Hayashi [32], Polyanskiy-Verda [33] and Nitinawarat et al. [34]; and variable-length
adaptive transmission in Polyanskiy-Verdu [33] and Nitinawarat et al. [34].

In this paper, we consider fixed-length transmission focusing mainly on the non-
adaptive case (i.e., no feedback). More importantly, in addition to facilitating channel
discrimination at the sensor, the input sequence X" in our setting must also carry a message
to the receiver, which distinguishes our problem from the ones previously considered in
the channel discrimination and controlled sensing literature.

1.2. Contribution and Comparison

We consider the setting illustrated in Figure 1 with discrete memoryless channels, a
binary parameter § and an average input cost constraint; and we study the trade-off be-
tween reliable message communication and efficient channel discrimination in the asymp-
totic regime (i.e., n — o0). This trade-off is captured in terms of the channel coding
rate against the two channel discrimination error exponents (i.e., the rate-exponent re-
gion). Note that the error exponents capture the exponential decay rates of the two types
of channel discrimination errors, known as type I and type II errors in the hypothesis
testing literature.

In our main result (Theorem 1 in Section 3), we establish the optimal trade-off between
the channel coding rate and the two channel discrimination exponents (i.e., the optimal
rate—exponent region). We also provide insights into the trade-off and demonstrate it
through a couple of simple examples. The proof of our main result is obtained by adapting
classical results on binary hypothesis testing, combined with a channel coding argument
with constrained input sequences (see Sections 4 and 5). In the proof, we encountered
an interesting technical challenge, specifically in showing the converse to the channel
coding rate. The coupling with channel discrimination imposes a constraint on the types of
admissible input sequences, i.e., their empirical distributions. However, unlike additive
cost constraints [35,36], or similarly, constraints imposed by sensing an i.i.d. state sequence
subject to an additive distortion measure [6,9,11], the constraint we encounter here is non-
convex in the input sequence type. This prohibits us from directly applying the common
approach of upper-bounding the multi-letter mutual information through concavity and
Jensen’s inequality, which strongly relies on the convexity of the set of input distributions
that satisfy the cost (or, similarly, the distortion) constraint. The approach we take here
reduces the problem to upper-bounding the rate of a constant-composition code, where
all input sequences are of the same type, and uses a slightly more refined analysis of the
multi-letter mutual information (see Section 5.2). It is worth noting that our converse proof,
which relies on reducing the problem to that of constant-composition codes, first appeared
in an earlier version of the current paper [19], posted on arXiv on 15 August 2022. Since
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then, the exact same approach was also adopted in [21] (Section V.B), which first appeared
on arXiv on 14 October 2022.

In Section 6, we consider two important special cases of our general result in Theorem 1.
In the first case, we consider a minimax error criterion for channel discrimination, where
the goal is to minimize the worst of the two types of error, and we characterize the optimal
rate—exponent trade-off region in this case (see Theorem 2). In the second special case,
we adopt a Neyman-Pearson channel discrimination error criterion, where the goal is to
minimize one type of error while keeping the other type below a predefined threshold,
and we derive the optimal trade-off in this case as well (see Theorem 3). This latter case is
relevant in many practical applications, e.g., in obstacle detection to avoid road collisions
in automotive scenarios, a missed detection is much worse than a false alarm.

As mentioned earlier, a special case of the problem addressed in this paper, with
binary channels and an on-off channel parameter (i.e., target detection), was considered
in [17] under a minimax channel discrimination error criterion. The results we present
here generalize [17] (Theorem 1) to arbitrary discrete memoryless channels with input cost,
and to the entire trade-off between the rate and the two types of channel discrimination
exponents. Other very closely related results were also reported in [21] and its preliminary
version [20]. In these works, the authors consider a setting where 6 is not necessarily binary,
but belongs to a finite set and affects both the communication and sensing channels; hence,
the communication problem is of a compound nature. Moreover, they investigate both
non-adaptive and adaptive schemes. Nevertheless, refs. [20,21] focus only on the minimax
channel discrimination criterion (they also do not consider an input cost constraint, which
is, however, a minor difference and can be easily incorporated). Our results are somewhat
comparable to [20] (Theorem 3) and [21] (Theorem 1), yet are more general in some sense,
as we characterize trade-off between the two exponents, and are more restricted in another
sense, as we focus on the binary parameter case. In this context, it should be noted that
for binary 6 and under fixed-length transmission, adaptivity does not improve the channel
discrimination error exponents [32,33]; hence, there is no loss in generality in our restriction
to non-adaptive schemes.

A more subtle difference compared to the preliminary work of Chang et al. [20] is
in the definition of the discrimination error. As we shall see in Section 2, we define the
two types of discrimination error probabilities by taking the maximum (i.e., worst-case)
over all codewords in the codebook. We believe this to be a natural definition from an
operational perspective, since it provides performance guarantees for sensing regardless
of which codeword is used for communication, as it is not known beforehand which
codeword (or message) will be selected. This worst-case formulation, however, also requires
more involved analysis. For instance, i.i.d. code ensembles are insufficient for proving
achievability in this case, due to the fact that bad codewords from a channel discrimination
perspective, while improbable, are still possible under such ensembles. In ref. [20], the
authors alleviate this challenge by considering the average discrimination error over all
codewords, which provides no guarantees on the sensing performance for the worst-case
codeword, but renders i.i.d. code ensembles sufficient. In our preliminary work [19],
we dealt with worst-case sensing errors by resorting to constant-composition codes (see
also [17]), which were also later adopted by Chang et al. in [21]. In the current paper,
we prove achievability using almost-constant-composition codes through a constrained
version of the channel coding theorem, which has the advantage of being directly applicable
to channels with continuous alphabets.

1.3. Notation

Upper-case letters, e.g., X, Y, Z, often denote random variables and the corresponding
lower-case letters, e.g., x, , z, denote their realizations. Calligraphic letters, e.g., M, denote
sets. | M| denotes the cardinality of set M. The indicator function 1[.A] is equal to 1 if the
event A is true, and is 0 otherwise. Let X and Y be, respectively, an input and output to
a channel Py, which is a stochastic mapping from the input alphabet X’ to the output
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alphabet ). The mutual information I(X;Y) is also denoted by I(Px, Py|x). The Bernoulli
distribution with parameter p is denoted by Bern(p) and the binary symmetric channel with
parameter g is denoted by BSC(g). For p,q € [0,1], we define pxq = (1 —q)p +q(1 — p).

Next, we present some notation and preliminaries on types from [35], which will be
essential in the technical development of our results. Given a sequence x" € X", we define

N(alx") £ Y 1[x; = a],a € X. 1)

n
i=1
The type of x", denoted by Dy, is a distribution on X defined as

n
Per(a) = % acX. @)
Let P(X') be the set of all distributions (i.e., probability mass functions) on X and let P, (X’)
be the set of all types of sequences in X". Note that P,(X) C P(X). A very important
property is that the number of types in P, (X') is at most a polynomial in 1, which follows
from the upper bound [35] (Lemma 2.2)

Pa(X)] < (n+ 1)1, 3)

2. Problem Setting

We consider the setting introduced in Section 1 and illustrated in Figure 1 with finite
alphabets X, ), Z and a binary parameter 6 € {0,1}. The channels are stationary and
memoryless, that is,

n

n
Pyn|xn (y"|x") = HPY‘X(yAxi) and Pgnp(ﬂ (Z"|x") = HP%lX(zipci) (4)
i=1

i=1

where # is a positive integer that denotes the block length (i.e., number of channel uses).
An admissible input sequence x" € X" must satisfy an average cost constraint of

LY b(x)<B ®)

where b : X — R, is some non-negative cost function and B > 0 is the average cost
constraint. To simplify the notation, we use

n n
Py (z"|x") = [ [ Po(zilx;) and Pf'(z"|x") =[] Pi(zilxi)
i=1 i=1

to denote PY, ., (z"|x") and PL, ., (z"|x"), respectively, where Py and P; denote PY, ,, and

Zn|xn Zn|xn Z|X
P%I . Tespectively. Throughout the paper, we assume that Py(z|x)P;(z|x) # 0, forall x € X
and z € Z, i.e., the two channels have a shared support under every input. This mild
regularity condition helps avoid unnecessary technical complications, and is satisfied from

many channels of interest.

2.1. Codes and Error Probabilities

For fixed block length n, let M, e {1,2, eery Mn} be a message set of M, message
indices. An (1, M,)-code for the above setting consists of the following mappings:

*  An encoding function f, : M;, — X" that maps each message index w € M, into
a codeword x"(w) = f,(w) from X", which satisfies the cost constraint in (5). The
corresponding set of all M,, codewords, given by C,, = {x"(1),x"(2),...,x"(M,)}, is
known as a codebook.
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* A message decoding function ¢, : " — M, that maps each output sequence y"* € J"
into a decoded message W = ¢, (y") from the message set M,,.
* A channel discrimination function ¢, : Z" x M, — {0,1} that maps each output
sequence and message pair (z",w) € Z" x M, into a decision (i.e., a hypothesis)
0 = (2", w) from {0,1}.
The message W, which is drawn uniformly at random from M, is encoded into
X" = f,(W) and then sent over the channels. Upon observing Y", the receiver produces a
decoded message W = @,,(Y"). On the other end, upon observing Z" and with knowledge
of W, the sensor produces a binary decision § = 1,,(Z", W). Next, we examine the message
decoding and channel discrimination error probabilities.
Decoding error: For a given code, the probability of decoding error given that mes-
sage W = w has been sent is P[¢, (Y") # w | X" = x"(w)]. The maximum probability of
decoding error is defined as

Pen = max Ple,(Y") # w | X" = x"(w)] (6)
weM,

which is a common performance measure that reflects the assumption that messages are
equally important. It is sometimes more convenient to work with the average probability
of decoding error, defined as

A 1 n n n
Pon =30 L Ploa(Y") #w | X" =x"(w)]. @
nweM,

As is often the case with asymptotic rate results in DMCs, the results we present here
remain unchanged regardless of whether we choose pe , or pgY, as the measure of decoding
error probability. In some cases, where it helps to emphasize the codebook being used, we
write pen(Cy) and p2Y,(Cy).

Discrimination error: Without loss of generality, any discrimination function can be
written as

Y (2", w) = 1[z" ¢ Ay(w)] ®)

for some decision region A, (w) C Z" which comprises output sequences that map to
hypothesis § = 0 (without loss of generality, we prohibit the trivial degenerate cases
of Ay(w) = @ and A, (w) = Z"). There are two types of discrimination error events
associated with the two hypotheses, defined for W = w as

eon(w) £EP[Z" ¢ Ap(w) |0 =0,X" = x"(w)] )
e1n(w) £ P[Z" € Ap(w) |6 =1, X" = x"(w)] (10)
known as the type I error and type II error, respectively. Since it is not known beforehand

which message will be sent, it is reasonable to define the discrimination error probabilities
for a code as

— m w 11
€0 wE%/)l(ﬂ SO,n( ) ( )
€1, = max &1 ,(w). 12
1n we]a\/)l(n 1,n( ) (12)

This worst-case definition guarantees that by considering the pair (gq , €1 ), a certain discrim-
ination error performance is guaranteed regardless of the selected message.

2.2. Rate—Exponent Region

We are interested in the asymptotic performance limits measured in terms of the
channel coding rate and the channel discrimination error exponents. This is formalized
as follows.
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Definition 1. A rate—exponent tuple (R, Ey, E1) is said to be achievable if for every € > 0, and
provided that n > n for some (possibly large) ne, there exists an (n, My )-code with

Pen < € (13)
%logMn >R—c¢ (14)
—% logeg, > Eg—€ (15)
—% logey,, > E; —e. (16)

The rate—exponent region R is the closure of the set of all achievable tuples (R, Eq, E1).

The main result of this paper is a characterization of the rate—exponent region R for
the general discrete memoryless channels in (4) under the input cost constraint in (5).

3. Main Result

We now present the main result of the paper, which is a complete characterization of
the rate—exponent region in Definition 1. To this end, we define the channel Ps : X — Z for
s€[0,1] as

Po(z]x)' Py (z]x)°

Ps(z|x) = . 17
) = e AR Y v
For any fixed input x, Ps(-|x) is a parameterized output distribution on Z known in the
literature as the “tilted” distribution, which moves from Py(-|x) to P;(-|x) as the parameter
s increases. We also have the following standard definition of the conditional relative
entropy (or conditional information divergence) between any pair of channels Pz x and

Qzix from X to Z given an input distribution Px on X

D<PZ|X||QZ|X|PX) =) PX(X)D<PZ\X(‘|X)HQZ|X('|X)>

xeX
Pz x(z[x)
XEEX, PX(X) ZEEZ: PZ\X(Z|X) 08 QZ\X(Z|x)

We assume that Py x (z|x) = 0 whenever Qzx(z|x) = 0, and, hence, D(Pzx || Qzx|Px) <
oo. This is satisfied for all channels of interest to us here. We are now ready to present the
main result.

Theorem 1. R is given by the set of all non-negative pairs (R, Eo, E1) such that

R < I(Px, Py|x) (18)
Eg < D(Ps||Py|Px) (19)
E; < D(Ps||Py|Px) (20)

for some input distribution Px € P(X) that satisfies Ex..p, [b(X)] < B, and some s € [0,1].

The proof of the above theorem is presented in Section 5. As a first step towards the
proof, we first study the trade-off between the two discrimination exponents Ey and E;
in Section 4. Moreover, two important special cases of the result in Theorem 1, where we
specialize to minimax and Neyman-Pearson discrimination error metrics, are presented
and discussed in Section 6.

Insights and Examples

We now provide some insights into the result in Theorem 1. To this end, it helps to
interpret the input distribution Py in Theorem 1 as being equal, or arbitrarily close, to
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the types (i.e., empirical distribution) of codewords in the employed codebooks. Under
such codebooks, classical results on binary hypothesis testing are used to establish that the
discrimination errors are given by

con ~ e DEIPIPY) and e, o~ mDEIPIPY) (21)

for some parameter s € [0, 1], which is used to tune the trade-off between the two types of
error probabilities, and is directly related to the choice of channel discrimination function
(or decision region). On the other hand, a channel coding argument with constrained
input sequences is used to show that reliable communication is achieved provided that the
number of codewords in the codebook is M,, ~ " (PxPyix)

As seen through the above explanation, and as one may expect, the type Px of code-
word dictates the performance of both communication and channel discrimination. In
general, a trade-off between the two arises since Px, which maximizes the rate, may not si-
multaneously provide the best discrimination exponents. This trade-off is further explored
through the following basic examples.

Example 1. Consider a setting with a binary input, and binary outputs given by
Y=X®Nyand Z=0X® Ny (22)

where Ny and Nz are Bernoulli with parameters p and q, respectively, and 6 € {0,1}. Here, Py|x

is a BSC(p) and Py is a BSC(q), while P satisfies Py(1|-) = q and Py(0|-) = 1 — q. Therefore,

we have

P(0[0) =1—Py(110) =1—gq (23)

1— 1-s,s
P.(0]1) =1 Py(1]1) = (]—q)l(—sqs‘ﬁql—qs(l—q)s —§ (24)

where § € (min{q,1 — q}, max{q,1 — q}], depending on s. Let Px ~ Bern(p). It follows that

I(Px, Pyx) = H(p* p) — H(p) (25)
D(Ps||Po|Px) = pd(4]11 — q) (26)
D(Ps||Py|Px) = pd(4llq) (27)

where H(p) is the entropy of the distribution Bern(p), while d(q||1 — q) is the information
divergence between Bern(q) and Bern(1 — q). From the above, it follows that R for this setting is
described by

R<H(p*p)—H(p) (28)
Eo < pd(4[]1 —q) (29)
E1 < pd(ql9) (30)

for some § € [min{g,1 — g}, max{q,1— q}], and p < B (we assume b(1) = 1and B < 1). The
maximum rate is achieved when p = min{0.5, B}, while the best set of exponent pairs is achieved
when p = B. Hence, there is a trade-off between the rate on one hand and the pair of exponents on
the other whenever B > 0.5. Note that § controls the exponent trade-off for any fixed p, and does
not influence the rate.

Example 2. Consider a binary input binary output setting as in the previous example, but here Py
is a BSC(pg) and Py is a BSC(p1). In this case, for any s € [0, 1] we have

_ _ (1—po)' (1 —p1)® L
RO = R = o
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where q € [min{po, p1}, max{po, p1}]. It follows that
D(Ps|[Po|Px) = d(ql|po) (32)
D(Ps|[P1|Px) = d(qllp1) (33)
which do not depend on the input cost constraint. Therefore, R in this case is given by
R < H(min{0.5,B} *p) — H(p) (34)
Eo < d(q]|po) (35)
Er < d(qllp1) (36)

for some q € [min{py, p1}, max{po, p1}]. Hence, in this case, the rate R and the exponent pair
(Eo, E1) are not coupled, and there is no trade-off between the two tasks.

4. Channel Discrimination

In this section, we focus on the problem of channel discrimination with the aid of a
fixed input sequence x" € X", also known as controlled sensing [34]. We review classical
results from the literature, mainly due to Shannon, Gallager and Berlekamp [29], and adapt
them to the setting considered here.

With knowledge of x”, channel discrimination boils down to simple binary hypothesis
testing between Pj (-|x") and Pj'(-|x™). It is known that the likelihood ratio test (LRT) is the
optimal (deterministic) test in this setting. The decision region can be written in terms of
the log-likelihood ration (LLR) as

n n n
An = {z” ezZ": logm < 'yn} (37)
for some threshold v, € R, which can be tuned to achieve different trade-offs between
the two types of error probability (we omit the dependency of the decision region and
error probabilities on the message index w in this part, as we focus on only one transmitted
sequence. This is equivalent to having a codebook of size M,, = 1). Now suppose that the
channel is used once, i.e., n = 1. In analyzing the error probabilities, the following function,
defined on s € [0, 1] for every input symbol x € X, is instrumental:

Hx(s) =log } Po(zx)!~°Pi(z]x)" (38)
z€Z

Py(Z]x)
Po(Z]x)
Py(+|x). The first and second derivatives of iy (s), denoted by u’(s) and p (s), respectively,
are given by

, evaluated under Z~

Hx(s) is the cumulant-generating function of the LLR log

Pi(z]x)

(s) = Y Pi(z|x)log = (39)
Vx( ) ZEZZ S( | ) gPo(z|x)
Pi(z]x)\? 2
" _ P 1 1 Y 4
) = 1 Pl (1o 5 )~ (465) (40)
which coincide, respectively, with the mean and variance of log ;;g}i; , evaluated under
Z ~ Ps(-|x). It follows that u/(s) > 0 always holds. Moreover, it can be verified that
#i(s) > 0 unless %Ei}g is a constant over all z. Since we have assumed that the two

channels have the same support, this would occur only if they are identical. Otherwise,
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if Py(-|x) and Py(-|x) are distinct, then px(s) is a strictly convex function on s € [0,1]. The
following identities can be verified from the expressions in (38) and (39)

D(P:(-[2)[|Po(-|x)) = sp(s) — pix(s) (41)
D(Ps(-|x X)) = (s = Dp(s) = px(s)- (42)

When the channel is used multiple times, in which a sequence x" is sent over n channel
uses, multi-letter extensions of the above quantities become relevant. We denote these by
txn (5), Wen (s) and pYy (s). Since the channels P} (-|x") and Pj'(-|x") are memoryless, it can
be verified that

n

Wxn (S) = Zyxl =n 2 Prn (43)

=1 xeX

n

Wen(s) =Y _ph(s) =n ) Pur(x (44)
i=1 xeX
n

pen(s) =Y i (s) =n Y Pen(x)p(s). (45)
i=1 xeX

The first two identities follow directly from the corresponding definitions, while noting
that the tilted channel Pj(-|x") is memoryless for every s. The last identity is obtained by
noting that y;’n (s) is the variance of a sum of independent random variables and, therefore,
is equal to the sum of the individual variances. Combining the first two identities with (41)
and (42), it follows that

D(Ps||Po|Pyn) = spiin (s) — pian (s) (46)
D(PS||Pl|px”) = (5_1)#;"(5) — pn (s). (47)

These conditional divergence terms are useful for writing bounds on the two types of
error probabilities.

Lemma 1. Fix nand x" € X™. There exists a decision region A, C Z" and s € (0,1) such that

eon < eXP{_”D(PSHPO|pr’)} (48)
€1,y < exp{—nD(PSHP1|15xn)} (49)

Moreover, for every decision region A, C Z" and s € (0,1), at least one of the inequalities

1 o

ton > exp{ ~nD(RIRIL) 5 25} 50
1

€1 > 4exp{ nD(Ps||Py|Pen) — (1 —s) /20" (s )} (51)

must hold.

The above lemma essentially follows from [29] (Theorem 5) by Shannon, Gallager
and Berlekamp. We find the proof quite insightful, and hence we present a version that is
adapted to our setting next.

Proof. Fix a parameter s € (0,1). We choose the threshold in (37) such that

Ay = {z” € Z": logpln(znwl; <yl (s)} (52)
0



Entropy 2024, 26, 1089 11 of 23

It follows that the first error probability can be bounded above as

gon =3y, Pi(z"|x") (53)
e A
B Pi’l( TZI 1’!) . I
= ) expq pan(s) — Slogm P (z"|x") (54)
Zne AG
< Y exp{pan(s) — spin(s) } P ("] x") (55)
zZhe A5,
< exp{pan(s) — spln(s) }. (56)

The main step in obtaining the above bound is the change of measure trick in the second
line. Similarly, we bound the second error probability as

ein= Y, P{("x") (57)

zZ"e Ay
PT’l n

- Z exp{yxn(s) (1s)logW}P£’(Z"|x”) (58)
e A,

< Y exp{p(s) + (1= 8)pn(s) } PI (2" 2") (59)
zZ"e Ay

< exp{pan(s) + (1 —s)pin(s) }- (60)

The upper bounds in Lemma 1 follow by substituting (46) and (47) into the above bounds.
We now turn to proving the lower bounds. To this end, fix a parameter s € (0,1) and
define the following subset of output sequences:

P (z"]x™)

/
S A <
log Pg(z”\x") Hx (S) =

Dy(s) = {z” ezZ":

24, (s)}. (61)

For an arbitrary decision region A, C Z", the error probability of the first type is bounded

below as
gon> Yy, PY(E"IX") (62)
"€ AGNDy (s)
P (2|
- exp{yxn (s) - slog LZ 1Y) }P" (") ©3)
zneA;ZnDn(s) Py (z"|xm) J 7
Zexp{uxn<s>—su;n<> 2uxn<>} Y P (64)

2"e AGND;y,(s)

where, in the second line, we use the change of measure argument used in the upper bound,
while the last inequality follows from the definition of D,(s). Similarly, we bound the
second error probability as

en= ), PE"") (65)

zZ"e AyNDy (s)

= Z ( )exp{yxn (s)+(1—5s) longEx;}Pf(zﬂx”) (66)

z"e A,NDy, (s

Zexp{yxn<s>+<1s>u;n<s><1s> 2u;'n<s)} Y PR, (67)

zZ"€A,NDy(s)

We now proceed by observing that the probability of Dy, (s) under P!'(-|x") is lower
bounded as follows:
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2

" n P} (Z"|x") 1
PS (Dn(5)|x ) =1- [Panpsn(.‘xn) [ IOgW - ‘u;!l (S) > 2]/1;/7/1 (S) > E (68)

where we use Markov’s (or Chebyshev’s) inequality, combined with the fact that p/,. (s)

P”gnlin; under Z" ~ PI(-|x"). Therefore, it

and 1/}, (s) are the mean and variance of log
follows that

P (Dn(s) N AG|x") + P (Da(s) 0 Aulx") > (69)

N —

which, in turn, implies that either P (D, (s) N AS[x") > 1 or P#(Dy(s) N Ay |x") > 1 must
hold. Combining this with the above lower bounds on the error probabilities completes
the proof. O

We conclude this section by rewriting the result in Lemma 1 in a form that will be
more useful for us when proving Theorem 1. To this end, and for fixed #n and x" € A",
define the region

1 1
En(x")= {(Eo,n, Ein):Eop=— . logep, and Eq ,, = — . log ey ,, for some A, C Z”}. (70)
This can be thought of as a non-asymptotic error exponent trade-off region for a fixed input
sequence x". An inner bound and outer bound for this region are obtained from Lemma 1

as follows.

Corollary 1. &, (x") includes the region given by all non-negative tuples (Eq, E1 ) satisfying

Eou < D(Py||Py|Pyn) (71)
E1, < D(Ps||Py|Pyn) (72)

for some s € (0,1), and is included in the region given by all non-negative tuples satisfying

A Cc

Eon SD(PS||P0|PX")+W (73)
A Cc

El,n SD(PS||P1|Px”)+W (74)

for some s € (0,1), where c is a finite non-negative constant.

Proof. The inner bound follows directly by rewriting the error probability upper bounds
in (48) and (49). The outer bound, on the other hand, can be shown to hold from the error
probability lower bounds in (50) and (51), as we demonstrate next. We start by restating a
slightly loosened version of these bounds.

Fix a channel discrimination decision region, associated with the tuple (Eg,, Eo ).
Then for every s € (0,1), at least one of the following inequalities must hold:

1
Eon < D(Ps || Py|Pen) + Z P (x x)uil(s) + —log4 (75)
xeX n
Eln < D(PSHPﬂPxn Z Pxn 710g4 (76)
xeX

Recalling that u//(s) is the variance of the log-likelihood under the tilted distribution,
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we have
5 5 Py(z]x)?

2 Pen ()l (s) < Z Pun (x) Ps(z]x) <1og (77)

xek : (xz2)€XXZ P0(2|x)

Py (z]x) )2

< ! 78
B (x,z%%%’?xé?( 8 P()(Z|x) (78)

where the right-most upper bound is finite due to the assumption that Py(z|x)P;(z|x) # 0
forevery z € Z and x € X. Therefore, the bounds in (75) and (76) imply

A Cc

Eoyn < D(Ps||Py|Pyn) + ﬁ (79)
A~ Cc

El,n < D(PS||P1|PXH) + ﬁ (80)

for some finite non-negative constant c. Now, since at least one of these bounds must hold

for every s, it follows that 0 < Eg,, < D(Py||Po|Pyn) + ﬁ and 0 < Ey,, < D(P||Py|Pyn) +

ﬁ. In the proof of Lemma 3 in Section 6, we shall see that D(Ps||Py|Pyn) is continuous and
strictly increasing in s € [0,1], from 0 to D(Py||Py|Pyn). Therefore, there exists s’ € [0, 1]
such that Eg, = D(Py||Py|Pe) + ﬁ For such a choice of s’, we must have E;, <

D(Py||Py|Pyn) + ﬁ This concludes the proof. [

5. Proof of Theorem 1

Equipped with the bounds on the error probabilities of channel discrimination, we
now proceed to prove the result in Theorem 1. We start with the achievability and then
present the converse.

5.1. Achievability

We start with a channel coding achievability bound under a general input sequence
set constraint.

Lemma 2. Fix an input distribution Px € P(X') and block length n. Let B, be a subset of X™.
Then, there exists a codebook C, C By, of size My, such that for every T > 0, the average error
probability satisfies

pan X PIX" € B,] < P[i(X";Y") < nt +log My] + exp{—nt} (81)

P (1)

n yny ., pn n
where (X", Y") ~ P% x P. P

Yix and 1(x";y") = log is the information density.

The unconstrained version of the above result, i.e., with B, = X", was first derived by
Shannon in [37] using a random coding argument. In Appendix A, we present a proof for
the constrained version. A similar yet stronger result, known as Feinstein’s lemma, holds
but for the maximal error probability, and is proved using Feinstein’s maximal coding
technique (see [38] for a modern treatment of these results).

We are now in a position to show that every tuple that lies in the region described in
Theorem 1 is achievable in the sense of Definition 1. Let (R, Eg, E1) be one such tuple. This

means that

I(Px, Pyx) = R, D(Ps||[Py|Px) = Eo, D(Ps||P1|Px) = E1, and Expy [b(X)] < B (82)
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hold for some input distribution Px € P(X') and constant s € [0, 1]. In what follows, we
fix a block length 1 and a pair (Px, s) sastifying (82). We define the following subsets of
input sequences

Bon(Px,s) = {x" € X" : D(P|[Po|Pur) > D(P:[|Py|Px) — ¢ } (83)
Biu(Px,s) = {x" € X" D(PS|[Po|Pr) = DR[| Po|Px) — €} (54)
Byn(Px) = {x" € X" : Ey_p,, [b(X)] < Expy [b(X)] +€}. (85)

for some small constant € > 0. The inner bound in Corollary 1, combined with
(82)—(84), implies that for every x" € By, (Px,s) N By, (Px,s), there exists a decision region
that satisfies

1 N

—Elogsorn(x") 2 D(Ps||P0|Pxn) 2 D(P5||P0|Px) — € Z EO — € (86)
1 A

leogelrn(x”) Z D(PS||P1|Pxn) Z D(PS||P1|P)() — € 2 E1 — €. (87)

Note that for convenience, we highlight the dependency of ¢, (x") and & ,(x") on x"
instead of the message w. By imposing the codebook constraint C,, C B, where

By = Bou(Px,s) N Bi,u(Px,s) N By, (Px), (88)

the desired channel discrimination error exponents (Ey, E1) are achieved, while satisfying
the input cost constraint (strictly speaking, an additional cost of € is incurred. However,
€ can be made to vanish as n grows large). It remains to show that the rate R is also
achievable. To show this, we use Lemma 2 while setting % log My, = I(Px, Py|x) — (T +6)
for some 0 > 0, from which we obtain

P[Li(X"¥") < 1(P, Pyjx) — 8] + exp{—nT}

av <
Pe,n — [P[Xn c Bn] (89)
Note that since X" ~ Py, then, by the weak law of large numbers (WLLN), we have
1
P {nz(X”;Y”) < I(Px, Pyx) — 5} — 0, asn — co. (90)
Similarly, by the WLLN, we also have
P[X" € Bou(Px,s)] = 1, P[X" € By ,(Px,s)] = 1, P[X" € By,(Px,s)] =1, asn — oo. 91)

Combining this with the fact that P[X" € B,] is lower-bounded by
P[X" € Bu] 21— P[X" ¢ Bou(Px,s)] — P[X" & Bou(Px,s)] — P[X" & Bon(Px,s)], (92)

it directly follows that P[X" € B,] — 1 as n — oo, and therefore pg}, — 0 asn — co. We
conclude that for any € > 0, and by making 7 large enough, there exists a codebook of M,

codewords in B, such that
W 1 1 1
pay < € and - log My, = I(Px, Pyx) = (T+6) > R— (e - - log?2). (93)

Note that the last inequality holds from (82) and by choosing T, § and n appropriately.

Finally, using an expurgation argument, where we remove the worst half of the
codewords (see, e.g, [39] (Ch. 7.7)), it follows that there exists a codebook of size M), =
M,, /2 in B, for which % log M;, > R — e and pe < 4p2Y, < e. This concludes the proof
of achievability.
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5.2. Converse

We now turn to the converse. First, for every Ey, E; and B, we define the following
sets of distributions on X’ (i.e., subsets of P (X)), which will prove useful further on:

Pe(X,Eg, Eq1) = U {Px € PX): D(PSHPO\PX) > Ey, D(Ps||P1|PX) > Ep} (94)
s€[0,1]

Py(X,B) = {Px € P(X) : Exp, [b(X)] < B}. (95)

Now suppose that the rate—exponent tuple (R, Ey, E1 ) is achievable. Then, for every § > 0,
and by making n large enough, there exists an (1, M, )-code in which every codeword
x" € C, satisfies

1 .

Eo—5§—ﬁlog€o,n(x") SD(PSHPOHPX")+5 (96)
1 N

Fi—6 <~ logeyn(") < D(RIIP[Pn) +5 ©7)

for some parameter s € (0,1), which may depend on the codeword. The left-hand-side
inequalities follow from Definition 1, while the right-hand-side inequalities follow from
the outer bound in Corollary 1. The constraints in (96) and (97) imply that every codeword
x" in C, must have a type Py that satisfies

P € Pe(X,Eg—€,E1 —€) NPy(X,B) (98)

where € = 26. Under this codeword constraint, our next goal is find an upper bound on the
codebook size My, given the additional constraint pe,(Cn) < €. A challenge here is that
the set of input distributions in (98) is non-convex in general due to the union in (94). This
prohibits us from applying existing approaches for proving channel coding converses under
additive cost [35,36] or additive sensing distortion [6,9,11] constraints, as they crucially rely
on the convexity of the underlying input distribution constraint set.

To circumvent this challenge, we first observe that C,; can be partitioned into constant-
composition sub-codebooks, each comprising codewords of the same type. Let Px €
P (X) be the type associate with the largest of such sub-codebooks, denoted by Cy,(Px),
and let M,,(Px) be the corresponding number of codewords in this sub-codebook. It is
straightforward to see

My < [Pu(X)|Mu(Px) < (n+1)1*IM, (Px) (99)

where the right-most inequality is due to (3). Therefore, bounding the rate %log M,
of Cy is asymptotically equivalent to bounding the rate 1log M, (Px) of C,(Px), since
‘if—' log(n + 1) tends to zero as n approaches infinity. Going forward, we focus on bounding
% log M, (Px), which is more suited to our purpose as it can be performed without relying
on the convexity of the underlying input distribution constraint set.

Note that pe,(Cy) < € implies pgY,(Cy) < €, which in turn implies p2Y,(C.(Px)) <€,
which holds because C,(Px) C C,. Therefore, from Fano’s inequality (see, e.g., [36]
Section 3.1.4), we obtain

1 1 1
= log My (Px) < —I(X";Y") + - + = log My(Py) (100)
n n non

where X" in (100) is uniformly distributed on the constant-composition sub-codebook

C"(Px), since the underlying message is uniform.We proceed by bounding the per-channel-
use mutual information as
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Lixmym < Ly rxg v (101)
n ! —n4H v
1 n
= " 2 I(PXi/PY\X) (102)
i=1
< I(Qx, Py|x) (103)

where Py, is obtained by marginalizing Px«, while Qx in (103) is given by the following
mixture:

Qx(x) = % 3" Py (x), Vx € . (104)
i=1

The inequality in (103) holds due to the concavity of the mutual information in the input
distribution for a fixed channel and by Jensen’s inequality. The next step is to show that
the mixture input distribution Qx coincides with the sub-codebook’s type Px. This is seen
from the following:

1 1 Ma(Px)
=5 gy Ly ) = (105
1 MVI(PX) 1 n
S Wy & w ) =4 (106)
1 Ma(Px)
T M &y e 107)
= Px(x). (108)

Putting together (108), (103), (100) and (99), we obtain

%log M, < %log M, (Px) + % log(n +1) (109)
1
< I(Px, Pyx) + - (1+ elog M, (Px) +log(n+1)). (110)

Since the rate R is achievable, then R — ¢ < % log My, < I(Px, Py|x) + 0 holds for sufficiently
large n. Recall that Px must be in the set (98), from which we conclude that (R, Ey, E1)
must satisfy

R < I(Px, Pyx) +€ (111)
Eo < D(Ps[|Po|Px) + € (112)
Ey < D(Ps||1|Px) + € (113)

for some s € [0,1] and Px € Pj(X, B). These inequalities hold for every € > 0, as € can
be made as small as desired in the above proof by making # sufficiently large. Therefore,
we conclude that (R, Eo, E1) must satisfy the above inequalities while setting € = 0. This
concludes the converse proof. [

6. Minimax and Neyman-Pearson

In this section, we consider minimax and Neyman-Pearson metrics for channel dis-
crimination and characterize the resulting rate—exponent trade-offs. As we will see, the
emerging trade-offs are special cases of the general trade-off in Theorem 1.
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6.1. Minimax Discrimination Criterion

In some applications, the two types of discrimination error probabilities are treated
equally, and one wishes to control (i.e., minimize) the maximum of the two, defined for a
given code as

€y = max{egy, €1,n }- (114)

This gives rise to the following asymptotic trade-off.

Definition 2. A tuple (R, E) is said to be achievable under the minimax channel discrimination
criterion if for every € > 0, and provided that n is large enough, there exists an (n, M, )-code with

1 1 1
Pen <€, —logM;,>R—€ and —log— >E—e.
n n €n
The rate—exponent region Rmini is the closure of the set of all achievable pairs (R, E).
It can be verified that (R, E) € Rmini if and only if (R, E, E) € R. From this observation

and Theorem 1, it is readily seen that Rmini is given by the set of all non-negative tuples
(R, E) such that

R < I(Px, Pyx) (115)
E < max min{D(P,||Py|Px), D(Ps|| Py |Px)} (116)
selo,

for some input distribution Px € P(X’) that satisfies Ex~.p, [b(X)] < B. Before we proceed,
we define

C(Py, P1|Px) £ — min Y Px(x)log Y Po(z|x)' *Pi(z|x)*

s€[01] xekX zeZ
= — min Px(x)px(s) (117)
s€(0,1] xg

The above quantity is a generalized form of the Chernoff information (see, e.g., [39]
(Ch. 11.9)), which is suited for channel discrimination. In the following result, we establish
the equivalence between C(Py, P;|Px) and the right-hand side of (116), which parallels a
known equivalence in classical hypothesis testing.

Lemma 3. The following identity holds:

max min{D(Ps||Po|Px), D(Ps||P1|Px)} = C(Po, P1|Px) (118)

Proof. Taking the expectations of (41) and (42) with respect to X ~ Px, we obtain

D(Ps||Po|Px) = Y Px(x)(spx(s) = px(s)) = sppy (s) — pipy (s) (119)
xeX
D(Ps|Py|Px) = Z;{PX x)((s = 1)p(s) — px(s)) = (s = 1)ppy (s) — ppy () (120)

from which it follows directly that

d

e D(Ps||Po|Px) = Y Px(x)spy(s) = spp,(s) (121)
xeX

d

as D(P||P1|Px) = Y Px(x)(s —1)ui(s) = (s — Dpp, (s). (122)
xeX

Recall from Section 4 that p)/(s) > 0, unless the two channels Py(-|x) and Pj(-|x) are
identical under x. If such inputs exist and Px is supported on them only, then we will have
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D(Ps||Py|Px) = D(Ps||Py|Px) = O for every s € [0,1], and hence C(P, P;|Px) = 0, and
there is nothing left to prove. Therefore, we assume that Px(x) > 0 and u}(s) > 0 for at
least one x. From (121) and (122), we see that D(Ps||Py|Px) is strictly increasing in s and
D(Ps|| Py |Px) is strictly decreasing in s; hence,

min{D(Ps||Po| Px), D(Ps||P1|Px) }

_ {D(PS||P0|PX), if D(Ps||Po|Px) < D(Ps||Py[Px)

. (123)
D(Ps||Py|Px), if D(Ps||Py|Px) > D(Ws]||Py|Px).

It follows that the maximum is achieved at s = s* that satisfies D(Ps|| Py|Px) = D(Ps+||Py|Px),
for which we also have y} (s*) = 0. Due to pp, (s) > 0and pp,(0) = pp (1) = 0, it
follows that
max min{D(Ps||Py|Px), D(Ps||P;|Px)} = — min pup,(s) (124)
s€[0,1] s€[0,1]

which completes the proof of the lemma. [

We are now ready to present the rate—exponent trade-off under the minimax error
criterion.

Theorem 2. R is given by the set of all non-negative pairs (R, E) such that

R < I(Px, Py|x) (125)
E < C(Py, Py|Px) (126)

for some input distribution Px € P(X') that satisfies Ex..p, [b(X)] < B.
The proof follows directly from the above discussion.

Example 3. For the setting in Example 1, we have

C(Po, P1|Px) = — min plog((1—q)'~*g" +¢' (1~ 9)*). (127)
s€(0,1]

Recall that Ex..p, [ix(s)] = plog((1 —q)'=5¢° + ¢°(1 — q)'=%) is strictly convex in s. Since
here we have Ex..py [ux(s)] = Ex~py[pix(1 —s)], it follows that s = 0.5 is the minimizer in
(127), and we obtain

C(Py, Py|Px) = —plog (2 (1- q)ﬂ/) = —ploge P57 = pD(05]|]9).  (128)

Therefore, Rmini in this case is described by

R<H(p*p)—H(p) (129)
E < pD(0.5[|q) (130)
for some p < B. This recovers the result in [17] (Theorem 1). As seen in Example 1, there is

generally a trade-off between R and E whenever B > 0.5. On the other hand, for the setting in
Example 2, we have

C(Py, P1|Px) = — min log((l —po) (A= p)t o+ P%Pi)' (131)

i
s€[0,1]

Since there is no trade-off between R and E in this case, the corresponding Rmini is a rectangle.
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6.2. Neyman—Pearson Discrimination Criterion

Here, we consider the case where the two types of discrimination errors are treated
unequally. We adopt the Neyman-Pearson criterion, where the focus is on minimizing
one type of error while keeping the other under control. Here, we choose to minimize the
type Il error probability while requiring that the type I error probability does not exceed a
desired threshold a € (0,1).

For a codebook C;, and given that the codeword x" has been sent, the decision region
Ay (x™) is chosen according to the above criterion, and the resulting type II discrimination
error is given by

ny A : n
5me)—x%@&$&ﬂK“ﬁmW)~ (132)
As argued in Section 2.1, since it is not known beforehand which codeword in C,, will be
sent, we take the maximum over all codewords in C,, and obtain an error probability of

Ban £ max Ban (xn). (133)
x"eCy
Under the Neyman-Pearson criterion, the asymptotic trade-off is formalized as follows.

Definition 3. Under the Neyman—Pearson discrimination criterion, (R, E,) is said to be achievable
if for every € > 0, and provided that n is large enough, there exists an (n, M, )-code with

Pen < €, %loganR—e and %log >E,—e.

a,n
The rate—exponent region R is the closure of the set of all achievable pairs (R, Ey).

We now present the trade-off under the Neyman-Pearson channel discrimination
criterion.

Theorem 3. R, for any « € (0,1) is given by the set of all non-negative pairs (R, E) such that

R < I(Px, Py|x) (134)
E < D(Po[|P1|Px) (135)

for some input distribution Px € P(X) that satisfies Ex.p, [b(X)] < B.

The above theorem follows from Theorem 1. In particular, we know that the pair
(R, E1) must satisfy R < I(Px, Py|x) and E; < D(Po|[Py|Px) for some Px € P(X) that
satisfies Ex~.p, [(X)] < B. Achievability follows by choosing an arbitrarily small s > 0 in
Theorem 1, such that s — 0 as n — oo.

Example 4. For the setting in Example 1, the rate—exponent region R, is given by

R < H(p*p)—H(p) (136)
E <pd(q|1—q) (137)

for some p < B. For the setting in Example 2, we have R < H(min{0.5, B} * p) — H(p) and
E < d(pollp1)-

7. Concluding Remarks

We considered a problem of joint message communication and channel discrimination
in discrete memoryless systems with an additive input cost, and we have established the
optimal trade-off between the rate of reliable communication and the two types of channel
discrimination error exponents. The simple instances given in Examples 1 and 2 provide
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insights into the fundamental trade-off arising in JCAS systems, where the same resources
are used simultaneously for both tasks.

The setting we proposed in Figure 1 can be extended to enable adaptivity by modifying
the encoding function such that at every channel use 7, the input X; is made to be a function
of both the message W and previous sensor observations Z!~1. However, it turns out that
the results we have reported here will remain unchanged. This is because adaptivity does
not improve the channel discrimination error exponents in block transmissions [32,33], and
will not improve the channel coding rate since the data channel does not depend on the
parameter 6. This picture is different if we move beyond binary channel discrimination or
if the data channel is made to depend on the parameter, as explored in [20,21].

Our setting can be further extended in several other directions. For instance, it is of
interest to extend the results to channels with general (e.g., continuous) alphabets. Although
we do not expect the results to change dramatically, alternative proof techniques may be
required. Note that, unlike our previous preliminary works [18,19] and the works of Chang
et al. [20,21], the achievability part in the current paper is directly applicable to channels
with general alphabets; so is the converse part for channel discrimination. Nevertheless,
our channel coding rate converse proof relies on constant-composition sub-codes and a
type counting argument which, at least in its current form, only holds for discrete finite
alphabets. It is of interest to try to extend the converse argument to general alphabets.

Another extension is to consider, in addition to the coding rate and discrimination
exponents, the channel coding exponent (i.e., reliability function) and to study the trade-off
between all three. Some progress along these lines has been reported in [21]. It may also be
of interest for practical purposes to derive refined bounds and second-order asymptotics,
which tend to be tighter in finite blocklength regimes. Progress along these lines for the i.i.d.
state model has been recently reported in [40]. Finally, one may also consider extending
the setup to incorporate variable-length sequential transmissions, which can result in
significant gains for channel discrimination as recently reported in [41].
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Appendix A. Proof of Lemma 2

The proof relies on random coding and threshold decoding (also known as Feinstein’s
decoding rule). Define the following random coding distribution on A™":
Pl (x™)
ny _ - X n n n
Qxn(x") = PQ(B")MJC € By], forall x" € X". (A1)
Let C = {X"(1),X"(2),...,X"(Mpn)} be a random codebook ensemble, in which code-
words are independently drawn at random with distribution Qx». Since Qx» is supported
on B;, every codebook in the random codebook ensemble satisfies the constraint that
codewords all belong to Bj.
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For a fixed codebook C = C, and threshold v, > 0, and given a channel observation
Y" = y", the threshold decoder selects the unique message index @ € M, such that

Pﬁx(xn(w)\]/n)

1(xn(’d));yn) = logw > Tn (AZ)

where PY(y") = Exnpp [P¢| <" |X”)} . Note that the information density 1(x"(®); y") is

evaluated using P§ as the input distribution, and not Qx». This is done so that the final
bound is in terms of P{}‘ x X P, which will become more apparent later in the proof.

The threshold decoder makes an error if the information density of the transmitted
codeword does not exceed 1y, or if the information density of any other codeword does.
For a given codebook C;, we have

)< ¥ (U

nweM,

(); Y") < yu|W = w]

+Pli(x"(@);Y") > vy, for some w # w|W = w])

Taking the expectation with respect to the codebook ensemble, we obtain

E[pe(O)] < PR(X"(1);Y") < W =1]+ ) P(X"(@); Y") > 1a|W =1]  (A3)

w#1

This is obtained by noting that the codewords in C are independent and identically dis-
tributed; hence, it suffices to restrict to W = 1 and apply the union bound to obtain the
second term on the right-hand side.

We now treat the two terms on the right-hand side of (A3) separately. The first is

bounded as

PlH(X" (1) Y") < yalW = 1

= Y ) Quu(")PY ("X (x"y") < vl (A9
xteXn ynen

P;é(xn) n n n n n

= P ; < Tn A
< L X mEn B ey < ml (49
 PR(X™% YY) < i)
 P[X" € B, (A6)

where, in the last line, we have (X", Y") ~ Py x P{}‘ X As for the second term, for any

W # 1, we have

Pli(X"(@); Y") > yu|[W =1] = E 2 Qxn (x™)Qyn (y™)1

xn EXH yﬂ eyn

<exp{—m} Y, Y Qx(x")Qyn(y") x

xne.)(nyneyn P{}(yn)

P (7 ]x)
[”y > exp{7x} (A7)

PY(y")

P (4" x") )

where Qyn(y") = ExnQu [Pglx(yﬂxn)}. We bound the product Qxn(x™)Qyn(y")

as follows
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Qxn(x")Qy (") = Quor (") Exnmrye | P (01 X" (A9)
_ ]l[xn € Bn] n (.1 n n|yn ]l[Xn € BV!]
o P;é(B”) PX(x )[EX“~P§ [Pyp((y |X ) Pgé(iBn) (A10)
1{x" € B,
= MPQ(XH)EXMP; [P¢|x(yn|xn)} (A11)
Lx™ € Bul o0 unons.n
= € B oy pp ). (A12)
(Px(8"))
Substituting this into (A8), we obtain the following.
PI(X" (@);Y") > qulW = 1] < SPUT 5 prngpr e 5] Y By (7 17) (A13)
(y(B1))? oS v
_ eXpi-Tn}
= PEY (A14)
Putting everything together, we obtain the following upper bound
av Pl(X"Y") < yn] + (M —1) exp{—7u}
< .
E[pan(0)] < PIXT e By (A15)

The final result is obtained by loosening M,, — 1 to M,,, setting v, = nt + log M,,, and from
the fact that there must exist at least one codebook in the ensemble for which the upper
bound holds. [
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