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Abstract: In this paper, we have reinvestigated probabilistic quantum communication protocols
and developed a nontraditional remote state preparation protocol that allows for deterministically
transferring information encoded in quantum states using a non-maximally entangled channel. With
an auxiliary particle and a simple measurement method, the success probability of preparing a
d-dimensional quantum state is increased to 1 without spending additional quantum resources in
advance to improve quantum channels, such as entanglement purification. Furthermore, we have
designed a feasible experimental scheme to demonstrate the deterministic paradigm of transporting
a polarization-encoded photon from one location to another using a generalized entangled state. This
approach provides a practical method to address decoherence and environmental noises in actual
quantum communication.

Keywords: quantum communication; non-maximally entangled channels; deterministic remote state
preparation

1. Introduction

The quantum network, the backbone of quantum computing architectures, is com-
posed of spatially separated nodes storing quantum information in quantum bits and
connected by quantum channels [1-6]. Quantum communication tasks transferring infor-
mation between disparate quantum nodes constitute the essential elements necessary for
integrated quantum networks [7-10], such as quantum teleportation (QT) [11-13], quantum
key distribution (QKD) [14-19], quantum dense coding (QDC) [20-23] and quantum secure
direct communication (QSDC) [24-27]. Suppose two communicators named Alice and Bob
are placed in two different quantum nodes and previously share an entanglement in the
form of the quantum channel. In these ideal quantum communication tasks, maximally
entangled states are employed as quantum channels, which guarantees that schemes are de-
terministic. However, the actual entangled channel inevitably degenerates to an undesired
non-maximally entangled channel due to decoherence and environmental noise [28-32].
The corresponding consequence is the success probability of quantum communication
degraded from 100% to a lower value. The information may be transferred unsuccessfully
and lost [33-35].

Entanglement is indispensable in scalable quantum calculation and quantum com-
munication assignments [36—42]. It is simple to produce with the current experimental
techniques, whereas it is challenging to entangle different long-distance quantum systems
strongly [43—47]. In other words, the ideal maximally entangled channels are challenging
to prepare in practice. Even if prepared successfully, it would decay to a non-maximum en-
tanglement due to the noise and decoherence [48-50]. When the ideal maximally entangled
channel is replaced with a non-maximally entangled channel, the efficiency of conventional
quantum communication is reduced, such as in probabilistic teleportation [33-35]. The
mainstream solution currently is to increase the success probability of communication by
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improving entangled channels. There exist sorts of practices to enhance entanglement,
such as entanglement purification [51-56], quantum catalysis [57-60] and local filtering
operations [61-65]. Entanglement purification protocols achieve the above objective by
locally manipulating multiple copies of harsh entangled states to produce fewer copies with
increased fidelity [66]. The method with the advantage of quantum catalysts has high com-
munication efficiency without ancillary entanglement being consumed or degraded [67].
However, more entanglement resources are requisite beforehand in both approaches, which
increases the difficulty of experiments. Local filtering operations on entangled quantum
channels may activate their desirable features but additionally have higher experimental
complexity [68]. Briefly, boosting the entangled channels requires tedious operations and
more consumption of quantum resources. Therefore, fresh methods instead of improved
entanglement should be considered to increase the probability of successful communication
through non-maximally entangled channels with limited resource consumption.

Remote state preparation (RSP) is a useful quantum communication task to securely
transfer messages encoded in quantum states between distant places without physically
sending the states themselves [43]. This protocol is a variant of QT in which the sender
knows the quantum information prepared for the receiver. The original RSP could only
prepare real number information deterministically [69-71]. Recently, various protocols
have sprung up to prepare general complex number information perfectly [72-75]. These
deterministic programs address the potential failure of delivering general information in
the initial scheme. However, the ideal maximally entangled channels are employed in these
schemes. If these ideal channels are replaced with more general non-maximally entangled
states, the above RSP schemes are changed from deterministic to probabilistic.

To this end, we provide an alternative RSP paradigm wherein a general quantum
state is prepared deterministically in a remote place via a generally entangled quantum
channel. The probability of success is increased from 2|a|?(|a|? < 1) to 1 without increased
quantum resources. It is independent of the coefficients of the entangled channel in this
protocol. Even if the utilized entangled channel is degraded to a non-maximally entangled
channel, the probability of success stays constant as long as this entanglement is present.
No additional quantum resources are spent in our scheme to improve the entanglement
channel in advance, which minimizes the expenditure of costs and lessens the experimental
complexities. For specific operations, an auxiliary particle is introduced in this protocol
compared to the initial particle. Additionally, the easier-to-operate projective measurement
under the simple basis vectors is adopted instead of the complex positive operator-valued
measurement. This deterministic RSP protocol applies to preparing quantum states of
arbitrary dimensions. We first give a specific scheme for the remote preparation of two-
dimensional quantum states and then extend it to the preparation of higher-dimensional
quantum states. This work provides constructive implications for quantum communication
technologies and quantum networks.

2. Preliminaries

In the ideal RSP programs [69-71], two spatially separated communicators, the sender
Alice and the receiver Bob, previously shared a maximally entangled quantum channel
% (]00) + |11)) op- Alice possesses qubit A. Bob holds the other qubit B. The goal of Alice is

to transport information encoded on a qubit state to Bob using local operations and classical
communication (LOCC). Suppose the prepared quantum state for Bob is a two-dimensional
quantum state |¢) = a|0) + be'7|1) (where a and b are real numbers and |a|? + |b|? = 1).
Alice knows all of the parameters a, b, and 7 precisely, but Bob knows nothing. Since
Alice knows g, b, and 1, she is fully able to measure her qubit on any basis determined
by those parameters. Let such a basis be {|ug) = a|0) + be7|1), 1) = be~™7|0) —a|1)}.
When Alice measures the qubit A on the basis {|uo), |#1) }, the outcomes |ug) 4 or |u1)a
occurs at random, but they each have a probability of 50%. According to the original
scheme, Bob would only receive the message when the measurement result is |po) 4. When
the measurement result is |y7) 4, the RSP fails. Nguyen et al. improved this protocol by
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introducing an auxiliary qubit C initially set in the |0)¢ [72]. In this improved program,
Alice performs the C-NOT gate Cfg on qubits A and C, where Ci(jz) = 10);; (0] ® I; +
1) (1] ® oF. As aresult, a hyperentangled state is established: ﬁ(|000> +1111)) apc-

Then, Alice measures qubit A based on the basis {|y6> =al0) +b|1), \y&) =b|0) —a|l1)}. If
the measurement result is | ;46) 4, Alice applies the phase gate Pc = |0)(0]| + ¢%7[1)(1] on
qubit C. If the measurement result is \yll ) A, Alice does nothing. After that, Alice measures
qubit C based on the basis {|vg) = [0) +¢|1), |v1) = e~*|0) — |1)}. Then she tells Bob
the measurement outcomes of qubits A and C. There are four combinations of two qubit
measurements, |VE)VO>ACI |V6V1>AC/ |y,11/0>AC, and |]4,1V1>AC- Each of Alice’s outcomes
happens randomly but with an equal probability of 25%. In either case, Bob can reconstruct
the target state |¢) = a|0) + be!”|1) by applying corresponding operations to qubit B based
on the measurements [72]. Thus, the total success probability is P = 25% x 4 = 100%,
rendering this protocol a deterministic one.

As we know above, the utilization of maximally entangled channels enables a 100%
probability of successful communication. Regrettably, realistic quantum channels are noisy
on account of decoherence and the environment. In other words, ideal maximally entangled
channels are deteriorated to non-maximally entangled ones in practice. When the quantum
channel is a partially entangled state (x|00) + B|11)) 45 (|a|> + [B]> = 1, |«| < |B]), the
success probability of RSP is decayed to 2|a|?(|a|?> < 1) in these ideal RSP schemes. The
proof is as follows. According to conventional deterministic remote state preparation
protocols [72,74,75], Alice introduces an auxiliary qubit C set on the state \O)C initially and

performs the C-NOT gate Cfg on qubits A and C,

905 = Chcll9)as 10)c) o

= («]000) + B[111)) aBc,

where
C = 10)44(0] ® Ic + 1) aa (1] @ 0. @)

2)

Then she applies a controlled-U operation CU; j on particles A and C, and subse-

quently, the system evolves into

|§01>5u)3c CUACW >ABC

=a(]000) + [111)) apc ®)

+/B* — a2[110) apc,

where

cu? =0);(0] ® I + 1) (1]®
[/ BI0) — /1 — 02/ B2]1));5(0 @
+(w/BI1) + \/mm )il
(2)

where the agreement || < |B| exists. Alice then employs the C-NOT gate C ;> on qubits A
and C again, and the above quantum state evolves into

2
|(P2>A)_2;c _C(c|§01>ABC

=|0)c(|00) + [11)) 4B (5)

+ 1/ B* — a?[1)c[11) ap.
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Next is the projective measurement on the auxiliary qubit C. There are two types of mea-
surement results, |0)¢ and |1)¢. The probability of the measurement result |0)c is 2a2. The
probability of the measurement result |1)c is B2 — a?. If the measurement result is |0)c,
the three-qubit quantum state (Equation (5)) is collapsed into the maximally entangled
quantum state (|00) + |11)) 4p, and RSP succeeds. If the measurement result is |1)c, RSP
fails. Thus, RSP succeeds only when the measurement result is |0)c. The success prob-
ability of RSP is 2a?(a? < %) via a non-maximally entangled channel in traditional RSP
protocols [72,74,75]. Assuming |a| = sin 6, |B| = cos 8(0 < 6 < T), the success probability
can be represented by 2(sin 8)?. Figure 1 illustrates the variation of the success probability
as a function of 6. Undoubtedly, the closer 6 is to 7, the higher the success probability is.
Only when 6 = 7, i.e.,, employing a maximally entangled channel, does the probability of
success reach 1 according to traditional quantum communication protocols. As mentioned
above, there is still some challenge in preparing the ideal maximal entanglement. It is a
necessity to design a refreshed protocol in which RSP always succeeds even if the quantum
channel is a non-maximally entangled state (|a| # |B]).

1 T T T T T T T

09 4

the success probability
S o o o o o o
N w BN (6} » ~ oo
T T T T T T T
1 1 1 1 1 1 1

o
N
T
I

O Il Il Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

6

Figure 1. The success probability as a function of the entanglement coefficient 6 in conventional quantum
communication protocols. It is presented that the probability of success can reach 1 only when § = 7,
i.e., the quantum channel is an ideal maximally entangled quantum state (ja| = |B| = \%).

3. Deterministic RSP via a Generally Entangled Quantum Channel

To achieve a deterministic RSP via a non-maximally entangled channel, we have
designed a fresh RSP scheme wherein a general quantum state is faithfully prepared in a
remote place by using a non-maximal entanglement. The success probability of RSP is in-
creased from 2|a|?(|a|? < }) to 1 by means of an auxiliary qudit and simpler measurement
approaches. The next sections are devoted to the preparation of 2-dimensional quantum
states as an example to introduce the scheme proposed in this paper in detail and then to
extend it to arbitrary dimensions.
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3.1. Deterministic RSP of a 2-Dimensional Quantum State via a Generally Entangled
Quantum Channel

Suppose Alice aims to prepare a two-dimensional quantum state for Bob,

|9)® = x0/0) + x:11)

. (6)
= x0/0) + |x1]e?1),

where x( is a real number, x; is a complex number, and both satisfy the orthogonal nor-
malization x3 + |x1|> = 1. The employed quantum state in the protocol is the entangled
quantum state of qubits A and B |(p>1(421)3 = («|00) + B|11)) ap (&> + B> = 1, |a| < |B]). In
the beginning, Alice holds qubits A and B. The employed quantum state in the protocol is
the entangled quantum state of qubits A and B:

l9) 23 = (2l00) +B[11)) 45, @
where « and B are complex numbers, |a|?> + [8]> = 1 and |«| < |B|. Only when
la| = |B| is |§">Eq21)s a maximally entangled quantum state; otherwise, |q)>E§B is a non-

maximally entangled quantum state. Additionally, Alive introduces an auxiliary qubit
C set on |0)¢ initially and performs the C-NOT gate Cfg on qubits A and C in the same
manner as the previous RSP schemes.

Step (I) Because she knows the information prepared for Bob, Alice applies the
operation Ul(qz) = (x0]0) + |x1[e®|1)) (0] + (—|x1[e®|0) + x0[1)) (1] on qubit A. After that,
the hyperentangled state unitarily evolves into

)b =USL 190) T
—(ax|000) 4 a|x1]e®[100) )

— Blx1]€®(011) + Bxo|111)) apc.

Note that UI(L‘Z) is an element of the two-dimensional special unitary group SU, consti-
tuted by a set of 2 x 2 complex matrices, which have a determinant of unity. Any one of
(2)

these elements can be generated by a set of generators {I, 0%, 0y, 02} [76-78], i.e., U,  can be
substituted by these generators.

Step (II) Alice performs C-NOT gates Cz(ngz and C 1(32/)1 on qubits A and B.

|‘P2>E421)3c :Céﬁcfél¢1>f%c

=(ax|000) + |x]e®]010)

— Blx1 e |111) + Bxo[101)) apc )
=a[00) ac(x0[0) + |x1[e”[1))5

+ B|11) ac(x0[0) — [x1]e®|1)) 5.

Step (III) Next is an essential and crucial step in the quantum communication schemes,
i.e., entanglement distribution. To establish a quantum channel between the two commu-
nicators, Alice distributes qubit B to Bob. Then, an entanglement is established between
these two communicators. Qubits A and C are still held by Alice.

Step (IV) The final step is the measurement. The measurement basis vector employed
in our scheme is different from the one used in the traditional RSP schemes. We choose
the simplest basis vectors {|0), |1) } instead of the information-related basis vectors. Alice
performs the projective measurement on qubits A and C one by one, then informs the
measurement results to Bob. According to the measurement results of qubits A and C,
Bob performs the corresponding operation on particle B. If the result is |00) oc, Bob does
nothing to reconstruct the target state (Equation (6)); if the result is |11) oc, Bob performs
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the Pauli operator ¢, on qubit B to reconstruct Equation (6). Thus, the success probability
of RSP is &> + B2 = 1. Bob obtains the target state (Equation (6)) with 100% probability.

3.2. Deterministic RSP of a d-Dimensional Quantum State via a Generally Entangled
Quantum Channel

Suppose that Alice’s mission is to prepare a d-dimensional quantum state |¢) (@) to Bob,

d—1 d—1 )
@)@ =Y xaln) = Y |xale®n), (10)
n=0 n=0

where x;,, are complex numbers satisfying the normalization condition Z‘fl;}) lxn|> = 1.
Qubits A and B are entangled and possessed by Alice originally. Their entangled quantum

state \qo)ffg is represented by the following form,

|(P>AB = Am|mm) ap, (11)

where complex numbers A, satisfy orthogonal normalization anfnlzo |Amn|? = 1. Only

when all |A,;,| are equal is |(p>f§% a maximally entangled quantum state; otherwise, it is

a non-maximally entangled state. Alice introduces an auxiliary qubit set C in the initial
state |0)c and employs a C-NOT gate on qubits A and C, which entangles these three
particles and renders two separable quantum states \q)>fgg and |0)¢ into a hyperentangled
quantum state,

190} e =C2(19) {3 @ 10)c)
d—1 (12)
= Z Am|mmm) apc,
m=0

The mathematical form of a generalised C-NOT gate can be written as

@
G = ”21 |i,j & ki)ijij (i, jl, (13
ij=

where qubit i is the control qubit, and qubit j is the target qubit. When the quantum
state of qubit i is |i);, the quantum state of qubit j is changed from |}); to |j @ k;);, where
ki=0,1,---,d — 1. We hereby assume that j ® k;;, = m when j = 0.

Step (I) As Alice knows the information transferred to Bob, she is allowed to perform
the operation associated with the information Uff) = Zﬁ;é || e’ |n) (m| on qubit A. After
that, the hyperentangled state unitarily evolves into

|§01>%)3c :uz(f)WO)%)ac
d-1 (14)

Z Ao | X [0 |nimm) e
mn=0
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Step (II) To reach the target further, Alice applies C-NOT gates Cfg (m @k, = n when

i =n)and Cl(;dfz (n @k, = m when i = n) on qubits A and B.

d d) ~(d d
|‘P2>541)3c :C1(312C1(41%|<P1>(AI)3C

d-1

= A X | €0 [mnm) apc
m;::O m mn (15)
d-1 d-1 o

=Y Aulmm) ac( ) [xXmn|e’n)p).
m=0 n=0

Step (III) Next is the entanglement distribution. To establish a quantum channel
between two communicators, Alice distributes qubit B to Bob. Then, an entanglement is
established between these two communicators.

Step (IV) Alice implements the projective measurement on qubits A and C, then
tells Bob the measurement results. Bob applies the corresponding operation on qubit
B based on the measurement results of qubits A and C to reconstruct the target state
(Equation (10)) Alice prepares for him. From Equation (15), the success probability of RSP
is Y47 A2 = 1.

4. Realization

The schematic diagram for transporting a polarization-encoded photon via a gener-
ally entangled channel is illustrated in Figure 2. Suppose the assignment of Alice is to
facilitate Bob in preparing a polarization state of a photon: |¢) = xo|H) + x1|V) (where H
indicates the horizontal linear polarization and V indicates the vertical linear polarization).
The polarization state of photon C is set on |H)c initially [79-83]. Here, we adopt the
spontaneous parametric down-conversion (SPDC) process based on nonlinear crystals to
prepare the polarization entangled state of photons A and B. SPDC is a nonlinear paramet-
ric process in which a strong pump light and nonlinear crystal interact to generate a signal
and an idle photon [84-87]. As the down-conversion photon owns the time, polarization,
frequency, and spin entanglement, SPDC is often used to generate specific polarization
entanglement states, which are the basis of the quantum information experiment and its
applications [88-94]. After the completed preparation of the polarized entangled state and
a single-photon polarized quantum state, Alice performs a C-NOT gate on the control
photon A and the target photon C. Note that one auxiliary photon set in the polarized state
|H) + |V) is necessary for the performance of a faithful CNOT operation [95-97]. This an-
cilla is unconsumed in the gate operation and can be recycled for further use. Because Alice
knows the prepared quantum information for Bob, she possesses the capability to apply the
unitary operation Ugi) associated with the information on photon A. This operation can be
decomposed into a combination of Hadamard gates and phase gates [98-103]. Alice applies

C-NOT gates Cfg and Cl(gzﬁ on photons A and B. Next is the entanglement distribution
and measurement. The projective measurement is implemented on photons A and C,
and the measurement results are sent to Bob. According to the results, Bob performs the

corresponding operations Ul(gd) on photon B to reconstruct the target state (Equation (10)).
The quality of RSP is estimated by performing quantum state tomography (QST) between
the prepared polarized state |¢) = x9|H) + x1|V) and the obtained polarized state of
photon B [104-106].
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Figure 2. A schematic of deterministic RSP using a non-maximally entangled channel. The entan-
glement resource (ES) is employed to produce the polarization-entangled state of photons A and B.
The polarization state of photon C is set on |H) initially. Alice first performs a C-NOT gate C/(f%
on photons A and C. One extra ancilla photon |H) + |V) is needed beyond the control and target
photons to realize a deterministic C-NOT operation. Secondly, Alice applies a single-photon unitary
transformation Ugd) on photon A. Thirdly, she performs C-NOT gates Cffg and C édz on photons A
and B in succession. After that, Alice distributes photon B to Bob. Finally, the projective measurement
is implemented on photons A and C, and the measurement results are sent to Bob. Bob performs
the corresponding operations on photon B according to the measurement results. The quantum
state of photon B is analyzed via QST to test the quality of this communication scheme. Note that
CNG represents the C-NOT gate, PBS represents the polarizing beam splitter, QWP represents the

quarter-wave plate, and HWP represents the half-wave plate.

5. Discussion

Herein, we offer an alternative solution and demonstrate a fresh RSP protocol that
allows for increasing the success probability of RSP from 2|a|?(|a|? < }) to 100% without
additional consumption of quantum resources. The perfect transfer of information encoded
in quantum states demands ideal maximally entangled channels. Most attempts to improve
communication efficiency involve enhancing the entanglement strength of quantum chan-
nels by investing more quantum resources. This solution requires no prior improvement of
the entanglement channel. In most conventional RSP schemes [72,74,75], the probability of
success is affected by the coefficients of the entanglement channel. Only when the quantum
channel is in a maximally entangled state, i.e., |a| = |B|, can the probability of success
reach 1, as illustrated in Figure 3. However, the success probability in this project is inde-
pendent of the coefficients of the quantum channel. Even if the utilized quantum channel
is degraded to a non-maximally entangled one, i.e., |a| # |B|, the success probability of
RSP remains 1 and is always constant without increasing quantum resource consump-
tion, as displayed in Figure 3. Furthermore, this ingenious protocol only craves single
communication, whereas Roa’s scheme [107] needs multiple correspondences to transfer
an equivalent amount of quantum information. It is unnecessary to construct multiple
and repeated entanglement channels for the realization of deterministic communication
assignments [108]. In addition, we adopted a more convenient measurement method of
PM instead of the complex approach of positive operator-valued measurement [74]. Our
generalized scheme applies to preparing quantum states of arbitrary dimensions and is not
limited to the preparation of 2, 4, and 8-dimensional quantum states [109]. It is well-known
that the ability of coherent manipulation of higher-dimensional quantum states is crucial
for inventing advanced quantum technologies [110-112]. Concerning the circumscribed
two-dimensional systems, higher-dimensional systems possess virtues of noise resilience
in quantum communications tasks and are more efficient than lower-dimensional systems
in quantum computing and simulation. Consequently, this extension transmission of re-
alizable high-dimensional quantum states is significant for developing quantum science
and technology.
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Figure 3. The success probability is a function of entanglement coefficients of the quantum channel.
As the quantum channel degenerates from a maximally entangled state (|a| = |B] = %) to a partially
entangled one (|a| # |B]|), the success probability of conventional schemes is decayed accordingly,
but the success probability of our perfect transport scheme remains 1 and constant.

6. Conclusions

We have addressed imperfect RSP using a generally entangled channel and provided
a noise-resistant faithful deterministic protocol. The sender transfers quantum information
to the receiver deterministically even if the quantum channel is a non-maximally entangled
quantum state. The success possibility of communication is boosted to 100% without more
consumption of quantum resources, which is beyond the standard protocol threshold.
We are unconditional on heightening the entanglement of quantum channels as before.
Moreover, our solution is more concise and realizable since we employ the generally
entangled quantum channel and a simple measurement method concerning the previous
protocols. Our approach has provided a deeper insight into interesting extensions of
traditional schemes and boasts better performances in counteracting environmental noises
in quantum communication tasks. This study presents brilliant thinking for transferring
information more efficiently in practical quantum networks. Based on several advanced
experimental attempts, we have devised schematics for preparing a two-dimensional
quantum state, for example, transferring a polarization-encoded photon via a generally
entangled channel. In short, we have designed a feasible communication scheme that can
solve the problem of communication efficiency degradation with entanglement, which is
constructive for the implementation of actual quantum networks. Further studies could
fruitfully extend this to other quantum communication tasks and design more general
solutions addressing the impact of noise channels on practical communication efficiency.
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