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Abstract: We present a simple method to approximate the Fisher-Rao distance between multivariate
normal distributions based on discretizing curves joining normal distributions and approximating
the Fisher—Rao distances between successive nearby normal distributions on the curves by the square
roots of their Jeffreys divergences. We consider experimentally the linear interpolation curves in
the ordinary, natural, and expectation parameterizations of the normal distributions, and compare
these curves with a curve derived from the Calvo and Oller’s isometric embedding of the Fisher-Rao
d-variate normal manifold into the cone of (d + 1) x (d + 1) symmetric positive—definite matrices.
We report on our experiments and assess the quality of our approximation technique by comparing
the numerical approximations with both lower and upper bounds. Finally, we present several
information-geometric properties of Calvo and Oller’s isometric embedding.

Keywords: Fisher-Rao normal manifold; symmetric positive-definite matrix cone; isometric embedding;
information geometry; exponential family; elliptical distribution; maximal invariant

1. Introduction
1.1. The Fisher—Rao Normal Manifold

Let Sym(d) be the set of d x d symmetric matrices with real entries and P(d) C Sym(d)
denote the set of symmetric positive—definite d X d matrices that forms a convex regular
cone. Let us denote by N'(d) = {N(1,Z) : (1,Z) € A(d) = R? x P(d)} the set of d-
variate normal distributions, MultiVariate Normals or MVNs for short, also called Gaussian
distributions. A MVN distribution N(, X) has probability density function (pdf) on the
support R%:

4 o1 1 _
Pregun) () = @) 2] Y exp (— e =) =), we RS

where |M| = det(M) denotes the determinant of matrix M.

The statistical model N (d) is of dimension m = dim(A(d)) = d + @ = @
since it is identifiable, i.e., there is a one-to-one correspondence A < p,(x) between
A € A(d) and N(p,X) € N (d). The statistical model N (d) is said to be regular since the

2 3
second-order derivatives -2 PA and third-order derivatives & are smooth functions
INi0A; INNjOA

(defining the metric and cubic tensors in information geometry [1]), and the set of first-order

partial derivatives {g%,. . 357\’; } are linearly independent.

Let Cov(X) denote the covariance of X (variance when X is scalar). A matrix M is a
semi-positive-definite if and only if Vx # 0,x " Mx > 0. The Fisher information matrix [1,2]
(FIM) is the following symmetric semi-positive-definite matrix:

I(A) = Cov[Vlogp(x)] = 0.
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For regular statistical models {p, }, the FIM is positive—definite: I(A) > 0, i.e., Vx # 0,
x"I(M)x > 0. M; = M, denotes Lowner partial ordering, i.e., the fact that M; — M,
is positive—definite.

The FIM is covariant under the reparameterization of the statistical model [2]. That is,
let 6(A) be a new parameterization of the MVNSs. Then we have:

() = [ZQ]T <L) x | 5]

For example, we may parameterize univariate normal distributions by A = (,0?) or
6 = (u, o). We obtain the following Fisher information matrices for these parameterizations:

1 9 1 0
mw,a)):[gz 34] and 19(9(%‘7)):[82 21].
2 o2

In higher dimensions, parameterization A = (y,0?) corresponds to the parameterization
(4, L) while parameterization § = (, L) where & = LL" is the unique Cholesky decompo-
sition with L € GL(d), the group of invertible d x d matrices. Another useful parameteri-
zation for optimization is the log-Cholesky parameterization [3] (7 = (u,logo?) € R? for
univariate normal distributions) which ensures that a gradient descent always stays in the

domain. The Fisher information matrix with respect to the log—Cholesky parameterization
1

) = 0 .
is Iy (11 (pu, o)) = [ (1)72 5 } with n7(y, o) € R2.

Since the statistical model N (d) is identifiable and regular, the Fisher information
matrix can be written equivalently as follows [2,4]:

.
I(u,X) = Cov[Viogp(x)] = Ep,y, [V log p(,5)Vlog p(}llz)} , (1)
= —Epys | V2108 Pz | b))

For multivariate distributions parameterized by a m-dimensional vector (with m = d(d; 3) )

6 = (911-"16d19d+11-"/6m) c Rm,

with u = (6,...,6;) and £(0) = vech(6;.1,...,0n) (inverse half-vectorization of matri-
ces [5]), we have [6-9]:

. ol e qou 1 [ qou 49
1(6) = [1;(0)], with I;(6) = [ag] % lag+2tr<2 1875‘; 1ag>
1 ] ! ]

By equipping the regular statistical model AV (d) with the Fisher information metric

g}:\i/Sher(V, L) = Cov[Vlogp(,z)(x)]

we obtain a Riemannian manifold M = My called the Fisher-Rao Gaussian or normal
manifold [6,7]. The tangent space Ty M is identified with the product space R x Sym(d).
Let {dy, 0%} be a natural vector basis in Ty M, and denote by [v] and [V] the vector
components in that natural basis. We have

8?,145:}21?((01, Vi), (v2,V2)) = ((01, V1), (v2, V2)>(;4,z)/

= oS ol 4 (2 VIZ A,

The induced Riemannian geodesic distance p/(-, -) is called the Rao distance [10] or
the Fisher-Rao distance [11,12]:
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pn(N(A1),N(Az)) = ?&ﬁ {Length(c)}, ®)

c(0)=py,

c(1)=pa,

where the Riemannian length of any smooth curve c(t) € M is defined by

Length(c) = [ /{60, et = [ dswtar= [ JeOllpt, @

where * = % denotes the derivative with respect to parameter ¢, ds/(t) is the Riemannian

length element of (M, gh#"") and || - [|o5) = 1/ (- *)e(r)- We also write pr(pa,, pa,) for

pn(N(A1), N(Az)).
The minimizing curve c(t) = yar(pa,, Pa,; t) of Equation (3) is called the Fisher-Rao
geodesic. The Fisher-Rao geodesic is also an autoparallel curve [2] with respect to the

Levi—Civita connection Viifher induced by the Fisher metric gf\ifher.

Remark 1. If we consider the Riemannian manifold (M, Bg) for p > 0 instead of (M, g) then
the length element ds is scaled by +/p: dspg = Bdsg. It follows that the length of a curve c becomes

Lengthﬁg(c) = \/BLengthg(c).

However, the geodesics joining any two points py and pa of M are the same: yge(p1, p2;t) =
Tg(P1,p2;t) (with vg(p1, p2;0) = p1and vg(p1, p2;1) = pa).

Historically, Hotelling [13] first used this Fisher Riemannian geodesic distance in the
late 1920s. From the viewpoint of information geometry [1], the Fisher metric is the unique
Markov invariant metric up to rescaling [14-16]. The counterpart to the Fisher metric on
the compact manifold has been reported in [17], proving its uniqueness under the action
of the diffeomorphism group. The Fisher—Rao distance has been used to design statistical
hypothesis testing [18-21], to measure the distance between the prior and posterior distri-
butions in Bayesian statistics [22], in clustering [23,24], in signal processing [25-28], and in
deep learning [29], just to mention a few.

The squared line element induced by the Fisher metric of the multivariate normal
family [6,7] is

a3 (nx) = | 9 ' Iz | 9 5)
N dz " dE )
1 2
— Ty—1 - -1
= du'x ldp+ 2tr<(2 dZ) )
There are many ways to calculate the FIM/length element for multivariate normal

distributions [7,9]. Let us give a simple approach based on the fact that the family N (d) of
normal distributions forms a regular exponential family [30]:

N (@) = {pacyy = exp (0 (1), %) + Oua(Z), xxT) = Ex(60,60) ) |

with (A) = (6, = (71, 0) = =71) the natural parameters and log-partition function
(also called cumulant function)

1 1
Fy(0) = 5 (dlogn —log|0m| + 29J9M19v>.

The vector inner product is (v, v2) = v, v, and the matrix inner product is (M, Mp) =
tr(M; M, ). The exponential family is said to be regular when the natural parameter space
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is open. Using Equation (2), it follows that the MVN FIM is Ip(0) = —E[VZ?log py] =
V2F(6). This proves that the FIM is well-defined, i.e., (Ig(6));; < 0. As an exponential
family [1], we also have I4(8) = E[t(x)], where t(x) = (x,xx ") is the sufficient statistic.
Thus, the Fisher metric is a Hessian metric [31]. Let Fxr (6o, 0ar) = Fo(60) + Far(6par) with
F,(0,) = %(d log T + %056;4161,) and Fy(0p) = —3log|0p|. We obtain the following

block-diagonal expression of the FIM:

1(6(1)) = V2Ex(6(1, %)) =

10
0 3V, loglz= 7 |

Therefore ds3, (1, £) = ds? +ds?, withds2(y) = du "=~ 'dpand ds3,(Z) = 1tr ( (Z’le)z) .
Let us note in passing that VéM log |6p] is a fourth order tensor [4].

The family N (d) can also be considered to be an elliptical family [32], thus highlighting
the affine-invariance property of the Fisher information metric. That is, the Fisher metric
is invariant with respect to affine transformations [33]: Let (a4, A) be an element of the
affine group Aff(d) with a € RY and A € GL(d). The group identity element of Aff(d) is
e = (0,I) and the group operation is (a1, A1).(a2, Az2) = (a1 + A4y, A1 Ay) with inverse
(a, A)~' = (=A~1a, A~1)). Then we have

Property 1 (Fisher-Rao affine invariance). Forall A € GL(d),a € RY, we have
pn(N(Apy +a, AL A7), N(Apz +a, AT AT)) = o (N (1, 21), N2, 22)).~ (6)
This can be proven by checking that dsyr (3, X') = dspar (4, Z) where ' = Ap + a and

Y = AY, AT Tt follows that we can reduce the calculation of the Fisher—-Rao distance to a
canonical case where one argument is Nyq = N(0, I), the standard d-variate distribution:

_1 _1 _1
oxn (NG, Z1), N(k2,52)) = ow (Nstd,N(z1 iy — ), By PR ))

_1 _1 _1
7% (N <Zz 21— p2), Xy P4 %, 2>sttd>r

where X7 is the fractional matrix power which can be calculated from the Singular Value
Decomposition ODO" of & (where O is an orthogonal matrix and D = diag(Aq,...,A4) a
diagonal matrix): X7 = ODPOT with D = diag(/\f,. ., /\Z)

The family of normal elliptical distributions can be obtained from the standard normal
distribution by the action of the affine group [12,32] Aff(d):

N(1, %) = (#,57).Nga = N((1,£2).(0,1)).

1.2. Fisher-Rao Distance between Normal Distributions: Some Subfamilies with Closed-Form Formula

In general, the Fisher—Rao distance pxr(Nj, N;) between two multivariate normal
distributions Nj and Nj is not known in closed form [34-37], and several lower and upper
bounds [38], and numerical techniques such as the geodesic shooting [39—41] have been
investigated. See [42] for a recent review. Unfortunately, the geodesic shooting (GS) ap-
proach is time-consuming and numerically unstable for large Fisher—Rao distances [21,42].
In 3D Diffusion Tensor Imaging (DTI), 3 x 3 covariance matrices ¥, j  are stored a 3D grid
locations p; j thus generating 3D MVNs N; ;, = N ( Wi jks Zi,]'/k) with means y; j , regularly
spaced to each others. The Fisher-Rao distances can be calculated between an MVN N ; x
and another MVN Ny i 1 in a neighborhood of N; x (using 6- or 26-neighborhood) using
geodesic shooting. For larger Fisher—Rao distances between non-neighbors MVNs, we can
use the shortest path distance using Dijkstra’s algorithm [43] on the graph induced by the
MVNs with edges between adjacent MVNs weighted by their Fisher-Rao distances.

The two main difficulties with calculating the Fisher—Rao distance are
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1. to know explicitly the expression of the Riemannian Fisher-Rao geodesic
YA (Pas Pagit) and

2. tointegrate, in closed form, the length element ds s along this Riemannian geodesic.
Please note that the Fisher—Rao geodesics [1] yf\}{(p Ay PA,s t) are parameterized by

constant speed (i.e., fi(t) = #1(0) and X(t) = %(0)), or equivalently parametrized using the

arc length:

ox (VR Py P23 9) A (Pas P D) = s = How (pay pag), Vst € [0,1]

However, in several special cases, the Fisher—Rao distance between normal distribu-

tions belonging to restricted subsets of A" is known.
Three such prominent cases are (see [42] for other cases)

1.  when the normal distributions are univariate (d = 1),

2. when we consider the set N, = {N(y,X) : X € P(d)} C My of normal distribu-
tions sharing the same mean y (with the embedded submanifold S, € M), and

3. when we consider the set Ny = {N(,X) : £ € P(d)} C N of normal distributions
sharing the same covariance matrix £ (with the corresponding embedded submanifold
Sy € M).

Let us report the formula of the Fisher-Rao distance in these three cases:

¢ In the univariate case N(1), the Fisher-Rao distance between N; = N(u1,07) and
Ny = N(pup,03) can be derived from the hyperbolic distance [44] expressed in the
Poincaré upper space since we have

) dp? + 2do? (d%) "+ do? dx? + dy?
dsiy = g(u,0) (dp, do) = 2 =2 2 =2 "

= ds?

Poincaré’

where x = \% and y = o. It follows that

on (N1, N2) = V2 ppoincare ((x1,11), (x2,12)) = \/EpPoincaré(<\]%/al)/ (5%@))

Thus, we have the following expression for the Fisher—Rao distance between univariate
normal distributions:

- 1 +A(l41/(71;112,02))
pN(Nl/NZ) - \/Elog(l 7 A(,ull o1; 1o, 0-2) 4 (7)
with
“a)2 4 2(d — b2
Aa,bc,d) = \/EE—Z%Z izgdw;w (a,b,c,d) € R*\{0}. ®)

In particular, we have

- Aa,bya,d) = ‘Z—IZ‘ when a = ¢ (same mean),

- Aa,bc,b) = 1 »— when b = d (same variance),
(c—a)2
- A0,1;¢,d) = % when a = 0 and b = 1 (standard normal).

In 1D, the affine-invariance property (Property 1) extends to function A as follows:

. A N AN e TS
A(Vlralf Ha, 02) - A<0/ 1/ o ’ Ul) A( o 7 0_2/0/ 1)

Using one of the many identities between inverse hyperbolic functions (e.g., arctanh,
arccosh, arcsinh), we can obtain an equivalent formula for Equation (7). For example,

since arctanh(u) := 1 log(%) for 0 < u < 1, we have equivalently:

o (N1, No) = 2v2arctanh(A(py, 04; i, 02)). )



Entropy 2023, 25, 654

6 of 41

The Fisher-Rao geodesics are semi-ellipses with centers located on the x-axis. See
Appendix A.1 for the parametric equations of Fisher—Rao geodesics between univariate
normal distributions. Figure 1 displays four univariate normal distributions with their
pairwise geodesics and Fisher—Rao distances.

) = arccosh(lz'jz) with arccosh(x) := log(x

Using the identity arctanh( o

x2 — 1), we also have

1
on (N1, Np) = 2v/2 arccosh ,
VA= A1, 015 112,02)) (1 + A, 015 12, 02))

Since the inverse hyperbolic cosecant (CSC) function is defined by arccsch(u) :=
arccosh(1/u), we further obtain

pn (N, N2) = 2f2arccsch(\/(l — A(p1, 015 12,02)) (1 + A, 01; Vz,th))>,

We can also write

_ 2 _ 2
o (N1, Np) = \@arccosh(l + (H2 —p1)” +2(02 — 01) )
40709

Thus, using the many-conversions formula between inverse hyperbolic functions, we
obtain many equivalent different formulas of the Fisher-Rao distance, which are used
in the literature.

In the second case, the Fisher-Rao distance between N; = N(y,£1) and N; = N(u, Xp)
has been reported in [6,7,45-47]:

1 _
o, (N1, N2) = \lzzlogz)\i(zllzz), (10)

i=1
= PM, (le Z'2)/ (11)

where A;(M) denotes the i-th generalized largest eigenvalue of matrix M, where the
generalized eigenvalues are solutions of the equation |%; — AX;| = 0. Let us notice

that o, (1, 21), (1 22)) = o, (1 Z 1), (1 2y 1)) since A44(25 'E1) = Soir s and
log? A;(Z S %) = (—logAi(Z *122)) = log? A;(Z 7 1%,). Matrix 2*122 may not be
SPD and thus the A s are generalized eigenvalues. We may con51der 1nstead the SPD

matrix ¥, ZZZZ } which is SPD and such that A;(2; %) = A;(Z; ZZZZ ) The
Flsher—Rao distance of Equation (11) can be equlvalently written [48] as

1 1 1
oN;, (N1, Np) = 2 ’ Log <21 Fp%y 2) Y
where Log (M) is the matrix logarithm (unique when M is SPD) and ||M||r = \/21]7 =
tr(MM ) is the matrix Frobenius norm. This metric distance between SPD matri-
ces although first studied by Siegel [45] in 1964 was rediscovered and analyzed recently
in [49] (2003). Let pspp (P1, P2) = \/Zd 1 log? A (P 1P2)sothatp/\/ (N(u,P1),N(u, »)) =

75 pspp(P1, Pa).
The Riemannian SPD distance pspp enjoys the following well-known invariance properties:

—  Invariance by congruence transformation:

VX € GL(d), pspp(XPX",XP,X") = pspp(Py, Py), (12)

- Invariance by inversion:
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VP, P, € P(d), p(P;',P;") = pspp(Py, Po).

Let P; = LiL] be the Cholesky decomposition (unique when P; > 0). Then
apply the congruence invariance for X = L L

pspp (P, P2) = pspp (LT PL (L) T, L P (L) T) = pspp (L Ly PP (L) ). (13)

1
We can also consider the factorization Py = 51S; where S; = P} is the unique
symmetric square root matrix [50]. Then we have

pspp(P1, Py) = pspp (S P(STH) T, ST P (ST ™) = pspp (L, ST 1P (ST ).

e The Fisher-Rao distance between N; = N(u1,X) and N; = N(pp,X) has been re-
ported in closed form [42] (Proposition 3). The method is described with full details in

Appendix B. We present a simpler scheme based on the inverse %2 of the symmetric
square root factorization [50] of X = $i%h (ith (Z’% )= Z’%). Let us use the affine-
invariance property of the Fisher—Rao distance under the affine transformation pab:
and then apply affine invariance under translation as follows:

1 1 1 1 1 1
on(N(p,2), N(p2,2)) = par(N(E7 2, B72E872), N(Z72pp, B 2287 2)),
_1
= pn(N(O 1), N(E"2(p2 = 1), 1)),
_1
= pn(N(0,1), N(IZ72 (42 = pa) |2, 1))-
The right-hand side Fisher—-Rao distance is computed from Equation (7) and justified
by the method [42] (Proposition 3) described in Appendix B using a rotation matrix R
with RRT = I so that
_1 _1
pn(N(O, 1), N(Z72 (2 — 1), 1)) = pa(N(0,I),N(RE™2 (s — ), RIR ")),
_1
= N (N D), 1272 (42 = pa) |2, 1))-

Then we apply the formula of Equation (23) of [42]. Section 1.5 shall report a simpler
closed-form formula by proving that the Fisher-Rao distance between N(1,%) and
N(pp,X) is a scalar function of their Mahalanobis distance [51] using the algebraic
method of maximal invariants [52].

Figure 1. Four univariate normal distributions N; = N(0,1), N, = N(3,1), N3 = N(2,2.5),
Ny = N(0,2), and their pairwise full geodesics in gray and geodesics linking them in red. The
Fisher—Rao distances are ppr (N1, N2) = 2.6124 ..., paor(N3, Ny) = 0.9317..., ppr(Ny, Ny) = 0.9803.. .,
on (N2, N3) =1.4225... ppr(Np, Ny) = 2.1362. .., and ppr (N1, N3) = 1.7334 ... The ellipses are Tissot

indicatrices, which visualize the metric tensor gf\ifher at grid positions.
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1.3. Fisher—Rao Distance: Totally versus Non-Totally Geodesic Submanifolds

Consider N/ = {N(A) : M € A’} C N a statistical submodel of the MVN statistical
model NV. Using the Fisher information matrix I/ (1), we obtain the intrinsic Fisher-Rao
manifold M’ = M .. We may also consider M’ to be an embedded submanifold of M.
Let us write S’ = S)» C M the embedded submanifold.

A totally geodesic submanifold S’ C M is such that the geodesics ¢ (N7, Nj; t)
fully stay in M’ for any pair of points Nj,N; € N’. For example, the submanifold
My = {N(u,X) : ¥ € P(d)} C M of MVNs with fixed mean y is a totally geodesic
submanifold [53] of M but the submanifold My = {N(1,Z) : u € R¥} C M of
MVNs sharing the same covariance matrix X is not totally geodesic. When an embedded
submanifold S C M is totally geodesic, we always have pr((N1, N2) = ps(Ni, Np).
Thus, we have par(N(y,Z1), N(1,22)) = pspp(X1,%2). However, when an embedded
submanifold S C M is not totally geodesic, we have p (N1, N2) < ps(Nj, Nz) because
the Riemannian geodesic length in S is necessarily longer or equal than the Riemannian
geodesic length in M. The merit to consider submanifolds is to be able to calculate in
closed form the Fisher-Rao distance which may then provide an upper bound on the
Fisher-Rao distance for the full statistical model. For example, consider Ny = N(p1,XZ)
and N, = N(j,X) in My, a non-totally geodesic submanifold. The Rao distance between
Nj and N, in M is upper bounded by the Riemannian distance in My (with line element
ds2 = du "L~ 1du) which corresponds to the Mahalanobis distance [10,51] Ay (1, p2):

P, (N1, N2) < Ax(pa, pi2) = \/(Hz =) "2 (2 — ). (14)

The Mahalanobis distance can be interpreted as the Euclidean distance Dg(p,q) =
Ar(p,g) = +/(p—q) " (p — q) (where I denotes the identity matrix) after an affine transfor-

mation: Let & = LLT = U" U be the Cholesky decomposition of £ > 0 with L a lower
triangular matrix or U = LT an upper triangular matrix. Then we have

Ar(ugn) = G —p) (L)L G — 1),

_1
= 27 2(u2 — p1)ll2
= AL, L7 o) = De(L 7 un, L),

where || - ||> denotes the vector £-norm.

The Rao distance py, of Equation (A1) between two MVNs with fixed covariance matrix
emanates from the property that the submanifold M, v = {N(av,X) : a € R} is totally
geodesic [54].

Let us emphasize that for a submanifold S C M to be totally geodesic or not depend
on the underlying metric in M. The same subset N/ C A with N equipped with two
different metrics g; and g» can be totally geodesic regarding g; and non-totally geodesic
regarding g». See Remark 3 for such an example.

In general, using the triangle inequality of the Riemannian metric distance p5r, we can
upper bound p (N7, N2) with N7 = (p1,Z1) and Ny = (2, L2) as follows:

pn (N, N2) < o, (N1, Niz) + p oy, (N12, N2),
< oMy, (N1, No1) + pm,, (N21, N2),

where Nip = (p1,%7) and N1 = N(pp, X1). See Figure 2 for an illustration of the Fisher—
Rao geodesic triangle ANy, Ny, Nyp. Furthermore, since p N, (N1, No1) < As, (1, p2) and

ONz, (N12, N2) < As, (11, #2), we obtain the following upper bound on the Rao distance
between MVNs:

pn (N1, N2) < pp (21, E2) + min{Ayx, (p1, p2), A, (11, 42) }- (15)
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See also [55].

totally geodesic

on(N{, N3)

Nig = (11,82) No = (u2,%2)
r N\ N o= (4.3
S L~ 1T Lot > vt AN = (30

R Ni ¥ (4], %0) e o i
Ny = (p1,2 Nyy = ‘\’@é:) ! neo not totally geodesic NZD
o u

o (N1, N2) < pp (21, B2) + min{Ag, (11, p2), As, (k1 42)}

Figure 2. The submanifolds N are not totally geodesic (i.e., ppr(Nj, N} ) is upper bounded by their
Mahalanobis distance) but the submanifolds V), are totally geodesic. Using the triangle inequality of
the Riemannian metric distance p 7, we can upper bound p (N7, Np).

In general, the difficulty with calculating the Fisher-Rao distance comes from the
fact that

1.  we do not know the Fisher-Rao geodesics with boundary value conditions (BVP)
in closed form but the geodesics with initial value conditions [48] (IVP) are known
explicitly using the natural parameters (£~ 1y, 1) of MVN,

2. we must integrate the line element ds s along the geodesic.

As we shall see in Section 3.1, the above first problem is much harder to solve than the
second problem which can be easily approximated by discretizing the curve. The lack of a
closed-form formula and fast and good approximations for p s between MVNs is a current
limiting factor for its use in applications. Indeed, many applications (e.g., [56,57]) consider
the restricted case of the Rao distance between zero-centered MVNs which have closed
form (distance of Equation (11) in the SPD cone). The SPD cone is a symmetric Hadamard
manifold, and its isometries have been fully studied and classified in [58] (Section 4). The
Fisher-Rao geometry of zero-centered generalized MVNs was recently studied in [59].

1.4. Contributions and Paper Outline

The main contribution of this paper is to propose an approximation of p s based on
Calvo and Oller’s embedding [19] (C&O for short) and report its experimental performance.
First, we concisely recall C&O’s family of embeddings fg of N'(d) as submanifolds Nﬁ of
P(d + 1) in Section 2. Next, we present our approximation technique in Section 3 which
differs from the usual geodesic shooting approach [39], and report experimental results.
Finally, we study some information—geometric properties [1] of the isometric embedding in
Section 5 such as the fact that it preserves mixture geodesics (embedded C&O submanifold
is autoparallel with respect to the mixture affine connection) but not exponential geodesics.
Moreover, we prove that the Fisher-Rao distance between multivariate normal distributions
sharing the same covariance matrix is a scalar function of their Mahalanobis distance in
Section 1.5 using the framework of Eaton [52] of maximal invariants.

1.5. A Closed-Form Formula for the Fisher—Rao Distance between Normal Distributions Sharing
the Same Covariance Matrix

Consider the Fisher—Rao distance between N7 = (y1, %) and Ny = (pp, X) for a fixed
covariance matrix T and the translation action a.p := y + a of the translation group R? (a
subgroup of the affine group). Both the Fisher—Rao distance and the Mahalanobis distance
are invariant under translations:

on (1 +a,%), (n2+a,X)) = on((11,2), (42, X)), As(p1+a,pa+a) = Bs(p, pa).
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To prove that ppr((#1,%), (42,2)) = hegr(Ax (p1, y2)) for a scalar function hgg(+), we shall
prove that the Mahalanobis distance is a maximal invariant, and use the framework of
maximal invariants of Eaton [52] (Chapter 2) who proved that any other invariant function
is necessarily a function of a maximal invariant, i.e., a function of the Mahalanobis distance
in our case.

The Mahalanobis distance is a maximal invariant because we can write Ay, (y1, y2) =
A1(0,Ax(p1, p2)) and when Ay (p1, pt2) = Ax(p), 1) in 1D there exists a € R such that
(41 +a, o + a) = (), u). We must prove equivalently that when |m; — my| = |m] — m}|
that there exists 2 € R such that (m; + a,my +a) = (m), m}). Assume without loss of
generality that m; > my. When my — my = m) — m}, there exists a = m} —mj so that
my = a.my = my +aand my) = a.my = my + a with mj —m}, = my — my. Thus, using
Eaton’s theorem [52], there exists a scalar function hgg such that ppr((p1,2), (42, X)) =
her (Ax(p1, 12))-

To find explicitly the scalar function hgg (), let us consider the univariate case of normal
distributions for which the Fisher—Rao distance is given in closed form in Equation (7). In that case,

_ Il
o

the univariate Mahalanobis distance is A 2 (1, #2) = /(42 — p1)(02) (42 — 1)
and we can write formula of Equation (7) as hggr (A2 (p1, pi2)) with

2
() = V2 log<\/7m>, (16)

= V/2arccosh (1 + iuz), (17)

using the identities

2 2 _
log(x) = arccosh(1 ;._xx ) = arctanh<31C+xi>, x>1,

where arctanh(u) = % log %

Proposition 1. The Fisher-Rao distance ppr((p1,%), (42, X)) between two MVNs with same
covariance matrix is

on((#1,Z), (12, 2)) = poa((0,1), (As(p1, p2),1)), (18)
8+ AZ(uy, As (11,
_ \ﬁlog( + A% (11, p2) + D (i M2)>, (19)
8+ A% (1, p2) — D (pa, p2)

v/2 arccosh (1 + %A%(m, }42)) , (20)

where Ay, (p1, 42) = \/(;42 — 1) T2 Y(pp — py) is the Mahalanobis distance.

Indeed, notice that the d-variate Mahalanobis distance Ay (j1, j2) can be interpreted
as a univariate Mahalanobis distance between the standard normal distribution N(0,1)
and N(Ax(p1, p2),1):
As (p1, n2) = 81(0, Az (p1, 2)).-

Thus, we have ppr((p1,Z), (12, 2)) = par((0,1), (Ax(p1, p2), 1)), where the right-hand-side
term is the univariate Fisher-Rao distance of Equation (7). Let us notice that the square
length element on My is ds? = du ' =7 'dpu = A% (p, u + dp). This result can be extended
to elliptical distributions [12] (Theorem 1).

Let us corroborate this result by checking the formula of Equation (1) with two ex-
amples in the literature: In [38] (Figure 4), we Fisher-Rao distance between N; = (0,I)
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and N = (|

their result shown in Figure 4. The second example is Example 1 of [42] (p. 11) with

—1 6 11 09
Ny = <[ 0 },Z) and N, = ({ 3 },Z) for ¥ = {0‘9 11 ] Formula of Equa-

tion (18) yields the Fisher—Rao distance 5.006483034546878 in accordance with [42] which
reports 5.00648.
Similarly, the statistical Ali-Silvey—Csiszdr f-divergences [60,61]

N =N =

} i ) is studied. We find pr(Ny, N2) = 0.69994085 in accordance with

) _ P(po )
IKlpguz)  Plnz)) = /Rd p”‘l’z)(x)f<p(;,z)>dx'

between two MVNs sharing the same covariance matrix are increasing functions of the
Mahalanobis distance because the f-divergences between two MVNs sharing the same
covariance matrix are invariant under the action of the translation group [62]. Thus, we have

If[P(m,Z : p(HZVZ)] = I’lf(Az(“l/ll,]/lZ)). Since Az(‘ul,yz) = A1(0, Az(]ll, “le)), we thus have

Lpgus  Plugsy] = he(B1(0, Az (i1, 12)) = T¢P(o * P(ag () 1))

where the right-hand side f-divergence is between univariate normal distributions. See
Table 2 of [62] for some explicit functions h Iz

2. Calvo and Oller’s Family of Diffeomorphic Embeddings

Calvo and Oller [19,32] noticed that we can embed the space of normal distributions
in P(d + 1) by using the following mapping:

]
f5(N) = fo(1,X) = ;}ﬁ”" g" e P(d+1), 1)

where B € R.pand N = N(p,X). Notice that since the dimension of P(d + 1) is W'

we only use (‘Hl)z(”z) - d(d; 3) — 1 extra dimension for embedding N (d) into P(d +1).
By foliating P = R.y x P, where P. = {P € P : |P| = c} denotes the subsets of P
with determinant ¢, we obtain the following Riemannian Calvo and Oller metric on the

SPD cone:

ato = yu((FHmarm)’),
= % (d[f)z + ,deTZ_ldy + ;tr((Z_leY).

Let
Np(d) = {P=f(1.T) : (WT) € N(d) = R x P(d) |

denote the submanifold of P(d + 1) of codimension 1, and N' = N (i.e., B = 1). The
family of mappings f3 provides diffeomorphisms between N (d) and N'g(d). Let f, 3 L(P) =

(#p,Xp) denote the inverse mapping for P € N'g(d), and let f = fi (ie, p = 1):

F09) = iz = [ B0,

By equipping the cone P(d + 1) by the trace metric [63,64] (also called the affine
invariant Riemannian metric, AIRM) scaled by %:

g5 (Py, Py) :=tr(P~'P P Py)
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(yielding the squared line element ds%, = 3tr((PdP)?)), Calvo and Oller [19] proved that
N (d) is isometric to N'(d) (i.e., the Riemannian metric of P(d + 1) restricted to A (d)
coincides with the Riemannian metric of A/(d) induced by f) but A'(d) is not totally
geodesic (i.e., the geodesics vp(Py, Py;t) for Py = f(Np),P, = f(Np) € N(d) leaves
the embedded normal submanifold N (d)). Please note that ¢'f*® can be interpreted as
the Fisher metric for the family A of 0-centered normal distributions. Thus, we have
(N(d), gFisher) — (P(d + 1), g"¢), and the following diagram between parameter spaces
and corresponding distributions:

N@@d) <= Ny(d+1)

I I
Ald) <= Pd+1)

Remark 2. The trace metric was first studied by Siegel [45,65] using the wider scope of complex
symmetric matrices with positive—definite imaginary parts generalizing the Poincaré upper half-
plane (see Appendix D).

We omit to specify the dimensions and write for short A/, A/, and P when clear from
the context. Thus, C&O proposed to use the embedding f = f; to give a lower bound pco
of the Fisher-Rao distance p s between normals:

1+
LCco: pa (N1, N2) > pco(f(p1,21), f(,quZZ $ Z log” Ai(Py1Py). (22)
—
P, b

We let pco (N1, N2) = pco(f(N7), f(N2)). The pco distance is invariant under affine
transformations such as the Fisher—Rao distance of Property 1:

Property 2 (affine invariance of C&O distance [19]). Forall A € GL(d),a € R¥, we have
pco((Apr +a, AZ1AT), (A +a, A% AT)) = pco(N(p1,21), N(p2,22)).

When ¥y = ¥, = £, we have || = |P,| = [Z]. Smce the Rlemanman geodesics
vp(P1, Py; t) in the SPD cone are given by yp(Py, Py;t) = P2 (P, 2P2P )tP2 [66] (also
written ygpp (Py, P2; t)), we have |yp(Py, Po; £)| = |2 Although the submanifold P, = {P €
P : |P| = c} is totally geodesic with respect to the trace metric, it is not totally geodesic
with respect to 3tr((PdP)?). Thus, although yp(Py, P>) € N, it does not correspond to the
embedded MVN geodesics with respect to the Fisher metric. The C&O distance between
two MVNSs N (1, %) and N(p, X) sharing the same covariance matrix [19] is

1
peo(N (i, 2), Nl 2)) = arccosh (1-+ 302 1 1z) ) @)

where arccosh(x) := log(x + vx2 — 1) for x > 1 and Ay (1, p2) is the Mahalanobis dis-
tance between N (1, L) and N(j2, 2). In that case, we thus have pco (N (p1,2), N(p2, X)) =
hco(Asx(p1, p2)) where heo (1) = arccosh (1 + %uz) is a strictly monotone increasing func-
tion. Let us note in passing that in [19] (Corollary, page 230) there is a confusing or
typographic error since the distance is reported as arccosh(l + Ldm(p, yz)) where d
denotes “Mahalanobis distance” [51]. Therefore, either d; = A%, Mahalanobis D?-distance,
or there is a missing square in the equation of the Corollary page 230. To obtain a flavor
of how good is the approximation of the C&O distance, we may consider the same co-
variance case where we have both closed-form solutions for p (Equation (20)) and pco
(Equation (23)). Figure 3 plots the two functions hco and hgr (with heo (1) < hpr(u) < u
for u € [0,00)).



Entropy 2023, 25, 654 13 of 41

Distances as functions of the Mahalanobis distance

10 F

identity —

8 Fisher-Rao (hgRr)
S g | C&0LB (hco)
C
©
o 4F
o

2 L

0 K- S

0O 2 4 6 8 10
Mahalanobis distance Ay

Figure 3. Quality of the C&O lower bound compared to the exact Fisher-Rao distance in the case of
N1, N € My (MVNs sharing the same covariance matrix X). We have pco < py < As.

Let us remark that similarly all f-divergences between N7 = (y1,X) and Np = (pip, %)
are scalar functions of their Mahalanobis distance Ay (p1, p2) too, see [62].

The C&O distance pco is a metric distance that has been used in many applications
ranging from computer vision [57,67-69] to signal/sensor processing, statistics [70,71],
machine learning [29,72-76] and analogical reasoning [77].

Remark 3. In a second paper, Calvo and Oller [32] noticed that we can embed normal distributions
in P(d + 1) by the following more general mapping (Lemma 3.1 [32]):

2 T
Sup (%) = w[ AR } e P(d+1), 1)

where w € R, B € Ry and v € R. It is show in [32] that the induced length element is

dsypy = %("‘((d—l-l)+2tx)tr2(2_1d2)+tr((2—1dz)z)

+28y*du "t dp + ?.Dctr(Z_le)d; + (if) 2) :

When v = B =1, we have

ds2 = E (oc((d +1) +20)tr?(271dT) + tr((Z71dZ)?) + ZﬁyzdyTZ_ldy).

2
Thus, to cancel the term trz(Z’le), we may either choose x = 0or & = — ﬁ.
In some applications [78], the embedding
[ Z4uu’ 5
8 ppaanE) = (27 2 ] ) @)
is used to ensure that ’g_% 1 1(;4,2)’ = 1. That is normal distributions are embedded dif-
1

feomorphically into the submanifold of positive—definite matrices with a unit determinant (also
called SSPD, acronym of Special SPD). In [32], C&O showed that there exists a second isometric

embedding of the Fisher—Rao Gaussian manifold N (d) into a submanifold of the cone P(d + 1):
T
fespp (1, 2) = |Z|_# { §T+ s ;14 ] Let P = fsspp(p, X). This mapping can be understood

as taking the elliptic isometry P — \P|742?P of P € P(d+1) [64] since |Z| = |P(u,Z)| (see
proof in Proposition 3). It follows that
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pco(N1, N2) = pp(P1, Py) = pp(P1, Pr) < ppr(N1, Ny).

Similarly, we could have mapped P s P~! to obtain another isometric embedding. See the
four types of elliptic isometric of the SPD cone described in [64]. Finally, let us remark that the
SSPD submanifold is totally geodesic with respect to the trace metric but not with respect to the
C&O metric.

Interestingly, Calvo and Oller [48] (p. 131) proved that ((fiy, . .., fiz), diag(d%, . ..,57))
is a maximal invariant for the action of the affine group Aff(d), where i = Q' (uz — 1)
and 2221_1 =Q diag((‘flz, el (73) Q! (in [48], the authors considered 21)11_2). Thus, we
consider the following dissimilarity

1+A 0,1; i, O
Dco(N(p1,%1), N(p2, 22)) \J ) log <1jAEO, 1};‘,;;)' 20

Dissimilarity Do is symmetric (i.e., Dco(N1, N2) = Dco(Nz, Np)) and Deo(Ny, Np) =0
if and only if Ny = Nj,. Please note that when d = 1, D¢( is different from the Fisher—Rao
distance of Equation (7).

3. Approximating the Fisher-Rao Distance
3.1. Approximating Length of Curves

Recall that the Fisher-Rao’s distance [79] is the Riemannian geodesic distance

on(N(A1),N(A2)) = g(ltg {Length(c)},

c(0)=px,
c()=pa,

Length(c) / \/ (¢

dSN( )

We can approximate the Rao distance pr(Np, N) by discretizing regularly any smooth
curve ¢(t) joining N1 = ¢(0) to N = ¢(1) (Figure 4):

s < En(e(5)(3).

with equality holding iff c(t) = yar (N7, Np; t) is the Riemannian geodesic defined by the
Levi-Civita metric connection induced by the Fisher information metric.
When the number of discretization steps T is sufficiently large, the normal distribu-

where

tions ¢ (IT) and ¢ ( ”%1 ) are close to each other, and we can approximate p zs (c (%) ,C (%) )

by \/D] [c(%), c(“%l )} where Dj[Ny, Np| = Dki.[N1, Na| + Dki [N, Ni] is Jeffreys diver-
gence, and Dy is the Kullback-Leibler divergence:
1 _ _ 2
Diilpgum) t Pluaza)] = 5 (tr(Zz '%1) +Ap" 2, Ay —d + log :ZTD :

Thus, the costly determinant computations cancel each other in Jeffreys divergence (i.e.,

log IEZ} + log }gli = 0) and we haVE:

iy, 42y, DI Yool
DI[Pwl,zl):sz,zz)]:tf(2 il I (e s

Figure 4 summarizes our method to approximate the Fisher-Rao geodesic distance.
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**“intractable Fisher-Rao geodesic Vi (t)

Ny ZN(Ml,El)

Figure 4. Approximating the Fisher-Rao geodesic distance ppr(Nj, N): The Fisher-Rao geodesic
’yjp\}{ is not known in closed form. We consider a tractable curve c(t), discretize ¢(t) at T + 1 points

c(+) with ¢(0) = Nj and ¢(1) = N, and approximate p/\/(c<%>,c<#)> by \/D] [c(%),c(#)],

considering that different tractable curves c(t) yield different approximations.

In general, it holds that

"
1
If[P : 5]} ~ f 2( )dsl%isher’

between infinitesimally close distributions p and q (ds ~ 4/ 2;{,[5)‘7 ] ), where I¢[- : -] denotes

a f-divergence [1]. The Jeffreys divergence is a f-divergence obtained for fj(u) = —logu +
ulogu with f ]” (1) = 2. It is thus interesting to find low computational cost f-divergences
between multivariate normal distributions to approximate the infinitesimal length element
ds. Please note that f-divergences between MVNs are also invariant under the action of
the affine group [62]. Thus, for infinitesimally close distributions p and g, this informally
explains that dsggpe, is invariant under the action of the affine group (see Proposition 1).

Although the definite integral of the length element along the Fisher-Rao geodesic 'yf\l}
is not known in closed form (i.e., Fisher-Rao distance), the integral of the squared length
element along the mixture geodesic 7{-(Ni, N2) and exponential geodesic 74-(Ni, N2)
coincide with Jeffreys divergence D;[Nj, N>] between N and N, [1]:

Property 3 ([1]). We have

1 1
DI[PM/PAZ]:/O dSif(W%(ml,mz;f))df=/o ds3 (V5 (pa,, Payit))dt.

Proof. Let us report a proof of this remarkable fact in the general setting of Bregman
manifolds. Indeed, since

Dylpa,, Pa,) = DxLIpa, = PA,) + Dxilpa, @ pagls

and Dk [py, : pa,] = Br(6(A2) : 6(A1)), where Br denotes the Bregman divergence
induced by the cumulant function of the multivariate normals and 6(A) is the natural
parameter corresponding to A, we have

Djlpa,,Pr,) = Br(61:62) +Br(62:61),
= Sp(61;02) = (62— 01)" (12 —m) = Sp=(n1;72),

where § = VF(0) and 6 = VF*(5) denote the dual parameterizations obtained by the Leg-
endre-Fenchel convex conjugate F*(7) of F(6). Moreover, we have F*(17) = —h(p,z) [1],
i.e., the convex conjugate function is Shannon negentropy.

Then we conclude using the fact that Sp(6;6,) = fol ds?(y(t))dt = f01 ds?(y*(t))dt,
i.e., the symmetrized Bregman divergence amounts to integral energies on dual geodesics
on a Bregman manifold. The proof of this general property is reported in Appendix E. [
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It follows the following upper bound on the Fisher-Rao distance:

Property 4 (Fisher—Rao upper bound). The Fisher—Rao distance between normal distributions
is upper bounded by the square root of the Jeffreys divergence: ppr(N1, N2) < y/Dj(Nyi, Np).

Proof. Consider the Cauchy-Schwarz inequality for positive functions f(t) and g(t):

Jo f(Hg(hdt < \/(folf(f)zdt)(folg(f)zdf))/ and let f(t) = dsy(vir(Pa,, Payit) and
g(t) = 1. Then we obtain:

1 2 1 1
(/0 dsjv(fr?v(ml,mz;t)dt> < (/0 dSi/('ﬁv(ml,mz;t)dt> /Olzdt
’ —_—
=1

Furthermore, since by definition of 7R we have
1 1
/0 dsn (Vi (Pay pagi t)dt = /0 ds (VAR (P Pagi t)dt = ppr(N1, Np)-
It follows for ¢ = 7, (i.e., e-geodesic) using Property 3 that we have:

1
orr (N, Na)? g/o ds2 (78 (P, Payi )t = Dy(Ny, Na).

Thus, we conclude that ppr (N7, N2) < /Dj(Ny, Na).

Please note that in Riemannian geometry, a curve 7 minimizes the energy E(y) =

fol |9 (t)||>dt if it minimizes the length L(7y) = f01 |l7(¢)||dt and ||7(t)|| is constant. Using
Cauchy-Schwartz inequality, we can show that L(y) < E(vy). O

This upper bound is tight at infinitesimal scale (i.e., when N, = Nj + dN) since

N (N1, Np) =~ dsy(N7) =~ 1/% and the f-divergence in right-hand side of the

identity can be chosen as Jeffreys divergence. To appreciate the quality of the square
root of Jeffreys divergence upper bound of Property 4, consider the case where N, N, €
Ms. In that case, we have py(N(p1, %), N(pp, X)) = v2arccosh(1 + 1AZ(pq, 12)) and

\/D][N(V1r2>rN(V2rZ)] = Ag (1, p2) (since Dx [N(p1, ), N(p2, 2)] = 5A%(u1, p2)).

The upper bound can thus be checked since we have v/2 arccosh(1 + %x2) < xforx > 0.
The plots of Figure 5 shows visually the quality of the |/D; upper bound.

Fisher-Rao distance and sqrt(Jeffreys) upper bound

3F UlpperI bound —
2.5 |- Fisher-Rao

Distance
=
o

| I I 1 | -

0 051 15 2 25 3
Mahalanobis distance A,

Figure 5. Quality of the /D upper bound on the Fisher-Rao distance p - when normal distributions
have the same covariance matrix.
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For any smooth curve c(t), we can thus approximate p s for large T by

P (N1, Np) := ;TEI\/D] [c(%),c(l;lﬂ 27)

1

For example, we may consider the following curves on M which admit closed-form

parameterizations in ¢ € [0, 1]:

e linear interpolation (LERP, Linear intERPolation) ¢, (t) = t(p1,Z1) + (1 — £) (p2, X2)
between (p1,%1) and (p2,%2),

* the mixture geodesic [80] ci(t) = YR (N1, Nost) = (pi*, ") with uf" = iy and
S =Sy +tpap] + (1 — t)pap, — jisfi] where fi; = tyug + (1 — t)pp and &y = 51 +
(1 - t)ZZ/

*  theexponential geodesic [80] c.(t) = 74 (N1, Na; t) = (uf, Xf) with pf = ifl(tzl_lm +
(1—-1)%; 'yp) and ¢ = £ where £ff = (127! + (1 — t)£;!)~! is the matrix har-
monic mean,

o thecurve cou(t) = 5 (75 (N1, Na; t) + 7% (N1, Na; t)) which is obtained by averaging
the mixture geodesic with the exponential geodesic.

Figure 6 visualizes the exponential and mixture geodesics between two bivariate
normal distributions.

Exponential geodesic Mixture geodesic

A'":lm \515Pug, o ((y) = Pug,3g = P(1-a)f1+abss 0= (271 H %271) A”IT.\ =1 :Puz. By ((1) =P sy = PA-a)mtany 1= (:“” - /"/”T)

pe = 25 (1 -a)Shn +aSy ) ur (1= @)p1 + aps =: fig
5 = (1-a)sit+an;) = (1- )81 +aSy + (1 - e)pap] + opapy — flafty

Figure 6. Visualizing the exponential and mixture geodesics between two bivariate normal distributions.

Let us denote by gk, = gy, o = pit, 5 = P and P57 = /" the approximations
obtained by these curves following from Equation (27). When T is sufficiently large,
the approximated distances p* are close to the length of curve x, and we may thus consider
a set of several curves {c; };c; and report the smallest Fisher-Rao distance approximations
obtained among these curves: pyr(N7, Nz) ~ min;¢; ﬁj\"/(Nl, Np).

Please note that we consider the regular spacing for approximating a curve length
and do not optimize the position of the sample points on the curve. Indeed, as T — oo,
the curve length approximation tends to the Riemannian curve length. In other words,
we can measure approximately finely the length of any curve available with closed-form
reparameterization by increasing T. Thus, the key question of our method is how to best
approximate the Fisher—Rao geodesic by a curve that can be parametrized by a closed-form
formula and is close enough to the Fisher—Rao geodesic.

Next, we introduce our approximation curve cco(t) derived from Calvo and Oller
isometric mapping f which experimentally behaves better when normals are not too far
from each other.
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3.2. A Curve Derived from Calvo and Oller’s Embedding

This approximation consists of leveraging the closed-form expression of the SPD
geodesics [63,66]:

t
vp(P,Q;t) = P2 (P—%Q%P—%) Pi, tel01]

to approximate the Fisher-Rao normal geodesic 'yf\i/Sher(Nl, Ny; t) as follows: Let P, =
f(N1), P, = f(Na) € N, and consider the smooth curve

cco(Py, Po;t) = projsr(vp(PL, Post)), (28)

where projz-(P) denotes the orthogonal projection of P € P(d + 1) onto N (Figure 7). Thus,
curve cco(t) (t € [0,1]) is then defined by taking the inverse mapping f~!(éco) (Figure 8):

cco(t) = f (proj(vp(P1, Pat))). (29)

[ 24 Bun” ﬁu}
P‘[W 3

Figure 7. Projecting an SPD matrix P € P onto N' = f(N): yp(P, P, ) is orthogonal to N with

respect to the trace metric.

Space of multivariate proper normal distributions Symmetric positive-definite matrix cone
P=f(n5)

SDP cone P

SPD geodesic projected onto N

on (G, G| /Di[Gyr, Giia] = \/Dy[Si, Sita]

| [

N = (1, %)

éco = vp(P1, Py)

P, /non-totally geodesic
submanifold N

FHP) = (npy Bp)
Figure 8. Illustration of the approximation of the Fisher-Rao distance between two multivariate

normals Ny and N, (red geodesic length (N1, Np) by discretizing curve éco € A or equivalently
curve cco € N.

Please note that the matrix power P can be computed as P! = U diag(A},..., AL) V'’
where P = Udiag(A},...,AL) V' is the eigenvalue decomposition of P.

Let us now explain how to project P = [P; ;] € P(d + 1) onto \ based on the analysis
of the Appendix of [19] (p. 239):

Proposition 2 (Projection of an SPD matrix onto the embedded normal submanifold N).

-
Let B = Pyi14+1 and write P = [ =4 Bup /,[;V } Then the orthogonal projection at P € P

- B’
onto N is: S
5 . >+
P, := projy(P) = [ PR ] (30)
and the SPD distance between P and P is
_ 1
op(P,P,) = —=|log | (31)

V2
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Notice that the projection of P is easily computed since B = Py 1 441.

(5 F D[ 7

Remark 4. In Diffusion Tensor Imaging [39] (DTI), the Fisher—Rao distance can be used to
evaluate the distance between three-dimensional normal distributions with means located at a 3D
grid position. We may consider 3 x 3 x 3 — 1 = 26 neighbor graphs induced by the grid, and for
each normal N of the grid, calculate the approximations of the Fisher—Rao distance of N with its
neighbors N’ as depicted in Figure 9. Then the distance between two tensors Ny and Ny of the 3D
grid is calculated as the shortest path on the weighted graph using Dijkstra’s algorithm [39].

& T “T v N c
A 2
L /U &
N /D) S
[SZY [&
b
U [&
%\/" L-‘ Z e/
D 0’) 4 ?
7 L/ = (1.
b o)
c,’/ v v/
Y o N ) R %
(a) (b)

Figure 9. Diffusion tensor imaging (DTI) on a 2D grid: (a) Ellipsoids shown at the 8 x 8 grid
locations with C&O curves in green, and (b) some interpolated ellipsoids are further shown along
the C&O curves.

Please note that the Fisher-Rao projection of Ny = (1, %) onto a submanifold M,,
with fixed mean i was recently reported in closed form in [72] (Equation (21)):

. 1
N* = N(Vz,zl + E(Vz —p1)(p2 — }ll)T),

with

, 1 B
pn(Ni, N*) = 7 arccosh(d + (g — yl)Tzl Yy — ﬂ1)),

and the Fisher-Rao projection of N; = (1, %) onto submanifold My, is the “vertical
projection” N* = (3, Xy) (Figure 10) with

o (N1, N*) = py, (21, 52).

Figure 10. Examples of projection of N(j, ) onto the submanifolds M, and My,. Tissot indicatri-
ces are rendered in green at the projected normal distributions (yo, >4+ %( 1o — 1) (o — F)T) and
(1, Zp), respectively.
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We can upper bound the Fisher-Rao distance ppr((¢1,21), (42, X2)) by projecting
¥ onto My, and projecting ¥, onto M. Let X € My, and X1 € M, denote
those Fisher—Rao orthogonal projections. Using the triangular inequality property of the
Fisher-Rao distance, we obtain the following upper bounds:

o ((H1,Z1), (B2, Z12)) + on (B2, 212, (B2, 22)),  (32)
on (B2, Z2), (01, Z01)) + o (1, Z21), (B2, 1)) (33)

on((p1,21), (H2, X2)) <
<

See Figure 11 for an illustration.

Figure 11. Upper bounding the Fisher-Rao’s distance par((p1,%1), (12, 22)) (red points) using
projections (green points) onto submanifolds with fixed means.

Let eco(t) = St and cco(t) = f1(cco(t)) =: Gt. The following proposition shows
that we have D] [S_t, S_t+1] = D][Gt, Gt+1].

Proposition 3. The Kullback-Leibler divergence between py, s, and py, s, amounts to the KLD
between qp = po f(u,,5,) A 4p, = Po,f(u,,5,) Where Pr = f(p;, Ly):

DxL[Pus; ¢ Puaza] = Dxilgp, < 9p,]-

The KLD between two centered (d + 1)-variate normals qp, = po,p, and qp, = pop, is

1 _ P
Dxlgp, < qp,) = 5 ( tr(Py 'Pr) —d —1 +10gM :
2 | Py
This divergence can be interpreted as the matrix version of the Itakura-Saito divergence [81].
The SPD cone equipped with % of the trace metric can be interpreted as Fisher—Rao centered
normal manifolds: (N, gf&iher) = (P, $grace).

Since the determinant of a block matrix is

4

A B
C D

H - ‘A—BD‘lc

we obtain with D = 1: |f (1, Z)| =[S+ up" —pup'| = |Z|.
Let P] = f(;tl,Zl) and Pz = f(“l/lz, 22) Checking DKL[PM,Zl : P}‘ZIZZ] = DKL [qpl : qu]
where qp = p, p amounts to verify that

tr(Py1Py) = 14 tr(Z5 'S0 + A, 25 1A).
Indeed, using the inverse matrix

Zfl _Zfly
)=
f(]/l’ ) 714—'—2_1 1 + ﬂTZ_ly ’
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5—1p %! ~%y 'y Titp p
e = (S 5 )5 1)
(7R L R BT P E! n 1

= 14515+ A, 25 'A)).

Thus, even if the dimension of the sample spaces of p,,» and gp_¢(, 5) differs by one, we
obtain the same KLD by Calvo and Oller’s isometric mapping f.

This property holds for the KLD/Jeffreys divergence D; but not for all f-divergences [1]
Iy in general (e.g., it fails for the Hellinger divergence).

Figure 12 shows the various geodesics and curves used to approximate the Fisher—-Rao
distance with the Fisher metric shown using Tissot indicatrices.

Figure 12. Geodesics and curves used to approximate the Fisher-Rao distance with the Fisher

metric shown using Tissot’s indicatrices: exponential geodesic (red), mixture geodesic (blue), mid-
exponential-mixture curve (purple), projected CO curve (green), and target Fisher—-Rao geodesic
(black). (Visualization in the parameter space of normal distributions).

Please note that the introduction of parameter f is related to the foliation of the SPD
cone P by {fg(N) : B>0}: P(d+1) =R.g x fg(N). See Figure 7. Thus, we may define
how good the projected C&O curve is to the Fisher-Rao geodesic by measuring the average

_ —_— —
distance between points on yp (P;, P»; ) and their projections yp(Py, P2; ) onto N:

_ 1 _ _—
5O (N1, Np) = 6°C(Py, Py) :/o pp(vp(Pr, Pyit), yp(Pr, Pyst) ) dt.

In practice, we evaluate this integral at the sampling points S;:

1=

1 _
(SCO(Pl,Pz) ~ §%O(P1,P2) = T pp(St, St), (34)
i

I
—

where S; = yp(Py, Py;t) and S; = p(Py, Po; ). We checked experimentally (see Section 3.3)
that for close by normals N; and Ny, we have 50 (N1, N;) small, and that when N becomes
further separated from N>, the average projection error §“©(Ny, N;) increases. Thus,
6$O(Py, Py) is a good measure of the precision of our Fisher-Rao distance approximation.

Lemma 1. We have p57(St, St11) < pp(St,St) + pp(St, St41) + pp(St1, S41)-
Proof. The proof consists of applying twice the triangle inequality of metric distance pp:

o5 (S, Si11) < p(St, Sex1) + P (St41,S41),
< pp(51,St) + pp(St, St41) + 0P (St41, Se41)-

See Figure 13 where the left-hand-side geodesic length is shown in blue and the right-hand-
side upper bound is visualized inred. O
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5 St+1

Figure 13. Bounding p/(S;, S;11) using the triangular inequality of pp in the SPD cone P(d + 1).
Property 5. We have pr (N1, N2) < p§P (N1, N2) < pp(Ni, Np) + 2559 (Py, Py).

Proof. At infinitesimal scale when S;;1 ~ S;, using Lemma 1 and pp(S;41,Si41) ~
pp(St, St) we have
dSN(St) S dSP(St) + 2pp(St, St)

Taking the integral along the curve c“©(t) = yCO(Pj, Py; ), we obtain
p5P (N1, N) < pp(Py, Py) + 2659 (Py, Py)
Since pp(Py, P) < par(Ny, Nz), we have
P (N1, N2) < 5P (N, Na) < oy (N1, Na) + 2059 (Py, o).
O
Notice that /"' pp(St, St41) = pp(Py, P2).

Example 1. Let us consider Example 1 of [42] (p. 11):

(Lot f2) = (5] =)2=[a 01 )

The Fisher—Rao distance is evaluated numerically in [42] as 5.00648. We have the lower bound
p%o(Nl, N,) = 4.20447, and the Mahalanobis distance 8.06226 upper bounds the Fisher—Rao
distance (not totally geodesic submanifold Ns,). Our projected C&O curve discretized with T =
1000 yields an approximation ﬁjcvo(Nl, N,) = 5.31667. The average projection distance pp (St, St)
is 65O (N1, Na) = 0.61791, and the maximum projected distance is 1.00685. We check that

5.00648 ~ ppr (N1, Na) < p5° (N1, Na) =2 5.31667 < ppr(Ny, Na) +265° (P, P,) ~ 5.44028.

The Killing distance [82] obtained for Kiiping = 2 15 pKﬂhng(Nl, N,) ~ 6.82028 (see Appendix C).
Notice that geodesic shooting is time-consuming compared to our approximation technique.

3.3. Some Experiments

The KLD Dgj, and Jeffreys divergence Dj, the Fisher-Rao distance pr and the Calvo
and Oller distance pco are all invariant under the congruence action of the affine group
Aff(d) = R? x GL(d) with the group operation

(a1, A1) (a2, Az) = (a1 + Araz, A1 Az).
Let (A,a) € Aff(d), and define the action on the normal space N as follows:
(A,a).N(u,Z) = N(ATu+a,AXAT).

Then we have:
pn((Aa).Ny, (A a).N2) = pn (N1, Na),
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pco((A,a).Ni,(A,a).N2) = pco(Ni, N2),
Dxi[(A,a).Ny: (A,a).N2] = Dxi[Ni: Ny

This invariance extends to our approximations g, (see Equation (27)).
Since we have

O (N1, N2) ~ par(N1, N2) > pco(Ni, Na),
the ratio x, = % >

> K = % gives an upper bound on the approximation factor of g,
compared to the true Fisher—Rao distance p:

keon (N1, N2) > xppnr (N1, Np) > 05 (N1, N2) = ppnr (N1, N2) > pco(Ni, Na).

Let us now report some numerical experiments of our approximated Fisher-Rao
distances g}, with x € {I,m,e,em,CO}. Although that dissimilarity g is positive-definite,
it does not satisfy the triangular inequality of metric distances (e.g., Riemannian distances
px and pco).

First, we draw multivariate normals by sampling means y ~ Unif(0,1) and sample
covariance matrices X as follows: We draw a lower triangular matrix L with entries L;;
iid sampled from Unif(0, 1), and take ¥ = LLT. We use T = 1000 samples on curves and
repeat the experiment 1000 times to gather average statistics on x.’s of curves. Results are
summarized in Table 1.

Table 1. First set of experiments demonstrates the advantage of the cco(t) curve.

d KCo K] Ke Km Kem

1 1.0025 1.0414 1.1521 1.0236 1.0154
2 1.0167 1.0841 1.1923 1.0631 1.0416
3 1.0182 1.8997 2.6072 1.9965 1.07988
4 1.0207 2.0793 1.8080 2.1687 1.1873
5 1.0324 4.1207 12.3804 5.6170 4.2349

For that scenario that the C&O curve (either ¢co € N or cco € N) performs best
compared to the linear interpolation curves with respect to source parameter (/), mixture
geodesic (m), exponential geodesic (e), or exponential-mixture mid-curve (em). Let us point
out that we sample vp(Py, Py; +) fori € {0,...,T}.

Strapasson, Porto, and Costa [38] (SPC)reported the following upper bound on the
Fisher—Rao distance between multivariate normals

pco(N1, Np) < par(N1, N2) < Uspe(Ny, Np),

with:

VD)2 + g+ /(1= D) + 42
\/(1 + D)2+ pf — \/(1 = D)2+ pf

, (35)

d
Uspc(Ny, Np) = |2 log?
i=1

where ¥ = Z;%ZZZ;%, Y. = QDQ' is the eigen decomposition, and y = QTZ;% (g2 — m1).
This upper bound performs better when the normals are well-separated and worse than
the /Dj-upper bound when the normals are close to each other.

Let us compare pco(Ny, N2) with ppr(N1, Na) =~ p°©(Np, Np) and the upper bound
U(Ny, Np) by averaging over 1000 trials with N and N, chosen randomly as before and
T = 1000. We have pco(N1, N2) < pa(Np, Np) =~ p°c0(Ny, Np) < U(Np, Np). Table 2
shows that our Fisher-Rao approximation is close to the lower bound (and hence to the
underlying true Fisher—Rao distance) and that the upper bound is about twice the lower
bound for that particular scenario.

Second, since the distances are invariant under the action of the affine group, we can
set wlog. N; = (0, ) (standard normal distribution) and let N, = diag(u1, ...,u;) where
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u; ~ Unif(0,a). As normals N; and N, separate from each other, we notice experimentally
that the performance of the cco curve degrades in the second experiment with a = 5 (see
Table 3): Indeed, the mixture geodesic works experimentally better than the C&O curve
when d > 11.

Table 2. Comparing our Fisher-Rao approximation with the Calvo and Oller lower bound and the

upper bound of [38].
d pco(N1, Nz) p© (N1, N2) U (N1, N2)
1 1.7563 1.8020 3.1654
2 3.2213 3.3194 6.012
3 4.6022 4.7642 8.7204
4 5.9517 6.1927 11.3990
5 7.156 7.3866 13.8774

Table 3. Second set of experiments shows limitations of the cco(t) curve.

d KCo K] Ke Km

1 1.0569 1.1405 1.139 1.0734
5 1.1599 1.4696 1.5201 1.1819
10 1.2180 1.6963 1.7887 1.2184
11 1.2260 1.7333 1.8285 1.2235
12 1.2301 1.7568 1.8539 1.2282
15 1.2484 1.8403 1.9557 1.2367
20 1.2707 1.9519 2.0851 1.2466

Figure 14 display the various curves considered for approximating the Fisher-Rao
distance between bivariate normal distributions: For a curve c(t), we visualize its corre-
sponding bivariate normal distributions (pic(;), Z()) at several increment steps ¢ € [0,1] by
plotting the ellipsoid

Ecpy = Her) + {LTx,x = (cosf,sinbh),0 € [0,27r)},

where Zc(t) = Lc(t)L;r(ﬂ.

(d) (e) ()

Figure 14. Visualizing at discrete positions (10 increment steps between 0 and 1) some curves used to

approximate the Fisher—Rao distance between two bivariate normal distributions: (a) exponential
geodesic ¢ = 7, (red), (b) mixture geodesic c" = i, (blue), (c) mid-mixture-exponential curve c*™
(purple), (d) projected Calvo and Oller curve <o (green), (e) ot ordinary linear interpolation in A
(yellow), and (f) All superposed curves at once.
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Example 2. Let us report some numerical results for bivariate normals with T = 1000:

e We use the following example of Han and Park [39] (Equation (26)):

([ ) (8]

Their geodesic shooting algorithm [39] evaluates the Fisher—Rao distance to pr(N1, Np) ~
3.1329 (precision 107°).
We obtain:

—  Calvo and Oller lower bound: pco(Ny, Np) ~ 3.0470,
—  Upper bound using Equation (15): 7.92179,
—  SPC upper bound (Equation (35)): Uspc (N1, Np) ~ 5.4302,
~ /Dy upper bound: U (N1, N2) ~ 4.3704,
- Pp (N, Ny) & 3.449,
- p~7\1/(N1, Nz) ~ 3.5775,
- % (N, N2) =~ 3.7314,
- PP (N1, N2) =~ 3.1672,
- 5P (N1, Np) ~ 3.1391.
In that setting, the /Dy upper bound is better than the upper bound of Equation (35), and the
projected Calvo and Oller geodesic yields the best approximation of the Fisher—Rao distance
(Figure 15) with an absolute error of 0.0062 (about 0.2% relative error). When T = 10, we
have p5P (N1, N2) ~ 3.1530, when T = 100, we obtain pSP (N1, Np) =~ 3.1136, and when
T = 500 we obtain ﬁjc\jfo(Nl, Ny) ~ 3.1362 (which is better than the approximation obtained
for T = 1000). Figure 16 shows the fluctuations of the approximation of the Fisher—Rao
distance by the projected C&O curve when T ranges from 3 to 100.
Bivariate normal Ny = (0, 1) and bivariate normal Ny = (up,Lo) with yy = [10]" and
I = { 1_1 ;1 ] We obtain
—  Calvo and Oller lower bound: 1.4498
- Upper bound of Equation (35): 2.6072
- /Dy upper bound: 1.5811
- 1 1.5068
- p™:1.5320
- pf1.5456
- P 1.4681
- p:1.4673

Bivariate normal Ny = (0, 1) and bivariate normal Ny = (up,Xo) with yy = [50]" and
Xp = { 1_1 ’ 1 ] We get:
- Calvo and Oller lower bound: 3.6852
- Upper bound of Equation (35): 6.0392
- /Dy upper bound: 6.2048
- 57319
- p™:4.4039
- (59205
- oM 4.2901
- p°:4.3786

See Supplementary Materials for further experiments.
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(a) exponential geodesic (b) mixture geodesic

(d) projected C&O curve

£
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"."" 0

,4,\
it
A )‘4 ‘
AN
v )7 A‘!"\V P
s

fl
-,Ls
‘\4 r

(e) geodesics/curves superposed  (f) Fisher—Rao geodesic

Figure 15. Comparison of our approximation curves with the Fisher-Rao geodesic (f) obtained
by geodesic shooting (Figure 5 of [39]). Exponential (a) and mixture (b) geodesics with the mid-
exponential-mixture curve (c), and the projected C&O curve (d). Superposed curves (e) and compari-
son with geodesic shooting (Figure 5 of [39]). Beware that color coding is not related between (a) and
(f), and scale for depicting ellipsoids are different.

[Han&Park, 2014] example with T ranging from 3 to 100

3.3
3.2
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Figure 16. Approximation of the Fisher—Rao distance obtained using the projected C&O curve when
T ranges from 3 to 100 [39].
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4. Approximating the Smallest Enclosing Fisher—Rao Ball of MVNs

We may use these closed-form distance pco(N, N') between N and N’ to compute an
approximation (of the center) of the smallest enclosing Fisher-Rao ball B* = ball(C*,r*) of
asetG ={N; = (y1,%1),..., Ny = (yn, Xn)} of n d-variate normal distributions:

C* =arg min max on(CN;)

where ball(C,7r) = {N € N : px(C,N) <r}.
The method proceeds as follows:

e  First, we convert MVN set G into the equivalent set of (d + 1)-dimensional SPD
matrices G = {P; = f(N;)} using the C&O embedding. We relax the problem of
approximating the circumcenter C* of the smallest enclosing Fisher—Rao ball by

P* =arg min  max P, P).
8 peBldr1) ie{l,...,n}pCO( 2

e Second, we approximate the center of the smallest enclosing Riemannian ball of G
using the iterative smallest enclosing Riemannian ball algorithm in [66] with say
T = 1000 iterations. Let P € P(d + 1) denote this approximation center: Pr =
RieSEBspD (g_, T) .

*  Finally, we project back Pr onto N: Pr = projx(Pr). We return Pr as the approxima-
tion of C*.

Algorithm [66] RieSEBspp({Py, ..., Py}, T) is described for a set of SPD matrices
{Py,..., Py} as follows:

i LetCi «+ P
e Fort=1toT

—  Compute the index of the SPD matrix which is farthest from the current circum-
center C;:

ft = arg max pspp(Cy, P;)
ie{1,..n}

,

- Update the circumcenter by walking along the geodesic linking C; to Pp,:

1

1 1 _1 1
Ct+1 = YspD (Ctlpft;f—i—l> = C?(C, ZPftCt Slaren

e ReturnCr

The convergence of the algorithm RieSEBgpp, follows from the fact that the SPD trace
manifold is a Hadamard manifold (with negative sectional curvatures). See [66] for proof
of convergence.

The SPD distance pp(Cr, Cr) indicates the quality of the approximation. Figure 17
shows the result of implementing this heuristic.

Let us notice that when all MVNs share the same covariance matrix X, we have from
Equation (18) or Equation (23) that par(p1,Z), N(p2, L) and pco(N(p1,2), N(p2, L)) are
strictly increasing function of their Mahalanobis distance. Using the Cholesky decompo-
sition =1 = LLT, we deduce that the smallest Fisher—Rao enclosing ball coincides with
the smallest Calvo and Oller enclosing ball, and the circumcenter of that ball can be found
as an ordinary Euclidean circumcenter [83] (Figure 17b). Please note that in 1D, we can
find the exact smallest enclosing Fisher—Rao ball as an equivalent smallest enclosing ball in
hyperbolic geometry.

Furthermore, we may extend the computation of the approximated circumcenter to
k-center clustering [84] of n multivariate normal distributions. Since the circumcenter of
the clusters is approximated and not exact, we extend straightforwardly the variational
approach of k-means described in [85] to k-center clustering. An application of k-center
clustering of MVNss is to simplify a Gaussian mixture model [42] (GMM).
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Similarly, we can consider other Riemannian distances with closed-form formulas
between MVNSs such as the Killing distance in the symmetric space [82] (see Appendix C)
or the Siegel-based distance proposed in Appendix D.

(a) (b) (©)

Figure 17. Approximation of the smallest enclosing Riemannian ball of a set of n bivariate normals
N; = N(y;,%;) with respect to C&O distance pco (the approximate circumcenter Cr is depicted as a
red ellipse): (a) n = 8 with different covariance matrices, (b) n = 8 with identical covariance matrices
amount to the smallest enclosing ball of a set of n points {y;}, (c) n = 2 displays the midpoint of the
C&O geodesic visualized as an equivalent bivariate normal distribution in the sample space.

5. Some Information—-Geometric Properties of the C&O Embedding

In information geometry [1], the manifold N admits a dual structure denoted by
the quadruple .
(N, ghisher, w74, Vi),

when equipped with the exponential connection V¢, and the mixture connection V'{..

The connections V¥, and V§; are said to be dual since m = Vy, the Levi-Civita
connection induced by g/F\i/Sher. Furthermore, by viewing N as an exponential family

{pe} with natural parameter 6 = (6,,01) (using the sufficient statistics [80] (x, —xx ")),
and taking the convex log-normalizer function Fxr(0) of the normals, we can build a dually
flat space [1] where the canonical divergence amounts to a Bregman divergence which
coincides with the reverse Kullback-Leibler divergence [30,86] (KLD). The Legendre duality

F (1) = (VE(0),17) — F(VF(6))
(with ((v1, My), (v2, Ma)) = tr(v10) + MiM] ) = v1 - vy + tr(M1 M, ) yields: 0 = (6,,0pm)
= (Zillxl, %271),
Fn(0) = ;(dlog  —log |Om]| + ;QZ,TQ]\_;GU),
_ _ _ (1p-1g p-1
1= (o, 1) = VEn(8) = (30300,03),

(10g(1 + 1 137'110) + log | — | +d(log 27te) ),

NI~

Fy(n) = —
and we have
Bry (61,62) = Dip(pa, < Pay) = Dxu(pa, < Pay) = Beg (12 :1m),

where D, [p : q] = Dxi[q : p] is the reverse KLD.

In a dually flat space, we can express the canonical divergence as a Fenchel-Young
divergence using the mixed coordinate systems B, (61 : 62) = Yf,. (01 : 72) where 15; =
VFy(6;) and

Yr, (61 1 112) := Far(61) + Fxe(12) — (01, 172).-

The moment 7-parameterization of a normalis (7 = #, H = —X — uu ") with its reciprocal
function (A =y, A=—-H—ny").
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Let Fp(P) = For(0,P), 8 = $P~1, 7 = VFp(f). Then we have the following proposi-
tion which proves that the Fenchel-Young divergences in A" and A (as a submanifold of
‘P) coincide:

Proposition 4. We have

DKLIPu s, ¢ Punssl = Bry(02:61) = Yi (62 :171) = YE, (022 771)

= Bp,(62:61) = DKL[pO,plif(HLZz) : po/pZZf(P‘z,Zz)]'

Consider now the V*-geodesics and V"-geodesics on N (linear interpolation with
respect to natural and dual moment parameterizations, respectively): 'yﬁ\/(Nl, Ny t) =
(uf, Zf) and R} (N1, No; t) = (", Zf).

Proposition 5 (Mixture geodesics preserved). The mixture geodesics are preserved by the
embedding f: f(v\-(N1,No;t)) = ¥ (f(N1), f(N2);t). The exponential geodesics are preserved
for the subspace of N with fixed mean p: N,

Proof. For the m-geodesics, let us check that

N
¢+t oy

fui ) = | LT =t f(p1, X)) +(1 —t) f(p2, Xo),
(]lt ) 1 T h?j/_/

since 2"+ pupf' T = L+ tppu] + (1= t)popy = 11+ ] ) + (1= 1)(Z2 + papsy )- Thus,
we have f (7} (N1, No;t)) = vp(P1, Post). O

Therefore, all algorithms on N which only require m-geodesics or m-projections [1]
by minimizing the right-hand side of the KLD can be implemented by algorithms on P.
See, for example, the minimum enclosing ball approximation algorithm called BBC in [87].
Notice that A, (fixed mean normal submanifolds) preserve both mixture and exponential
geodesics: The submanifolds N, are said to be doubly autoparallel [88].

Remark 5. In [2] (p. 355), exercises 13.8 and 13.9 ask to prove the equivalence of the following
statements for S a submanifold of M:

o Sisan exponential family < S is V'-autoparallel in M (exercise 13.8),

o Sisamixture family < S is V~'-autoparallel in M (exercise 13.9).

! > 1y

o 1D Y D Yl TR and

/
Let P — { ;“}* KK ] (with |P| = [3)), P! = [

y = (x,1). Then we have

oy ol — L, Tp1
qp(y) PN, p( Sy P y>,

1 >1 -1y

= Wexp([le][_yTZ—1 1+P‘TZ_17"}{T])'

Thus, N' = {qp(x,1)} is an exponential family. Therefore, we deduce that P is V¢-autoparallel in
P. However, N is not a mixture family and thus P is not V"™-autoparallel in P.

6. Conclusions and Discussion

In general, the Fisher—Rao distance between multivariate normals (MVNs) is not
known in closed form. In practice, the Fisher—Rao distance is usually approximated by
costly geodesic shooting techniques [39-41] which requires time-consuming computations
of the Riemannian exponential map and are nevertheless limited to normals within a
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short range of each other. In this work, we consider a simple alternative approach for
approximating the Fisher-Rao distance by approximating the Riemannian lengths of curves,
which admits closed-form parameterizations. In particular, we considered the mixed
exponential-mixture curved and the projected symmetric positive-definite matrix geodesic
obtained from Calvo and Oller isometric submanifold embedding into the SPD cone [19].
We summarize our method to approximate par(Nj, N2) between Ny = N(u1,%1) and
Np = N(pp, Xp) as follows:

_ 17
PTO (N1, Ny) TZ\/ [St, 5141,

where
- . T T+ T
St = projx(St)) proW([ Bu o gy D B [ Z " gl }
and
ot (pipip i\ pl
St =Py ( 1 P Py ) 1
with

— > + T _ 5 + T
P1=f(N1)=[ Nl i’l} Pzzf(Nz):[ 2 2l itz}
M Ha
We proved the following sandwich bounds of our approximation
o (N1, N2) < 55O (N1, Np) < opr(Ny, Na) + 2659 (Py, P),

where

5%0(131,132) = p (St,S_t>.

1
T 4

] Mq

Notice that we may calculate equivalently D;[S;, §t+1] as Dj[Gt, Gyy1) where G; = f71(5;) =
N(m;, C;) fori € {0,..., T} (see Proposition 3).

We also reported a fast way to upper bound the Fisher—Rao distance by the square root
of Jeffreys’ divergence: ppr (N1, N2) < y/Dj[Nj, N>] which is tight at infinitesimal scale. In
practice, this upper bound beats the upper bound of [38] when normal distributions are
not too far from each other. Finally, we show that not only is Calvo and Oller SPD submani-
fold embedding [19] isometric, but it also preserves the Kullback-Leibler divergence, the
Fenchel-Young divergence, and the mixture geodesics. Our approximation technique ex-
tends to elliptical distribution, which generalizes multivariate normal distributions [32,55].
Moreover, we obtained a closed form for the Fisher-Rao distance between normals sharing
the same covariance matrix using the technique of maximal invariance under the action
of the affine group in Section 1.5. We may also consider other distances different from the
Fisher-Rao distance, which admits a closed-form formula: For example, the Calvo and
Oller metric distance [19] (a lower bound on the Fisher—Rao distance) or the metric distance
proposed in [82] (see Appendix C) whose geodesics enjoys the asymptotic property of the
Fisher—-Rao geodesics [89]). The C&O distance is very well-suited for short Fisher-Rao
distances while the symmetric space distance is well-tailored for large Fisher-Rao distances.
The calculations of these closed-form distances rely on generalized eigenvalues. We also
propose an embedding of normals into the Siegel upper space in Appendix D. To conclude,
let us propose yet another alternative distance, The Hilbert projective distance on the SPD
cone [90], which only needs to calculate the minimal and maximal eigenvalues (say, using
the power iteration method [91]):

17 "

PHilbert (P1, P2) = log -
o Amin(Pl 1P2)
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The dissimilarity is said projective on the SPD cone because pipert (P1, P2) = 0 if and only
if P, = AP, for some A > 0. However, let us notice that it yields a proper metric distance
on NV:

PHitbert (N1, N2) 1= pitbert (P1, P2),

since P; = AD, if and only if A = 1 because the array element (P; )411,4+1 = (P2)g+14+1 = 1,
i.e., P; = P, implying P; = P, by the isometric diffeomorphism f.

Notice that since Amax(P) = Amin(P™1), Amin(P) = Amax(P~1),
/\max<P1P2) S /\max(Pl)/\max(PZ)r and )me(Plpz) 2 Amin(Pl)/\min(PZ)/ we have the fol-

lowing upper bound on Hilbert distance: pggipert(P1, P2) < log j\\mf‘xégll)) +log /\m‘f‘xgjg .

Supplementary Materials: The following supporting information can be downloaded at: https:
/ /franknielsen.github.io /FisherRaoMVN.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Acknowledgments: I warmly thank Frédéric Barbaresco (Thales) and Mohammad Emtiyaz Khan
(Riken AIP) for fruitful discussions about this work.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

Entities

N(p,x) d-variate normal distribution (mean y, covariance matrix X.)
P(uz)(x) Probability density function of N(y, %)

q=(y) = po,z) () Probability density function of N(0,X)

P = (P) Positive-definite matrix with matrix entries P;;

Mappings

b= f(N) Calvo and Oller mapping [19] (1990)

P=f 1 1(N)=f(N) Calvo and Oller mapping [32] (2002) or [82]

Groups

GL(d) Group of linear transformations (invertible d x d matrices)
SL(d) Special linear group (d x d matrices with unit determinant)
Aff(d) Affine group of dimension d

Sets

N Set of multivariate normal distributions N (y, X)) (MVNs)
Sym(d) Set of symmetric d x d real matrices

P Symmetric positive-definite matrix cone (SPD matrix cone)
P, Set of SPD matrices with fixed determinant ¢ (P = R- g x P;)
SSPD, P; Set of SPD matrices with unit determinant

A Parameter space of N(y,%): R x P(d)

My, P Set of zero-centered normal distributions N (0, X)

Ny Set of normal distributions N(y, £) with fixed X

Ny Set of normal distributions N(p, X) with fixed p

N Set of SPD matrices f(N)

Riemannian length elements

MVN Fisher A5 g = A =N+ Jtr( (2 71ax))

0-MVN Fisher A5 gper v, = 3tr((Z714D)%)

SPD trace cls/%,trace = Btr((PdP)?) (when g = %, dstrace = dSFigher,\;)

2
SPD Calvo and Oller metric ds%o = % <%ﬁ> +Bdp "= du + %tr((zfle)Z)

(with dsco = dsp (f(]/l, Z)))
when =1, dsco = dSpisher v I N

SPD symmetric space dsdg = Fdu "= 1dp + tr((Zfle)z) - lr?(z71dx)
Siegel upper space ds?y (Z) = 2tr(Y~1dZ Y~1dZ)(dss(iY) = 2dSFishern;)
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YR (1, 015 12, 2) = {

Manifolds and submanifolds

M (= My)
T, M

Sy cM
Sy C M
Ms

My

Stz

P
Distances

PN (Nll NZ)
pspD(P1, P2)
pco(N1, Na)

pss (N1, N2)

PHilbert (N1, N2)

Dyt (N1, Na)

D](Nlr NZ)
Dco(N1, N2)
Geodesics and curves
YRR (N1, N t)

TR (Py, Py t)

Yy (N1, Noj t)

YA (N1, Np; t)

5P (N1, Noj t)

Metrics and connections

Fisher
8N

3P

8P
8Killing
v'l/:\}sher
Y
Vi

Manifold of multivariate normal distributions
Tangent space at p € M

Submanifold of MVNs with y prescribed
Submanifold of MVNs with X prescribed
manifold of Ny (non-embedded in M)

manifold of ;, (non-embedded in M)
Submanifold of MVN set {N(Av,%) : A > 0}
where v is an eigenvector of X

manifold of symmetric positive-definite matrices

Fisher-Rao distance between normal distributions N7 and N,
Riemannian SPD distance between P; and P,

Calvo and Oller distance from embedding N to P = f(N)
Symmetric space distance from embedding N to P = f(N)
Hilbert distance pjpert (P1, P2)

Kullback-Leibler divergence between MVNs Nj and Np
Jeffreys divergence between MVNs N; and N,

Calvo and Oller dissimilarity measure of Equation (26)

Fisher-Rao geodesic between MVNs Nj and N;
Fisher-Rao geodesic between SPD P; and P,
exponential geodesic between MVNs N; and N,
mixture geodesic between MVNs Nj and N,
projection curve (not geodesic) of yp (Py, P»; ) onto N

Fisher information metric of MVNs

trace metric

Fisher information metric of centered MVNs
Killing metric studied in [82]

Levi-Civita metric connection

exponential connection

mixture connection

Appendix A. Geodesics on the Fisher-Rao Normal Manifold

Appendix A.1. Parametric Equations of the Fisher—Rao Geodesics between Univariate

Normal Distributions

The Fisher-Rao geodesics 'yf\/R( Nj, Np) on the Fisher-Rao univariate normal manifolds
are either vertical line segments when y; = pp, or semi-circle with origin on the x-axis and
x-axis stretched by /2 [92] (Figure A1):

where

(]/l, (1 — t)O'l + fU’z),
(V2(c+rcost,rsint), t € [min{6;,6,}, max{61,60,}], w1 # pia,

H1 =M =HU

and

10,2 _ .2 2 2 , 2
(- tos ‘71, 7,:\/(Vz_c> +o2ie (1,2},
V2(i1 = p2)

V2

0, = arctan(ﬁ),i € {1,2},
U5 —c

provided that 6; > 0 for i € {1,2} (otherwise, we let 6; < 0; + 7).
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Figure A1. Visualizing some Fisher-Rao geodesics of univariate normal distributions on the stretched
Poincaré upper plane (semi-circles with origin on the x-axis and stretched by 1/2 on the x-axis). Full
geodesics are plotted with a thin gray style and geodesic arcs are plotted with a thick black style.

Notice that it is remarkable that the Fisher-Rao distance between normal distributions
is available in closed form: Indeed, the Euclidean length (with respect to the Euclidean
metric) of semi-ellipse curves (perimeters) is not known in closed form but can be expressed
using the so-called complete elliptic integral of the second kind [93].

Appendix A.2. Geodesics with Initial Values on the Multivariate Fisher—Rao Normal Manifold
The geodesic equation is given by

i — X2 =0,
E+apt —xEly = 0.

We concisely report the parametric geodesics using another variant of the natural
parameters of the normal distributions (slightly differing from the #-coordinate system
since natural parameters can be chosen up to a fixed affine transformation by changing
accordingly the sufficient statistics by the inverse affine transformation) viewed as an

exponential family: - _

In general, the geodesics with boundary values fyii/Sher(Nl, Njy; t) are not known in closed
form. However, Calvo and Oller [48] (Theorem 3.1 and Corollary 1) reported the explicit
equations of the geodesics when the initial values are given, i.e., 'yJF\I/Sher (No, vo; t) where
0 = TR (No, 00;0) = (§(0),E(0)) is in Ty, M and 7" (No, vo; 0) = No.

Let

N|—=

2(0)E(0) "2,
1. - 1

2¢(0) + BE, *¢(0),
B? +2aaT)%,

B = —-E(0)"
a = E(0)

G:

—~

and G be the Moore-Penrose generalized inverse matrix of G: Gt = (GTG)"!GT or
G'" = GT(GG")~L. The Moore-Penrose pseudo-inverse matrix can be replaced by any
other pseudo-inverse matrix G~ [48].

Then we have (&(t),E(t)) = f\i/Sher(No, vp; t) with

R(t) = cOshGGt) — BG*SinhGGt),
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Sinh(M)

Cosh(M)

where the Cosh and Sinh functions of a matrix M are defined by the following absolutely
convergent series [48] (Equation (9), p. 122):

) 00 M21+1
Sinh(M) = Z (21+1

o)

Cosh(M) =

and satisfies the identity Sinh?(M) 4 Cosh?(M) = I. The matrix Cosh and Sinh functions
can be calculated from the eigendecomposition of M = O diag(Ay,...,A4) O as follows:

) . ) T ) el — ol 00 u2i+1
Odiag(sinh(Aq),...,sinh(A4))O", sinh(u) = 7 = ig it

) T _eu+e—u_oo u2i
Odiag(cosh(Aq),...,cosh(A4))O", cosh(u) = 5 = ;) 2

When we restrict the manifold to a totally geodesic submanifold M, = {P >~ 0}, the
geodesic equation becomes P — PP~!P = 0, and the geodesic with initial values P(0) = P
and P(0) = S € Sym is:

1 1 1
P(t) = P2 exp(tP_TSP_f) Pz

The geodesic with boundary values P(0) = P; and P(1) = P, is

P(t) = P2 exp(tLog( 2PZP )) P1%~

Furthermore, we can convert a geodesic with boundary values yp (P, Py; t) to an equivalent
geodesic with initial values yp(P, S; t) by letting

1 _1 1 1
S = P2Log(P; 2P,P, ?)PZ.

Appendix B. Fisher-Rao Distance between Normal Distributions Sharing the Same
Covariance Matrix

The Rao distance between N; = N(u1,X) and N, = N(p, X) has been reported in
closed form [42] (Proposition 3). We shall explain the geometric method in full as follows:
Let (eq,...,e;) be the standard frame of R (ordered basis): The e;’s are the unit vectors
of the axis x;’s. Let P be an orthogonal matrix such that P (y, — 1) = ||u2 — pill2e1
(i.e., matrix P aligns vector py — py to the first axis x1). Let A;p = ||p2 — p1]|2 be the
Euclidean distance between p1 and p. Furthermore, factorize matrix PLP ' using the LDL
decomposition (a variant of the Cholesky decomposition) as PLPT = LDLT where Lisa
lower triangular matrix with all diagonal entries equal to one (lower unitriangular matrix
of unit determinant) and D a diagonal matrix. Let 015 = 1/D1;. Then we have [42]:

px(p1, H2) = px (N(p1, £), N(p2, ) = par(N(0, ), N(A1zeq, 012)). (A1)

Please note that the right-hand side term is the Fisher-Rao distance between univariate
normal distributions of Equation (7).

To find matrix P, we proceed as follows: Let u = I ;2 2:; [11H2
to align on axis x;. Let v = u — e;. Consider the Householder reflection matrix [94]

be the normalized vector

M=1- ZHU#, where vv ! is an outer product matrix. Since Householder reflection matrices
have determinant —1, we let P be a copy of M with the last row multiplied by —1 so that
we obtain det(P) = 1. By construction, we have Pu = |[uy — p1]|2 1. We then use the
affine-invariance property of the Fisher-Rao distance as follows:
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N (N(O,Z), N(p2 — p1,2)),
= pn(N(O,PEP),N(P(pz — 1), PLPT)),

o (N(p1,Z), N(p2,Z)) (N(0,

(N(

N (N(0,PEPT),N(Apeq, PEPT)),
(N( )

(N(0,D

=

=

= pn(N(O, LDLT ,N(Apey, LDLT)),
= pv(N N(A12¢1,D)).

The last row follows from the fact that L~ !e; = e; since L~! is an upper unitriangular
matrix, and L'(L7!)T = (L7'L)" = I. The right-hand side Fisher-Rao distance is
computed from Equation (7).

Appendix C. Embedding the Set of Multivariate Normal Distributions in a
Riemannian Symmetric Space

The multivariate Gaussian manifold A (d) can also be embedded into the SPD cone
P(d + 1) as a Riemannian symmetric space [82,89] by fsspp: P = {fsspp(N) C P(d +1) :
N € N(d)}. We have P = SL(d +1)/SO(d + 1) [82,95,96] (and textbook [97], Part II
Chapter 10), and the symmetric space SL(d + 1)/SO(d + 1) can be embedded with the
Killing Riemannian metric instead of the Fisher information metric:

s _ 1 _ _ 1 _ _
gKleg(leNZ) = Kiilling (leZ 1‘1/12 + Etr(Z 1212 122) — 7)tr<2 121>t1‘<2 122)),

2(d+1

where ryping > 0 is a predetermined constant (e.g., 1). The length element of the Killing

metric is
1. T¢-1 -1 2 1 2/¢-1
dsZs = kicting ( 5dn = dp + tr (z dZ) -t (2 dZ) .

When we consider Ny, we may choose Kkilling = 2 S0 that the Killing metric coincides with
the Fisher information metric. The induced Killing distance [82] is available in closed form:

d+1

e 1A /e \T
Pilling (N1, N2) = $ Kkilling 3, 1087 Aj (Ll P, <L1 1) > (A2)
i=1
where L is the unique lower triangular matrix obtained from the Cholesky decomposition
A P A 1A o T - -
of Pl = fSSPD(Nl) = LlLir Please note that Ll_lpz (Ll_l) S P(d + 1) and |L1 I, ie., Ll S

SL(d +1).
When N; = (yq,2) and Np = (up,Z) (N1, N, € Ny), we have [82]

1
Pxilling (N1, N2) = /2Kkiningarccosh (1 + zAé(ﬂlfVZ))r

where AZ is the squared Mahalanobis distance. Thus, Pxiling (N1, N2) = hiitting (A5 (11, 42))

where hjjling (1) = /2KKﬂlingarCCOSh(1 + %uz
When N; = (u,%1) and Ny = (i, X2) (N1, Np € Nyy), we have [82]:

Pilling (N1, N2) =

\IKKﬂhng<iilog2)\i<Ll1P2(L11)T) (djl <Zlog)\ (L PZ(L )T)>>

See Example 1. Let us emphasize that the Killing distance is not the Fisher-Rao
distance but is available in closed form as an alternative metric distance between MVNss.
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A Fisher geodesic defect measure of a curve c is defined in [89] by

5(c) = lim - / |8 g Fisherdy,

S—00 §

where V& denotes the Levi-Civita connection induced by the Fisher metric. When
4(c) = 0 the curve is said to be an asymptotic geodesic of the Fisher geodesic. It is proven
that Killing geodesics at (y, X) are asymptotic Fisher geodesics when the initial condition
c’(0) is orthogonal to N),.

Appendix D. Embedding the Set of Multivariate Normal Distributions in the Siegel
Upper Space

The Siegel upper space is the space of symmetric complex matrices Z = X +iY = Z T
with imaginary positive-definite matrices Y > 0 [45,65] (so-called Riemann matrices [98]):

SH(d) :={Z=X+iY : X € Sym(d),Y € P(d)}, (A3)

where Sym(d) is the space of symmetric real d x d matrices. SH(1) corresponds to the
Poincaré upper plane. See Figure A2 for an illustration.
The Siegel infinitesimal square line element is

ds?y(2) = 2tr (Y dz Y 1dZ). (A4)
When X = 0and Z = iY, we have dZ = idY, dZ = —idY, and it follows that
dsZ (i) = 2tr((r1dy)2).
That is, four times the square length of the Fisher matrix of centered normal distributions

dsk, = str((P~1dP)?).
The Siegel distance [45] between Z; and Z, € SH(d) is

psu(Z1,Z2) = JZI (H\F), (A5)

N

where
ri = Ai(R(Z4, Zy)), (A6)

with R(Zq,Z;) denoting the matrix generalization of the cross-ratio
R(Z1,Z3) = (Zy — Z2)(Z1 = 22) N2y — Za)(Z1 = Z0) 7, (A7)

and A;(M) denoting the i-th largest (real) eigenvalue of (complex) matrix M. (In practice,
we numerically must round off the tiny imaginary parts to obtain proper real eigenval-
ues [65].) The Siegel upper half space is a homogeneous space where the Lie Group
SU(d,d)/S(U(d) x U(d)) acts transitively on it.

We can embed a multivariate normal distribution N = (y, X) into SHI(d) as follows:

N(p,2) = Z(N) = (" +i%),

and consider the Siegel distance on the embedded normal distributions as another potential
metric distance between multivariate normal distributions:

psu (N1, N2) = psu(Z(N1), Z(Nz)). (A8)

Notice that the real matrix part of the Z(N)’s are all of rank one by construction.
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dsg(2) =2tr (Y~1dZ Y~1dZ)

psu(Z1, Zo) = | S0 log” <it%)
T, = AL (R(Zl. Zg))
1’1’,(217 ZQ) = (Zl — ZQ)(Zl — 22)71(21 — 22)(21 — 22)71

Figure A2. Siegel upper space generalizes the Poincaré hyperbolic upper plane.

Appendix E. The Symmetrized Bregman Divergence Expressed as Integral Energies on
Dual Geodesics

Let Sp(61;602) = Br(61 : 62) + Br(6; : 61) be a symmetrized Bregman divergence. Let
ds? = doTV2F(6)dé denote the squared length element on the Bregman manifold and
denote by y(t) and 7y*(¢) the dual geodesics connecting 6; to 6,. We can express Sg(61;62)
as integral energies on dual geodesics:

Property A1. We have Sp(6y;6;) = fol ds?(y(t))dt = fol ds?(y*(t))dt.
Proof. The proof that the symmetrized Bregman divergence amount to these energy inte-

grals is based on the first-order and second-order directional derivatives. The first-order
directional derivative V, F(6) with respect to vector u is defined by

LE(6) — lim PO+ )~ F(6)

_ T
lim ; =v VE(6).

The second-order directional derivatives V2 ,F(6) is

VieF(8) = VuVoF(O),
T _ T
— im? VF(0+tu) —v VF(G)’
t—0 t
= u' V?F(8)o.

Now consider the squared length element ds?(+y(t)) on the primal geodesic 7(t)
expressed using the primal coordinate system 0: ds?(7y(t)) = do(t) " V2F(6(t))do(t) with
0(7(t)) = 61 +t(6 — 61) and dO(t) = 6, — 6;. Let us express the ds?(7y(t)) using the
second-order directional derivative:

ds*(7(t)) = V5, ¢, F(O(t)).

Thus, we have f01 ds?(y(t))dt = [Vg,_g, F(6(t))]}, where the first-order directional deriva-
tive is Vg, F(0(t)) = (6, —61) " VE(6(t)). Therefore we obtain fol ds?(y(t))dt = (6, —
61) " (VF(62) — VF(61)) = Sg(61;62).

Similarly, we express the squared length element ds?(*(t)) using the dual coordinate
system 7 as the second-order directional derivative of F*(77(t)) with n7(y*(¢)) = m + t(n2 — 1m1):

452 (1" (1)) = Vi, F* (1)),



Entropy 2023, 25, 654 38 of 41

Therefore, we have fol ds?(y*(t))dt = [Vy,—p, F* (17 (£))]§ = Sp+ (11;12). Since Sp+ (1, 172) =
Sp(61;62), we conclude that

Sp(61;6,) = /01 ds? (7 ())dt = /01 ds? (v ())dt

Please note that in 1D, both pregeodesics (t) and 7*(t) coincide. We have ds?(t) =
(62— 61)%f"(0(t)) = (2 —11) f*" ((t)) so that we check that Sp(61;6,) = fol ds?(y(t))dt =
(62 —61)[f"(0(1)]g = (2 — ) [f*' (n(E))]g = (12 — 1) (62 — 62). O
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