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Abstract: In this paper, we investigate the algebraic structure of the non-local ring R; = F,[v]/ (02 +1)
and identify the automorphisms of this ring to study the algebraic structure of the skew constacyclic
codes and their duals over this ring. Furthermore, we give a necessary and sufficient condition for the
skew constacyclic codes over R; to be linear complementary dual (LCD). We present some examples
of Euclidean LCD codes over R, and tabulate the parameters of Euclidean LCD codes over finite fields
as the ®-images of these codes over R;, which are almost maximum distance separable (MDS) and
near MDS. Eventually, by making use of Hermitian linear complementary duals of skew constacyclic
codes over R; and the map ®, we give a class of entanglement-assisted quantum error correcting
codes (EAQECCs) with maximal entanglement and tabulate parameters of some EAQECCs with

maximal entanglement over finite fields.
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1. Introduction

In recent decades, codes over finite commutative chain rings have been studied
considerably (see Refs. [1-7]). In the last few years, some specific non-chain rings
have been used as an alphabet for codes (see Refs. [8-12]). Constacyclic codes form an
important class of linear codes and have practical applications to other disciplines including
classical and quantum communication systems as they can be encoded with shift registers
because of their algebraic structures. Since the factorization of the polynomials over non-
commutative structures is not unique, they are potentially more convenient for obtaining
good code parameters than commutative structures. This fact makes the study of skew
polynomial rings more attractive. Over standard polynomial rings the algebraic structure
of A-constacyclic codes of length # is totally determined by the polynomial divisors of the
binomial x"* — A. In [13], Boucher, Solé and Ulmer used skew polynomials to determine
the algebraic structure of constacyclic codes under a skew constacyclic shift. Afterwards,
in [14,15], Boucher and Ulmer explored more properties and good examples of such codes.

For the first time, linear complementary dual (LCD) codes over finite fields were
introduced by Massey in [16]. In recent years, many researches have been conducted
to obtain conditions for certain families of linear codes to be LCD. For a cyclic code,
the necessary and sufficient condition to be an LCD code was derived by Yang and Massey
in[17]. Zhu et al. in [18] and Koroglu and Sar1 in [19] constructed some classes of maximum
distance separable (MDS) LCD codes from negacyclic codes. Esmaeili and Yari studied on

quasi-cyclic linear complementary dual codes [20]. For a list of papers on LCD codes from
other families of linear codes see Refs. [21-27].

Recently entanglement-assisted quantum error-correcting codes (EAQECCs) have
been studied vigorously by researchers, see Refs. [28-45]. Especially, the construction of
EAQECCs from LCD codes has been the main focus of attention since the number of pairs
Attribution (CC BY) license (httpsy/ ~ Of maximally entangled states of an EAQECC derived from an LCD code of length n and
creativecommons.org/licenses/by/ dimension k is n — k, which give us the occasion to construct EAQECCs with maximal
4.0)). entanglement [33,38,44]. In [44], Qian and Zhang showed that a A-constacyclic code over
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IF 2 is a Hermitian LCD code if the multiplicative order of A does not divide 4 + 1, and by
the help of this fact, they obtained new entanglement-assisted quantum maximum distance
separable codes of length g + 1 from MDS Hermitian LCD codes. In [46], Sar1 and Koroglu
expanded the range of parameters by considering the defining sets given in [44] with a
different approach.

The rest of the paper is organized as follows. In Section 2, we recall some basic
notations and results that are needed in the remaining part of the study. In Section 3, we
remind the algebraic structure of the ring R; and then give a decomposition of it. In the
same section, we determine automorphism group of the ring and define a Gray type map
over it. Further, we recall some results regarding to the algebraic structure of the linear
codes over the ring ;. In Section 4, we introduce basics of the skew constacyclic codes over
finite fields. In Section 5, we define LCD codes over R, and give a characterization for skew
constacyclic codes over R, to be Euclidean LCD and Hermitian LCD. We also tabulate some
parameters of almost maximum distance separable (MDS) and near MDS LCD codes over
[F169. In Section 6, we apply the skew constacyclic Hermitian LCD codes over R; to obtain
EAQECCs and give some parameters of EAQECCs over Fs.

2. Preliminaries

In this section, we will fix some notations for the sequel of the paper and recall some
basic notations and results that are needed in the rest of the study. Throughout this work,
we will use the following notation unless otherwise noted.

q = p* is a prime power and for positive integers a and b, where p = a? + b?.
[, is the finite field of g4 elements.
s = Fq—{0}.
o R, =F,[v]/(v* + 1) such that v* = —1(mod q).
U(R;) is the unit group of R;.
° Aut(‘Rq) is the automorphism group of R;.

A linear code of length n and dimension k over [ is a vector subspace of the vector
space . An element of a linear code is termed as a codeword. The minimum Hamming
distance d of a linear code C is the minimum Hamming weight wy(C) of C, where
wy(C) = minfwy(c) : 0 £ ceCland wy(c) = l{i: ¢; #0,i€{0,1,...,n—1}}|. A linear code
C over F; of length n, dimension k and minimum distance d is denoted by the triple [n, k, d],
and this code corrects up to V%J errors. For an [n,k, d| q linear code C,if d = n—k + 1, then
it is called a maximum distance separable (MDS) code. We say that it is an almost maximum
distance separable (MDS) code if d = n —k, and it is a near MDS code if d = n—k—1.
The (Euclidean) dual C* of a linear code C over [Fy of length 7 is the set

n—

1
Cl:{yeFZ:inyi:O, VxeC}.

i=0

The (Hermitian) dual C** of a linear code C over IF > of length 1 is the set

Cth = {y € IF‘ZZ Yy, =0,Vxe C},

n-1
where (x, y), = X xiy?. Note that the dual of a linear code is also linear. For a linear code
i=0
C over F 2, a Hermitian parity check matrix H is a matrix whose rows form a basis of Chh.
Conjugate transpose of an m X n matrix H = (hi]-) with entries in F» is denoted by Hf and

is an 1 X m matrix such that HT = (hjl)

Let A € F; be a nonzero element. Then a A-constacyclic code over the finite field F,
of length n is a linear code C satisfying that (Ac,—1,¢o,...,cn—2) € C for each codeword
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¢ = (co,...,cy-1) € C. By mapping a codeword ¢ = (c, . ..,c,-1) to a polynomial ¢y + c1x +
-+ cy1x"71, one gets that a A-constacyclic code over F, of length 1 corresponds to a
principal ideal C = (g(x)) in the quotient ring F,[x]/(x" — A). Note that a constacyclic code
= (g(x)) of length n is of n — k dimension, where k = deg(g(x)). For A = 1 the code C is
called a cyclic code and for A = —1 the code C is called a negacyclic.

3. Structure of the Ring R; and Linear Codes over R,

In this section, we remind algebraic structure of the ring R,; and we give a decomposition
of it. We determine automorphism group of the ring and define a Gray type map over it.
Finally, we recall structure of the linear codes over the ring R;.

An automorphism of the finite field I, is a bijection from the field ontoitself. The distinct
automorphisms of IF; over [F, are exactly the mappings 6o, 01, ..., 0x_1, defined by 0;(8) =
p forpeFyand 0< j<k-1.

The ring R, = F,[0]/(v? + 1) such that v* = —1(modq) is a non-chain principal ideal
ring with two maximal ideals (@) and (a*), where a = a + bv is an element of R; and
& = a—bv, which is called as the conjugate of the element a. The ideal lattice of R; is given
in Figure 1.

o] /(W* +1)
(a =a+ bo) (a* =a—Dbv)

N,

Figure 1. The ideal lattice of the ring R, = Fy[0] /(0% + 1).

An element 7t € R, is called an idempotent if 7°> = 7 and two idempotents 711, 7, are
said to be orthogonal if 111 = 0. An idempotent of R; is said to be primitive if it is non-zero
and it cannot be written as sum of orthogonal idempotents. A collection {rg, 71, ..., 7151}
of idempotents of R; is complete if 19 + 711 + ... + ms_1 = 1. Any complete collection of
idempotents in R; is a basis of the Fg-vector space R;. Hence, any element r € R; can be
uniquely represented as r = romg + 1701 + ... + s_17s—1, where r; € R;. For more details
readers may consult reference [11].

Let mp = ia and 111 = 2110‘ be two elements in R;. It is easy to see that the set {rto, 771}
is a complete set of idempotents in R;. Therefore, any element r € R, can be uniquely
represented as r = rg7 + r1711, where rq, 71 € IF;. From the Figure 1, we can easily see that
an element x7o + y7; € R, is a unit if and only if both x and y are nonzero. Then the unit
group of R, is described as

U(R;) = | }

Because of the choice of x and y, the number of unit elements of R;, i.e., the cardinality of
the set (LI(Rq), l’L{(Rq)| isequalto (g—1)(g—-1).

Theorem 1. Let O be an automorphism of Iy and o be a permutation of the set {0, 1}. Then the map

Qg : R—Ry
Qg (romo +11m1) > O(r0)g(0) + O(r1)74(1)
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is an automorphism of the ring Ry. Further, the cardinality ‘Aut(ﬂq)| of the automorphism group

of Ry
Aut(Rq) {@90|6 € Aut( )and o€ 52}

where Sy is the permutation group of the set {0, 1}, is 2k.
Proof of Theorem 1. Itis easy to check that ®¢ ; is an automorphism of the ring R;. Hence,

{@g,0|0 € Aut(F,) and o € S} < Aut(R,).

On the other hand, if © € Aut(Rq), then the restriction of @ over I, is 6. Thus, for any r =
romo + 11711 € Ry, wehave @(r) = 0(ro)®(mo) + 0(r1)O(m1). Now the set {O(mg), O(mr1)} is
another complete set of primitive pairwise orthogonal idempotents in R;. By the idempotent
decomposition of the ring R, = nmgR,; ® 1R, it follows that there exists a permutation
of the set {0,1} such that @(r;) = 7,(;). Therefore, ®(r) = 0(ro)m,() + 0(r1)7s(1) and

Aut(Rq) {@9 g|6 € Aut(IFq) and o € Sz} Eventually, Og ; 0 Qg ;v = Ogop’ 5or and hence
|4ut(R,)| = 2% ©

Example 1. Leta =2,b=1,p =5and q = 25. Then, {rny = 3 + 4v, 711 = 3 + v} is a complete
set of idempotents of the ring Ros. The maximal ideals of Ros are (mg) = {k(3 +4v) : k € Fs} and
(1) = {l(3 +©) : | € F5}. Morevoer, U(Ry5) = 16 and |Aut(7€q)‘ = 4 since the automorphisms
on Fosare idand 6 : x — x°.

The map ¢ : R; — Fg such that ¢ (romg + r171) = (ro, 1) is a ring epimorphism and
can be extended to R} as

. n 2n
D : Rq — Fq

D(ro0m0 + 10,1701, - -+, Tu-1,070 + T=11711) +— (100, Tn=1,0,70,1,-- -, Tn—1,1) = (Po|®D1).

This Gray type map is an isomorphism of vector spaces over ;. The Gray weight of
any element r € R is defined as wg(r) = wy(P(r)). It is apparent that the linear Gray

type map @ is a weight preserving map from Rj to IF%”. A linear code C of length n
is an Ry-submodule of Rj. The Euclidean dual of a linear code C over R, of length n

n—1
is defined by C*+ = {s € Rg| Y rs;=0,Vre C}. Let ¥ = (7, 7,...,7y_1) for a vector
i=0

q

r= (ro,71,---,"u-1) € R;’z where 7; = 1} 7o + rq 171 The Hermitian dual of a linear code C

over R 2 of length n is defined by C*+* = {s € R” Z 15 =0, Vre C} Note that Euclidean

(resp. Hermitian) dual of a linear code over Rq (resp Rr z) is also linear code over R
(resp. R2).

Proposition 1. Let C be a linear code of length n over R;. Then, ®(C+) = (®(C))*. Further, C
is a self-dual code iff ®(C) is a self-dual code of length 2n.

Proof of Proposition 1. It is enough to show that the map & preserves the orthogonality,
that is, (®(cp), P(cq)) = 0 when (cg, ¢1) = 0. By the linearity of ®, letr = romg + 1171, 8 =
o7 + 5171 € R, such that (r,s) = 0. Then, we get

(r,s) = 7psoTp + 115171
roso + 1151 (rosg—r181)b
+ v=
2 2a
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and so 7psp + 181 = 0. In this case, it follows that (®(r), ®(s)) = rpsp + r181 = 0, which
completes the proof. O

Since R; = moR,; & 1Ry it follows that Rg = 7'(073; ® nﬂzg. Let C be a linear code of
length 1 over R; and r =(xo, 11,...,1,-1) € C. Then r; = r;om + r; 1711, where r;, ;1 €
and r :(1’0,0, 71,0/ - - - rrn—l,O)nO + (1’0,1,}’1,1, . ,7’7,_1,1)’['(1. Let C; = (Dl(C) fori = 0,1. Itis
obvious that Cy and C; are linear codes of length n over F; and C = noCo @ m1Cy. This
implies that for any linear code C over R; of length 7 there exist linear codes Cp and C; over
[F; of length n such that C = oCo ® 711C1. The following determines the duals of linear
codes over R;.

Proposition 2. Let C =moCo ® 111C1 bea linear code of length n over Ry. Then C*+ :nocg ® nl();.
Further, C is a self-dual code iff both Cy and Cq are self dual.

4. Skew Constacyclic Codes over the Ring R,

In this section, first we will introduce basics of the skew constacyclic codes over finite
fields, which are important for determining the algebraic structure of the skew constacyclic
codes over non-chain ring K.

For a given automorphism 0 of Iy, the set Fy[x; 0] = {ag +ajx + ... + a1x"|a; €
[F; and n € N} of formal polynomials forms a ring with identity under the usual addition
of polynomials and the polynomial multiplication with the restriction xb = 6(b)x. The
multiplication is extended to all the elements of Iy [x; 6] via distributivity and associativity.
This ring is called the skew polynomial ring over IF,.

Definition 1. For a given element A € ¥ and an automorphism 6 of Fq, a 6-skew A-constacyclic code
over the finite field I, of length n is a linear code C satisfying that (A0(c,—1), 0(co),...,0(cp—2)) €C
for each codeword ¢ = (c, ..., cy-1) € C.

By the definition of a 0-skew A-constacyclic code C over F,;, each codeword
¢ = (co,...,cp—1) € C can be considered as a skew polynomial c(x) = ¢o +c1x + -+
cu-1x" ! in the skew quotient ring F [x, 0] /(x" — A).

For the purpose of characterization of skew constacyclic codes over R;, we recollect
some well known results about skew-constacyclic codes over finite fields [8,13-15,47-49].

n—k .
The skew reciprocal polynomial of a polynomial g(x) = ¥, gix' € Fy[x, 0] of degree
i=0

n —k denoted by g*(x) is defined as

n—k n—k
g(x) =Y g = Y 0 (g,
i=0 i=0

If go # 0, the left monic skew reciprocal polynomial of g(x) is ¢(x) := 6”+(g0) g*(x) (see

Definition 3 [47]).
From the reference [14], we have the following result.

Proposition 3 ([14]). Let C be a 6-skew A-constacyclic code of length n over IFy. Then there exists
a monic polynomial g(x) of minimal degree in C such that g(x) is a right divisor of x* — A and

C = (g(x)).

Let g(x) = x™ + g,_1x™! + -+ + g be a generator of a O-skew A-constacyclic code
of length n over ;. It follows from x" — A = h(x)g(x) for some h(x) € Fy[x, 6] that the
constant term gg of g(x) can not be zero in ;. From [47], we have the following result on
the duals of 6-skew A-constacyclic codes over .
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Proposition 4 (Theorem 1 [47]). Let Cbea 6-skew A-constacyclic code of length n over F; generated
by a monic polynomial g(x) of degree n —k with g(x) = x"* + Y177 Kl g Let A* = ;;n(fg,f’(%.
Then C* is a 0-skew A*-constacyclic code of length n over Fy such that C+ = (h*(x)) where h(x)
is a monic polynomial of degree k such that x" — 07%(1) = g(x)h(x). Moreover h*(x) is a right
divisor of x" — A*.

Definition 2. Let C be a linear code of length 2n over ¥y, and Ao, A1 be units in ¥, and
(6,0) € Aut(IFq) X Sy. The code C is called (Ao, A1)-double twisted with respect to (0, 0) if for all
¢ = (cp,¢1) € C, where ¢y = (cop,C10,---,Cn-1,0) and ¢; = (co1,¢11,---,Cn-1,1), the word

( A00(c),, 1, -1(0) Q(C)l,o"l(O)""IG(C)n 2,671(0)” ) cC.
MO(€)p_1,6-11), (1,61 1) -+ 0(€)uz,61 (1)
Now, we give the definition of skew constacyclic codes over R; below.

Definition 3. Let A € "LI(Rq) and Og; € Aut(?{,). A linear code C of length n over Ry is

said to be a g ,-skew A-constacyclic code of length n over Ry if (co,c1,...,cn-1) € C, then
(A®g,6(cn-1),©g,(c0), - .-, Ogg(cn-2)) € C.

We investigate the ®-Gray images of Og ,-skew A-constacyclic codes over R;.

Proposition 5. Let A = Agmp + A7y € (LI(Rq) and Og 5 € Aut(Rq). Suppose that C =mpCo ®
111C1 be a Og g-skew A-constacyclic code of length n over Ry. Then

®(C) ={P(c) : YceC}
is a (Ao, Av)-double twisted code of length 2n over ¥ with respect to (0, 0).

Proof of Proposition 5. Let ¢ = (co, ¢1) € ®(C) where ¢; = (co,i, €1, - - -, Cu-1,) € Fjj. Then,
mocp + 1c1 € C. Since C is a O ;-skew A-constacyclic code over R;, we get

1 1
[AZRG 1)9 C()l ZHG 1)9 C1, Zﬂg(l Cn 1,i ]
i=0

1 1

1 1
= [Z Aimt;0 CO o1 ) Z T[ZG Clo-1(i s Z nie(cn_l'al(i))]

i=0 i=0
= (100c1(0)) O(er50)) (n L))o+
(Mb(oo1n) Olerorin) - )
Therefore, we have
( 200(¢) 1-1,6-1(0), () 1,61 (07 -+ 0(€) 2,61 (0)
M6(c)y1,6-1(1),0() 1,612y -+ 0(C) o o11)
which completes the proof. O

As an immediate result of Proposition 5, letting 0 = id and ®gid = @9 we deduce
the following theorem:

Theorem 2. Let A = Agmig + Aq7tp € (LI(Rq) and Og € Aut(Rq), Suppose that C =m19Co & m1C1
be a linear code of length n over R,. Then, C is a @g-skew A-constacyclic code over Ry of length n if
and only if C; is a 6-skew A;-constacyclic code over Fy of length n.
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Proof of Theorem 2. It follows from the proof of Proposition 5 by taking o = id. O

Hereafter, we only consider the automorphism ®@g = B¢ jq defined by

@9 : Rq — Rq
Og(romo +r1m) = O(ro)mo + O(r1)my,

where 0 € Aut(]Fq).
Now, we give a generator of a @g-skew A-constacyclic code over R;, where

A= Agmg + ATty € ﬂ(Rq)

Proposition 6. Let A = Agmp + A7ty € ‘L{(Rq) and Qg € Aut(Rq). Suppose that C =moCo ®
11C1 be a @g-skew A-constacyclic code of length n over R,. Then there exist polynomials go(x)
and g1 (x) € Fy[x, 0] such that C =(mogo(x), m1g1(x)) with C;=(g;) € Fy[x, 0]/(x" = A;).

Proof of Proposition 6. Let & =(mpgo(x), 1191 (x)) and let ¢(x) = moco(x)+mici(x) € C
such that ¢;(x) € C;. Since C;=(g;) is a left submodule of the skew ring F;[x, 0] /(x" — A;),
there exist Iy and I; € Fy[x, 0] such that ¢(x) = ly(x)moco(x)+11(x)m1¢1(x) € & and hence
ccé.

On the other hand, let e € &, then there exist kg and k; € Fy[x, 0]/(x" - A;) such
that e(x) = ko(x)go(x)mo+ ki(x)g1(x)m1. Then there exist by and by € F,[x, 0] such that
nibi(x) = niki(x), thus

e(x) = bo(x)go(x)mo+b1(x)g1(x)711 € C.
This shows thatEC C. O

We give the exact characterization of ®@g-skew A-constacyclic codes over R; as a
consequence of Proposition 6.

Theorem 3. Let A = Agmig + Aq7t1 € (LI(Rq) and Og € Aut(Rq), Suppose that C =m19Co ® 11C1
be a @g-skew A-constacyclic code of length n over R,;. Then C is principally generated with
C =(g(x)), where g(x) = mogo(x)-+m1g1(x) and g(x) is a right divisor of x* — A in Ry[x, Op].

Proof of Theorem 3. It is apparent that {(g(x)) c C. Since m;g(x)=m;g;(x) fori = 0,1, we
have C c(g(x)). This implies that C =(g(x)). Since g;(x) is a right divisor of x" — A;, there
exists 1;(x) € Fy[x, 0] such that x" — A; = h;(x)g;(x). Seeing that 71;(x" — A) = m;(x" = A;),
hence

(moho(x) + m1h1(x)) (1090 (x) + m1g1(x)) = moho(x)go(x) + m1h(x)g1(x)
= mo(x" - Ao) + 1 (x" — A1)
= 7" -A)+m(x"-A)
= (mo+m)(x" - A)
= x"-A

This shows that 7ohg(x) + 7151 (x) is a right divisor of x" —A. O

Proposition 2, Proposition 3, Theorem 2 and Theorem 3 together imply the following
result:

Theorem 4. Let A = A + Aym1 € U(Ry ) and ©g € Aut(Ry). If C = moCo & m1Cy is a Op-
n—kl-—l .
skew A-constacyclic code of length n over Ry with C; = (gi(x)), gi(x) =x"% + Y. g;jx/, then
=0
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1 (g
Ct = (I*(x)) is a ®g-skew A*-constacyclic code of length n over Ry, where A* = Y, fmg—iﬁ;)ni
i=0 90 HAi

1
and h*(x) = ¥, mli(x).
i=0

Proof of Theorem 4. Recall that C*+ = moCy + mCy by Proposition 2 and C; = <h’;> is
a @g-skew A-constacyclic code over I, by Proposition 4. Then, by Theorem 2, C* is a

Og-skew A*-constacyclic code over R;. Finally, Theorem 3 gives the generator polynomial
W (x)of C+. O

5. Linear Complementary Dual Skew Constacyclic Codes over R,

In this section, we define LCD codes over R; and give a characterization for skew
constacyclic codes over R; to be Euclidean LCD and Hermitian LCD. Before giving the
definition of LCD codes over R;, we briefly state some basic definitions and results on LCD
codes over [F,.

A linear code C over Fy is said to be an Euclidean LCD code if the intersection of C
and C* is zero, that is, Hull(C) = CNC*+ = {0} [16]. A Hermitian LCD code is a linear code
C over F» with Hull, (C) = CNCHr = {0}. From [50], we have the following theorem for
skew constacyclic codes over finite fields to be Euclidean LCD and Hermitian LCD.

Theorem 5 (Theorem 2 [50]). Let 6 € Aut(IFq) and A € { +1}. Let C be a 9-skew A-constacyclic

code of length n over Fy with C = (g(x)). Let h(x) € Fy[x; 0] with 6" (h(x))g(x) = x* — A. Then,

1. Cisan Euclidean LCD code gcrd(g, hh) = 1. (Here, gcrd(g, %) represents the greatest
common right divisor of g and h.)

2. Letqbean even power of a prime number. Then, C is a Hermitian LCD code < gcrd(g, I:lh) =1
(Fora(x) = Y aix',d(x) =Y, a?xi.)

The definitions of Euclidean LCD and Hermitian LCD codes over R; are similar to the
ones over finite fields.

Definition 4. A linear code C over Ry (resp. R2) is called an Euclidean (resp. Hermitian) LCD
code if CNC*+ = {0} (resp. CNCLr = {0}).

The following explores when a linear code over Rq is an Euclidean LCD or a Hermi-
tian LCD.

Proposition 7. Let C = 1oCo ® 111C1 be a linear code over R, (resp. R 2). Then, C is an Euclidean
(resp. Hermitian) LCD code over Ry (resp. Rp2) if and only if Ci’s are Euclidean (resp. Hermitian)
LCD codes over Fy (resp. Fp2).

Proof of Proposition 7. Since C* = 119C;y @ 11C; by Proposition 2, we get

cnet = (ﬂoCo @nl()l) N (ﬂoCé‘ @nl(}f)
= (Co N Cé‘)?‘[o @ (Cl N Cf‘)?‘q,
which implies that C N C* = {0} & C; N C;- = {0}. The Hermitian case is similar. O
Theorem 6. Let A = Agmg + Ay € {$1,$§v} C (L{(Rq) and O¢ € Aut(%,), A Og-skew

A-constacyclic code C = moCo @ 1C1 of length n over R, (resp. over qu), where C; = {gi(x))
and 0" (hi(x))gi(x) = x"* = A;, is an Euclidean (resp. Hermitian) LCD code over R if and only if

gerd(gi(x), 1(x)) = 1 (resp. gerd(gi(x), B (x)) = D).
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Proof of Theorem 6. See that A; € {F1}if A = Agmg + A1mp € {TLl, igv} C ’lI(Rq). The re-
main of the proof follows from Proposition 7 and Theorem 5. The Hermitian case is
similar. O

We also have the following result from Proposition 7.

Theorem 7. Let C = moCo ® m11C1 be a linear code over R, (resp. qu ). Then, C is an Euclidean

(resp. Hermitian) LCD code over Ry (resp. R ) if and only if ®(C) is an Euclidean (resp. Hermitian)
LCD codes over Fy (resp. ).

Example 2. Leta = 3,0 =2,p = 13and q = 169. Then, my = 7+ 9v and 71 = 7 + 4.
Let F1g9 = {x+yw|x,y € Fi3}, where w?> —w +2 = 0. Let 0 : x — x'3 € Aut(Fiq9)
be Frobenius automorphism. Observe that (x3 + w0x% 4 12x + w66)(x + wlg) =x*~1and

(x3 + w3x? 4+ 5x + w159)(x + wg) = x* 4+ 1 in Fieolx,0]. Let Cp = <go(x) =x+ w18> and

C1= <g1(x) =x+ w9> be an Euclidean LCD O-skew cyclic code and an Euclidean LCD 0-skew
negacyclic (A = —1) code of length 4 over Fig9, respectively. Then C = 19Co ® m11Cy is an
Euclidean LCD ©g-skew 5v-constacyclic code of length 4 over Rig9 with generator polynomial
g(x) = x + W' + w'%v and ®(C) is an Euclidean LCD code with parameters [8,6,2]49, which
is almost MDS. Moreover, we list some Euclidean LCD ®g-skew constacyclic codes over Rigo of
length 4 and present the parameters of almost MDS and near MDS Euclidean LCD codes over 149
of length 8 obtained via the map ® in Table 1.

Table 1. Generator polynomials of some Euclidean LCD ®y-skew A-constacyclic codes over Rjg9 of
"1

length 4 and Euclidean LCD codes over Fy49 of length 8 as their ®-images. The parameters with
and “**” are almost MDS and near MDS, respectively.

C=

Co= X Ci1= X A d(C
0= {go()) 1= ) (mogo(x) + mn (x)) ©
T x+w? x + w'¥ + w!®y 5v [8,6,2]169
2 80 | 121
x% + wdx + wb x? + w?lx + w'? o (w67 + w92 v)x + 50 8,4,3] 759
w> + w’ev
ol tw? x4 w133 1 46y 50 8,6,2]149
2 128 | . 150
X2+ wx + w'? X2+ wx 4 w'd ¥ (w +;(;} U)x + 8v 8,4, 3]0
5+ wv
2 12 146 ot
240y 42 2 4 5y 4 18 2+ (124w 302’)" T 8v [8,4,3]%50
5+5+wrv
x +w’ x 4wt x4+ 11 +w"v 8v 8,6,2]1¢0
x + w30 x2 4+ x4+ w3 (7 + 40)x% + x + w30 1 [8,5,2]169
2 165 | .,158
2 4 w2y 4 X%+ w?x + w0 2 (w —;w ot 1 (8,4, 3160
w
P 18 T o™ ot 1 8,6,2]149
x +w x 4+ w? x4+ w'? + w33y -1 8,6,2)169
2 (94 15
2 4 w4 @l X2 4 w4y + w!? 2 (94 11033 ot -1 (8,4, 3]169
9+ wv
2
24 7y 4w x4+ w3 (7 +90)x" + -1 (8,5, 2]169

(4 +20)x+ 7 + w3
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6. Entanglement-Assisted Quantum Codes with Maximal Entanglement from Skew
Constacyclic LCD Codes over R,

In this section, we apply the skew constacyclic LCD codes over R, to obtain parameters
for the entanglement assisted quantum codes with maximal entanglement [28].

An [n,k,d;c]l, EAQECC is a quantum code that encodes k information qubits into n
qubits and corrects up to ld%lJ errors via ¢ pairs of maximally entanglement states . For an
[n,k,d; c] , EAQECC, the number c of maximally entanglement states based on the linear
codes is less than or equal to n — k, and if ¢ = n — k, then this is called an EAQECC with
maximal entanglement [51]. We have the following construction for EAQECCs obtained
from linear codes over F .

Theorem 8 ([45]). If there exists an [n, k, d] 2 linear code with parity check matrix H, then there
exists an EAQECC having parameters [n,2k —n +c,d; c] ., where c = mnk(HH*).

We also have the following from [Proposition 3.2] [34].

Proposition 8 ([34]). IfCisa [n,k,d] P linear code with parity check matrix H, then rank(HH*) =
n—k—dim(Hull,(C)).

Theorem 8 and Proposition 8 together imply that since dim(Hull,(C)) = 0 and so
c= mnk(HH*) = n—k for an [n,k,d] 2 Hermitian LCD code, one gets an [n,k, d;n — k| g
EAQECC. Since the ®-images of the Hermitian LCD codes over R are also Hermitian
LCD codes over F 2, we derive a family of EAQECCs from ©g-skew A-constacyclic codes
over R as following.

Theorem 9. Let A = Agmg + A7y € {$1, $§v} C (Ll(??q) and Qg € Aut(Rq). Let C =
1oCo ® T1C1 be a Og-skew A-constacyclic code of length n over R.o, where C; = (gi(x)) and
0" (hi(x))gi(x) = x" = Ay Ifgcrd(gi(x),ﬁ? (x)) =1, then there exists a maximal entanglement
EAQECC having parameters [2n,ko + ky,d; 2n —ko — k|
min{dg, d1} and d; is the minimum distance of C;.

g Where deg(gi(x)) = n—k;, d =

Example 3. Leta = 2, b =1, p = 5and q = 25. Then, np = 3+4vand 7y = 3+
v. Let Fos = {x+ywl|x,y € Fs}, where w> —w+2 = 0. Let 0 : x > x° € Aut(Fas)
be Frobenius automorphism. See that <x3 +wx® +x+ 4)(x3 +wx? +x+ 1) = x0~1and

(x4 + wx3 + wBx® + wx + w4)(x2 +w?lx + wZO) = x° +1 in Fys[x,0]. Note that Cy =
<go(x) = x>+ wx® +x+ 1> and C1 = <gl (x) = x* + wlx + w20> be a Hermitian LCD 6-skew
cyclic code and a Hermitian LCD O-skew negacyclic (A = —1) code of length 6 over Fas, respectively.
Then C = 1gCo ® 111C1 is a Hermitian LCD ®g-skew 3v-constacyclic code of length 6 over Ros
with generator polynomial g(x) = (3 + 4v)x> + (w16 + w5v)x2 + (w + w23v)x + (w13 + wlév)
and ®(C) is a Hermitian LCD code with parameters [12,7,3],5. Applying Theorem 9, we get an
[12,7,3;5]s EAQECC with maximal entanglement. Furthermore, we list some Hermitian LCD
®g-skew constacyclic codes over Ros of length 6 and present the parameters of EAQECCs with
maximal entanglement over Fs of length 12 obtained via the map ® and Theorem 9 in Table 2.
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Table 2. Generator polynomials of some Hermitian LCD ®g-skew A-constacyclic codes over Rps of
length 6 and some EAQECCs with maximal entanglement over F5 of length 12 obtained by Theorem 9.

C=

Co = {g90(x)) C1 = (g1(x)) (mogo(x) + m191(x)) A EAQECC
(3 +40)x® +
16 4 75.),2
w> +w’v)xs +
Brw+x+1 2 +wly4+w® ( - ) 3v [12,7,3;5]5
w+w v)x +
w13 + ity
2, .3 8 2 17 20 X :
X5 4w’y + w ¥ +wx+w (1—|—w8v)x+w2 3v [12,8,3;4]5
x4
14.),3
ol 4 P S (3+w v)x +
ol +wBr+ w2 +wtlx+ (0 302 + 30 [12,4,5;8])s
w? w? (ws + v)x +3+
wdy
x +wt x +w'® x + w?v 1 [12,10,2;2] 5
X+
15 4 714,42
X3 + w5x2 + x3 + w16x2 + (w +w v)x + 1 [[12 6 4: 6]}
wx 4 w'® wx + w!'® (w17 + Zv)x + rels
w16
X2+
2 7 16 2 3 16 20 23 .
x4 w'x +w xX°+wx +w w™ + wv)x + 1 [12,8,3;4]5
w6
X+
2, 21 4 2, 17 4 10, .13 )
¥ +wlx+w X +wx+w W +wv)x+ -1 [12,8,3;4]5
wh
(3+0)x* +
x* +w?d + w15+w21v)x3 i
P+ wlx+wt w2 Fwlx 4+ 3. 20\ -1 [12,6,4;6] 5
w20 (w +w v)x +

wlx 4+ 3+ wldo

7. Conclusions

In this paper, by determining the automorphism group of the ring R, we define and
study the skew constacyclic codes over R;. We characterize the algebraic structure of
skew constacyclic codes and their duals over R;. We investigate the ®-images of skew
constacyclic codes over R;. Moreover, we consider LCD codes over R; and give a necessary
and sufficient condition for skew constacyclic codes R, to be Euclidean and Hermitian LCD.
We also give some examples of Euclidean LCD codes over Rj49 of length 4 and tabulate the
parameters of almost MDS and near MDS Euclidean LCD codes over F¢9 of length 8 as the
®-images of these codes over Rj49. Finally, as an application of these Hermitian LCD skew
constacyclic codes over R;, we obtain a class of EAQECCs with maximal entanglement and
tabulate parameters of some EAQECCs with maximal entanglement over 5 of length 12.
In the process of preparing this study, the following two questions were among those that
we could not answer yet, but which offer potential avenues for future research.

(Q1) We just determine the algebraic structure of the @ ;;-skew A-constacyclic codes
over R;. What about the algebraic structure of the more general case O -skew
A-constacyclic codes over R;?

(Q2) What about the self-duality of ®g ,-skew A-constacyclic codes over R;? In this case,
does there exists any restriction on A?
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