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Abstract: Linear codes with a few weights have been extensively studied due to their wide appli-
cations in secret sharing schemes, strongly regular graphs, association schemes, and authentication
codes. In this paper, we choose the defining sets from two distinct weakly regular plateaued balanced
functions, based on a generic construction of linear codes. Then we construct a family of linear codes
with at most five nonzero weights. Their minimality is also examined and the result shows that our
codes are helpful in secret sharing schemes.
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1. Introduction

Throughout this paper, we will denote by I, a finite field with p elements, where p is an
odd prime. An [n,k, d] linear code C of length n over [F} is a k-dimensional linear subspace
of F) with Hamming distance d. The Hamming weight of a codeword ¢ = (co,¢1,...,¢4-1)
is defined by wt(c) = #{c; #0:0 < i < n—1}. Let Ay be the number of codewords with
weight w in C. By the weight distribution of C, we mean the sequence (1, A1, Ay, ..., Ay).
The code C is called t-weight if the number of nonzero A; in the sequence (A1, A, ..., Ay)
equals t. The weight distribution contains important information about the codes including
the capabilities of error detection and correction. In recent years, many interesting articles
have been published on good linear codes [1-13]. Besides, many linear codes with a few
weights have been constructed from certain special functions, such as square functions [14],
Boolean functions [1] and bent functions [8,15-17]. Among them, the plateaued functions,
introduced by Zheng et al. in [18], have become one of the most attractive functions recently.
The authors in [7,9,10,19] have given several families of linear codes using various weakly
regular plateaued functions.

There are several methods to construct linear codes, and one of them goes back to
the work of Ding et al. [20]. Let ¢ = p™ for a positive integer m, 0 < s,t < m and
D = {dy,d,...,d,} C F,’; A class of linear codes over [, is defined by

Cp = {c(a) = (Tr(ady), Tr(ady), ..., Tr(ad,)) : a € Fy},

where Tr is the trace function from [, to IF, defined by Tr(x) = x +xV +--- + xP" for
x € [F;. Here D is called the defining set of Cp. Many good linear codes have been derived
from this generic approach [3-5,9,16,21]. For instance, Sinak et al. [9] constructed a family

of linear codes by the defining set:
D= {x €F;: f(x) :c},c ey,

where f is a weakly regular s-plateaued balanced function.
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As one of the generalizations of [20], Li et al. [22] defined a p-ary linear code by
Cp = {c(a,b) = (Tr(ax + b)) (g yep 1 0,0 € Fq}, )

where D C F % is also called a defining set. Based on this method, the authors in [2,6,10-13,17]
constructed various linear codes from distinct defining sets. In particular, Cheng et al. in [2]
introduced several linear codes of (1) with a few weights by the defining sets:

D = {(xy) e F\{(0,0)} : f(x) +8(y) = 0}, @)
Dso = {(x,y) € F2\{(0,0)} : f(x) +g(y) € SQ},
Dnsq = { (xy) € F\{(0,0)} : f(x) +g(y) € NSQ},

where f and g are weakly regular s-plateaued unbalanced functions, SQ (resp. NSQ)
represents the set of square (resp. non-square) elements in F,. Later, Smak et al. [10]
constructed new linear codes from an extended defining set D of (2) by considering f and
g to be weakly regular s-plateaued and t-plateaued functions, respectively. Inspired by the
idea in [2,10], we choose a new defining set

Dy = {(x,y) €FA{(0,0)} : f(x) +8(y) =c},c € F},

where f and g are weakly regular s-plateaued and f-plateaued balanced functions, respec-
tively. In this paper, we will investigate the linear codes Cp,  of (1) and determine their
parameters and weight distributions using Walsh transform. ‘In fact, as a generalization
of [9], the codes we construct will partially extend the results of [2,10].

The rest of this paper is arranged as follows. A summary of weakly regular plateaued
functions is presented in Section 2. Section 3 introduces some exponential sums, which
will be employed in the subsequent sections. The main results about linear codes Cp,  are
given in Section 4, where we investigate the weight distributions of the codes. Section 5
illustrates the minimality and applications of these codes. Finally, in Section 6 we conclude
the paper.

2. Mathematical Foundation
In this section, we will introduce some necessary tools about cyclotomic fields and
weakly regular plateaued functions. Firstly, some notations are fixed.
(1) g =p™, where p is an odd prime and m is a positive integer;
(2)  SQ (resp. NSQ) represents the set of square (resp. non-square) elements in [F;
(3) {pis a primitive p-th root of unity;
(4) Tris the trace function from Fy to F;
(5) 7 is the quadratic character of I};

-1
6) p*=7n(-1)p=(~1)"7 pand hence p" = 5™ (~1)\/p"".

2.1. Cyclotomic Fields

A cyclotomic field K = Q({}) is established from the rational field Q by adjoining
{p- We call K the p-th cyclotomic field over Q. Actually, the field K is the splitting field
of x — 1, and K is a simple algebraic extension of QQ as stated in Theorem 2.47 of [23].
We employ K/Q to stand for the field extension of K over Q.

Lemma 1 ([24]). Let K be the p-th cyclotomic field over Q. Then we have the following results.
(1) The ring of integers in K is Z[(p], where Z is the ring of integers, and {g; 1<i<p-1}
is an integer basis of [,
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(2)  The field extension K/Q is Galois of degree p — 1, and the Galois group Gal(K/Q) = {0 :
zeF ;f,}, where the automorphism o, of K is defined as 0, ({p) = gg_

(3)  The cyclotomic field K has a unique quadratic subfield Q(\/p*). For z € F}, 0z(\/p¥) =
1(z)V/p.

By Lemma 1, for any z € F}, and x € F), we have 0z({;) = (" and (V") =
" (@)VP

2.2. Weakly Regular Plateaued Functions

In this subsection, we will introduce some properties of weakly regular functions.
Let f be a p-ary function from F, to IF,. The Walsh transform (see Page 73 of [25]) of f on
B € Iy is defined as a complex-valued function xr on F,,

Xy = Y e,

xelF,

A function f is said to be balanced over [, if f takes every element of F), the same
number p"~! of pre-images. Otherwise, it is unbalanced. Clearly, f is balanced if and only
if Xr(0) = 0.

Bent functions are the ones satisfying | )@([3)\2 = p™. For a bent function f, if
p 7 Xr(B) = gé,;(ﬁ ) for every € F; and some p-ary function g, then f is called regular bent.
On the other hand, f is weakly regular bent if there exists a complex number u with |u| =1
and a p-ary function g such that up_%)?f(ﬁ) = g§(ﬁ>
weakly regular bent.

As an extension of bent functions, Zheng et al. [18] firstly introduced the notion of
plateaued functions in characteristic 2. It was later extended again by Mesnager [15] in any
odd characteristic p. A function f is called s-plateaued if |X;(B)|* € {0, p"**} for every
B € F;, where s is an integer with 0 < s < m. It is worth noting that every bent function is

0O-plateaued. The Walsh support of an s-plateaued f is defined by

Sp={B € Fq:[Xs(B)I> = p" "}

By the Parseval identity, we have #S5; = p" %, which verifies the following lemma.

for all B € ;. The function g is also

Lemma 2 (Lemma 1, [15]). Let f be an s-plateaued function. Then for p € Fy, |X¢(B)|* takes
p™* times the value p™ ™ and p™ — p™~* times the value 0.

The notion of weakly regular s-plateaued functions is due to Mesnager et al. [19].

Definition 1 ([19]). Let f be an s-plateaued function, where 0 < s < m. Then, f is called weakly
regular s-plateaued if there exists a complex number u with |u| = 1, such that

%r(B) € {0,up" T 8Py

for all B € ¥y, with g being a p-ary function over Fq and g(B) = 0 for all B € Fy \ Sy. Otherwise,
f is called non-weakly regular s-plateaued. Note that a weakly regular f is said to be reqular if
u = 1. Moreover, if a weakly regular s-plateaued function f satisfies X¢(0) = 0 (resp. X¢(0) # 0),
then f is said to be weakly regqular s-plateaued balanced (resp. unbalanced).

Lemma 3 (Lemma 5, [19]). Let B € I, and f be a weakly regular s-plateaued function. For every
B € Sy we have

2rB) = ep/p P,
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where ey = +1 is the sign of X¢ and f* is a p-ary function over Fy with f*(B) = 0 for all
B < Fq \ Sf

In the literature, two subclasses of weakly regular plateaued functions were introduced
by setting two homogeneous conditions. Let f be a weakly regular s-plateaued function,
where 0 < s < m, and let WRPB (resp. WRP) denote the class of these balanced (resp.
unbalanced) functions that meet the following two homogeneous conditions:

1) f(0)=0;
(2) there exists an even positive integer /iy with ged(hy —1,p — 1) = 1, such that f(zx) =

2" f(x) forany z € [y and x € Fy.
Remark 1. For every f € WRPB (resp. f € WRP), we have 0 ¢ Sy (resp. 0 € S¢).

The classical work on weakly regular s-plateaued functions was presented by Mes-
nager et al. [7] and Sinak [9].

Lemma 4 (Lemma 6, [7] and Lemma 4, [9]). Let p € F;and f € WRPB or f € WRP with
Xf(B) = ef\/pi*mﬁ?;(ﬁ). Then, for every z € Ty, zB € S¢ if B € Sy, otherwise, zp € Fy\Sy.

Lemma 5 (Propositions 2 and 3, [7] and Lemma 5, [9]). Let B € F, and f € WRPB or
f € WRP with Xf(B) = sfﬁm+s§£*(’g) for every B € Sg. Then

) f0) =0
(2)  we have f*(zB) = 2 f*(B) for any z € Iy and B € S, where Iy is an even positive integer
withged(ly —1,p—1) =1.

Lemma 6 (Lemma 4, [7]). Let f be a weakly regular s-plateaued function. Then for x € Iy,

ﬁZS gg*(ﬁ)+Tr(l3x) _ Sfﬂm(—l)\/ﬁm_sgé(x),
€5

where e ¢ = 1 is the sign of X ¢ and f* is a p-ary function over Fy with f*(B) = 0 forall p € Fy \ Sy.

Lemma 7 (Lemma 10, [7]). Let f be a weakly regular s-plateaued function with Xr(B) =
ef\/p—*m+s§£*(ﬁ) fOI’ every :B c Sf‘ Forc € ]Fp, deﬁne

Ni(e) = #{B € S : F*(B) = c}.

When m — s is even, we have

N (C) _ pmfsfl + ngerl(_l)(P _ 1)\/;,)77117572’ ife=0,
f pmfsfl _ anm+1(_1)\/p>*m7572, ifce F;
Otherwise,

pm’s’l, ifc =0,
Nf(c) - m—s—1 m(__ Fm—s—1 . *
p +epn(c)n™(=1)\/p , ifceF;.

3. Exponential Sums Associated with Functions in WRPB

In this section, we will present auxiliary results on exponential sums related to weakly
regular plateaued balanced functions. These results are very useful in the subsequent
sections.

Lemma 8 ([23]). Forany b € I}, we have
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(1) Taer; &' =1L
(2) Yxeryn(x) =0
(3) Loew, 10035 = V7
4 Tier, 05 = n(b)y/p™
Lemma 9. Assume that ¢ € WRPB or ¢ € WRP with Xo(B) = eg\/WmHéi*(ﬂ) for every
p € Sg. For ¢ € I}, we define
Rgso(c) =#{b € Sy : g*(b) —c € SQ},
Rensq(c) =#{b € Sg: 8" (b) —c € NSQ}.

When m — t is even, we have

-1 . . 1+ —c —t-2
Rg,SQ(C) — prm t l_i_wggﬂnwl(_l) /p*m )

2
e 1-— —C —t-2
Rgnsole) = P 7 P" iy 7]02( )Egﬂmﬂ(—l)\/?m :

Otherwise, we have

-1 ., 1+7n(c —t—1
Rysole) = Egmp -t = E e )

m—t—1 , L—nlc m—t—1
Rgnsale) = 5—p =y 217( )Egﬂm(*l)\/ITm ~

Proof. Forc € ]F;;, we define

2% _
R=Y Zgé(g(b) ‘)

z€Fp beSy
Note that
Ng(c) =#{b € Sg:g"(b) = c}.

From Lemmas 2 and 8, we obtain

Ng(€) + Rg,s0(c) + Rgnsglc) = p" ', 3)
R = pNg(c) + /P*Rgs0(c) = /P*Rgnso(c)- )

On the other hand, from Lemmas 6 and 8, we have

R=Y (1+ y gzz(g*(b)*c»

beS, z€F}

= pm7t+ Z erczzazz( Z Cg*(h)>
beSy

*
zeIFp

_ —t 2
=p" e (1) VP Y

zeF}
D (1) ®

The desired assertion then follows from (3)-(5) and Lemma 7. [
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Lemma 10 (Lemma 3.12, [10]). Assume f,g € WRPB or f,g € WRP with
Xr(a) = ef\/pi*m“?;*(“) and X4 (B) = sg\/?m+t§§*(ﬁ) for every « € Sy and every B € Sg,
respectively. Let

(a,b) € Sf x Sg: f*(a) +g"(b) = 0},

T(0) = pAros—i=l 4 ijlsfsg,/p*m*S*t, if s+ t is even,
pAmos—i=l if s + tis odd,

T(c) =

pArs—t=l p_lefsgﬁzm_s_t, if s +tis even,
p2m—s—t=1 | U(C)gfggﬁzm_s_t_l, if s + tis odd.

Lemma 11. iﬁssume f,§ € WRPBor f,g € WRP with xf(a) = ef\/pi*m”gé ®) and Xe(B) =
eg\/FmH@% ) for every a € Sy and every B € Sg, respectively. For ¢ € Fy, define

Tsg(c) = #{(a,b) € Sf x S : M € 5Q},
Tnsg(c) = #{(a,b) € S¢ x S¢ : M € NSQ}.
When s + t is even, we have
Tsg(c) = Tnsql(c) = %(sz_s_t_l - P_lefgg\/?*zm_s_t)-

Otherwise,

-1 e 2m—s—t—1
TSQ(C) — pT(pZm s—t—1 +£f£g77(c) /P* m—s )I
-1 2m—s—t—1>

Tnso(e) = o= (=1 —efegn() /"

Proof. Letc € IE";, It is obvious that

#{(a,b) € Sf x Sy : fa)+87 1) _ gy — 7).

[

We define an exponential sum

L2 f(a)+g*(b)

T=)Y Y Y& °

z€Fp a€Ss beS,

It is evident by definition that

T = pT(0) + /p*Tsq(c) — /p*Tnsq(c)-
On the other hand, it follows from Lemmas 6 and 8 that
2 f*(a)rg*(b)

T=) Y L&

z€lF) aeSf beS,

22 * *
-y ¥ (E ng(f (@)+8 (h))+1)

aeSf beS, ze]F;;
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=Pp

2m—s—t

=P

_ {pZm—s—t + (P _

Combining Lemma 10 and the fact that
T(0) 4 Tsq(c) + Tnsglc) = #{(a,b) € Sf x Sg} = p*" 7,
we obtain the desired assertion.

Lemma 12. fssume f,& € WRPBor f, g € WRP with X¢(a) = efﬁm+5€£
eg\/?’"“g,% (B) for every & € Sf and every B € Sg, respectively. For ¢ € I}, define

Vsg(c) = +g"(b) —c € SQ},
Vnsgl(e) =

When s + t is even, we get

Vso(c) =
Vnsol(c) =
Otherwise,

Vsg(c) =

Vnsol(c) =

Proof. Obviously,

#{(a,b) € Sy x Sg: f*(a) +g

Let us define an exponential sum

-y g/

z€Fp a€Sy beS,

Clearly,

By a similar procedure as we have done in the proof of Lemma 11, we have

-y LYY

z€F, a€Sy bES,

2m—s—t 4

mStZWstt

1)€f€g\/p—2m s—t’
pAm=s=t 4 (p— 1),7(C)gfgg\/p72m_s_t, if s 4t is odd.

if s+ tis even,

a,b) € Sg x Sg: f*(a)
b) € S¢ x Sg: f*(a) +g*(b) — c € NSQ}.

12mst1

‘G

1 — s
+ +}721;( C)Sfeg\/p—*Zm s t,

_c) 12p=0) e, ,—p*mesft‘

‘G
N

2mst1+

N

12m5t1

= ‘3
| N

—1(c) stg\/?m—s—t—l'

2m—s—t—1
m—s—t +

N

“(b) —c = 0} = T(c).

Z C;Z(f*(a)+g*(b)*c) +1

“) and z,(B) =
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— pZm—s—t+ Z g;czzo.zz ( Z é-J;*(ﬂ) Z Cg*(b))

z€F} a€Sy beSg
_ 2m—s—t w2m—s—t —cz?
=P T efegV/p )RS
z€F}

= P g /p T (=) VpT — ).
Using Lemma 10 and the fact that
T(c) + Vsq(c) + Vnso(c) = #{(a,b) € Sf X Se} = pzm*s*t,
we complete the proof of this lemma. O

4. Main Results

Before we go any further, we make the following assumptions for the remainder
of the paper. Assume that f,¢ € WRPB with Xr(a) = ef\/p7m+5§j;*(“) and X, (B) =
eg\/?mﬂéi*(ﬁ), where ef,eg € {1} and 0 < s,t < m for every a € Sy and every B € S,
respectively. Here f* and g* are defined by Lemma 5 satisfying f*(zx) = z'/ f*(x) and
g*(zx) = zlsg* (x), where z € F,, x € Fyand If,I; € {2,p — 1}. In order to determine the
weight distributions of Cp gr WE define

Ne = #{(x,) € E2\{(0,0)} : f(x) + (y) = ¢, Te(ax + by) = 0}, ©
where (a,b) € F3\{(0,0)} and ¢ € F;.

4.1. The Determination of N,

In fact, the value Ny was investigated in [10]. Now we only dedicate ourselves to
exploring the case that ¢ # 0. We shall determine the values of N of (6) for ¢ # 0 in
Lemmas 13 and 14. Without loss of generality, when /1 # I, we only consider the case that
lf=2andly =p—1

Lemma 13. Suppose that s + t is even, (a,b) # (0,0) and c € F. Then, if (a,b) ¢ Sg x Sg,
we always have N. = p*"~2, and if (a,b) € Sy x Sg, we have the following cases. When
lp=l,=p—1
f=h=P—4

Ne = {F’Z’” +(p = 1epeg 7" DT i () 4 g7 (0) =,
TP (- Depeg I i (0) g (b) # e

When lf =l =2,

Ne = {pz’” + (p+ Degegy/p" D iy (£ (a) + 87 (0) = n(c),
€7 ), 2m-2 22(m—2)+s+t .
p —(p—Dereg/p , otherwise.

Otherwise, when Iy = 2 and lg = p — 1,

p?"=2 4 (p — 1)28feg¢p72(m_2)+5+t, if f*(a) =0,¢*(b) =c,
P2 — (p = Vegeg/p I, if f*(a) = 0,8"(b) #

PP (g (= 1)p - Degegy/p "2 i (@) (g7 (b) — o) € SQ,
P2 — ((~1)p — Degeg /P 24 if £4(a) (g% (b) — ¢) € NSQ.
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Proof. Let c # 0. By definition and the orthogonal property of characters,

— Z Z é— z(f(x)+g(y)—c) Z é- hTr(ax+by) _ Z épfcz

Ty xy€F, z€F, heF), P z€F,
Zm 2_»_7 Z Z g —cz Z g z(f(x)+g(y))+hTr(ax+by)
P xyelF,, z€F} heFs
=p™" 24+ p 73S, @)

where

Y OY g, Y g, ) ey,

x,yEIFq ZGF;‘, heIF;‘,

Now let us determine S.. It follows that

S = 2 g;cz Z 2 épzf —Tr(hax) E g zg(y)—Tr(hby)

zeF} heF; xeF, yEF,
_ Z g;cz Z Z sz(f(x)—Tr(gﬂx)) Z gpz(g(y)—Tr(%by))
zeF} heF) xeF, S
B ha hb
= Z}F épcth]F UZ<Xf( )Xe (- >) ®)
zeF; €F;

When (a,b) ¢ S¢ x Sg, from Lemma 4, we deduce that (%, %) ¢ Sy x Sgforz,h e ]Ff7
Then one easily checks
S.=0.

When (a,b) € S¢ x Sg, again from Lemma 4, we see that (};” hb) € Sf x Sg forz,h € IFy,.
The valuation of S is considered naturally under three cases of [y = g L 2
and I # lo, respectively.

(1) The first case is that [y = I; = p — 1. From Lemma 5,
2m+s+t (Iyp=1(px(
SC_Sng\/»ms ngcngpz L (a)+g7 (b))
z€F} heFy,

:gfgg\/;?ﬁz'”*s“ Y Y géf*(a)Jrg*(b)—c)z
heIF;;zeIF,*ﬂ
_ {(P—l)szfsg%?*m””/ if f*(a) +g*(b) = ¢
—(p—Vepeg /P H, if f*(a) +g*(b) # .

(2) The second case is that [; = [; = 2. Again from Lemma 5,

m L
Sc—efeg\/iz +s+t Z gpcz Z épz +g ( ))

ze]F* heIE‘*

[@g"®) 2

:stg\/ﬁ2m+s+t Z g;cz Z gp Z(

/

z€elF; heFy

B 2ttt . [la)tg™ (1) 2

= EfEgVpP” X ( Y 0 C _1>
z€F} helF,

—(p = Degegy/p ", if f*(a) +87(b) =0
eregV/p T (n(=en(f*(a) +°(0))p* +1), i f*(a) +g*(b) #0
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_ (A Depegy/ T, i (1 (a) + g7 (D) = n(c),
—(p— 1)sf£g\/?2m+s+t, otherwise.

(3) The last case is that | r=2and lg = p — 1. From Lemma 5,

2145+t cz 2 £ (a)+(L)P—1g* (b)
Sc = esegy/p* Y &), glﬂ( )

ze]F* helF*

2 *(b)— ﬁ*u
:ﬁfﬁg\/}?‘ mtstt Y g;(g (b)=c) y gpzf (a)

zelF} heFy
:ngg\/?Zanert 2 C;(g* ( Z ng* )
ze]F;; heF,
- 1)€f€g\/?2m+s+tzzeﬂ“; Cz(g*(b)fc), if f*(a) =0
eV ey 68 (0 @)V - 1), i f1(a) £ 0
(p—1)2esegy/pm" ", if f*(a) = 0,g"(b) = c
= (p = Degegyp T, if f*(a) = 0,g"(b) # ¢
") —(p = Degegy/p, if £*(a) #0,8*(b) = ¢
eregy/P" T (n(FH (@) (g7 () = )p* 1), i f7(a) #0,8°(b) # ¢
(p—1)2eseg/pm ", if f*(a) = 0,g"(b) = ¢,
—(p = Vegeg /P, if f*(a) = 0,*(b) # ¢,
=0 —(p—Vegeg /P, if f*(a) #0,*(b) = ¢,
((=1)p+Vepeg /P, if f5(a)(8*(b) — ¢) € SQ,
—((=1)p = Degeg/p" ", if £4(a)(g*(b) — ¢) € NSQ

Hence, we obtain the desired assertion from (7). [

Lemma 14. Suppose that s + t is odd, (a,b) # (0,0) and ¢ € F,. Then, if (a,b) & Sy X Sg,
we always have N. = p*"~2, and if (a,b) € Sy x Sg, we have the following cases. When
lf =lg = p — 1, we have

P2 4 (p—Vepeg /P70, i £ (a) + g% (b) — ¢ € SQ,
Ne = p?" 2 = (p— Deseg/p=" 7%, if f(a) + 8% (b) —c € NSQ,
2m=2 otherwise.

=

When lf =l =2,

P2 (=) (p—1)e fezgﬁzm;s”’3, if f*(a) +g*(b) =0,
Ne = p?"=2 = 2n(—c)eeg/pr "0, it n(f*(a) +g*(b)) = n(—c),
p?"2, otherwise.

Otherwise, when Iy = 2and lg = p — 1,
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pZm—Z n (P B 1)8f€g\/p—*2m+s+t73l if f*(a) = O,g* (b) —ceSQ
or f*(a) € SQ,g"(b) =¢,
P2 — (p = Depeg /P72, if f*(a) = 0,87 (b) — c € NSQ

N, = or f*(a) € NSQ, g (b) =
P2 g e [PRITIHS, if f*(a) € SQ,g*(b) —c € SQ,
PP 4 2epeg pr T, if f*(a) € NSQ,g*(b) — c € NSQ,
p2n=2, otherwise.

Proof. The proof is similar to that of Lemma 13 by noting (7) and (8). From (8), S = 0
unless (a,b) € S¢ x Sg. In the following, we set (a,b) € Sy X Sq.

(1) The first case we consider is that [f = [, = p — 1. Then

m—+s . gp 1 * *
Se = epeg/p T Y Geg(z) L G @0

ze]F;; heF*

2m t * *(h)—
zsfsg\/p7 +s+ Y ¥ Qéf (a)+g"(b) C)zﬂ(z)

heIF;; zeF;;

_ {o, if £*(a) + g*(b) = ¢
n(f*(a) +8*(b) — o) (p — Vesegy/pm" 1, if f*(a) +g*(b) # ¢
0, if f*(a (b) =

(a) +¢"
(o v o ren-ccso
(p — Degeg/p* , if f*(a) 4+ g*(b) — c € NSQ.

(2) The second case is that [ = I; = 2. Now we have

h *
SC :€f€g\/p7*2m+s+t Z g;cz Z é’ z )2 (f*(a)+g*(b))

z€F} heFy
2mtstt ez L) (0) 2
= epeg\/p” Y 4 Pn(z) X G
zely heFy
2mtstt _ (@)£87(b) 2
:stg /p* m+s Z Cpcz ( Z Cp _1>
zeF} hel,
_ {n(—c)(p—1>sfeg\/p**2m+s+f“, L Ef@rg ) =0
—(n(f*(a) +87(0)) +17(=e)epegy/p™ ", if f*(a) +g7(b) #0

1(—¢)(p — Depegy/ P i f5(a) + g*(b) = 0,
= $ —2np(—c)eseg P, ifn(f*(a) + 87 (b)) = y(—c),
0, if (f*(a) +g*(b)) # n(—c).

(3) The last case is that [y = 2 and I, = p — 1. Then we deduce that

s —cz % “(a)+(2 b
Se=eseg /P Y G%(2) X P ()+(2)r g (1)

z€F} heFy
2ttt “(b)— 12 £+ (a
=€f€g\/?m s y gz(g() C)’Y(Z) y gpzf()
zeF} heFy,

_ gfsg\/FZm+S+t Z g;(g*(b)fc)n(z>( Z ggf*(ﬂ) N 1)

z€Fy hel,
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w f1>sfegr2’”+5+tzzey 5“8 n(2), if f*(a) = 0
R R W L <>( (f @)V =1), if f*(a) #0
0, if f*(a) =0,8%(b) = ¢
_J(p =g (0) = )epegyp T, if f(a) = 0,87(b) # ¢
(p = D)n(f*(a))epegy/p=" T+, if £(a) # 0,g"(b) = ¢
—(1(F*(a)) +1(g"(b) = ©))eseg/P" T, i f*(a) #£ 0,87 (b) £ ¢

(p— 1)sf£g¢p72m+s+t+1, if f*(a) =0,¢*(b) —c € SQ
or f*(a) € SQ, 8" (b) =

—(p— Desegy/p ", if f*(a) = 0,8*(b) — c € NSQ

= or f*(a) € NSQ,g*(b) =¢,

—2epeg /P T, if £*(a) € SQ,g*(b) —c € SQ,
2epeg /pr T, if f*(a) € NSQ,g*(b) — c € NSQ,
0, otherwise.

So, we obtain the conclusion from (7), completing the proof. [

4.2. Weight Distributions of Cp,
Recall that

Dy = {(x,y) € FAL(0,0)} : f(x) + () =<}, ©)
where f,¢ € WRPB and ¢ € [}, and a class of linear codes Cp, . are defined by
Cp,, = {c(a,b) = (Tr(ax + by))(xly)eDf,g ta,be ]Fq}. (10)
The length n of these linear codes equals the size of Dy ¢. So it is determined by
ne = #{(x y) € FZ\{(O 0)} :f<x> +8(y) =}
; 5 Lol

P x,y€F, ZEFP

2m1+ ngcngf ZgZS(y

P eF; x€F, YR,
_ p2m—l + = Z g;czo'z()?f(o)fg(o))
pzeF;‘,

_ 2m—1
=Pp

For the weight distributions of Cp o’ where ¢ # 0, we have the following two theorems.

Theorem 1. Let s + t be even and ¢ € IF;;, the code CDf,q be defined by (9) and (10). If Iy =
lg = p—1,then Cp, isa three-weight [p?™=1,2m)] linear code with weight distribution listed in
Table 1. If Iy = lg = 2, then Cp,  is a three-weight [p?" =1, 2m) linear code with weight distribution

listed in Table 2. Otherwise, if [y = 2 and I = p — 1, then Cp,  is a five-weight [p?"—1,2m]
linear code with weight distribution listed in Table 3. For abbreviation, we write T = 2m + s+,
v =2m—s—1t, Gy = Ng(0)Ng(c) and

Go = P (N ()R s0(0) + Ny () Rgs())
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Gs = P (NF(0)Rg s (€) + Ny () Ry s(c)),

wherei € SQand j € NSQ.

Proof. For ¢ # 0, the length of Cp,  is n, = p?"~1. Let (a,b) € F%\{(0,0)} and the weight
of nonzero codeword c(a, b) be denoted by wt(c(a,b)). Then we obviously have that

wt(c(a, b)) =n.— N,

where N is given by Lemma 13. Precisely, when (a,b) ¢ S X Sg, we have

wt(c(a,b)) = (p—1)p*" 2,

and the number of such codewords is p?" — p?"~5~f — 1, according to Lemma 2. Further-
more, when (a,b) € S¢ x Sg, there are three different cases.
The first case is that /[y = [, = p — 1. Then it follows from Lemma 13 that

(r—1) (pzm_z —(p— 1)sfngp72(m_2)+s+t), T(c) times,

t(c(a, b)) =
el ) {w—lxﬁm2+W%ww“mﬁ””% Fy times,

where F; = p?"~5~! — T(c), and T(c) is computed in Lemma 10. This gives the weight
distribution in Table 1.

Table 1. The weight distribution of Cp, when Iy = [y = p — 1 and 2[s + .

Weight Multiplicity
0 1
(p—1)p*m—2 p¥m—pr —1
urnxﬁWQ—w—nq%vaﬁ prt = plepeg /!
(P=D)(P" 2 +epeg /P ) (p=1)p" " +p Tepeg /P

The second case is that [ = lg = 2. In this case, it follows from Lemma 13 again that

(p—D)p" 2 —(p+ 1)€f€g\/r7>*2(m72)+s+t, Tso(c) times,

1
t(c(a,b)) =
weielat) {(P—l) P epegy/pr AT, F; times,

where F, = p?" 57! — Tgn(c), and Tsg(c) is computed in Lemma 11. We thus get the
weight distribution in Table 2.

Table 2. The weight distribution of Cp, when Iy = lg =2 and 2[s +t.

Weight Multiplicity
0 1
(p—1)p*—2 p*m —pr—1
_ FT—4 o - -
(p—1)p>" 22*2(P+1)€f€g\{£7:’r '%H(P” ; — Piﬁfﬁg\/?”)
(P=D(P*" 2 +eeg ™ ) B 4 Bepeg V™!

Finally, we consider the third case that [y = 2 and [; = p — 1. By Lemma 13 again,
we have
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(p=1)(P*" 2= (p— Degegp " 27H), Gy times,
_ 2m—2 _ F2(m—2)+s+t .
wt(c(a,b)) = (v 1)p2m72 tr(-Lp+ 1)Sf€g\/p72(m72)+s+t’ © t%meS,
(p—=1D)p™ 2+ (n(=1)p — V)eseg/p® , Gj times,
(p—1)(p*" 2+ efsgﬁz(m_2)+s+t), G, times,

where Gy = p*" 57t — Y2 | G;. The multiplicity of each nonzero weight comes from
Lemmas 7 and 9, namely,

Gr =#{(a,b) € 57 x Sg: f*(a) = 0,8"(b) = ¢} = Ny(O)N ¢),
Go = #{(a,b) € S5 x S¢: f*(a)(g" () ) € 5Q}
= PNy (i)Rg s0(0) + Nr()Rgnsol©)),
Gy = #{(a,b) € Sy x Sy + f*(a) (5" (b) — ) € NSQ)
= PNy ()R s () + Ny(i)Rg50(0)),
wherei € SQ and j € NSQ. The weight distribution is summarized in Table 3. [

Table 3. The weight distribution of Cp, when Iy = 2,[; = p —1and 2[s + .

Weight Multiplicity
0 1
(p—1)p*2 pHm —p7 -1
(P=D)(PP" 2= (p— Desegyp' %) \ G
(p—1)p*m—2— (’7(—1)P+1)5f5g\/FF4 Gz
(p=1)p* 2+ (n(—=1)p — Deseg/p* Gs
(P =1 (PP 2 +epeg /77 Y p? —G1 — Gy — G3

Theorem 2. Let s+t beodd, c € ]F;‘, and the code Cp g be defined by (9) and (10). If Iy = Ig =
p —1,then Cp, isa three-weight [p?"=1,2m] linear code with weight distribution listed in Table 4.
Ifly = Iy = 2, then Cp,  is a three-weight [p?™=1,2m)] linear code with weight distribution listed

inTable 5. If If = 2,1y = p — 1, then Cp,, is a five-weight [p*"~1,2m] linear code with weight
distribution listed in Table 6. For briefness, we set T =2m +s+t,y =2m —s — t and

I = Ny(O)Rgs0(0) + SN ()N ),
I = N¢(0)Rg,nsq(c) + PT_le(]')Ng(C)r
I = PN ()Rgso(c),

Iy = pT_le(j)Rg,NSQ(C)/

wherei € SQand j € NSQ.
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Table 4. The weight distribution of Cp, when Iy =l¢ = p—1and 2 fs+t.
Weight Multiplicity
0 1
(p= 1" —epegy/p™ ) Lyt = H e ey /!
. T3 21 _ -
(p= D)2+ epeg/p ) A s
(p—1)p*~ P =1 (p=1)p7 4 y(c)epegvpT
Table 5. The weight distribution of Cp, when [y = I =2 and 2 ts+t.
Weight Multiplicity
0 1
(p =D ("2 = y(=cleseg /7™ ) 1 pr! 1
(p =P 2+ 2n(=C)epeg /P ’%(rfl ke (COVET )
(p—1)p*2 p =1 P P L e n(—o)VpE

Table 6. The weight distribution of Cp, whenly =2,Ip = p—Tland 2{s+t.

Weight Multiplicity
0 1
3
(p = D" ey 7 ) h
(P =D (P 2+ epeg/p ) h
(p—1)pP" 2 2680\ /p" Is
(p—D)p*" 2 = 2epeg /P ° Iy
(p—1)p*" 2 P -1-L-hL-B-1

Proof. Letc # 0and (a,b) € Fé\{(o, 0)}. The weight of nonzero codeword c(a, b) is given by
wt(c(a, b)) =n. — N,

where n. = pzm’l and N is computed in Lemma 14. According to Lemma 14, when
(a,b) # (0,0), three distinct cases shall be distinguished.
For the first case [f = lg = p — 1, it follows from Lemma 14 that

(p—1) (P2 — epeg /P H7%), Vsglc) times,
wt(c(a,b)) = ¢ (p—1) (PP 2 +epeg /P %), Visglc) times,
(p—1)p*"=2, F; times,

where F3 = p?" — 1 — Vsg(c) — Vso(c), Vsg(c) and Vyso(c) are computed in Lemma 12.
From the above arguments, we obatain the conlusion given in Table 4.
For the second case [ = lg = 2, it follows from Lemma 13 again that

(p—1)(p*"2— n(—c)sfsg\/fzmﬁﬂ%), T(0) times,
wt(c(a,b)) =4 (p—1)p?" 2 + Zq(—c)efsg\/pi*zmHH*B, Tsg(—c) times,
—1)p¥m-2, Fy4 times,
(p—=1p

where F; = p*" — 1 — T(0) — Tso(—c), and T(0) and Tsg(c) are computed in Lemmas 10
and 11, respectively. This yields the weight distribution in Table 5.



Entropy 2023, 25, 369

16 of 18

Finally, for the third case / = 2 and ! ¢=pP— 1, by Lemma 13 again, we have

(p—1)(p*"2— sfsg\/ﬁmﬁﬂf‘o’), I; times,
(p =) (PP 2 +epegyp "), I times,
wt(c(a,b)) = (p—1)p?"—2 4 Zefeg,/p*2m+s+t73, I3 times,
(p—1)p*m2 - 2€fsg,/p*2m+s+t_3, Iy times,
(p—1p , I5 times,

where Is = p*" — 1 — Y}, I;. The multiplicity can be determined from Lemmas 7 and 9, namely,
L =#{(a,b) € Sy x Sg: f*(a) =0,¢g"(b) —c € SQor f*(a) € SQ,g"(b) = c}

= Nr(O)Rgs0(e) + 2 INs )Ny ),
I =#{(a,b) € Sy x Sg: f*(a) =0,8"(b) —c € NSQor f*(a) € NSQ,g"(b) = c}

(
= N7(0)Rgsa(€) + E5 Ny ()Ng(e),

Iy =#{(a,b) € Sy x Sg : f*(a) € SQ,8"(b) — c € SQ} = pT_le(i)Rg,SQ(C)/
I =#{(a,b) € Sy x Sg: f*(a) € NSQ,g"(b) —c € NSQ}

-1 .
= Fo=Nf()Rgsale),

where i € SQ and j € NSQ. This gives the weight distribution in Table 6. O

5. Minimality of the Codes and Their Applications

In 1979, Shamir [26] and Blakley [27] introduced the notion of secret sharing schemes.
Since then, secret sharing schemes have become an important application of linear codes.
In recent years, secret sharing schemes have been widely used in cloud environments,
banking systems, electronic voting systems and so on.

Any linear code can be employed to construct secret sharing schemes by considering
the access structure. However, the access structure based on a linear code is very compli-
cated, and only can be determined in several special cases. One of these cases is that each
codeword of the code is minimal.

If a nonzero codeword of a linear code C solely covers its scalar multiples, but no other
nonzero codewords, then it is called a minimal codeword. The code C is said to be minimal
if each nonzero codeword of C is minimal.

It is naturally difficult to find minimal codes by definition. Fortunately, in 1998,
Ashikhmin and Barg [28] provided simple criteria to determine whether a given linear code
is minimal.

Lemma 15 (Ashikhmin-Barg Bound [28]). Let C be a linear code over Fy. Then all nonzero
codewords of C are minimal, provided that
Winin > p— 1
Wmax p

7

where Wy, And Wiyay stand for the minimum and maximum nonzero weights in C, respectively.

Now we will show under what circumstances the linear codes constructed in this
paper are minimal. The following theorem is verified directly according to Lemma 15.

Theorem 3. When 2m — (s +t) > 4 with any odd prime p, the linear codes described in Tables 1-6
are minimal.
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Under the framework [29], the minimal codes in Theorem 3 can be applied to construct
secret sharing schemes with good access structures. An example is showed in detail in
the following.

Theorem 4 (Proposition 2, [29]). Let C be an [n, k] code over Fy, and let G = [g),81,---,8,_1]
be its generator matrix. If C is minimal, then in the secret sharing schemes based on the dual code
C*, there are altogether q* =1 minimal access sets. In addition, we have the following assertions.

(1) Ifg;isamultiple of gy, 1 < i < n — 1, then participant P; must be in every minimal access
set. Such a participant is called a dictatorial participant.

(2) Ifg;is not a multiple of g5, 1 < i < n — 1, then participant P; must be in (q — 1)q*=2 out of
¢~ minimal access sets.

Now, we take the code Cp,  described in Table 1 as an example. If we take p = 5,
m=4,s+t=4and €reg = 1, then CDf,g has length n = 78125 and dimension k = 8.
From Table 1, the weight enumerator of Cp, is 1+ 12025259 389999262500 1 505265000,
The code Cp e is minimal due to Theorem 3. Note that the minimum distance of its dual

code is d+ = 2. According to Theorem 4, we get the following theorem.

Theorem 5. Let p =5 m = 4,s+t = 4dand epeg = 1 and G = [gy,81,---,87g104] be the
generator matrix of the code Cp, . described in Table 1. Then in the secret sharing scheme based

on the dual code Céfg, there are altogether 57 minimal access sets. In addition, we have the
following assertions.

(1) Ifg;is a multiple of g5, 1 < i < 78124, then participant P; must be in every minimal access
set and P; is a dictatorial participant.

(2)  Ifg, is not a multiple of g, 1 < i < 78124, then participant P; must be in 4 x 5° out of 5/
minimal access sets.

6. Conclusions

The paper studied the construction of linear codes from two weakly regular s-plateaued
and t-plateaued balanced functions. Hence, this was an extension of the results in [2]
and [10]. Additionally, because of the minimality, the codes we constructed are suitable for
secret sharing schemes. However, no one finds an example of weakly regular plateaued
balanced functions in the set WRPB. It would be desirable to find such a function, but we
have not been able to do this.
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