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Abstract: A two-terminal distributed binary hypothesis testing problem over a noisy channel is stud-
ied. The two terminals, called the observer and the decision maker, each has access to n independent
and identically distributed samples, denoted by U and V, respectively. The observer communicates
to the decision maker over a discrete memoryless channel, and the decision maker performs a binary
hypothesis test on the joint probability distribution of (U, V) based on V and the noisy information
received from the observer. The trade-off between the exponents of the type I and type II error proba-
bilities is investigated. Two inner bounds are obtained, one using a separation-based scheme that
involves type-based compression and unequal error-protection channel coding, and the other using
a joint scheme that incorporates type-based hybrid coding. The separation-based scheme is shown
to recover the inner bound obtained by Han and Kobayashi for the special case of a rate-limited
noiseless channel, and also the one obtained by the authors previously for a corner point of the
trade-off. Finally, we show via an example that the joint scheme achieves a strictly tighter bound than
the separation-based scheme for some points of the error-exponents trade-off.

Keywords: distributed hypothesis testing; noisy channel; error-exponents; source-channel separation;
joint source-channel coding; hybrid coding

1. Introduction

Hypothesis testing (HT), which refers to the problem of choosing between one or more
alternatives based on available data, plays a central role in statistics and information theory.
Distributed HT (DHT) problems arise in situations where the test data are scattered across
multiple terminals, and need to be communicated to a central terminal, called the decision
maker, which performs the hypothesis test. The need to jointly optimize the communication
scheme and the hypothesis test makes DHT problems much more challenging than their
centralized counterparts. Indeed, while an efficient characterization of the optimal hypoth-
esis test and its asymptotic performance is well known in the centralized setting, thanks
to [1-5], the same problem in even the simplest distributed setting remains open, except for
some special cases (see [6-11]).

In this work, we consider a DHT problem with two parties, an observer and a decision
maker, such that the former communicates to the latter over a noisy channel. The observer
and the decision maker each has access to independent and identically distributed samples,
denoted by U and V, respectively. Based on the information received from the observer and
its own observations V, the decision maker performs a binary hypothesis test on the joint
distribution of (U, V). Our goal is to characterize the trade-off between the best achievable
rate of decay (or exponent) of the type I and type II error probabilities with respect to
the sample size. We will refer to this problem as DHT over a noisy channel, and its special
instance with the noisy channel replaced by a rate-limited noiseless channel as DHT over a
noiseless channel.
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1.1. Background

Distributed statistical inference problems were first conceived in [12] and the information-
theoretic study of DHT over a noiseless channel was first investigated in [6], where the
objective is to characterize Stein’s exponent xse (€), i.e., the optimal type II error-exponent sub-
ject to the type I error probability constrained to be at most € € (0,1). The authors therein
established a multi-letter characterization of this quantity including a strong converse,
which shows that g (€) is independent of e. Furthermore, a single-letter characterization
of ke (€) is obtained for a special case of HT known as testing against independence (TAI),
in which the joint distribution factors as a product of the marginal distributions under
the alternative hypothesis. Improved lower bounds on ke (€) were subsequently obtained
in [7,8], respectively, and the strong converse was extended to zero-rate settings [13]. While
all the aforementioned works focus on «s.(€), the trade-off between the exponents of both
the type I and type II error probabilities in the same setting was first explored in [14].

In the recent years, there has been a renewed interest in distributed statistical inference
problems motivated by emerging machine learning applications to be served at the wireless
edge, particularly in the context of semantic communications in 5G/6G communication
systems [15,16]. Several extensions of the DHT over a noiseless channel problem have
been studied, such as generalizations to multi-terminal settings [9,17-21], DHT under
security or privacy constraints [22-25], DHT with lossy compression [26], interactive
settings [27,28], successive refinement models [29], and more. Improved bounds have been
obtained on the type I and type II error-exponents region [30,31], and on «g(€) for testing
correlation between bivariate standard normal distributions [32]. In the simpler zero-rate
communication setting, there has been some progress in terms of second-order optimal
schemes [33], geometric interpretation of type I and type II error-exponent region [34], and
characterization of «s.(€) for sequential HT [35]. DHT over noisy communication channels
with the goal of characterizing ks (€) has been considered in [10,11,36,37].

1.2. Contributions

In this work, our objective is to explore the trade-off between the type I and type II
error-exponents for DHT over a noisy channel. This problem is a generalization of [14]
from noiseless rate-limited channels to noisy channels, and also of [10,11] from a type I
error probability constraint to a positive type I error-exponent constraint.

Our main contributions can be summarized as follows:

(i) We obtain an inner bound (Theorem 1) on the error-exponents trade-off by using a
separate HT and channel coding scheme (SHTCC) that is a combination of a type-based
(type here refers to the empirical probability distribution of a sequence, see [38])
quantize-bin strategy and unequal error-protection scheme of [39]. This result is
shown to recover the bounds established in [10,14]. Furthermore, we evaluate Theo-
rem 1 for two important instances of DHT, namely TAI and its opposite, i.e., testing
against dependence (TAD) in which the joint distribution under the null hypothesis
factors as a product of marginal distributions.

(i) We also obtain a second inner bound (Theorem 2) on the error-exponents trade-off
by using a joint HT and channel coding scheme (JHTCC) based on hybrid coding [40].
Subsequently, we show via an example that the JHTCC scheme strictly outperforms
the SHTCC scheme for some points on the error-exponent trade-off.

While the above schemes are inspired from those in [10], which have been proposed
with the goal of maximizing the type Il error-exponent, novel modifications in its design and
analysis are required when considering both of the error-exponents. More specifically, the
schemes presented here perform separate quantization-binning or hybrid coding on each in-
dividual source sequence type at the observer/encoder (as opposed to a typical ball in [10])
with the corresponding reverse operation implemented at the decision-maker/decoder.
This necessitates a different analysis to compute the probabilities of the various error events
contributing to the overall error-exponents. We finally mention that the DHT problem con-
sidered here was recently investigated in [41], where an inner bound on the error-exponents
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trade-off (Theorem 2 in [41]) is obtained using a combination of a type-based quantization
scheme and unequal error protection scheme of [42] with two special messages. A qual-
itative comparison between Theorem 2 and Theorem 2 in [41] seems to suggest that the
JHTCC scheme here uses a stronger decoding rule depending jointly on the source-channel
statistics. In comparison, the metric used at the decoder for the scheme in [41] factors as
the sum of two metrics, one which depends only on the source statistics, and the other
which depends only on the channel statistics. Importantly, this hints that the inner bound
achieved by JHTCC scheme is not subsumed by that in [41]. That said, a direct compu-
tational comparison appears difficult, as evaluating the latter requires optimization over
several parameters as mentioned in the last paragraph of [41].

The remainder of the paper is organized as follows. Section 2 formulates the oper-
ational problem along with the required definitions. The main results are presented in
Section 3. The proofs are furnished in Section 4. Finally, concluding remarks are given in
Section 5.

2. Preliminaries
2.1. Notation

We use the following notation. All logarithms are with respect to the natural base
e. N, R, R>p, and R denotes the set of natural, real, non-negative real and extended real
numbers, respectively. For a,b € R>g, [a: b] ;= {n € N: a <n < b} and [b] := [1:b].
Calligraphic letters, e.g., X, denote sets, while X and | X| stands for its complement and
cardinality, respectively. For n € N, X" denotes the n-fold Cartesian product of X, and
x" = (xq,---,x,) denotes an element of X". Bold-face letters denote vectors or sequences,
e.g., x for x"; its length n will be clear from the context. For i,j € N such thati < j,

x? = (X, X101, 0, x]-), the subscript is omitted when i = 1. 1 4 denotes the indicator of set

A. For a real sequence {ay },cn, an ﬂ b stands for lim,, ;. 4, = b, while a,, 2 b denotes
lim;, o @, > b. Similar notations apply for other inequalities. O(-), ()(-) and o(-) denote
standard asymptotic notations.

Random variables and their realizations are denoted by uppercase and lowercase
letters, respectively, e.g., X and x. Similar conventions apply for random vectors and their
realizations. The set of all probability mass functions (PMFs) on a finite set X is denoted
by P(X). The joint PMF of two discrete random variables X and Y is denoted by Pxy; the
corresponding marginals are Px and Py. The conditional PMF of X given Y is represented
by Py|y. Expressions such as Pxy = PxPy|x are to be understood as pointwise equality,
ie., Pxy(x,y) = Px(x)Pyx(y|x), forall (x,y) € X x J. When the joint distribution of a
triple (X, Y, Z) factors as Pxyy = PxyPzx, these variables form a Markov chain X — Y — Z.
When X and Y are statistically independent, we write X I Y. If the entries of X" are
drawn in an independent and identically distributed manner, i.e., if Px»(x) = [T/ Px(x;),
V x € X", then the PMF Px» is denoted by P". Similarly, if Py ixn (y[x) = TTiZq Pyix (vilxi)
forall (x,y) € X" x V", then we write P?& for Pyn|xn. The conditional product PMF given
a fixed x € X" is designated by Pff";(( |x). The probability measure induced by a PMF P is
denoted by IPp. The corresponding expectation is designated by Ep.

The type or empirical PMF of a sequence x € X" is designated by Py, i.e., Px(x) :=
Lyn, 1y, —y}- The set of n-length sequences x € X" of type Px is Tu(Px, X™") 1= {x € A" :
Py = Px}. Whenever the underlying alphabet X is clear from the context, 7, (Px, X™)
is simplified to 7,(Px). The set of all possible types of n-length sequences x € X" is
T(x") := {Px € P(X) : |Ta(Px,X")| > 1}. Similar notations are used for larger
combinations, e.g., Pxy, Tn(Pxy, X x V) and T (X" x Y"). For a given x € T, (Px, X") and
a conditional PMF Pyx, Tn(Py|x,x) := {y € V" : (x,y) € Tu(Pxy, X" x Y")} stands for
the Py x-conditional type class of x.

For PMFs P, Q € P(X), the Kullback-Leibler (KL) divergence between P and Q is

D(P||Q) := Lxex P(x)log (P(x)/Q(x)). The conditional KL divergence between Py|x and
Qy|x given Py is D(Py(x||Qyx|Px) := Lxex Px(x)D(Pyjx(-[x)]|Qyx(-[x)). The mutual
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information and entropy terms are denoted by Ip(-) and Hp(-), respectively, where P
denotes the PMF of the relevant random variables. When the PMF is clear from the context,
the subscript is omitted. For (x,y) € X" x V", the empirical conditional entropy of y
given x is H,(y|x) := Hp(Y|X), where Pgy = Pyy. For a given function f : Z — R and a
random variable Z ~ Pz, the log-moment generating function of Z with respect to f is
¥p, f(A) :=logEp, [e/(2)] whenever the expectation exists. Finally, let

¥p, ¢ (0) :=supbA —p, £(A), @)
AER

denote the rate function (see, e.g., Definition 15.5 in [43]).

2.2. Problem Formulation

LetU, V, X and ) be finite sets, and n € N. The DHT over a noisy channel setting
is depicted in Figure 1. Herein, the observer and the decision maker observe n indepen-
dent and identically distributed samples, denoted by u and v, respectively. Based on its
observations u, the observer outputs a sequence x € X" as the channel input sequence
(note that the ratio of the number of channel uses to the number of data samples, termed
the bandwidth ratio, is taken to be 1 for simplicity; however, our results easily generalize
to arbitrary bandwidth ratios). The discrete memoryless channel (DMC) with transition
kernel Py|x produces a sequence y € J" according to the probability law P%’;(( x) as its
output. We will assume that Py|x (-[x) < Pyjx(:|x), V (x,x") € X%, where P < Q indicates
the absolute continuity of P with respect to Q. Based on its observations, y and v, the
decision maker performs binary HT on the joint probability distribution of (U, V) with the
null (Hp) and alternative (H;) hypotheses given by

Ho: (U, V) ~ P3y,
Hy: (U, V) ~ Qb

The decision maker outputs 1 € H := {0,1} as the decision of the hypothesis test,
where 0 and 1 denote Hp and Hj, respectively.

Observer DMC Decision maker
X ® Y
U @ > PYI;Z( e— P%?// Q?é
A%

Figure 1. DHT over a noisy channel. The observer observes an n-length independent and identically
distributed sequence U, and transmits X over the DMC Pf}";(. Based on the channel output Y and the
n-length independent and identically distributed sequence V, the decision maker performs a binary

HT to determine whether (U, V) ~ Pji} or (U, V) ~ Qpi}.

A length-n DHT code ¢, is a pair of functions ( f,, g»), where

(@)  fu:U" — P(X") denotes the encoding function;

(ii) gn: V" x V" — H denotes a deterministic decision function specified by an accep-
tance region (for null hypothesis Hy) A, C V" x Y" as gu(v,y) = 1 — L{(vy)edn}r
V(v,y) € V" x Y.

We emphasize at this point that there is no loss in generality in restricting our attention

to a deterministic decision function for the objective of characterizing the error-exponents
trade-off in HT (for e.g., see Lemma 3 in [24])).
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A c'ode cn = (fn, &n) induc'es the joint PMFs PL(]C";;YH and QUC:]XYH under the null and
alternative hypotheses, respectively, where

PI(JC‘:;;YH(u, v,x,y,h) == Pl (u,v) fu(xu) P?l’g((y|x) ]l{g,,(v,y):il}’ (3)
and
QEKI)XYH(H v, %y, 1) == Qi (w,v) fu(x|u) P%’;((YM l{gn(v,y):l%}’ 4

respectively. For a given code c;, the type I and type II error probabilities are a,(c,) :=
Ppen) (A =1) and Bu(cy) := Poen) (H = 0) respectively. The following definition formally
states the error-exponents trade-off we aim to characterize.

Definition 1 (Error-exponent region). An error-exponent pair (xu,xg) € Rzzo is said to be
achievable if there exists a sequence of codes {cn } e such that

1
h,?l)g}f ——logwa,(cn) > ke, (5a)
lggg}f —= log Bn(cn) = xp. (5b)

The error-exponent region R is the closure of the set of all achievable error-exponent pairs (Ky, xp).
Set R := { (ka, x(Ka)) : ka € (0,%%)}, where ki = inf{xy : k(xa) = 0} and x(xq) := sup{xg :
(K, kp) € R}

We are interested in a computable characterization of R, which pertains to the region
of positive error-exponents (i.e., excluding the boundary points corresponding to Stein’s
exponent). To this end, we present two inner bounds on R in the next section.

3. Main Results

In this section, we obtain two inner bounds on R, first using a separation-based
scheme which performs independent HT and channel coding, termed the SHTCC scheme,
and the second via a joint HT and channel coding scheme that uses hybrid coding for
communication between the observer and the decision maker.

3.1. Inner Bound on R via SHTCC Scheme

Let S = X and Psxy = Ps xPy|x be a PMF under which S — X — Y forms a Markov
chain. For x € X, let Ay pyy, (v) := 10g (Py|x—x(¥)/ Py|s—+(y)) and define

Esp PSXr ZS PS IPPY‘S —sD\s Poyey (9)1
s€

where the rate function ¢* is defined in (1). For a fixed Psx and R > 0, let

Eex(R, Psx) := max —pR —plog ( Y Ps(s)Pys(x[s)Px|s(%[s)

s,x,%

(Z (PY\XQ/’x)PY\X(]/‘f))%) p>,

y

denote the expurgated exponent [38,44]. Let W be a finite set and § denote the set of
all continuous mappings from P(U) to P(W|U), where P(W|U) is the set of all con-
ditional distributions Py Set 61(Psx) := Yses Ps(s)D(Py|s—s||Py|x=s), Ou(Psx) :=
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Yses Ps(8)D (Py|x—s||Pyjs=s), ©(Psx) := ( — 6(Psx),0u(Psx)). Denote an arbitrary el-
ement of §F X R>p X P(S x X) x O(Psx) by (w, R, Psx,0), and set

LK) = {(w, R,Psx,0) : {(ka, w) — p(Ka,w) < R < Ip(X;Y]|S), Psxy = pSXpy|X}
w) = i

mln{ESp (PSXI 0)/ EEX(RI PSX)/ Eb (Kou w, R)} Z KtX
Lk, w) = {Pypy : D(PaowlIPyyw) < % Pyjg = @(Pg), Puyyw = PuvPyp ), (62)

R — (ko w) + p(ke, w), 0 <R < (kg w),

Ey (x4, w,R) :=
b ) 0o, otherwise,
{(Kp, w) := max Ip(U; W), (6b)
Paw: 3 Py, Py €L (xaw)
o(Ky, w) := min Ip(V; W), (60)
PVW 3 pa’Pl:lVWGC(K“’w)
Ei(ky, w) := min D(Prow!|Qpom),
: (Payw Quyw) €T (Ka,w) HVWI=UVW
min D(Pgyw!||Quyw) + Eb(ka,w,R), if R < {(ka, w),
Ez(xy, w, R) := { PaviwRQuyw) T2 (kuw)
00, otherwise,
min D(Pgyyw!|Quyw) + Eb(ka, w, R) + Eex(R, Psx),
(Payw-Quvw) €T (Ka,w) vwit=tvw ‘ .
if R < {(ky,w),
Bl R o) = min_ D(PyplIQup) + plka,w) S “<R)P )
TV VW 4 s °SX )
(P Qeyw ) € Ts (Ka,w) HVWIT=tviv : &
otherwise,
min D(Py||Qv) + Ep(x«, w, R) + En(Psx,0) — 6,
Pvipavw€£(1(a,a))
if R < , W),
E4(ky,w, R, Psyx,0) := ) 1 O (Ka, w)
min D(Py||Qv) + p(ka, w) + Em(Psx, 0) — 6,
Pvipavw€£(1(a,w)
otherwise,
where,
_} (Paow, Qavw) : Paw = Paw: Pow = Powr Quvw
ﬂ(Karw) = { _ qup~ a for some PAIA/I/AV c EA(K,X,CU) ’ (6d)
otk ) i | (Pavw:Quow) - oy = Puyys Py = Py, Hp(WIV) = Hp(W|V),
v QCIVW = QUVPWH:I for some Poow € ﬁ(K“,a)) !

>
m
>
B
3

for some Py
We have the following lower bound for x(, ), which translates to an inner bound for R.
Theorem 1 (Inner bound via SHTCC scheme). (k) > x%(ky), where
kS (Ka) 1= max min { E; (ka, w), Ex(Ka, w, R), E3(ka, w, R, Psx),

(w,R,Psx,G)E E(KA’)
E4(lerwr Rr PSX/ 9)} (7)

The proof of Theorem 1 is presented in Section 4.1. The SHTCC scheme, which achieves
the error-exponent pair (., k5 (k)), is a coding scheme analogous to separate source and
channel coding for the lossy transmission of a source over a communication channel with
correlated side-information at the receiver [45], however, with the objective of reliable HT. In
this scheme, the source samples are first compressed to an index, which acts as the message
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to be transmitted over the channel. But, in contrast to standard communication problems,
there is a need to protect certain messages more reliably than others; hence, an unequal
error-protection scheme [39,42] is used. To describe briefly, the SHTCC scheme involves
(i) the quantization and binning of u sequences, whose type P, is within a x,-neighborhood
(in terms of KL divergence) of P;, using V as side information at the decision maker for
decoding, and (ii) unequal error-protection channel coding scheme in [39] for protecting a
special message which informs the decision maker that Py lies outside the x,-neighborhood
of P;. The output of the channel decoder is processed by an empirical conditional entropy
decoder which recovers the quantization codeword with the least conditional entropy with
V. Since this decoder depends only on the empirical distributions of the observations,
it is universal and useful in the hypothesis testing context, where multiple distributions
are involved (as was first noted in [8]). The various factors E; to E4 in (7) have natural
interpretations in terms of events that could possibly result in a hypothesis testing error.
Specifically, E; and E, correspond to the error events arising due to quantization and
binning, respectively, while E3 and E4 correspond to the error events of wrongly decoding
an ordinary channel codeword and special message codeword, respectively.

Remark 1 (Generalization of Han—-Kobayashi inner bound). In Theorem 1 in [14], Han and
Kobayashi obtained an inner bound on R for DHT over a noiseless channel. At a high level, their
coding scheme involves type-based quantization of u € U" sequences, whose type Py lies within
a Ko-neighborhood of Py, where x, is the desired type I error-exponent. As a corollary, Theorem 1
recovers the lower bound for x(xy) obtained in [14] by (i) setting Eex(R, Psx), Em(Psx, 0) and
Em(Psx,0) — 0 to co, which hold when the channel is noiseless, and (ii) maximizing over the set
{((U,R,Psx,e) € 3§ X Rzo X P(S X X) X @(Psx) : g(Ka,CU) <R IP(X,‘Y‘S),PSXY =
PSXPy\X} C L(ky) in (7). Then, note that the terms Ep(ixy,w,R), E3(%y,w, R, Psx) and
E4(ka,w, R, Psx,0) all equal co, and thus the inner bound in Theorem 1 reduces to that given
in Theorem 1 in [14].

Remark 2 (Improvement via time-sharing). Since the lower bound on x (k) in Theorem 1 is
not necessarily concave, a tighter bound can be obtained using the technique of time-sharing similar
to Theorem 3 in [14]. We omit its description, as it is cumbersome, although straightforward.

Theorem 1 also recovers the lower bound for the optimal type II error-exponent
for a fixed type I error probability constraint established in Theorem 2 in [10] by letting
xq — 0. The details are provided in Appendix A. Further, specializing the lower bound in
Theorem 1 to the case of TAI i.e.,, when Qv = P;Py, we obtain the following corollary
which characterizes the optimal type II error-exponent for TAI established in Proposition 7
in [10] as a special case.

Corollary 1 (Inner bound for TAI). Let Pyy € P(U x V) be an arbitrary distribution and
qu = PUPV' Then,

K(ra) > 1§ (Ka) = 1§ (Kn), 8)
where
K5 (Ka) 1= (w,PSXr,ra})aGXll*(m) rnin{Ei1 (Ku, @), Eb(ka, w, Psx), EL (x4, w, Psx, 0) },
E*(K ) o (w,Psx,G) € g x P(S x X) X @(Psx) : @(Ka,w) < IP(X,’Y|S), ©)
* Psxy := PsxPy)x, min{Esp(Psx,0), Eex({(xa,w),Psx)} > ko |’
El (Ko, w) = min Ip(V; W) + D(Py || Py),
vaiapﬁvweﬁ(Ka,w

Eb (i, w, Psx) = p(ka, @) + Eex ({(xa, ), Psx),
EL(ka, w, Psx, 0) := p(ka, w) + Esp(Psx,0) — 6,
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and Lk, w), { (K, w) and p(Kka, w) are defined in (6a), (6b) and (6¢), respectively. In particular,

lim x(xy) = xX(0) = x7(0) = max Ip(V; W), 10
K —0 (ka) = 15(0) = x(0) Pyyjur:Ip (LGW) <C(Pyx), g ) (10)
Puyw=PuvPwu

where |[W| < |U| + 1 and C(Py|x) denotes the capacity of the channel Pyx.

The proof of Corollary 1 is given in Section 4.2. Its achievability follows from a special
case of the SHTCC scheme without binning at the encoder.

Next, we consider testing against dependence (TAD) for which Qyy is an arbitrary joint
distribution and Py = QuQy. Theorem 1 specialized to TAD gives the following corollary.

Corollary 2 (Inner bound for TAD). Let Quy € P(U x V) be an arbitrary distribution and
PUV = QuQv. Then,

R(ke) = 5 (ka) = k3 (a) :=  max min{E{ (i, ), E§ (6, @, Psx), ES (Pox,0) }, (1)
(w,Psx,0)
€L* (k)
where
E?(Ka, (/J) = min D(Pa“wHQavw) 2 min D(PVW va),

(PVW’QVW): Pavweﬁ(Ka,w),
uvw=Ruv Py

Payw Quvw)
€T (a,w)

ES(KW w, PSX) = Eex(g(Kou w)/ PSX),
EC)C}(PSX/G) = ESp(PSX/G) -0,

and ﬁ(;ca,w), T1 (K, w) and L*(xy) are given in (6a), (6d) and (9), respectively. In particular,

lim x(ky) > x5(0) = €35(0) > Kfap, (12)
xx—0
where
KTAD = max min { D(QvQw||Qvw), Eex(Iq(U; W), Psx), 61(Psx) },

(Pwu-Psx):
Io(W;U)<Ip(X;YIS),
Quvw=Quv Pwu
Psxy=PsxPy|x

and |W| < [U]| + 1.

The proof of Corollary 2 is given in Section 4.3. Note that the expression for &} (i, )
given in (11) is relatively simpler to compute compared to that in Theorem 1. This will be
handy in showing that the JHTCC scheme strictly outperforms the SHTCC scheme, which
we highlight via an example in Section 3.3 below.

3.2. Inner Bound via JHTCC Scheme

It is well known that joint source-channel coding schemes offer advantages over
separation-based coding schemes in several information theoretic problems, such as the
transmission of correlated sources over a multiple-access channel [40,46] and the error-
exponent in the lossless or lossy transmission of a source over a noisy channel [42,47].
Recently, it was shown via an example in [10] that joint schemes also achieve a strictly
larger type II error-exponent in DHT problems compared to a separation-based scheme in
some scenarios. Motivated by this, we present an inner bound on R using a generalization
of the JHTCC scheme in [10].

Let W and S be arbitrary finite sets, and §’ denote the set of all continuous map-
pings from P(U x S) to POW| U x S), where P(W| U x S) is the set of all conditional
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distributions Pyy|ys. Let (Ps,«w’(+, Ps), Pxjusw, Px/jus) denote an arbitrary element of
P(S) x § x P(X|U x S x W) x P(X|U x S), and define

Ly (k) := {(Ps, &' (-, Ps), Pxjusw, Px'jus) : Ep(ka, @', Ps, Pxjusw) > Ka},

ﬁh(Kouw rPSrPX|usw)

4

{(PCIVVWS : D(Payyy sl Puvivyis|Ps) < ar Psyywxy := PsPuvPy aspxuswpnxf}
Py s = «'(Py, Ps)
Ej, (ka, @', Ps, Pxjusw) := ' (ka, @', Ps, Pxjusw) — g (ka, @', Ps),
I (K, ', Ps) = max Ip(; W|S),
Pprpyrys €Ln(Kaw',Ps, Pxjusw)

o' (e, @', Ps, Pxjusw) := min Ip(Y,V;W|S),
Pyyys: 3 Py S:t.

Paowys Gﬁh("ww Ps,Pxjusw)

/ N, .

Eq (e, ') 1= min __ D(PgywyslQuywysPs),
(Paywys Quvwys) €T (Kauw')

/ / o . o o

E; (xa, ', Ps, Pxjusw) == Promoe Qo ?;171},(}( PP )D(PUVWY\SHQUVWY\S|PS)
UVWYS’<UVWYS 2 (R, U s X usw
!/ !/
+ Eb(Ka,(U ,PS,leusw),

/ / L .
E3(ka, ', Ps, Pxjusw, Pxrjus) := min D(Pyysl|Qvyrs|Ps)
Poys:Papwys €Ln (kuw' . Ps,Pxjusw)

+ Ey (ka, @', Ps, Pxjusw),

QSUVX’Y’ = PSQUVPX’\USPY’D(’/ Py/lX/ = PY\X/

/ / (Payyys: Paws = Paws: Powys = Powys:
T (ka, @', Ps, Pxjusw) =3 Quvwys) © Qsavwxy = PSQUVPWIUIs PxjuswPyix ¢,
for some Ppyppys € Ly (o, ', Ps, Pxjusw)
(Pgywys: | Puvzls |:~P;w) Pyys (— 1|’vy5r )
7—’/ K ,(U/,P ,P — u S
2 (Ka s, Pxjusw) Qsaywxy = PsQu pr\us PxjuswPy|x
for some Ppppys € Ly (ka, o, Ps, Pxjusw)

Then, we have the following result.
Theorem 2 (Inner bound via JHTCC scheme).

K (ky) > max{wg (ka), x5 (ka) }, (13)
where

—— : / / ! /
i (fg) 1= , max min {El(Ka,w ), Ex(ka, @', Ps, Px|usw),
(Ps,’,Px|usw Pxrius) € LK)

E3(ka, @', Ps, Pxjusw, Px/jus) }

K5 (xy) 1= max K, Ps, P ,
() (Ps Prs P (S X P(XIS xU) (K, P, Pus)

Ku(Ka/PS,PX|u5) = min D(PVY\5||QVY|S|PS)r
PsPyy:D (PW\SHPVHS\PS) <kq

Psuvxy = PsPuvPxjusPyix  and  Qsuvxy = PsQuvPxjusPy|x-
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The proof of Theorem 2 is given in Section 4.4, and utilizes a generalization of hybrid
coding scheme [40] to achieve the stated inner bound. Specifically, the error-exponent
pair (kg kj(ky)) is achieved using type-based hybrid coding, while (ka, x(ky)) is realized
by uncoded transmission, in which the channel input X is generated as the output of a
DMC Py with input U (along with time sharing). In standard hybrid coding, the source
sequence is first quantized via joint typicality and the channel input is then chosen as a
function of both the original source sequence and its quantization. At the decoder, the
quantized codeword is first recovered using the channel output and side information via
joint typicality decoding, and an estimate of the source sequence is output as a function
of the channel output and recovered codeword. The quantization part forms the digital
part of the scheme, while the use of the source sequence for encoding and channel output
for decoding comprises the analog part. The scheme derives its name from these joint
hybrid digital-analog operations. In the HT context considered here, the aforementioned
source quantization is replaced by a type-based quantization at the encoder, and the joint
typicality decoder is replaced by a universal empirical conditional entropy decoder. We
note that Theorem 2 recovers the lower bound on the optimal type II error-exponent proved
in Theorem 5 in [10]. The details are provided in Appendix B.

Next, we provide a comparison between the SHTCC and JHTCC bounds via an
example as mentioned earlier.

3.3. Comparison of Inner Bounds

We compare the inner bounds established in Theorem 1 and Theorem 2 for a simple
setting of TAD over a BSC. For this purpose, we will use the inner bound « (x,) stated
in Corollary 2 and «J(x,) that is achieved by uncoded transmission. Our objective is to
illustrate that the JHTCC scheme achieves a strictly tighter bound on R compared to the
SHTCC scheme, at least for some points of the trade-off.

Example 1. Let p,q € [0,05], U =V =X =Y =8 ={0,1},

0.5 — 1-—
Quv = {O.Sq— ¢ g q}, Pyx = { p P 1 f p}’ and Pyy = QuQy.

A comparison of the inner bounds achieved by the SHTCC and JHTCC schemes
for the above example are shown in Figures 2 and 3, where we plot the error-exponents
trade-off achieved by uncoded transmission (a lower bound for the JHTCC scheme), and
the expurgated exponent at a zero rate:

Eex(0) := Eex(Psx,0) = —0.251log(4p(1 — p)),
(0) oy 3X ) (Psx,0) og(4p(1—p))

which is an upper bound on «(x,) for any x, > 0. To compute Ecx(0), we used the
closed-form expression for Eex(+) given in Problem 10.26(c) in [38]. Clearly, it can be seen
that the JHTCC scheme outperforms SHTCC scheme for x, below a threshold, which
depends on the source and channel distributions. In particular, the threshold below which
improvement is seen is reduced when the channel or the source becomes more uniform.
The former behavior can be seen directly by comparing the subplots in Figures 2 and 3,
while the latter can be noted by comparing Figure 2a with Figure 3a, or Figure 2b with
Figure 3b.
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0.06 : 0.0 ‘ ‘
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"o Fo %103
(@) (b)
Figure 2. Comparison of the error-exponents trade-off achieved by the SHTCC and JHTCC schemes
for TAD over a BSC in Example 1 with parameters p = 0.25,4 = 0 for (a) and p = 0.35,5 = 0 for
(b). The red curve shows (i, k7, (ky)) pairs achieved by uncoded transmission while the blue line
plots (ka, Eex(0)). The joint scheme clearly achieves a better error-exponent trade-off for values of
Ky below a threshold which depends on the transition kernel of the channel. In particular, a more
uniform channel results in a lesser threshold.
0.09 : 0.03 ‘ ‘
—JHTCC lower bound —JHTCC lower bound
—SHTCC upper bound —SHTCC upper bound
0.085| 0.028 1
0.08 0.026
=t il
2 €
0.075¢ 0.024 +
0.07 0.022
0.065 : : 0.02 : : : :
0 0.5 1 15 2 0 0.2 0.4 0.6 0.8 1
KO& x 10'3 K o X 10-3
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Figure 3. Comparison of the error-exponents trade-off achieved by the SHTCC and JHTCC schemes
for Example 1 with parameters p = 0.25,4 = 0.05 for (a) and p = 0.35,4 = 0.05 for (b). The JHTCC
scheme improves over the separation based scheme for small values of x,; however, the region of
improvement is reduced compared to Figure 2 as the source is more uniformly distributed.

4. Proofs
4.1. Proof of Theorem 1

We will show the achievability of the error-exponent pair (ku, k7 (K )) by constructing
a suitable ensemble of HT codes, and showing that the expected type I and type II error
probabilities (over this ensemble) satisfy (5) for the pair («,, % (k) ). Then, an expurgation
argument [44] will be used to show the existence of a HT code that satisfies (5) for the same
error-exponent pair, thus showing that (x., k5 (,)) € R as desired.

Letn € N, W| < 00, k4 > 0, (w,R,Psx,0) € L(ky), R' := (x4, w), and 7 > 0 be a
small number. Additionally, suppose that R > 0 satisfies

(ke w) — p(Kka,w) < R < Ip(X;Y]S), (14)

where {(k,, w) and p(x,, w) are defined in (6b) and (6¢), respectively. The SHTCC scheme
is as follows:
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Encoding: The observer’s encoder is composed of two stages, a source encoder followed by
a channel encoder.

Source encoder: The source encoding comprises a quantization scheme followed by bin-
ning to reduce the rate if necessary.

Quantization codebook: Let

Du(Py, 1) = {Py € T(U") : D(Pyl|Pu) < Ka+ 1} (15)

Consider some ordering on the types in D, (P, #) and denote the elements as Py, for
i € [|Dn(Py,n)l]. For each type Py € Du(Pu,1), i € [|Du(Pu,1)|], choose ajoint type
variable P i, € T (U" x W") such that

D(PW,\0,||PW,-\U|PH,.) < g (16a)
IP(ai} Wi) <R+ g, (16b)

where Py, = w(Pai). Note that this is always possible for n sufficiently large by the
definition of R'.

Let
Du(Puw, 1) := {Pgyw, : i € [|Pu(Pu, )]}, (17a)
Rj = Ip (Ui W) + (4/3),1 € [|Du(Pu, )], (17b)
i—1 i
M= {1+ Y R ) emRel, (17¢)
k=1 k=1

and By, = {W(j),1 <j < Zl‘.g(P”’”N |M!|} denote a random quantization codebook

such that the codeword W(j) ~ Unif[7,(Py, )], if j € M for some i € [|Du(Pu,7)l]-
Denote a realization of Byy , by By, = {w(j) € W", 1 <j < leq(Pu,n)l |MI[}.
Quantization scheme: For a given codebook By , and u € 7, (PL”L-) such that Pal_ €
Dy (Py,n) for some i € [|Dy(Py,n)|], let

M(u, Bw,n) == {j € Mi: w(j) € Bwu, (ww(j)) € Tu(Pyw,), Paw, € Pn(Puw,n)}-

If [M(u, By )| > 1,let M’ (u, By ,,) denote an index selected uniformly at random from
the set M(u, By ,,), otherwise, set M'(u, By ,) = 0. Denoting the support of M’ (u, By ,,)
by M’, we have for sufficiently large n that

[ Dy (Py ) , o, Jhax nI(CGW) (1 /3) ,
M| <1+ Y &R <14 |Dy(Py,n)le v uw) < "R, (18)
i=1

where the last inequality uses (16b) and | D, (Py, )| < (n + 1)Ul

Binning: If |M’| > | M|, then the source encoder performs binning as described below.
Let R, := log (e"*/|Dy(Py,1)|), Mi := 14 (i —1)Ry : iRy], i € [|Dn(Py,n)|], and
M= {0} U { Uie[\Dn(Pu,W)H Ml} Note that

e"Ru > enR—\L{| log(n-i-l)‘ (19)

Let f denote the random binning function such that for each j € M/, fg(j) ~ Unif [|M;]]
fori € [|Dy(Py,n)|], and fg(0) = 0 with probability one. Denote a realization of fg(j)
by fy, where f;, : M’ — M. Given a codebook Byy , and binning function f, the source
encoder outputs M = f,(M'(u, By ,,)) for u € U". If [M'| < | M|, then f, is taken to be
the identity map (no binning), and in this case, M = M'(u, By ;).
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Channel codebook: Let By, := {X(m) € X",m € M} denote a random channel code-
book generated as follows. Without loss of generality, denote the elements of the set
S = Xasl,...,|X|. The codeword length n is divided into |S| = |X| blocks, where
the length of the first block is [Ps(1)n], the second block is [Ps(2)n], so on and so forth,
and the length of the last block is chosen such that the total length is n. For i € [|X[], let
ki == Yi_1[Ps(I)n] +1and k; := ¥j_; [Ps(I)n], where the empty sum is defined to be zero.
Lets € X" be such that sllj; = i, i.e., the elements of s equal i in the i*" block for i € [|X]].
Let X(0) = s with probability one, and the remaining codewords X(m), m € M\{0} be
constant composition codewords [38] selected such that in( ) ~ Unif [T[ Ps(in ](lﬁx‘ sG],
where PX\S is such that 7 p, (i) (Pxs(+])) is non-empty and D(PX‘5| |Px|s|Ps) < 1. Denote
a realization of Bx , by Bx, := {x(m) € X",m € M}. Note that for m € M\{O} and
large 1, the codeword pair (x(0), x(1n)) has joint type (approx) Py(g)x(j) = Psx = Pspx|s-
Channel encoder: For a given Bx ,, the channel encoder outputs x = x(m) for output m
from the source encoder. Denote this map by fp, , : M — X"

Encoder: Denote by f,, : U" — P(X") the encoder induced by all the above operations,
ie, ful-w) = fy, o fo(M' (0, Bw,n))-

Decision function: The decision function consists of three parts, a channel decoder, a
source decoder and a tester.

Channel decoder: The channel decoder first performs a Neyman-Pearson test on the
channel output y according to Iy : V" — {0,1}, where

Py x(yilsi)
1(21 (Pysy )>2n6>. (20)
If TTy(y) = 1, then M = 0. Else, for a given By ,, maximum likelihood (ML) decoding
is done on the remaining set of codewords {x(m),m € M\{0}}, and M is set equal to the
ML estimate. Denote the channel decoder induced by the above operations by ¢z,  , where
gBX,n Y= M.
For a given codebook By ,, the channel encoder-decoder pair described above induces
a distribution

(BX,H) ®n
Boaaa V) = s PO PO g )

Mmmmmmw:&xywmﬂﬁﬁwﬂwwxMZMMYNmﬂﬁﬁ“Rm
for M = m # 0. Then, it follows by an application of Proposition Al proved in Appendix C that
for any By , and n sufficiently large, the Neyman-Pearson test in (20) yields

P sy, (M = 0|M = m) < e (Esp(Psx®)=1) 1y ¢ A\ {0}, (21a)

P, (M # 0|M = 0) < ¢~ "(Ew(Pox)=0-m), (21b)
Moreover, given M # 0, a random coding argument over the ensemble of B, (see Exercise
10.18, 10.24 in [38,44]) shows that there exists a deterministic codebook By , such that (21a)
and (21b) holds, and the ML decoding described above asymptotically achieves

P s, (M # m|M = m # 0, M #0) < e "(Fex(RPsx) =), (22)

This deterministic codebook By , is used for channel coding.

Source decoder: For a given codebook By ,, and inputs M = 7irand V = v, the source
decoder first decodes for the quantization codeword w(rit") (if required) using the empirical
conditional entropy decoder, and then declares the output H of the hypothesis test based
on w(7#') and v. More specifically, if binning is not performed, i.e., if [M| > |M'|, M' = 11
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Otherwise, M' = 1/, where ##/ = 0 if i1 = 0 and /i’ = arg min; ¢ )5 He(W(j)|v)
otherwise. Denote the source decoder induced by the above operations by gz, : M X
Vvt — M.

Testing and Acceptance region: If /i’ =0, H = 11is declared Otherwise, H = 0or H =1
is declared depending on whether (1, v) € A, or (1, v) ¢ A,, respectively, where A,
denotes the acceptance region for Hy as specified next For a given codebook By ,, let
O,y denote the set of u such that the source encoder outputs m’, m" € M’\{0}. For each
m' € M'\{0}and u € O,,, let

Zy(u) ={veV": (wim'),uv) € Tulka+1,Pw uv)}
where J, (7, Px) := {x € X" : D(F||Px) <r},
Puvw,, = PuvPy ,juand Py iy = w(Py). (23)

For m' € M'\{0}, set Z,, := {v:v € Z,,(u) forsome u € O,,}, and define the accep-
tance region for Hy at the decision maker as A, := U,ye v\ m' x Z,, or equivalently
as A}, := Uyrepn0Onr X 2,y Note that A, is the same as the acceptance region for Hp
in Theorem 1 in [14]. Denote the decision function induced by gz, ,, §8,, and A, by
gn VXV = .

Induced probability distribution: The PMFs induced by a code c;, = ( fu, gn) with respect
to codebook By, := (Bw u, fp, Bx,n) under Hy and Hj are

Bu,c / PPN A
Pavimacxsien (8 V', x,y, i, il )

P( Xn)

_ pon R
=Py (wv) {0 (i )=, fo )=y X (%Y M) l{ngn(mfv):ml’fl:]l{(m’,v)EA%}}/

By,cn 7
QEJVAC/I%VIXYMM’H(U’V m',m,x, y,m h)
( Xn)

— O®n N
= Quy(wv )]l{M’(qu )=’ fi (m")=m} XYMIM(x’y'm|m {g By, (mV)=t i= ]l{mveA,g}}'

respectively. For simplicity, we will denote the above distributions by P(Z) and Q(Bn).
Let B, := (Bw ,, fB, Bx.n), Bn, and p, denote the random codebook, its support, and the
probablhty measure induced by its random construction, respectively. Additionally, define
Pp@. = Ep, [Pp@, | and IF’ =E,, [IP’Q Bu) |-

Analysis of the type I and type IT error probabilities: We analyze the type I and type
II error probabilities averaged over the random ensemble of quantization and binning
codebooks (B, fg). Then, an expurgation technique [44] guarantees the existence of a
sequence of deterministic codebooks { B, } ,cn and a code {c, = (fn, gn) }nen that achieves
the lower bound given in Theorem 1.

Type I error probability: In the following, random sets where the randomness is induced
due to B, will be written using blackboard bold letters, e.g., A, for the random acceptance
region for Hy. Note that a type I error can occur only under the following events:

) EgE 1= U U  E&ge(u), where
PUEDW(PUrW) UEE(PU)

Eep(u) := {#j € M\{0} s.t. (W W(j)) € Tu(Pw), Py, = Pu
PI:I,-W,- GDn(PUWrU)}/

(ii) ={M' =M and (M,V) ¢ A,},

(iii) 5OCE = {M' #0,M # Mand (M, V) ¢ A,},

(iv) Escg = {M' =M =0,M # Mand (M, V) ¢ A,},

) Epg = {M' #0, M= M, M # M'and (M, V) & Ay,}.
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Du(Pyw, 1) ==

Here, gg corresponds to the event that there does not exist a quantization codeword
corresponding to atleast one sequence u of type Py € D,(Py,7); ENg corresponds to
the event, in which, there is neither an error at the channel decoder nor at the empirical
conditional entropy decoder; Eocg and Escg corresponds to the case, in which there is an
error at the channel decoder (hence also at the empirical conditional entropy decoder); and
&g corresponds to the case that there is an error (due to binning) only at the empirical
conditional entropy decoder. For the event Egg, it follows from a slight generalization of
the type-covering lemma (Lemma 9.1 in [38]) that

Pa0))

N (24)

Since ") /n @) oo for 7 > 0, the event Egg may be safely ignored from the analysis of
the error-exponents. Given that &g holds for some By ,, it follows from Equation 4.22
in [14] that

Pp,) (EnelEgg) < e ™, (25)

for sufficiently large n since the acceptance region is the same as that in Theorem 1 in [14].
Next, consider the event Eocg. We have for sufficiently large n that

Ppe (Eock) < Ppen) (M # 0) Py, (M # M|M' #0)

—
2
N

Ppe (M # M|M # 0)
P, (M = 0|M # 0) + Bpis, (M # MIM # 0, M #0)

IN A

—
<
=

e*ﬂ(Em(Psx,Q)fﬂ) + efn(EGX(R/pSX)iq)

IN

— ¢ n(min{Em(Psx6) Eex(R,Psx)} 1) (26)

where

(@)  holds since the event { M’ # 0} is equivalent to {M # 0};
(b) holds due to (21a) and (22), which holds for By ,,.

Additionally, the probability of £scg can be upper bounded as

Ppe,) (Esce) < Ppen) (M' =0)
S]I_DP(]Bn)( " =0[U € Du(Pu, 1)) + Pps,) (U & Dn(Pu, 1))
=Ppen (5EE)+P @) (U & Du(Pu, ))
<e e, (27)

where (27) is due to (24), the definition of D, (Py, ) in (15) and Lemma 2.2 and Lemma 2.6
in [38].

Finally, consider the event Egg. Note that this event occurs only when |M| < |M/|.
Additionally, M = 0 iff M’ = 0, and hence M’ # 0 and M = M implies that M # 0. Let

I(wuv)e U Tu(ke +1,Pw uv), Pw uv satisfies
PAW : m’EM’\{O} m m .
(23) and Pwuv = PWHV
We have

PP(Bn) (SBE) P(Bn) (gBE/ (M V) €A ) + IFJP(BH) (gBE/ (M,/ V) ¢ AVl) (28)
The second term in (28) can be upper bounded as

pn (E8E, (M, V) & Ay) < Pp, (M, V) & A, Eeg) + Ppe,) (M, V) & Ay, EEg)
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—_e"n) | 5 ! c
S e + IP>P(]B3n) ((M /V) é Afl‘gEE)
_enQn) =
<e ™ P, (U V) ¢ A)
< e 4 ek, (29)

where the inequality in (29) follows from Equation (4.22) in [14] for sufficiently large n since
the acceptance region A, is the same as that in [14]. To bound the first term in (28), define
Dy (Py,1) := {Py : 3 Py, € Du(Pyw, 1)}, and observe that since (M', V) € A, implies
M’ # 0, we have

Ppez) (Ep, (M, V) € Ay)

= E PP(B,,) (SBE/ (M/,V) eA, M=m, M = 11’!/)
(m',m)ye M’ x M
= Y Preg(M=mM =m',M=M)
(m',m)e M’ x M
Ppe, (M # M, (M, V) ¢ Ay, (M',V) € Ay|M' =m',M =m,M = M)

< Y Preg(M=mM =m',M=M)

(m',m)e M’ x M
Ppe (M # M, (M, V) € Ay|M' =m',M =m,M = M) (30)
@ Py (W £ M, (M, V) € Ay|M' =1,M =1, M = M)
(b) _
< Y Y Ppep(V=vIM =1)

PyeDy(Py i) vEPy

Pou (37 € f51 (1), 7 LHAW() W) < H(WW)|M =1,V =v), &)

where (a) follows since by the symmetry of the source encoder, binning function and
random codebook construction, the term in (30) is independent of (m,m’); (b) holds since
(M',V) € A, implies that Py € D,(Py,7) and (V,By) — M’ — (M, M) form a Markov
chain. Defining Py = Py, and the event £ := {M’ =1,V = v}, we obtain

Ppan (35 € f5' (1), j # 1L HAW()Iv) < H(W(1)[v) | &)

= Y Ppe(fe() = LHAAW(j)Iv) < H(W(1)|v) | &)
jeM\{01}

1 5 .
o7 2 Ppen (He(W(j)V) < H(W(1)]v) | &)
jEMIN\{01}

1 _
Ty ) Y. Preg (W) =w][&)
JEMN{01} Py :Ppyi €Du(Pyw,ir) w:(v,w)E€Tn (Pyyy,)
Y Poen (W(j) =W | & U{W(1) = w})
WETy (P ):He (W|v) <H(W|V)

—

a

IN=

INE

—
o
~

1 _
"Ry Z Z Z Ppen (W(1) =w | &1)
]’EM’\{O,l} PwlPVWeDn(va,ﬂ) WZ(V,W)E%(PVVA\I)

3 2Ppm,) (W(j) = W), (32)
WETy (P ):He (W|v)<H(W|V)

IN

where

(a) follows since fg(+) is the uniform binning function independent of Byy ,,;

(b)  holds due to the fact that if P, € D,(Py,7), then M’ = 1 implies that (W(1),v) €
Tu(Py,) with probability one for some Py, € Dy (Pyw, 17);

(¢ holds since Ppg,) (W(j) =W | £ U{W(1) =w}) < 2 Py, (W(j) = W), which
follows similarly to Equation (101) in [10].
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Continuing, we can write for sufficiently large 1,

By (37 € £ (1), j # 1L HAW(DIV) < H(W(D)|v) | &)
eann )y )y Y Pren(WO)=w|&)

]’GM/\{OJ} prVW €D, (va,}]) W:(V,W)Gn (va)

y 2 o~ n(H(W)—n)
WETu(Pyy):He (W[v)<H(W(V)

—
2
=

IN

C/| )
= e R Ppo@a) (W(l) =W ’ 5’1’)
JEMN{01} Py:Po €Dn(Pyw.p) wi(v,w)€Tn (Ppy)
(n+ 1)\V||W\enH(W\V)2 o n(H(W)—1)
< n1R Z 2 (n+ 1)\V|\W\ e (1W;V) =)
T JeMN{01} PPy €Du(Pyw )
- i I(W;V)— )
(2 an Z 2 (71 + 1)|W| (7’1 + 1>WHW‘ e n<P\7W€IDI;’1(I}3VWﬂ7) 7
e je M0}
d
(S) e~ (R=R'+pn—m) )

where p;, := minp_ I(V; W) and 7}, := 35 + o(1). In the above,

ow EDPn(Pyw 1)

(a) used Lemma 2.3 in [38] and the fact that the codewords are chosen uniformly at
random from 7y (P, );

(b) follows since the total number of sequences w € 7, (Py) such that Pgy = Pyy
and H(W|V) < H(W|V) is upper bounded by ¢"WI") and [T (W" x V)| <
(n+ 1)WIIWI;

(c) holds due to Lemma 2.2 in [38];

(d)  follows from R’ := {(k,, (14), (18) and (19).

Thus, since p, — p(ky, w) + O(#), we have from (28), (29), (31), (33) for large enough n that

PP(Bn) (Epe) < o~ n(min{Ky, R—{ (ka,w)+p(ka,w)=O(1)}) (34)

By choice of (w, Psx,0) € L(xa), it follows from (24), (25), (26), (27) and (34) that the type I
error probability is upper bounded by e~"(==0(1)) for large n.
Type II error probability: We analyze the type Il error probability averaged over B,. A
type Il error can occur only under the following events:
0 P { M=MM =M #0,(U,V,WM)) € To(Pypw) }

@ s.t. Paw c Dn(Puw,ﬂ) and PVW c Dn(va,ﬂ) !

M #0,M=MM # M, fg(M') = fg(M'), (U, V,W(M),
(ii) gb = W(M/)) e Ty <PL]VWWd) s.t. PHW S Dn(PUW;ﬂ); ,
Pyw, € Du(Pyw, 1) and He (W(M')|V) < Ho((W(M')|V)
@) £ e { M’ # 0, M # Mor 0, (U, V,W(M'), W(I') € Tu(Papim, ) st }
. Paw c Dn(PUW/W) and PVWd c Dn(va,ﬂ) ’
(V) &= {M =M =0,N £ M, (VW) & Ty(Pyy, ) st Pyyy, € Du(Pow, ) }-
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Similar to (24), it follows that PQ(Bn) (&gg) < """ Hence, we may assume that £f; holds
for the type II error-exponent analysis. It then follows from the analysis in Equations (4.23)-
(4.27) in [14] that for sufficiently large n,

IP>Q(1Bn) (&alEgg) < e~ M(E1(kew)=0(1))

The analysis of the error events &, £ and &; follows similarly to that in the proof of Theo-
rem 2 in [10], and results in

1 _
— log (]P)Q(Bn) (&))
min D (Pro o) + Ep(Ke, w, R) —O(n), iR < (ky,w)+7,
N gmin - DPavil| Qi) + (s, R) — () 2 0) 1
00, otherwise,

= Ez(xa, w,R) — O(n).
_71 log (]P’Qusn) (&))

min D(Pavw‘ |ngw) + Ep (%4, w0, R) if R < {(xq,w) + 1
Py Qervw) €T3 (Kaw)
> +Eex(R1PSX) - O(’?)z
~ min D(Pgow!|Quyw) + (ke w) otherwise,

(Parow Qeryw) €T3 (Ka,w)
= E?)(Kﬂ(/w/ R/ PSX) - O(ﬂ)
_]_ _
~, log (]PQ(]Bn) (&1))

P Ignpin(P )D(PVHQV) + Ep (%4, w, R) if R < (K, w) +1,
v Pyw €Pn(Pyw .1
> +Esp(Psx,8) — 6 —O(n),

minp,.p. €D, (Pyw 1) D(Py||Qv) + p(ka, w) otherwise,

+ESP(P5X,9) —0—-0(1n),
= E4(xa, w, R, Psx,0) — O(1).

Since the exponent of the type Il error probability is lower bounded by the minimum of the
exponent of the type II error-causing events, we have shown from the above that for a fixed
(w, R, Psx,0) € L(k,) and sufficiently large n,

P ( =1)<e —n(ka=0(1)) (35a)
PQGBn) (A=0)<e —1(Rs (ka,w,R,Psx 8)—O(1)) (35b)
where
Rs(Ka, w, R, Psx,0) := min { Ej (ky, w), Ex(Ka, w, R), E3(ka, w, R, Psx), E4(ka, w, R, Psx, 0) }.
Expurgation: To complete the proof, we extract a deterministic codebook B;; that satisfies

IPP(B*)(H 1) < —n(ka=0(n))
PQ(B” ( 0) —n(Rs (ka,w,R,Psx,0)—O(11))

For this purpose, remove a set B, C B, of highest type I error probability codebooks such
that the remaining set 8, \'B;, has a probability of T € (0.25,0.5), i.e., uu(B,\B),) =
Then, it follows from (35a) and (35b) that for all B, € B, \B},

| /\

IFDP Bn) (H 1) ~ Ze_n(K"‘_O(W))l
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]TDQ(]BH) (H — 0) < 4677’(725(Kﬂ/wlR/PSXrG)fo(ﬂ))

= 7

where I?’Q(Bn> = %Eﬂn []P’Q]Bn Lig,em,\ 28, }] is a PMF. Perform one more similar expurgation
step to obtain By = (Bjy ., i, BX ,,) € Bn\B}, such that for all sufficiently large n

1) < 20 < ¢ (s-0()~(10g2/m))

SeY
Il

PP(BE) (

P s (H

0) < 4o (Rs (Ka,a},R,Psx,Q)—O(l’])) <o (Ks(Ka,w,R,PSX,Q)—O(;y)—(log4/n)) ]
Maximizing over (w, R, Psx,0) € L(k,) and noting that # > 0 is arbitrary completes the

proof.

4.2. Proof of Corollary 1

Consider (w, Psx,0) € L*(xy) and R = {(ka, w). Then, (w, R, Psx,0) € L(xy). Addi-
tionally, for any (Pgyyw, Quyw) € T1(ka, w), we have

D(Pgyw!IQayw) = D(Paw!|Quw) + D(PwawllQV\aWIPaw)

(Pow||PvPy)
Ip(V; W) + D(Py||Py), (36)

where (a) is due to the non-negativity of KL divergence and since Qp gy = Pv; (D) is
because of the monotonicity of KL divergence Theorem 2.14 in [43]; (c) follows since for
(Pgvw Quow) € Tk, w), Py = Py, for some Py € L(kq, w). Minimizing over all
Pypw € L(xe, w) yields that
Eq(ky, w) = min

’ (Payw Ruvw) €T (Kaw)
>  min [Ip(V; W)+ D(Py

Pavw€£(7{,x,w)

= min [Ip(V; W) + D(Py

P‘A/wipavweﬁ(l(a,w)

D(Pgyw!Qayw)

Py)]

Py)] = Eil(K,x,w),

where the inequality above follows from (36). Next, since {(x,, w) = R, we have that
Ej(ky, w, R) = co. Additionally, by the non-negativity of KL divergence

E3(xe,w, R, Psx) = — min  D(Pgypw!|Qppw) + p(ke, @) + Eex(R, Psx)
(PaywQavw)
67—3(’%;‘*’)

> p(ka, ) + Eex({(Ka, w), Psx) := Eb(ka, w, Psx),
E4(Ka, w, Psx, 9) = mlI‘L D(PV Pv) + p(K,X, (U) + Em(PSXr 9) —0

PVPI:IVW Gﬁ(K,X,a})

- P(Kﬂc/w) + Em(PSX/ 9) - 9 = E%’)(KIX/ CU, PSX/ 9)/

where the final equality is since Pyy Py € L(xy,w) for Py = w(Py). The claim in (8)
now follows from Theorem 1.

Next, we prove (10). Note that £(0,w) = {Pyyw = PuvPwy : Pwju = w(Pu)}
and ,C*(O) = {((JJ,PSX,G) € F X P(S X X) X @(Psx) : Ip(U,W) < IP(X,Y|S),PW‘U =
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w(Pu), Psxy := PsxPy|x} since Esp(Psx,0) > 0 and Eex(Ip(U; W), Psx) > 0. Hence,
we have

Ei(0,w)> min Ip(V;W) = Ip(V;W).

PUVW €£A(0,a])

Additionally, p(0,w) = Ip(V; W), E5(0,w,Psx) > p(0,w) and EL(0,w, Psx,0) >
p(0,w). By choosing Pxs = P%Ps where P% is the capacity achieving input distribu-
tion, we have Ip(X;Y|S) = C. Then, it follows from (8) and the continuity of El (x, w),
E} (ka, w, Psx) and EX(ka, w, Psx, 0) in x4 that limy, 0 x(x) > x¥(0). On the other hand,
lim, 0% (%) < Kf(O) follows from the converse proof in Proposition 7 in [10]. The proof of
the cardinality bound |W| < |U/| + 1 follows from a standard application of the Eggleston-
Fenchel-Carathéodory theorem (Theorem18 in [48]), thus completing the proof.

4.3. Proof of Corollary 2
Specializing Theorem 1 to TAD, note that p(is, w) = 0 since Pypy, = QuQv Py g €
EA(K,X,w) and IP(V; W) = 0. Additionally, for R > (x4, w), Ep(ka, w, R) = co. Hence,

Ko, w) < R < Ip(X;Y|S), P, = Psx Py v,
ﬁ(Ka):{(CU,R,PSX,G):g(lX ) p(X;YI[S), Psxy = PsxPy|x }

mln{Esp(PSX/ 0)/E9X(R/ PSX)} 2 Ku
Lk, @) = {Papw + D(Papw!Puvw) < %o Py = @(Pe), Pyyiy = QuQvPyyyg |-
Then, we have

Ei (o, w) = Ed (ko w) := min D(Pgow
(e 1k ) Py Qe ) €T (Kaw) (Parw

A
V=

min_ D(PyyllQpy)
(P Quryw) €Th (Kaw) VW=V

—
=

Quiw)/ (37)

= min D(PVW
(va,va):PaVWeﬁ(Ka,w),
Quviw=Ruv Py g

where (a) follows due to the data-processing inequality for KL divergence Theorem 2.15
in [43]; (b) is since (Pavw, Qavw) € 'Tl(Ka,aJ) implies that PVVV = PVW and QCIVW =
QUVPW|H for some Ppypp € ﬁ(Ka,w). Next, note that since R > {(kq, w), Ex (4, w, R) = 0.
Additionally,

E3(x4,w, R, Psx) = min D(Provw || Qrvw ) + Eex(R, Psx (38a)
(ow RP) = | min - D(PopylQavw) + Eex(R,Pix)

D Eex(R, Psy), (38b)
E4(K,X, w, Psx, 9) = min D(PV Qv) + Em(PSX/ 9) —0

P‘A/:Paf,weli(mc,w)
b
Y Er(Psx, 0) — 0 =: E$(Psx, 0), (380)

where

(a) is obtained by taking Pypw = QuQvPwiu € L (x4, w) and Py = w(Qu) in the
definition of 73 (ka, w). This implies that (Pgpyw, Quyw) = (Quv Pwu, QuvPwiu) €
75(xa, w), and hence that the first term in the right hand side (RHS) of (38a) is zero;

(b) is due to QuQvPyy € L(ky,w) for Py = w(Qu)-

Since Eex (R, Psx ) is a non-increasing function of R and R > {(k,, w), selecting R = {(kq, w)

maximizes E3(x,, w, R, Psx). Then, (11) follows from (37), (38b) and (38c¢).
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Next, we prove (12). Note that {(0,w) = Io(U; W), where Quw = QuPwu, Pwju =
w(Qu), and since Egp(Psx, ) > 0 and Eex (Io(U; W), Psx) >0,

£4(0) = (w, Psx,0) € Fx P(S x X) x O(Psx) : Io(U; W) < Ip(X;YIS),
Quvw = QuvPwiu, Pwiu = @(Qu), Psxy := PsxPyx .

Additionally, £(0,w) = {QuQvPwu : Pwu = @(Qu)}. By choosing 6 = —6;(Psx)
(defined above (6a)) that maximizes Eg(PSX, ), we have

ES (0, w) > min  D(Pyy
(Pow Qui): Py €L0w),
uvw=Quv P
= min D(QvQwl|Qvw), (39a)
(Pwju Psx): Ig(UW)<Ip(X;Y|S),
Quvw=Quv Pwu Psxy=PsxPy|x

E(Zi(olw/ PSX) = EeX(IQ(U; W)l PSX)/ (39b)
ES(Psx, —61(Psx)) = Em(Psx, —61(Psx)) + 61(Psx) = 61(Psx), (39¢)

where (39¢) is due to Em(Psx, —6;(Psx)) = 0. The latter in turn follows similar to (A10)
and (A11) from the definition of En (-, -). From (11), (39a, 39b, 39c), and the continuity of
E‘f(K,x,w), Eg(Ka,w, Psx) in %, (12) follows. The proof of the cardinality bound |[W| <
|U| + 1 in the RHS of (39a) follows via a standard application of the Eggleston—-Fenchel-
Carathéodory Theorem (Theorem 18 in [48]). To see this, note that it is sufficient to preserve
{Qu(u),u € U}, D(QvQw||Qvw) and Ho(U|W), all of which can be written as a linear
combination of functionals of Qy (-|w) with weights Qw(w). Thus, it requires [¢/| — 1
points to preserve {Qq;(u), u € U} and one each for D(QyvQw/||Qvw) and Ho(U|W). This
completes the proof.

va)

4.4. Proof of Theorem 2

We will show that the error-exponent pairs (kq, k5 (kz)) and (iq, x5 (ks ) ) are achieved
by a hybrid coding scheme and uncoded transmission scheme, respectively. First, we
describe the hybrid coding scheme.

Letn € N, [W| < oo, k¢ > 0, and (Ps, ' (-, Ps), Pxjusw Px/jus) € Ln(xa). Further,
let 7 > 0 be a small number, and choose a sequence s € 771(P§), where Pg satisfies
D(P§ PS) <. Set R’ := C(K,x,w/, P§).

Encoding: The encoder performs type-based quantization followed by hybrid coding [40].
The details are as follows:

Quantization codebook: Let D, (P, 1) be as defined in (15). Consider some ordering
on the types in D, (Py, 1) and denote the elements as Py, i€ [|Dn(Pu,1)|]. For each

joint type Py such that Py € Dy, (Py, 1) and S L U, choose a joint type variable Psy s
PWi € T(W”), such that D(PWi\lAIiSA||PWi\USA‘PI:IiSA) < 17/3 and I(g, Hl',' Wl) < R+ (17/3),
where PW,-|LI,S = w/(Pai, Pg). Define Dn(Psuw,ﬂ) = {Pgaiwi S [|Dn(Pu,17)|] }, RZ,- =
Ip(8, Uy Wy) + (11/3) for i € [|Du(Py,17)|] and M) = [1+ YL eRu o v eRu], i €
[|Dn(Pu,1)|]- Let By, = {W(j) e W",1<j < ZE’{(P”’”)‘ E"Rg} denote a random quanti-
zation codebook such that for i € [|D,(Py,1)|], each codeword W(j), j € M., is indepen-
dently selected from 7, (PWi) according to uniform distribution, i.e.,, W(j) ~ Unif[ T, (PWi )]
Let By , denote a realization of Byy ,,.

Type-based hybrid coding: For u € 7, (P ) such that Py € Dy(Py,1) for some i €

[ Dn(Pu, )], let

W(u, Byy) = {j € M}z w(j) € B, (5,0, w(j)) € Ta(Psga,): P, € Pn(Psumws 1) -
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If IM(u, By )| > 1, let M'(u, By ,) denote an index selected uniformly at random from
the set M(u, By ,,); otherwise, set M’ (u, By ,,) = 0. Given By , and u € U", the quantizer

outputs M’ = M'(u, By ), where the support of M" is M’ := {0} U‘D" P M. Note

that for sufficiently large #, it follows similarly to (18) that |M’] < ¢" "(R'+1) | For a given
By, and u € U", the encoder transmits X ~ P%’ilsw(ﬁu, s,w(im'))if M = m’ # 0, and
X' ~ PX/TUS( lu,s)if M = 0.

Acceptance region: For a given codebook By ,, and m’ € M'\{0}, let O, denote the set
of u such that M’ (u, By ,) = m’. For each m’ € M'\{0} andu € O,,, set

Z,(u) = {(V,y) eV x V" (s,u, Wy, v,y) € Tn(ka +1, Pﬁuw,n,vy) },
where recall that 7, (7, Px) := {x € X" : D(Py||Px) < r}, and
P§UWm/ VXY — PSAPUVPWW/\USAPX\USAWW PY\X/ (40a)

/‘US = W (Pu,P ) and PX‘USW , = Px‘usw (40b)

For m' € M'\{0}, define Z/, := {(v,y) : (v,y) € Z/,(u)forsomeu € O,/ }. The
acceptance region for Hp is given by A, := U,ycppg 8 X m' X Z], or equivalently as
.Ae = Um 'e M/\0 s X Omr X Z/

Decodlng Given codebook By, Y =y, and V = v, if (v,y) € Upemn (o} 2,y then
M’ = 1, where 1’ := argmin jemno He(W(j)|v,y,s). Otherwise, M’ = 0. Denote the
decoder induced by the above operations by gz, : " x V" x Y" — M.

Testing: If M’ = 0, H = 1 is declared. Otherwise, H = 0 or A = 11is declared depending on

whether (s, 1, v,y) € Ay or (s,1',v,y) ¢ A,, respectively. Denote the decision function
induced by g5, , and A, by g : S" x V" x Y — H.

Induced probability distribution: The PMFs induced by a code c¢;, = (fy,, g») with respect
to codebook By , under Hy and Hj are

(B W,n:Cn )
UVM/XYM'H

Py (w,v) ]l{M’(u,BWn) m'} X\usw(x|s’“'w< ') Py (y1x)
- , ifm' #0,
{gBW,n (v,y,sr)—m } {h 1{ (s v)y) GAC}}
Pﬁ\y}(u/v) ]l{M’(u,BW,n):m’} P;?’TUS(X‘ ,u ) Y|X(Y| )

1 1 otherwise
{gBW/n (V/Y,S):m,} {fl:ﬂ{(s,m/,v,y)ef\%} }’ ’

(w,v,m’,x,y, ', I)

and

B ns/-n N A
QEJ\‘;VM’;Y)M’H(II’ v, m/, X, y, m/,h)
Q(Ii%(u,V) ]l{M/(u,Bw,n):m/} P§|st(x|s, u,w(m')) P)%((ﬂx)

= ]l{gBW'” (V'y's):ﬁ/} l{ﬁzﬂ{(s/ﬁz’/vy)eAﬁ}}, if m' #0,

QS"‘,(u,v) ]l{M,(ule/n):m,} Pf?,’rus(x|s,u) P?&(y|x)
1 1 )
{0 vy)=i} " (=L gy }

respectively. For brevity, we will denote By , by B,,, By , by B;;, and the above probability
distributions by P(B») and Q). Let B, and p, stand for the support and probability
measure of By, respectively, and set Pys,) := Ey, [Ppen |, Posa = By, [P ]

otherwise,
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Analysis of the type I and type II error probabilities: We analyze the expected type I and
type II error probabilities, where the expectation is with respect to the randomness of B,,,
followed by the expurgation technique to extract a sequence of deterministic codebooks
{By}nen and a code {c, = (fu,gn) }nen that achieves the lower bound in Theorem 2.
Type I error probability: Denoting by A, the random acceptance region for Hy, note that a
type I error can occur only under the following events:

M = U U Eep(u), where
Py €Dn(Pui) weTu(Py)

gl (11) — E] S M’\{O} s.t. (S/ u,W(])) S E(PSAG,VA\/,)’ Pélﬁl, = Psu,
o . PSTJ,V% € Dn(PSuw, 77) 4

(ii) Eg = {M =M and (s, M',V,Y) & A,},
(i)  Eopp:={M #0,M # M and (s, M, V,Y) & A, },
(iv) Elpp == {M' =0, M' # M’ and (s, M, V,Y) & A, }.

By definition of R/, we have, similar to (24), the following:

Pps, (Efg) < e (41)
Next, the event & can be upper bounded as
Ppe, (ENEIEEE) < Ppea (s, M, V,Y) & Ag|M' = M, E5)
=1—"Pps, ((s,U,V,Y) € AS|EFE). (42)
For u € O,,/, note that, similar to Equation 4.17 in [14], we have
Pps, (V,Y) € Z!,(w)|U = u, W(m') = Wy, E5) > 1 — ¢ (et 5-D(PullPu)
From this and (15), we obtain, similar to Equation (4.22) in [14] that
Ppe, ((s,U,V,Y) € Al|Ef) > 1 — e, (43)
Substituting (43) in (42) yields
Pps, (Engl€Ep) < e ™. (44)

Next, we bound the probability of the event £/, as follows:

IFDPBn (5/ODE)
=Pps, (M #0,M # M, (s, M, V,Y) € Ay, (s, M',V,Y) & A;)

+ Ppg, (M # 0, M # M, (s, M, V,Y) & Ay, (s, M, V,Y) & A,)
< Ppe, (M #0,M # M, (s, M, V,Y) € Ay, (s, M, V,Y) & Ay)

+ Ppe, (M # 0, M # M, (s, M',V,Y) & Ay)

—
2
=

< Ppay (M £ 0,0 £ M, (s, M,V,Y) € Ay, (s, M,V,Y) ¢ A,) +e """ e (45)
< Pps, (M # MM #0,(s, M, V,Y) € A,) +e """ 4%,

O p s, (NI 2 MM £ 0,8 £0,(s, M, V,Y) € A,) (46)
(9 (0! (ko P Pxusie) =8 (' Pg)—O(n) @)
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where (a) follows similar to (29) using (41) and (43); (b) is since (s, M, V,Y) € A, implies

that M’ # 0; and (c) follows similar to (33). Further,

Pps, (Espp) < Ppz, (M =0)

PP]Bn (M/ - 0|(€g:E) + ]I_DP]Bn (géE)
). P (w) 4 Pps, (Egr)

w:Py¢Dy(Py,n)

ke —_en (1)
SenK“+€e ,

IAINA

(48)

where the penultimate equality is since given £%, M’ = 0 occurs only for U = u such
that Py ¢ Dy (Py,n), and the final inequality follows from (41), the definition of Dy, (Py, 17)
and Lemma 1.6 in [38]. From (41), (44), (47) and (48), the expected type I error probability

satisfies e~""(2=O(1)) for sufficiently large 1 via the union bound.

Type II error probability: Next, we analyze the expected type II error probability over B,,.

Let

Peono: 3 (s,u,v,W,y) € U TJulxg+mn,Ps ,
ID”(PSVWY/T]) = { SVwWY y m,EM/\{O} n( @ 7/ SUVWm/Y) },

Péuvwm,y satisfies (40) and Psuvwy = Peprpwy

FI ()= { Poavwy € T(S" XU X VT X W V") 2 Pey
1n m):

v €
Psowy € Du(Psvwy, 1)
A type I error can occur only under the following events:
{ M =M #0,(s,UV,WM),Y) € Tu(Pegrpwy) }

a &=
(a) a s.t. PHW S Dn(PSUW/U) and PéVW? S Dn<Psva,ﬂ>

M # 0, M’ # M/, (S, U, V,W(M,),Y,W(M/)) S 7;1 (P§CI\7W\7Wd>
b) &= s.t. Py € Dn(PSUWrU)rps”VWdf/ € Du(Psywy, 1),
and H,(W(M')|s,V,Y) < H,(W(M')|s, V,Y)
© g M = O,M/ 75 M/’ (S,V,Y,W(M’)) € %(PAVYVA\/,,Z)
¢ s.t. P§VWdY € Dy, (Psva,iy)

Considering the event £, we have

Pgsn (€2)
< Z Z Z PQB”(U:u'VZV/M/:m/,W(m/):W,Y:y|sz
Psgywy  (wvwy): m'e M'\{0}
€F () (s,u,v,Ww)y)
€T (Psgywy)

< ) ) Y, P (U=uV=v,M=m'S=s)
Pgavwv€f{,n (n) (u,v,W,y): m'e M'\{0}
(s,u,v,w,y) €Tn (P§HVW}7)

Pos, (W(m') =wlU=u,V=v,M =m'S =s)
Pos, (Y=y[U=uV=v,M =m',Wn') =w,5 =

(g e*”(H(HrVHD(PavIIqu)) efn(H(VV $,)—n)
Pegowy €710 (1) (wv,w,y):
SUvWwy S/, R 2
ein (H(Y‘H'SA'W)+D(PY\U§W|‘PY\USW|PU§W))
< Z (VW YS) o =n(H(GV)+D(PayllQuv)) o—n(H(WISU)-1)

Peirpyoy €71, (1)

DH(PSUW/ 77)/ }

s)

5
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e
< e "B, (49)
where
/A : T Y7 . 718 17 11T & TR
El, = min H(U, V) + D(Pgy||Quv) + HWIS,U) —y + H(Y|U,S, W)

Peqowy €F1, (1)
Y e A 1
+D Pyl PruswIPagy) — H(T, 7,1, 718) = 21241 VI W11 tog(n + 1)

> min D(Pgyywysl|Quvwyis|Ps) — O(n)
(Paywys Quvwys
€T{ (ku,w',Ps,Pyx|usw)

= Ej (K, ") = O(1).

For the inequality in (a) above, we used }_ ]P)Q]Bn (M’ =m'lU=uV=v,S= s) <1land

e (HWIS=1) e e T (W),

Pos, (W(m') =wlU=u,V=v,S=s M =m') <
0, otherwise,

which in turn follows from the fact that given M’ = m’ and U = u, W(m’) is uniformly
distributed in the set 7}, (PW\S?CI' s,u) and that for sufficiently large n |7, (PW\éaf s,u)| >
en(H(W|SA,l:I)717)_

Next, we analyze the probability of the event &£;. Let

7.(n) = { Psgowyw, PAUL’V GAIZ"(PSUW’MQPAY%YF Du(Psywy, 1) }
' H(W,4|S,V,Y) < H(W|S,V,Y)
Then,
P g5 (€p)
< X L L P (U=uwVevM =, W) = w Y =yiS =)

Perowyi (wvwyw): m'e
SUVWYW, VWY,
ey, (suviwyw) MAD)

S Fsaywyw,

Pos, (W) = w'|U = u, M' = m',W(m') = w,S = s)

i’ e MI\{0,m'}
< X ) e~ (HUV)+D(PgyllQuy)) e—n(H(W|§,CI)—17)
Psgowyw, (wv,wy):

exy, () v wY)ET(Pguy)

" (H(Y\ U,$W)+D (Py\agw\ \Py\usw\Pagw) ) o1 (' (ka0 Pg)+17)

e"(H(Wd)*’?
S E_nEIZ,n/ (50)
where
Eyn 2 min D(Pgyys|IQuvwyis| Ps) + o' (ka, @', Ps, Pxjusw)

(PapwysRQuvwys) €T (Kew',Ps,Pxjusw)
— ' (ka, ', Ps) — O(17)
= Ej(ka, &', Ps, Pxjusw) — O(1).
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Finally, considering the event £/, we have

Posa (€)= ). Pou(U=ulg&lS=s)+ ) Po(U=ulllS=s).
ueTy(Py): ueTy(Py):
Py€Dy(Pyun) Py &Dn(Pum)

The first term in the RHS decays double exponentially as e=¢""" while the second
term can be handled as follows:

Poe, (U=1u,&S =)
u€T,(Py):Py¢Dy(Puy)
< )Y ) Y Py (U=uV=v,M=0Y=y|S=s)
ueT,(Py): (vyw'): meM\{0}
Pa#u(Pun) (s,v,yw)eTs (Pspyn, )
Psoyi, v €Du(Psvwy 17)

Pgoe, (W(ii') = w)

i e M\ {0}
< Z enH(H,V,Y|§)e—n(H(fI,V,Y|SA)+D(PaW‘§\\quy,‘g‘pg)) e H(Wal5 V:Y)e"(R +1)
Pagow, v € Du(Pui)* M (HWa)—1)
XDy (Psywy.1)
S e_nEé/n, (51)
where
/ . , , , .
Ban 2 P D(Pyy(sl1Quys|Ps) + p' (ka, ', Ps, Pxjusw) — &' (ka, ', Ps) — O(1p)
visttavwis ©

Ly (k' Ps,Pxjusw)
= E3(ka, ', Ps, Pxjusw, Pxrjus) — O(1).

Since the exponent of the type Il error probability is lower bounded by the minimum
of the exponent of the type II error-causing events, it follows from (49), (50) and (51) that
for a fixed (Ps, w'(+, Ps), Pxjusw. Px'jus) € Ln(¥a)

P, (H =1) < e "(ka=O), (52a)

=i
et

Q(Bn)( _ 0) <e " (Rh(me',Ps,wasw/quus)*O(’?)), (52b)
where &, = min {E] (s, '), E (ka, &', Ps, Pxusw), E3(a, &', Ps, Pxjusw, Px/|us) }. Per-
forming expurgation as in the proof of Theorem 1 to obtain a deterministic codebook
By, satisfying (52a, 52b), maximizing over (Ps,w’(-, Ps), Pxjusw, Pxjus) € Ln(k«) and
noting that 7 > 0 is arbitrary yields x(xy) > ().

Finally, we show that x(xy) > {; (), which will complete the proof. Fix Py|y;s and let
Puvxy = PuvPxjusPy|x and Quvxy := QuvPxjusPy|x- Consider an uncoded transmis-
sion scheme in which the channel input X ~ f,(-|u) = P%’zls(- |u,s). Let the decision rule
8n be specified by the acceptance region A, = {(s,v,y) : D(Pyys||Pyy(s|Ps) < ko + 1} for
some small #7 > 0. Then, it follows from Lemma 2.6 in [42] that for sufficiently large n,

an(fn gn) = P{??\S(Ams) <e M,
Bu(fu,&n) = Q%%S(A”ls) < e~ (K (k) =0 )
The proof is complete by noting that # > 0 is arbitrary.

5. Conclusions

This work explored the trade-off between the type I and type II error-exponents for
distributed hypothesis testing over a noisy channel. We proposed a separate hypothesis
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testing and channel coding scheme as well as a joint scheme utilizing hybrid coding, and
analyzed their performance resulting in two inner bounds on the error-exponents trade-off.
The separate scheme recovers some of the existing bounds in the literature as special cases.
We also showed via an example of testing against dependence that the joint scheme strictly
outperforms the separate scheme at some points of the error-exponents trade-off. An
interesting avenue for future research is the exploration of novel outer bounds that could
shed light on the scenarios where the separate or joint schemes are tight.
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Abbreviations

The following abbreviations are used in this manuscript:

HT Hypothesis testing

DHT Distributed hypothesis testing

TAD Testing against dependence

TAI Testing against independence

SHTCC Separate hypothesis testing and channel coding
JHTCC  Joint hypothesis testing and channel coding

Appendix A. Proof that Theorem 1 Recovers Theorem 2 in [10]

We prove that limy, _, € (kx) = ks, where «; is the lower bound on the type II error-
exponent for a fixed type I error probability constraint and unit bandwidth ratio estab-
lished in Theorem 2 in [10]. Note that £(0,w) = {Pyyw = Puv Pyiu, Pwiu = w(Pu)},
(0,w) = Ip(U;W), and p(0,w) = Ip(V;W). The result then follows from Theorem 1
by noting that ﬁ(Ka,w), {(ky,w) and p(xq, w) are continuous in x, and the fact that
Esp(Psx,0), Eex(R, Psx) and Ey (ka, w, R) are all greater than or equal to zero.

Appendix B. Proof that Theorem 2 Recovers Theorem 5 in [10]
We show that lim,, ;o KE(KQ) = kp,, where Ky, is as defined in Theorem 5 in [10]. Note

that ﬁh(O,w’, Pg, PX|USW) = {PUVWYS : Psyvwxy = PSPUVPW\USPX\USWPY\X/ PW\LIS =
w/(Pu,Ps)}, C’(O,w’, Ps) = Ip(u,'W‘S), p(Olw//PSrPX|LISW) = Ip(Y, V;W|S),

L4(0) := {(Ps, (-, Ps), Pxjusw, Pxrjus) : Ip(U; W[S) < Ip(Y, V; W|S) },

and E[(0,«’, Ps, Pxjusw) = Ip(Y,V;WI|S) — Ip(U; WIS). The result then follows from
Theorem 2 via the continuity of £, (ka, -, -, ), &' (K, ), 0(Ka, -, - ), Ln(ky) and E{ (Ka,)-, ")
in xg.

Appendix C. An Auxiliary Result

Here, we prove a result which was used in the proof of Theorem 1, namely Proposition A1l
given below. For this purpose, we require a few properties of log-moment generating
function, which we briefly review next.

Lemma A1l. (Theorem 15.3, Theorem 15.6 in [43])
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(i) ¥p,,r(0) = 0 and l[J},Z,f(O) = Ep,[f(2)], where lpjjzrf()\) denotes the derivative of
¥p,,r(A) with respect to A.

(ii) ¥p, f(A) is a strictly convex function in A.

(ii) lpl*’z,f(e) is strictly convex and strictly positive in 0 except ll)l*jz,f<EpZ [Z]) =0.

Proposition Al is basically a characterization of the error-exponent region of a hypoth-
esis testing problem, which we introduce next. Let Px,x, € P(X?) be an arbitrary joint
PME, and consider a sequence of pairs of n-length sequences (X, x’) such that

(m)

Po (%,%') — Px,x, (£,%'), ¥ (%,%) € X2 (A1)

Consider the following HT:
Ho: Y ~ PR (%), (A2a)
Hy:Y~ P%(-|x/). (A2b)

With the achievability of an error-exponent pair (x,, k) defined similar to Definition 1,
consider the error-exponent region of interest

R,(PXOXl) = {(sz,K/(Kuu PXOXl)) Ty € (O,K,;*)},

where ' (i, Px,x,) := sup{xg : (ka, ) is achievable for HT in (A2)} and x,* := inf{x, :
' (ka, Px,x,) = 0}. We mention at this point that the notation R’ (Px,x, ) is justified as the
error-exponent region for the above hypothesis test depends on (X,x’) only through its
limiting joint type Px,x,, as will be evident later. Given this, the following proposition
provides a single-letter characterization of R'(Px,x, )-

Proposition Al.

! _ * *
R (Pxox,) = gez(fx()xl) (EPXOXI WPY\X('\XO)/HXO,Xl 0)], ]EPX(]Xl [lppy\x('\xo)rnxa,xl 0)] - 6)

where I (y) := log (Py x (v[x') /Py x (v]9)) for (£,3') € A2,
Z(Px,x,) := (= dmin(Px,x, ), dmax(Px,x,)),
Amin (Pxox,) := Epy . [D(Py;x (-1X0)[|Py)x (-1X1))]
Amax(Pxox;) 7= Epy x, [D(Py;x (-1X1) [Py x (-1X0))]-
Proof. Let (X,x') € X" x X" be sequences that satisfy (A1). For simplicity, we will denote

Amax(Px,x, ) and dmin(Px,x,) bY dmax and dmin, respectively.
Achievability: We will show that for —dmin < 6 < dmax,

! * *
* (]proxl |:IPPY\X('|XO)/HXO,X1 (9)}'PX0X1> > Epyg {¢PY‘X(-|XO),HXO,X1 (9)} — 0.

Consider the Neyman-Pearson test given by g,(y) = 1 111, (y) 20} where Hglx)/(y) =

Y Hfi,xgrpy‘x(y,-). Observe that the type I error probability can be upper bounded for
6 > —dmin and sufficiently large # as follows:

() = P ) (T (¥) > n6)

Y|X
a) —sup A=y .y (A)
W gl
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—sup n 9/\7%1# on i (n 1)
(:b)e AR ( Pﬁx(-\xm;x)/ )/ (A3)

where (a) follows from the Chernoff bound, and (b) holds because for 8 > —dpni, and
sufficiently large n, the supremum in (A3) always occurs at A > 0. To see this, note that
the term ,(A) := 6A — ’H/JPW (R ) (A) is a concave function of A by Lemma A1 (i).

XX/

Additionally, denoting its derlvatlve with respect to A by I/,(A), we have

1 n
1(0) = 0=~ Epen (1) [HE ),] (A4)

Y|X
=6— ; Epy (15 108 (Prix (1) / Prjx (1119 )|

0+ i > 0, (A5)

where (A4) follows from Lemma Al (iii), and (A5) is due to the absolute continuity as-
sumption, Py (-[x) < Py|x(-|x'), ¥ (x,x") € &% on the channel, and (A1). Thus, by the

concavity of [,,(A), its supremum has to occur at A > 0. Simplifying the term within the
exponent in (A3), we obtain

1¢PM(|X> i, () Jgpixfxx>1og(Equx>[<PY|x<Y\ )/ Pyx(Y19)']) (A6)
U By, [108 (B0 [0 V)] (A7)

where (A7) follows from (A1) and the absolute continuity assumption on Py|x- Substi-
tuting (A7) in (A3) and from (1), we obtain for arbitrarily small (but fixed) 6 > 0 and
—sup <n (9/\71proxl

sufficiently large n, that
)
o (gn) S e A€R

AIT (Y)
—nlE ) Xo.X1 -6
e (B [ (1 Brna (2057 )| )

= ein(pri)xl {wltY\X("XO)’HXO'Xl (9)] 75) . (A8)

log <EPY‘X<-\XO>

Similarly, it can be shown that for 8 < dmax,

,Bn(gn) <e n( Pxoxy {lpl’nx('le)/on,xl( )] ) (A9)
Moreover, for (%,x') € X2, we have

etl’PY‘X(A\x/),H;, IPPY\X(“@'HX,X/ ()\Jrl)'

= ) PGl /Py (%) = e
yey

It follows that

¢;Y|X('|xl)/nf,xl (9) - sup A8 — llJPyp( |x (/\)

AeR

— sup A0 — P, (o, , (A+1)
AeR o

= Ppy (1)1 (0) — 0
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Hence,
IE‘Pxoxl [lﬁ’y\x('\xl)rnxg,x] (9)} = ]E:PX[]Xl {¢;Y|X('|XO)/HXO,X1 (9)] — 0.
From this, (A8) and (A9), we obtain for —dpin < 0 < dmax that
! * %
K (]EPXUX1 |:¢PY|X(‘|X0)’HX0,X1 (9):| - 5/ PX0X1> Z ]EPXOX] |:1/JPY\X(‘|X0)IHXO,X1 (6)j| - 9 - 5

Then, the proof of achievability is completed by noting that § > 0 is arbitrary and
K’ (ka, Px,x, ) is a continuous function of x, for a fixed Px,x,

Converse: Let Z,(%,x') := {i € [n] : ¥; = Xand x] = x’}. For any § € R and decision
function g,, we have from Theorem 14.9 in [43] that

n(3n) + 7" Bulgn) = Ppon (5 (1og (Py (YIX) /P (YIR) ) = n8).
Simplifying the RHS above, we obtain
Bpen (g (1og (Py 1 (YIX') /P (YIR)) = n6)

y\x('|’~<) < Z Z 1Og(PY|X(Yi|x§)/Py|X(Yi|f,')) > n0>

- ]P)P®Vl
X ieIn(Jerl)

:Pp%ux)(Z )3 log(PY\X(YZ"xg)/PY\X(Yi‘fz‘DZ ) npix'(frx’)G)

X i€, (%x") (%x)ex?

(a)
> Ppen (15 (ﬂ ( )3 log(PY\X(Yz‘|x§)/Py|x(Yi|fz‘)> > ”Pxx'(er’W))

Y| X .
! AN ATED

—
=

= 11 PP®"(->~<)( )3 10g<PyX(Yilxﬁ)/me(Yilfi))Znng/(frx’)f’)r

(zayexz €T, (1)

where

(a) follows since

ﬂ{ Y log(PY\X(Yi\xf)/PY\X(YiWi)) 2 ”Pix'(ffxl)e}

x| i€, (z)

i€y (2x) (%x")ex?

Q{Z ). log(PY|X(Yi|x1/‘)/PY|X(Yi|fi))Z Y ”Pix'(f/xlw};

(b) is due to the independence of the events { Y;cz, (v 10g (Py(x (Yilx])/ Py x (Yi|%:)) >
nPy (%,x')0} for different (,x') € X2

Define bz ,/(0) := mianeP()}):EQX_ llog(Py x (YI¥')/ Py (Y1) 26 D(Qx|[Pyix(:|%)). Then,
for arbitrary 6 > 0, 6’ > ¢ and sufficiently large 1, we can write

bt e, Y [T ) (o 049)
(%x)ex?
b

o ! *
> e—nPix/ (") <¢PY\X(“"_‘)'H,\?/,Y’ (9)—1—(5)

(%x)ex?

—
=
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(é) e*”<EPX0X1 {w;Y\X("XO)’HXO,Xl (9)] +§/> ,
where (a) follows from Theorem 15.9 in [43]; (b) follows since bz ,/(0) = ¢;Y\x('|f) ., (0)

from Theorem 15.6 in [43] and Theorem 15.11 in [43]; and (c) is due to (A1). The equation
above implies that

1 1
lim sup mm{— log an, —— logﬁn + 9} < Epyyxy {I’DPY\X (+1X0)xp,x (6)} +4

n—oo

Hence, if —log(a,)/n > Epy [ (0)] 4 & for all sufficiently large 1, then

*
lppy\x (+1%0) TIxy,x,

limsup —— log Pn < Epy x, [wj’y\x(-\xo)fnxo,xl (6)} —0+4.

n—o0

Since ¢ (and ¢') is arbitrary, this implies via the continuity of x’ (K,x, P, X1) in x, that

« (proxl [4’1*@,)(('|X0),HXO,X1 (9)}/PXOX1) < Epyx, {%’JJ*DY‘X(-|x0),nxo,x1 (9)} — 0.
To complete the proof, we need to show that 6 can be restricted to lie in Z(Px,x; ).
Toward this, it suffices to show the following:
) El’xox1 [I’UPY\X(‘\XOLHXO,XI (_dmin)] =0,
(i) Epy [lp;ﬂx(_‘ Xo) Iy, x, (dmax)] = dmax, and

* * _ i

(iii) Epyy, [lppy\x(~\Xo),Hx0,xl ()] and Epy x, [lppy\x(~\Xo),Hx0,xl ()] — 6 are convex functions
of 6.

We have

prﬂxl [lfl)}k’y‘x(-\Xo),l'[XUX1 (_dmin)}

i= sup =By, [D(Prix (X0l Prix(-1X0))] = Ery, [ 100 15,3, (V)]

< proxl(f’x/) (Af’xl):|
x,x

=0, (A10)

sup gD (Pypx (1) [Py (1)) = ¥ g
f,x’e

!

where (A10) follows since each term inside the square braces in the penultimate equation is
zero, which in turn follows from Lemma A1 (iii). Additionally,

EPXoxl [lplﬁy\x('\xo)rnxo,xl (= dmin) ] ZPXOX1 %,x') IPPY‘X (-1%). 10, ,(=dmin) =0, (A11)

xx!

where (A11) follows from the non-negativity of l/JP  forevery (¥,x') e X 2 stated

(7)1,
in Lemma A1 (iii). Combining (A10) and (A11) proves i). We also have

EPX0X1 [lplﬁy\x('\xo)/nxo,xl (dmax)} — dmax = EPX0X1 [lplﬁy\x('\xl)/nxo,xl (dmax)} =0, (A12)

where the final equality follows similarly to the proof of (i). This proves (ii). Finally,
(iii) follows from Lemma A1 (iii) and the fact that a weighted sum of convex functions is
convex provided the weights are non-negative, thus completing the proof. [
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