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Abstract: This paper considers the Strongly Asynchronous, Slotted, Discrete Memoryless, Massive
Access Channel (SAS-DM-MAC) in which the number of users, the number of messages, and the
asynchronous window length grow exponentially with the coding blocklength with their respective
exponents. A joint probability of error is enforced, ensuring that all the users’ identities and messages
are correctly identified and decoded. Achievability bounds are derived for the case that different users
have similar channels, the case that users’ channels can be chosen from a set which has polynomially
many elements in the blocklength, and the case with no restriction on the users’ channels. A general
converse bound on the capacity region and a converse bound on the maximum growth rate of the
number of users are derived. It is shown that reliable transmission with an exponential number of
users with an exponential asynchronous exponent with joint error probability is possible at strictly
positive rates.

Keywords: multiple access channels; massive access; asynchronous communication

1. Introduction

One of the main attributes of the Internet of the Things (IoT) paradigm is the wireless
connectivity of large a number of distributed and uncoordinated devices. Each device
is automated, and is allowed to transmit random bursts of data without network or hu-
man coordination. A contention-based/grant-based network access requires multiple
rounds of back and forth transmissions between the device and the network to acquire
synchronization, identify users, and grant them allocations. This signaling overhead and
power consumption is not justified for power-limited devices with sporadic traffic patterns
and motivates a grant-free network access implementation. An un-coordinated network
access leads to a new traffic patterns and collision resolutions over the wireless network. A
foundational study of such a system is needed.

We propose a novel communication and multiple-access model that captures these
new network characteristics. The formal model definition is given in Section 2, but in
order to demonstrate the differences between our proposed model and existing work in the
literature, we briefly introduce our model parameters here for the Strongly Asynchronous
Slotted Discrete Memoryless Massive Access Channel (SAS-DM-MAC). In a SAS-DM-
MAC, the number of users K, := ¢"" increases exponentially with blocklength n with
occupancy exponent v > 0. Moreover, the users are strongly asynchronous, meaning, they
transmit at a randomly chosen time slot within a window of length A, := ¢"* slots, each slot
of length 7, where a > 0 is the asynchronous exponent. In addition, when active, each user
chooses uniformly at random one message to transmit from a set of M,, := enR messages,
where R > 0 is the transmission rate. All transmissions are sent to an access point and the
receiver is required to jointly decode and identify all users. The goal is to characterize the set
of all achievable (R, a, v) triplets.

1.1. Past Work

Strongly asynchronous communication was first introduced in [1] for synchronization
of a single user, and later extended in [2] for synchronization with positive transmission rate.
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In [3] the authors of [2] made a brief remark about a “multiple access collision channel”
extension of their original single-user model. In this model, any collision of users (i.e.,
users who happen to transmit in the same block) is assumed to result in output symbols
that appear distributed as noise. The error metric is taken to be the per user probability of
error, which is required to be vanishing for all but a vanishing fraction of users. In this
scenario, it is fairly easy to quantify the capacity region for the case that the number of
users are less than the square root of the asynchronous window length (i.e., in our notation
v < a/2). However, finding the capacity of the “multiple access collision channel” for joint
probability of error, as opposed to per user probability of error, is much more complicated
and requires novel achievability schemes and novel analysis tools. This is the main subject
and contribution of this paper.

Recently, motivated by the emerging machine-to-machine type communications and
sensor networks, a large body of work has studied “many-user” versions of classical
multiuser channels as pioneered in [4]. In [4] the number of users is allowed to grow
at most linearly with the blocklength n. A full characterization of the capacity of the
synchronous Gaussian (random) many access channel was given [4]. In [5], the author
studied the synchronous massive random access channel where the total number of users
increases linearly with the blocklength 1. However, the users are restricted to use the same
codebook and only a per user probability of error is enforced. In the model proposed here,
the users are strongly asynchronous, the number of users grows exponentially with the
blocklength, and we enforce a joint probability of error over all users.

In [6,7] a broadcast channel model was introduced where each receiver is only inter-
ested in decoding its intended messaged (and not all messages). For a per user/per pair of
users probability of error criteria doubly exponential number of receivers was shown to
be identifiable by using a randomized code. In this work we study a multi-access channel
model with non-cooperative transmitters and a single receiver which needs to decode all
messages from all users.

Training based synchronization schemes (i.e., pilot signals) was proven to be subop-
timal for bursty communications in [2]. Rather, one can utilize the users’ statistics at the
receiver for synchronization or user identification purposes. The identification problem
(defined in [8]) is a classical problem considered in hypothesis testing. In this problem, a
finite number of distinct sources each generates a sequence of i.i.d. samples. The problem
is to find the underlying distribution of each sample sequence, given the constraint that
each sequence is generated by a distinct distribution.

All studies on identification problems assume a fixed number of sequences. In [9],
authors study the Logarithmically Asymptotically Optimal (LAO) Testing of identification
problem for a finite number of distributions. The authors in [10] also propose a test for a
generalized Neyman-Pearson-like optimality criterion to match multiple yet finite number
of sequences to their source distributions.

In contrast, we allow the number of users to increase exponentially with the block-
length. We assume that the users are strongly asynchronous and may transmit randomly
anytime within a time window that is exponentially large in the blocklength. We require
the receiver to recover both the transmitted messages and the users’ identities under a
joint probability of error criteria. By allowing the number of sequences to grow exponen-
tially with the number of samples, the number of different possibilities (or hypotheses)
would be doubly exponential in the blocklength and the analysis of the optimal decoder
becomes much more challenging than classical (with constant number of distributions)
identification problems. These differences in modeling the channel require a number of
novel analytical tools.

1.2. Contribution

We consider (R, «,v), the capacity region of the SAS-DM-MAC, where we require the
joint probability of error to vanish. Our contributions are as follows:
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*  We propose a new achievability scheme that supports strictly positive values of
(R, &, v) for identical channels for the users.

*  We define a new massive identification paradigm in which we allow the number
of sequences in a classical identification problem to increase exponentially with the
sequence blocklength (or sample size). We find asymptotically matching upper and
lower bounds on the probability of identification error for this problem. We use this
result in our SAS-DM-MAC model to recover the identity of the users.

*  We propose a new achievability scheme for the case that the channels are chosen from
a set of conditional distributions. The size of the set increases polynomially in the
blocklength #n. In this case, the channel statistics themselves can be used for user
identification.

¢ We propose a new achievability scheme without imposing any restrictive assumptions
on the users’ channels. We show that strictly positive (R, «, v) are possible.

*  We propose a novel converse bound for the capacity of the SAS-DM-MAC.

¢ We show that for v > &, not even reliable synchronization is possible.

These results were presented in parts in [11-13].

1.3. Paper Organization

In Section 2 we introduce the notation and problem formulation for SAS-DM-MAC and
the identification problem. We present our main results in Section 3. Section 4 concludes
the paper with a discussion and future work. Proofs are provided in the Appendix.

2. Notations and Problem Formulation

We first introduce the notation used in the SAS-DM-MAC and then formally define
the problem.

2.1. Notation

Capital letters represent random variables that take on lower case letter values in
calligraphic letter alphabets. The notation a, = "’ means limy, o0 IOgn”” = b. We write
[M : N], where M,N € Z, M < N, to denote the set {M, M +1,...,N}, and [K] := [1 : K].
y" is used to denote y"* := [y1,...,yn]. The n-fold cartesian product of a set S is denoted
by S".

A transition probability / channel from X" to ) is denoted by Q(y|x) (or Q by short),
Y(x,y) € X x ), and the output marginal distribution induced by P € Py through the

channel Q as

[PQI(y) := D P(x)Q(ylx),Vy € Y, )

xeX

where Py is the space of all distributions on &X'. We define the shorthand notation

Qx(y) :== Qylx), Yy e V. 2)

For a MAC channel Q(y|x1,...,xk),¥(x1,..., Xk, y) € X1 x ... x Xg x V), we define
the shorthand notation

Qs(ylxs) := Qylxs, *se), VS < [K], 3)

to indicate that users indexed by S transmit x; € &, Vi € S, and users indexed by S¢ = [K]\S
transmit their respective idle symbol »; € A;Vj € S°. When [S| = 1 and [S| = 0, we
respectively use

Qi(y|xi) = Q{z}(y|xl) = Q(y|*l/ o I P T TR S PR /*K)I (4)
Qx(y) == Qqzy(Wlxi) = Qyl*1, - *x)-
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The P-type set and the V-shell of the sequence x" are defined, respectively, as

T(P) := {x” : N(‘;"‘"> = P(a),Ya e X}, )
Ty (x") = {yw V(bla), ¥(a,b) € <X,y>}, ®)

where N (a,b|x",y") = > ;1 xi=a is the number of joint occurrences of (4, b) in the pair
=b

of sequences (x", y") and where N (a|x™) denotes the number of occurrences of 2 € X in
the sequence x". The empirical distribution of the sequence x" is

- 1y
Pyn(a) = - N (alx™) 2 Lix,—a}, Vo € X. ?)

If in using (7) the target sequence x” is clear from the context, we drop the subscript
x"in Pxn ()
We also use the notation X" ¢ P when all random variables in the random vector X"

are generated i.i.d according to distribution P.
We use D(P; || P;) to denote the Kullback Leibler divergence between distribution P; and

Pz, and
DI Q)= ¥ PQiwlniog S ®)
()X x) 2
for the conditional Kullback Leibler divergence. We let
I(P,Q) = D(Q | [PQ] | P) ©)

denote the mutual information between random variables X and Y jointly distributed ac-
cording to Px y(x,y) = P(x)Q(y|x). As for binary functions, we use

p

dp || q) == plog —F

_q,

+(1 —p)logi
prq:=p(l—q)+(1-pg,
h(p) := —plog(p) — (1 —p)log(1l—p)

to represent binary divergence, convolution and entropy functions, respectively.
The Chernoff distance and the Bhatcharrya distance between two distributions Py, P> € Py
are respectively defined as

C(Py, Py) := sup —10g<2 Pl(x)tPZ(x)l_t>, (10)

0<t<1 X

B(P, P,) : 10g<2«/P1 x)Py(x ) (11)

xeX

We extend this definition and introduce the quantities
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C(Pi/ Qi/ P]r Q]) = sup ‘Z’li,j(t)/ (123)

0<t<1

Hij(t) == —log > Pi(x;) Pi(x) Qi(ylxi) ' Qj(ylx))", (12b)
xieX,x]-eX,yey

C(., Qs P;,Qj) := sup —log< > Pj(x)Q*(y)l‘tQj(ylx)t)-

0<i<1 xeX,ye)
We also use
Er (Rl P/ Q) = Oglpaél[EO(Rl P/ Q/ P) - PR]/ (13)
ESP(RIPIQ) = SUP[EO(RfP/QrP)_PR] (14)
0>0

to denote the random coding and the sphere packing error exponent of channel Q(y|x), with
input distribution P(x) and rate R as defined in [14] where

1+p

1

Eo(R,P,Q,p) := —log ) <Z P(X)Q(J/X)“P> : (15)
ye) \xeX

2.2. SAS-DM-MAC Problem Formulation

Let M be the number of messages (the same for each user), A be the number of blocks,
and K be the number of users.
An (M, A, K, n,€) code for the SAS-DM-MAC consists of:

* A message set [M], for each user i € [K].
*  Anencoding function f; : [M] — X", for each user i € [K]. We define

xj'(m) == fi(m). (16)

e Eachuseri € [K] chooses a message m; € [M] and a block index t; € [A] (called ‘active’
block henceforth), both uniformly at random. It then transmits [*?(ti_l) x!'(m;) *?(A_ti )],
where *; € X is the designated idle symbol for user i.

* A destination decoding function

g: V" = ([A] x [M)* (17)

such that its associated probability of error, Pg(n), satisfies Pg(n) < € where

P = > Pl # (), (M) ity ) ) | (18)

(tlrml )/---r(tKrmK)

where the hypothesis that user i € [K] has chosen to transmit message m; € [M] in
block t; € [A] is denoted by H((tllml)rm/(tK/mK))'

Atuple (R, a, v) is said to be achievable if there exists a sequence of codes (e”R, e, e n, en)
with limy,_, €; = 0. The capacity region of the SAS-DM-MAC at asynchronous exponent «,
occupancy exponent v, and rate R, is the closure of all possible achievable (R, a, v) triplets.

Remark 1. We should emphasize that we are focusing our attention on discrete memoryless
channels (DMC) where a user not transmitting/being idle is equivalent to sending that user’s idle
symbol in the DMC model, just as, in a Gaussian channel, a user not sending corresponds to sending
the symbol “0’. We do not study Continuous channels in this work.
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A depiction of a timeline for our channel model is provided in Figure 1a and for
specific cases: one in which user 1 and 2 are not simultaneously transmitting (Figure 1b)
and another in which user 1 and 2 are simultaneously transmitting (Figure 1c).

o o () T A e 0 User 1

. \ Receiver

User K,

(a) MAC channel model over multiple slots.

i, (mx,

ty,my t1,my

User 1 LUy LV iy | 1Ly Ll © gLl User 1 Ly ) ey gt L e L
1 ] f (m1) ] *T « « *7 27 (my) ] *7 *7
ta, Mo ta,ma
User 2 ¥ p LU LI L Ty Ly oo p 11l User 2 Ly L e L g L e L e e I
% (ms) 3 *3 *2 * * 3 X3 23 (ms) 5 3 3
tk, MK, ti, MK,

User K, =‘HHH\=\‘H\‘HHH‘\"HHHHHn\H‘=\ . m gLl User K, =HHH‘\=H‘\H‘\!HH”H‘\EH\‘"\H‘=\ LB T LALLM
" X, e, R o i, (mi,) Tk, " X, *K, %, i e, (M, ) Tk,
Receiver PLLL Ll L VL LI e VLl eee b1 Receiver Pl g LIV VL UL g e e e e 11T
wooowow Yo Vi vy W Y, Vi,

(b) Non-colliding transmission for user 1 and 2. (c) Colliding transmission for user 1 and 2

Figure 1. Transmitted sequence for each user and the received sequence in colliding and non-colliding

transmission time for user 1 and 2.

2.3. Identification Problem Formulation

We first summarize the notation specifically used in this Section (and in Appendix B)
in Table 1 and then introduce the problem formulation.

Table 1. Special notation for the identification problem.

S A symmetric group which is the set of all possible permutations of A elements.

o The i-th element of the permutation o € Sy4; i € [A].

Ky = Kk(w{l,z} ... w{k,l}); A complete graph with k nodes and edge weights Wi i between node i, ;.
CSV), cﬁE ) A cycle of length r represented by the set of its vertices and edges, respectively.

cSV) (1) i-th vertex of the cycle CSV).

C;Er) Set of cycles of length r in the complete graph K.

ngr) Number of cycles of length r in a complete graph K.

G(c) := [ [vix; wij; Gain of a cycle which we define as the product of the edge weights within the cycle c.
AM-GM inequality Refers to the following inequality n (T i_; al-)% <Xihqa

Assume P := {Pj,...,Pr,} < Py consist of T, distinct distributions on X and let
random variable X be uniformly distributed over S, (see definition in Table 1). Let
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o€ St, and let xTn = [xf, ..., x%l] be a sample vector of X"Tn = [X’f, .y X%n], in which

Xl?l iid Pg,, Vi e [T,]. Given 1T we would like to find the permutation o. More specifically,
we are interested in finding a permutation ¢ : X"Tn — Sr. in which X" £ Py, Vie [Ty].
Let ¥ = o(X"Tn),

The average probability of error for the set of distributions P is defined by

. 1
P —P[S %] = o

> P[E#0], (19)

O'ESTn

where in (19) the measure P over (X7, ..., X’%ﬂ) is X' iid Py, Vi€ [T,].

We say that a set of distributions P is identifiable if lim;_, o Pg(n) — 0.

3. Main Results

We first introduce an achievable region for the case that different users have identical
channels (in Theorem 1). We then derive the identification criteria (in Theorem 2) and
use it in the study of a more general case of massive communications in which the users’
channels belong to a set of conditional probability distributions of polynomial size in 1 (in
Theorem 3). In this case, we use the output statistics to distinguish and identify the users.
Afterwards, we remove all conditions on the users’ channels and derive an achievability
bound on the capacity of the SAS-DM-MAC in (Theorem 4). We also propose a converse
bound on the capacity of general SAS-DM-MAC (in Theorem 5) and a converse bound on
the number of users (in Theorem 6).

3.1. Users with Identical Channels

The following theorem is an achievable region for the SAS-DM-MAC for the case
that different users have identical channels toward the base station when they are the sole
active user.

Theorem 1. For a SAS-DM-MAC with Q; (y|x) = W(y|x) (recall Definition (4)) for all users,
the following (R, &, v) region is achievable

v < %
U v < min{D(W, || W|P),E,(R+v,P,W)} (20)
ppy | TRV < D(W, || Q«IP) '
refo1] L R+v < I(P,W)

where

__ Wurom'
Wi (ylx) := Zy’e)ﬂ W/ [0)A Q. (v/) = V(x,y)e X x ), (21)

and where E, was defined in (13).

In the scenario where users have identical channels toward the base station, one can
combine the user identification and decoding stages, i.e., one can distinguish the user’s
identity from the decoded message. This appears as the combination R + v in the bounds
in (20).

One could also interpret the result in Theorem 1 as follows. There is one single “big
codebook” with MK codewords of length n. User 1 uses codewords with indices 1 through M;
User 2 uses codewords with indices M + 1 through 2M, and so forth, concluding with User
K using codewords with indices (K — 1)M + 1 through KM. In each active slot, the receiver
decodes the “big codebook”; reliable decoding imposes log(MK)/n = R+v < I(P,W).
However, since in our setting we need to decode K codewords (one per active slot, as
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opposed to just one), in addition to R + v < I(P, W) we also need the bound log(K)/n =
v < E,(v+R,P,W). Comparing the third and fourth bounds of (20) with the per-user
probability of error achievability region in [3], we can see an additional v penalty as a result
of a joint probability of error criteria. However, we do not claim (via a matching converse
bound) that the rate penalty (at least in the format that we prove) is conclusive.

We should also note that for v < 5 (first bound in (20)), with probability approaching
one as the blocklength n goes to infinity, the users transmit in distinct blocks. Hence,
regardless of the achievability scheme, the probability of error under a hypothesis where
a collision has occurred is vanishing as the blocklength goes to infinity. As a result, in
analyzing the joint probability of error in our achievability scheme, we need to focus on
the hypothesis that users do not collide. In our achievability scheme, we use a two-stage
decoder which first synchronizes the users (i.e., finds the location of active blocks) and
then decodes the users’ messages (which also identifies the users’ identities). The complete
proof of Theorem 1 is given in Appendix A.

Remark 2. The existence of an error exponent bound on the occupancy exponent (i.e., v) is intuitive
(second arqument in the second condition in (20)). Even if the decoder has side information about
the location of noisy blocks (i.e., blocks with only idle symbols for all users), it still has to decode
all the messages within active blocks. Due to independence of the output in different blocks and
by the fact that there cannot be intra-block coding, the probability of decoding error over active
blocks is asymptotically equal to the sum of the decoding error probabilities in each active block.
This puts a restriction on v based on the best decay rate for the decoding error in each block, i.e., the
error exponent.

3.2. Users with Different Choice of Channels

We now move on to a more general setting in which we remove the restriction that all
users have identical channels towards the base station (when only one is active). Theorem 3
gives an achievable region when we allow the users’ channels (when they are the sole
active user toward the base station) to be chosen from a set of conditional distributions of
polynomial size in the blocklength #.

In this scenario, one may use the users’ statistics at the channel output to identify
the set of users who have a similar channel. In this regard, before introducing Theorem 3,
we introduce Theorem 2 in which we characterize the relation between the number of
distributions and their pairwise distance for them to be identifiable. The proof of Theorem 2,
given in Appendix B, is itself based on a novel graph theoretic technique to analyze the
optimal Maximum Likelihood (ML) decoder, which is of independent interest.

Theorem 2. A sequence of distributions P = {Py, ..., Pr,} is identifiable iff

: —2nB(P;,P;) _
HILm 2 e 7=, (22)

o0
1<i<j<T;1
where B(P;, P;) is the Bhatcharrya distance, which was defined in (11).

Remark 3. From Theorem 2 one can see that when the number of distributions T, is a constant or
grows polynomially with n, the sequence of distributions are always identifiable and by the problem
formulation in Section 2.3, it is implied that the probability of error in the identification problem
decays to zero as the blocklength n goes to infinity.

By using the criterion for identifiability of a massive number of distributions in Theorem 2,
we move on to the SAS-DM-MAC problem. We adapt the concept of identification of
distribution to identify the users’ statistics at the output with an optimal ML test. We use
the result of Theorem 2 in the derivation of Theorem 3.
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Theorem 3. For a SAS-DM-MAC where Q;(y|x) = W;(y|x) is the channel for user i € [Ky],
for W = {Uie[K”] Wci}and\l/w = poly(n) the region

lim inf A,, (23)
n—0o0
is achievable where Ay, is defined as
vite <5
vi+e  <min{D(PWLy | [FW1),E(R+v;, P, W)}
A= N a+e < D([PjWila; || Qx) , (24)
€0 (py,..Ppy )P JElWI] 0 < infier)) B([P;Wil, [PW])
AL Ay [0, 1#]
(M |W\) R+Vj+€ <I(P]',W]‘)

and where E, is defined in (13), B(P;, P;) was defined in (11) and

1
; 10g<-A/;)/

1/]' =
K, (W
N = Z ]l{Qi:Wj} and such that 2 N; =Ky, (25)
i=1 j=1
([PW W) Qs y)'
[PW1a(y) = . (26)
S S ey (W) M (Quly )

The proof of Theorem 3 is given in Appendix F.

In the proof of Theorem 3 we propose a three stage decoder which performs the task of
synchronization, identification and decoding, sequentially. It is also worth noting that given
that the number of users is exponential in the blocklength and the number of channels is
only polynomial in the blocklength, there must exist at least a single channel that occupies
exponentially many blocks. Hence, it is not surprising to see bounds on the occupancy
level of each channel (i.e., v}) in (24).

Remark 4. We should note that (as it is apparent in (24)) as long as we have the assumption that
the number of user’s channels increase with blocklength n, our optimization space over all users
also increases with n and hence our achievability and converse bounds would be dependent on the
exact definition of n — oo (e.g, compared to (20) in Theorem 1). However, in order to compute these
bounds, we only need to optimize with respect to P;, i € [K,] as opposed to P" in the conventional
n-letter capacity expressions.

3.3. General Case

Now we investigate a SAS-DM-MAC with no restriction on the channels of the users
toward the base station. The key ingredient in our analysis is a novel way to bound the
probability of error reminiscent of Gallager’s error exponent [14]. We show an achievability
scheme that allows a positive lower bound on the R and on v. This proves that reliable
transmission with an exponential number of users with an exponential asynchronous
exponent with joint error probability is possible. We use an ML decoder sequentially in
each block to identify the active user and its message.
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Theorem 4. For a SAS-DM-MAC the following region is achievable

v <5
v+ R+e€ <C(P11Q11P11Q1)
lim inf U U ﬂ 2v+R+e  <infig, C(P, Qi Pj, Q)), (27)
>0 (py,...Px, )ePXn i€[Ky] ]7’EZ
x+v+R+e <C(.,Qx P, Qi),

The proof of Theorem 4 is given in Appendix G.

Remark 5. Note that one can show the following (see Appendix H):

C(P;, Q;, P, Qi) = —log Z Qi(ylx)Qi(ylx'), (28a)
C('IQ*/Pi/ Ql) = (PlrQI) +D [PQ] || Q*) (28b)

where (28a) is the special case of Eg(R, P, Q, p = 1) in (15), and the right hand side of (28b) is the
bound on « + R in the single user strong asynchronous channel [15]. From (28) and (27) we thus
see that

v < E(R,P;, Qi),
a+ R <I(P, Qi)+ D([PQi] | Qv) —v,

which shows that the second and fourth bounds in (27) are, respectively, less than the synchronous
channel error exponent and the point-to-point strong asynchronous channel capacity.

3.4. Example
Consider the SAS-DM-MAC with input-output relationship Y = > ¢, Xi ® Z with

Z ~ Bernoulli(d) for some ¢ € (0,1/2). In our notation
Qylx) =P[X;®Z = y|X; = x] = P[Z = xDy]
_)1-6 x®y=0(ie, x=y)
o x®y=1(ie, x+y)

Assume that the input distribution used is P = Bernoulli(p) for some p € (0,1/2). The
achievability region in Theorem 1, is

v <w/2
U v <min{p-d(e, || &), mingeo{d( || 9) + max{o,d(qg || )~ R-v}} 29)
pel0)} a+R+v <p-d(e, | 1-9)
aefo] L R+v < h(p*5) — h(5)
. (1=
where €, := S A—8) =0+ A0 50—0-
Moreover, by assuming P; = Bernoulli(p;) for all i € [K,], we can show that the
optimal t in C(P;, Q;, Pj, Q;) = sup, p;j(t) is t = 1/2 and hence the achievability region in
Theorem 4 is
v <5
o v+R+e < B(P;, Q) = g(pi = pi, 6)
lim inf . .
n—00 U U A 2v+R+e < mfi;é]' (P, Q, P;, Q) = infir; g(pi * pj, 6)

0 Pub )P O |y R e C(.,Qu P, Q) = 8(pi9)
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where
g(a,b) = — 1og(1 —a+2a/b(1 - b)).

Finally, by symmetry, we can see that the optimal p; = %, Vi € [K,] and hence g(%, o) =
—log (1 /24 4/0(1— 5)) > 0. So on the BSC(J) strictly positive rates and v are achievable.
In this regard, the region in Theorem 4 reduces to

zx+v+R<—10g(1/2+«/(5(1—(5)). (30)

The achievable region in (29) for («,v, R) is shown in Figure 2a. In addition, the
achievable region for («, v, R) with the achievable scheme in Example (30) is also plotted in
Figure 2b for comparison. Figure 2 shows that the achievable scheme in Theorem 1 indeed
results in a larger achievable region than the one in Theorem 4.

apra
apra

(a) Achievable region in (29). (b) Achievable region in (30).

Figure 2. Comparison of the achievable region in Theorems 1 and 4, for the Binary Symmetric
Channel with cross over probability § = 0.11.

The fact that the achievability region for Theorem 1 is larger than the achievability
region of Theorem 4 for identical channels is not surprising. In Theorem 1 we separated the
synchronization and decoding steps, whereas in Theorem 4 synchronization and codeword
decoding was done the same time but sequentially for each block. The sequential block
decoding step results in a smaller achievability region in Theorem 4.

3.5. Converse on the Capacity Region of the SAS-DM-MAC

Thus far, we have provided achievable regions for the SAS-DM-MAC when different
users have identical channels; when their channels belong to a set of channels with size that
grows polynomially in the blocklength; and without any restriction on the users’ channels.
Theorem 5 next provides a converse to the capacity region of the general SAS-DM-MAC.

Theorem 5. For the SAS-DM-MAC, such that v < /2, the following region is impermissible

{v> & 5 D@, 1 QiIP) + e,
&> & 3K D(Qiy, || QulP) — (1 Fu)(v +R) +e}

lim nl_l’)lgo ﬂ < — U , (31)
€>0 (Pl,...PKn)eP?‘ {V > K. Zizl Esp(R/ B, Qz) + 6}
(Al,...AKn)E[O,l]Kn

{R > I(Pi, Ql) + 6}
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where 7y, is the infimum probability of error, over all estimators T, in distinguishing different
hypothesis Qi (y"|x (m)),i € [Ky],m € [My], i,

K, M,
_ . 1 n n .
P o= inf D0 > Qin (T # iymlx (m))). (32)

i=1m=1

Proof. The complete proof is given in Appendix . O

The first bound in (31) corresponds to synchronization, while the second and third
bounds correspond to decoding. Also, as it was noted before in Remark 2, one can again
see that the value of v is restricted by the decoding error exponent.

3.6. Converse on the Number of Users in a SAS-DM-MAC

In previous sections, we restricted ourselves to the regime where v < 5. However, an
interesting question is how large a v can be. Theorem 6 provides a converse bound on the
value of v such that for v > «, not even reliable synchronization is possible.

Theorem 6. For a SAS-DM-MAC with v > w, reliable synchronization is not possible, i.e., even
with M = 1, one has Pe(") > 0.

The complete proof can be found in Appendix J.

4. Discussion and Conclusions

In this paper we studied a Strongly Asynchronous and Slotted Massive Access Channel
(SAS-DM-MAC) where K, := ¢"" different users transmit a randomly selected message
among M,, := "R ones within a strong asynchronous window of length A, := ¢"* blocks
of n channel uses each. We found inner and outer bounds on the (R, a,v) tuples. Our
analysis is based on a joint probability of error in which we required all users’ messages
and identities to be jointly correctly decoded at the base station. Our results are focused on
the regime v < 5, where the probability of user collision vanishes. We proved in Theorem 6
that for the regime v > &, not even synchronization is possible. We now discuss some of
the difficulties in analyzing the region 5 < v < a.

(&)
(Ap)Kn
transmit in distinct blocks. Hence, in analyzing the probability of error of our achievable
schemes, we only need to bound the error under the hypothesis that users do not collide.
For 5 < v < &, we need to consider the events where collisions occur. In particular, based on
Lemma 1 (proved in the Appendix L), for 5 < v < «, the probability of every arrangement
of users is itself vanishing in the blocklength.

o

For the region v < 5, with probability

— 1 as blocklength n — o0, the users

Lemma 1. For the region § < v < a the non-colliding arrangement of users has the highest
probability among all possible arrangements, yet, the probability of this event is also vanishing as
blocklength n goes to infinity.

As a consequence of Lemma 1, one needs to propose an achievable scheme that
accounts for several arrangements (the number of which is non-trivial to the authors) and
collision of users and drives the probability of error in these arrangements to zero. It is
also worth noting that the number of possible hypotheses is doubly exponential in the
blocklength. Finally, it is worth emphasizing that the authors in [16] can get to v < & since
they require the recovery of the messages of a large fraction of users, and require the per-user
probability of error to be vanishing (rather than the overall or joint probability of error,
which is a much stronger condition). To prove whether or not strictly positive (R, , v) are
possible in the region § < v < a, with vanishing joint probability of error, is a challenging
open problem.
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Appendix A. Proof of Theorem 1

We first introduce the codebook generation and then introduce and analyze the decoder.

Appendix A.1. Codebook Generation

Let K, = ¢ be the number of users, A, = ¢"* be the number of blocks, and M,, = "R

be the number of messages. Each user i € [K;;] generates a constant composition codebook
with composition P by drawing each message’s codeword uniformly and independently at
random from the P-type set T(P) (recall definition in (5)). The codeword of user i € [K;]
for message m € [M}] is denoted as x7' (m).

Appendix A.2. The Decoder and Analysis of the Probability of Error

A two-stage decoder is used, to first synchronize and then decode (which also identifies
the users’ identities) the users’ messages. The probability of error of this two-stage decoder
is thus given by

P[ Error | < P[ Error | No-collision] + PP[ collision ]
< PP[ Synchronization error | No-collision | (Ala)
+ IP[ Decoding error | No synchronization error, No-collision | (Alb)
+ IP[ collision ]. (Alc)

Synchronization Step. We perform a sequential likelihood test as follows. Fix a
threshold

T e [=D(Qx [| WIP), D(W || Q4|P)]. (A2)

For each block j € [A,] if there exists any message m € [M,] for any user i € [K,] such
that

1 W (m)

L(x*(m),y") := —log ——=——+— > T, A3
(i’ (m), yj) := . log Q. (A3)

then declare that block j is an ‘active’ block, and an ‘idle” block otherwise. Let
HY .= Hi1,1),2,1),..(Kn 1))/ (A4)

be the hypothesis that user 7 (for each i € [K;]) is active in block i and sends message m; = 1.
As explained earlier (in the paragraph after Theorem 1), the probability of collision in (Alc)
is vanishing and we can focus on calculating (Ala) and (A1b). For (Ala), by symmetry of
the different no-collision hypotheses, the average probability of synchronization error (over
different such hypotheses) is upper bounded by
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P [Synchronization error|H ) ]
My Ay K, M,
< DVPI() () Ll m), Y!) < T|H(1)1 + > PlU U L (m), Y = T|H(1)1
‘ i=1m=1 j=Kp+1 Li=1m=1
Aﬂ KVI Mn
P[L(x;ﬂ(l),yjﬂ) < T\H(l)] + Y 3y P[L(x?(m),Yj”) > T|H<1>]
j=Kn+1i=1m=1
v p=nD(Wy [WIP) | pn(a+v+R) ,=nD(W|[QxP) (A5)

where (A5) can be derived as in Chapter 11 [17]. The upper bound on the probability of
error for the synchronization error in (A5) vanishes as 1 goes to infinity if the second and
third bound in (20) hold.

Decoding Step. In this stage we evaluate the decoding error under the no-collision,
no synchronization error hypothesis using a maximum likelihood decoder. Moreover, since
in each block, we have to distinguish among ¢"(R*+") messages, we can upper bound the
probability of decoding error in (A1b) as

Ki

P[Decoding error| No synchronization error, No-collision] < Z P[Decoding error in block 7]

i=1
< enve—nE,(R+v,P,W) (A6)

where (A6) is by [14] and E; is defined in (13). This retrieves the second bound in (20).
Finally, as a synchronous channel and since in each block we have to distinguish among
e (R+v) messages we retrieve the fourth bound in (20).

Appendix B. Proof of Theorem 2

We now introduce a graph theoretic Lemma, the proof of which is given in Appendix C.

Lemma Al. In a complete graph Ky (w12, . .., w1), for the set of cycles of length r, C]Er), we have

2

1 Wi, 4.+ wh ?
. G(C) < <,,>
2 ()

(r)
Nk CEC,Er> 2

where C,Er) and N]Er) are the set and number of all cycles of length r in a complete graph Ky,
respectively.

Next, we use Lemma Al to derive upper and lower bounds on the probability of error.

Appendix B.1. Upper Bound on the Probability of Identification Error

We use the optimal ML decoder, which minimizes the average probability of error,
given by

Ty
o(xf,...,x} ) := arg max Z log(Py, (x]')), (A7)

UGSTn i=1

where Py, (x') = [T} Py, (xiy). Let £ = o(X7, ..., X% ) be the estimate of the permutation
of the distributions of X, i € [T;]. The average probability of error associated with the ML
decoder can also be written as
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Tn
=P U S =0 (A8a)

>0/, (A8b)

STV

{ZZI l{z;f,-#i}zr}

where P over (Xl ey XT ) is used when X' iid Py, Vi € [T;] and where (A8a) is due to the

requirement that each sequence is distributed according to a distinct distribution and hence
the number of incorrect distributions ranges from [2 : Ty]. In order to avoid considering

the same set of error events multiple times in the union over {[7 : Z?Ll Ligziy = r}, we
incorporate a graph theoretic interpretation of {221 Lig iy = r} in (A8b) which is used
to denote the fact that we have identified r distributions incorrectly. It is apparent from
Figure Ala that the event that r distributions are incorrectly identified either forms a single

cycle of length 7 (r = 4 in Figure Ala) or multiple cycles with sum length equal to r (2
cycles of length 2 in Figure Alb). Hence, it is straightforward to show that we can replace

the union over {(T Zl 1 Yoy = r} in (A8b) with the union over cycles of length r in a

complete graph K7, , i.e., { ce C(T”)}

B EARRRRA RN RN RN RN R RN
B ‘\\\7 Y \7/// P
S~ //

(@) 4 incorrectly identified distributions with a single cycle of length 4.

ZEAREERINEZEN

EEZERRRRRNRRZENE EERREND
~_ \\//

(b) 4 incorrectly identified distributions with 2 cycles of length 2 each.

R

Figure Al. r incorrectly identified distribution will form cycles with sum length r.

Hence, we can re-write the probability of error in (A8b) as

P =P LTJ U > log - ())(n) >0

r= CEC(Y) lEC(V)

Z Z e nz,ec (C(V (,) ) (A9)

r=2 CEC%)
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where the inequality in (A9) follows from Appendix D. Next, we define w; ; := ¢ "B(PiP)
to be the edge weight between vertices (i, j) in the complete graph Kr, (w(y 2), - .. w(k, 1))

shown in Figure A2.

e—nB(P.“PJ)

—1B(PuP) for every pair of vertices i # j € [Ky].

Figure A2. Complete graph Kt, with edge weight e
With this definition of the complete graph Kr,, it is easy to see that G(c) =

-ny, B(P vy, Pi) . . . :
e " Licev) B, v) (5 P1) is the gain of cycle ¢ in the complete graph Kr,. Based on this, we

re-write the probability of error in (A9) as

Ti‘l
P <31 3T G(o) (A10a)
r_zceC(')
Ty N(’) )
L (w%,2+...+w%n,1)r/ (A10b)
2
= (@)
T r/2
<Y Y e (A10¢)
r=2  \I<i<j<T,

16(Z1<i<]’<Tn e—ZnB(Pi,Pj))

< 2nB(P,P))’
“onB(D.P.
1- 4\/21<i<j<Tn e "

where r enumerates the number of incorrectly identified distributions and where (A10b) is
by Lemma Al and (A10c) is by Fact 1 (see Appendix C) and

(A10d)

Ng (e -1y v
/2 r2 T T
(nt,) ((Tn)>

2

Finally, (A10d) will go to zero as n goes to infinity if

lim > e~ 2B(PiEy) _ g,

n—00 —
1<i<j<Ty

Remark Al. As a result of Lemma Al, it can be seen from (A10c) that the sum of probabilities
that r > 3 distributions are incorrectly identified is dominated by the probability that only r = 2
distributions are incorrectly identified. This shows that the most probable error event is indeed an
error event with two wrong distributions.
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Appendix B.2. Lower Bound on the Probability of Identifiability Error

For our converse, we use the optimal ML decoder, and as a lower bound to the
probability of error in (A8b), we only consider the set of error events with exactly two
incorrect distributions, i.e., the set of events with » = 2. In this case we have

Pi(X}) Pi(X")

(n)
P =P U logP(X])+logP( X7

1<i<j<Ty

2
(21 <i<j<T, él,])
>

- Z @@7),(j.k) [‘:1]/ gkl]

(i) (LK)
i#jl#k

=0

(Al1)

where P is taken over (X?, e X}%n) and is used when X’ iid Py, Vi € [T;] and where (A11)
is by [18] and finally

Gij= {log (X )+log i ( "= 0}. (A12)

We prove in Appendix E that a lower bound on PE(")

2
—2nB(P,,P;)
(21<i<]’<n€ v )

is given by

P > 5 (Al3a)
Z e*ﬂB(Pi,Pj)an(Pi,Pk)7ﬂB(Pk,P]') + Z e*ZI’lB(Pi,Pj)
1<i<j<k<T, 1<i<j<Ty,
<21<i<]‘<Tn e ZHB(P"P]))
> 3 (A13b)
2 2
8 5 e~21B(P,P) | > o~ 2nB(P,P)
1<i<j<Ty 1<i<j<Ty
\/Z1<i<j<n e 2D
= , (A13c¢)
8+ \/lekjéTn e 2BED)
where (A13b) is by Lemma Al. As can be seen from (A130), if limy .00 231 <i<j<T, e~ 21B(PuE))

0, the probability of error is bounded away from zero. As a result

hm Z efan(Pi/Pj) _ 0/

n—o0 -
1<i<j<Ty,

must hold, which also matches our upper bound on the probability of error in (A10d).

Appendix C. Proof of Lemma A1l

We first consider the case that r is an even number and then prove
11 Nr( o 22
()2 Y (G(c) + ... Glen)) < 7(% +...+an) , (A14)

where as shorthand notation we defined and use N := N ,Er) andn:= (§) and {wy,...wy,} =
{ai,...,an}.

Our goal is to expand the right hand side (RHS) of (A14) such that all elements have
coefficient 1. Then, we parse these elements into N groups (details provided later) such
that using the AM-GM inequality (defined in Table 1) on each group, we obtain one of the
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N terms on the LHS of (A14). Before stating the rigorous proof and to shed some light
onto the proof strategy, we provide an example for the graph with k = 4 vertices shown in
Figure A3. In this example, we consider the Lemma for r = 4 cycles (for which N = 3).

a1

5 ag

aq %)

as

Figure A3. A complete graph with 4 vertices.

We may expand the RHS in (A14) as

2(a%+...+a§)2 =01+ 0, + 0O,
@ ={ai + a3 + a3 + a; + aja} + aja} + a3a} + a3a]
+a2a} + a2a3 + a%a3 + ata5 + ata) + a3a3 + aal + a3a’
+ a3a3 + ada3 + ada3 + ada3 + adaj + a3aj + a3a] + a3a3}
@y ={af +ag + a3 + az + adaZ + aZal + ata3 + a3a}
+aal +aal + atal + atal + atad + afad + ajad + alal
+ a3aZ + a3a% + ajaZ + a3al + afa3 + a3aZ + a3} + afa2}
@3 = {aj + a3 + a3 + a¢ + a3al + aia} + a3a; + a3a;
+a3a2 + ajad + ajad + ajat + aja2 + a3al + ajal + alal

+ada2 + a3a} + adad + a3ak + ada2 + a3al + adal + a3al}.

If we use the AM-GM inequality on ©1, ©, and O3, we can obtain the lower bound
equal to 24(ajapa3a4),24(a1a¢a3a5) and 24(asasaza¢), respectively where rmz=1 = 24 and
hence (A14) holds in this example.

We proceed to prove Lemma Al for arbitrary k and (even) r > 2. We propose the
following scheme to group the elements on the RHS of (A14) and then prove that this
grouping indeed leads to the claimed inequality.

Grouping Scheme

For each cycle ¢; = {a;, ...,a;}, we need a group of elements, ®;, from the RHS
of (A14). In this regard, we consider all possible subsets of the edges of cycle ¢; with 1 to

5 elements (e.g., {{ail}, oo Aai,ai, . Aay R .. .}). For each one of these subsets,
we find the respective elements from the RHS of (A14) that is the multiplication of the
elements in that subset. For example, for the subset {a;,, a;,, a;, }, we consider the elements

like a?il .24, for all possible n;.,n;,,n;, > 0 from the RHS of (A14). However, note that
1 ] 13 1 2 3

we do not assign all such elements to cycle c; only. If there are £ cycles of length r that all
n; in N
contain {a; ,a;,,a;,}, we should assign % of the elements like ail'l a:lzzai;', i, My, My > 0 to
cycle ¢; (note the symmetry of the strategy over cycles).
We state some facts, which can be easily.

k) (r=1)!

Fact 1. In a complete graph Ky, there are N = N,Er) = ()5~ cycles of length r.
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Fact 2. By expanding the RHS of (A14) such that all elements have coefficient 1, we
N,Sy)r
n

end up with ( )ng elements.

Fact 3. Expanding the RHS of (A14) such that all elements have coefficient 1, and
finding their product yields
NP, 51
(a1 % ... x 11,4)(7)7”2

Fact 4. In the above grouping scheme each element on the RHS of (A14) is summed in
exactly one group. Hence, by symmetry and Fact 2, each group is the sum of 722! elements.

Now, consider any two cycles ¢; = {a; , ..., 4}, cj = {ah' e b, }. Assume that using
the above grouping scheme, we obtain the group of elements ®;, ®; (where by fact 3 each
one is the sum of rn2~! elements). If we apply the AM-GM inequality on each of the two
groups, we obtain

1
r—1 n; nq ( L,l)
Q; = rn? (aill X . ..X 4, ') m2 =)
s—1( nj (T)
®j>rn2 (ajll X...Xa.lr m2 ,

where []j_; aZi’ is the product of the elements in ®;. By symmetry of the grouping scheme
for different cycles, it is obvious that Vt € [r], n;, = nj,. Hence n;, = nj, = pt,Vi,j € [N]. ie,
we have

1
@1‘ = rn%_l(afll X ... ><af:> (rnfil). (A15)

By symmetry of the grouping scheme over the elements of each cycle, we also get that
ny =mn; =q;,vklelr]ie,

1
©; > rn2"! (a?]i X ... X% aqi) <rn7_1>. (A16)

It can be seen from (A15) and (A16) that all elements of all groups have the same
power n;, = p,Vie [N],t e [r]. ie,

1
@; >rn2! (aF X ... % aP> (m%*l).
51 1y

Since each element on the RHS of (A14) is assigned to one and only one group and
since [[j_; aZ” =11, aZ is the product of the elements of each group ®;, the product of
all elements in ©1 + ... + Oy (which is equal to product of the elements in the expanded
. . N
version of the RHS of (A14))is [[;14 [ j_4 ai.
In addition, since each a; appears in exactly 2’ of the cycles, by Fact 3 and a double

counting argument, we have
Nr Nr r_q
pxX—=\|—|rnz -,

n n

and hence p = rn2~". Hence, the lower bound of the AM-GM inequality on the & + ... +
Oy, will result in
m21G(c) + ... + rni_lG(cN<,>),
k

and the Lemma is proved for even r.
For odd values of r, the problem that may arise by using the grouping strategy in its
current form, is when r < % In this case, some of the terms on the RHS of (A14) may contain
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multiplication of 4;’s that are not present in any of the G(c;)’s. To overcome this, take both
sides to the power of 2m for the smallest m such that rm > % Then the RHS of (A14) is at
most the multiplication of rm different a;’s and on the LHS of (A14), there are 2m cycles
of length r multiplied together. By our choice of 2m, now, all possible combinations of
a;’s on the RHS are present in at least one cycle multiplication in the LHS. Hence, it is
straightforward to use the same strategy as even values of r to prove the theorem for the
odd values of r.

Appendix D. Proof of (A9)
The inequality in (A9) is by

IE{ D logM > o] (A17a)

P, X" 1/2
< exp{n 3 10gE[<C(I;E;)(E1)Z)> ]} (A17b)
iec(V) A

where (A17a) is by the Chernoff inequality. The fact that we used t = 1/2 in (A17b) instead
of finding the exact optimizing ¢, comes from the fact that t = 1/2 is the optimal choice for
r = 2 and as we will explain in Remark Al. The rest of the error events are dominated
by the set of only 2 incorrectly identified distributions. This can be seen as follows for

iid iid
xn i p xn i p)

n n
P[log ?Eii; + log ?8((}1; = O]
PACE) 1{Aq
= Z exp{—nD(ﬁl H Pl)—nD(pz H P2)}
pl,pzi

Shex Py (x)log 23+

Py(x) log ggg =0

= o~ "D(P|[P)—nD(P||P>) e—ZnB(Pl,Pz), (A18)

where P in the first equality in (A18), by using the Lagrangian method, can be shown to be

5 Py (x)P: . o .
equal to P(x) = % and subsequently the second inequality in (A18) is proved.

Appendix E. Proof of (A13a)
We upper bound the denominator of (A11) by
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(65 is] = P[log ggg;; + log g 82’2 >0n log P;Ei’fz)) + log 1193,;((;;;)) > 0]
<ol o e
k]l
confss (5255 25255 |
— exp{—nB(P, P,) — nB(P, B) — nB(P, Py} (A19)

An upper bound for P[; ;, &) | can be derived similarly.

Appendix F. Proof of Theorem 3

We propose a three-stage achievability scheme where we should again note that with
similar arguments as the ones in Theorem 1, by imposing the first bound in (24), we can
mainly focus on the no-collision hypothesis. The three achievability stages perform the
tasks of synchronization, identification, and decoding, respectively and the joint probability
of error can be decomposed as

P[Error] < P[ Synchronization error | No-collision ]
+ IP[ Identification error | No synchronization error, No-collision |
+ P[ Decoding error | No synchronization, No identification error, No-collision]
+ P[collision].

Appendix F.1. Codebook Generation

Let K,, = " be the number of users, A,, = ¢"* be the number of blocks, M,, = e"R
be the number of messages, and |W| = poly(n) be the number of channels. Each user
i € [Ky] generates a random i.i.d codebook according to distribution P,(;) where the index

c(i) € [[W|] is chosen based on the channel Q; = W,;). For each user i € [K], the codeword
for each message m € [M,] is denoted as x/' (m).

Appendix F.2. Probability of Error Analysis

A three-stage decoder is used. We now introduce the three stages and bound the
probability of error for each stage.

Synchronization Step. We perform a sequential likelihood ratio test for synchroniza-
tion as follows. Recall Q;(+|-) = W(;(*|") for all user i € [K,]. Fix thresholds

Ty € [*D(Q* [ [Pc(i)wc(i)])/D([Pc(i)wc(i)] l Q*)]/ i€ Kyl (A20)
For each block j € [A;] if there exists any user i € [K;] such that

[Pe(iy Wi 1(v])
Loy () i= —log — 1 > T, A21
(i) (y] ) n g Q*(y;l> (i) ( )
then declare that block j is an “active’ block. Else, declare that block j is an ‘idle” block. Note
that were able to calculate the probabilities of error corresponding to (A3) by leveraging the
constant composition construction of codewords in Theorem 1. In here, we can leverage

the ii.d. construction of the codewords and calculate the probability of error corresponding
to (A21).
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We now find an upper bound on the average probability of synchronization error
for this scheme over different hypotheses. With the same argument as the one after (A4)
we have

P [Synchronization error| H (1)]

Ky An Ky
PlULc<z‘>(Yl‘”><Tc<) ] [ U UL Tc(z')|H(l)]

i=1 s=K;+1i=

K, n

< P[Lc(i)(Yf) < Tc(i)|H(1)] n e””‘}P’lU Loy(Y") > Tc(i)|H<1>]
i=1 i=1
Ky W

- P[Lc(i)(Yi’“) < Tc(i)|H(1)] +emP || JL(y") = Ty|HD (A22a)
i=1 j=1
Ky W

< e_nD<[Pc(i)Wc(i)]/\l-H[Pc(i)wc(i)]> T Z e—”D([Pjo]A]-HQ*) (A22b)
i=1 j=1
(W]

= 3w P(EWIIEW) | D (171 10-) (A220
j=1

where (A22a) is by taking j := c¢(i) and (A22b) is by the Chernoff inequality in which
[PjWj])x was defined in (26) and where (A22c¢) is again by taking j := c(i) and re-counting
the events.

The probability of error in this stage will decay to zero as blocklength n goes to infinity
ifforallje [[W|]and forae >0

vi+e<D(RWly | IFW1), (A23a)

ate<D([PWy, | Q). (A23b)

This corresponds to the second and third bounds in (24).

Identification Step. Having found the location of the ‘active’ blocks, we move on to
the second stage of the achievability scheme to identify which user is active in which block.
We note that, by the random codebook generation and the memoryless property of the
channel, the output of the block occupied by user i € [K;] is i.i.d distributed according to
the marginal distribution

[Pe(iy = D P (y]x).

xeX

We leverage this property and customize the result in Theorem 2 to identify the
different distributions of the different users. Note that at this point, we only distinguish
the users with different channels from one another. Users with the same channel are
distinguished from each other in the decoding stage as will be explained next. In Theorem 2,
it was assumed that all the distributions are distinct, while in here, our distributions are
not necessarily distinct. The only modification that is needed in order to use the result of
Theorem 2 is as follows. We need to consider a graph in which the edge between every two
similar distributions has edge weights equal to zero (as opposed to e(PP) — 0 — 1), By
doing so, we can easily conclude that the probability of identification error in our problem
using an ML decoder is upper bounded by
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P[ Identification error | No synchronization error, No-collision ]

< Z e—ZnB([PiWi],[Pjo]) (A24)
1<i<j<|W|

< Z o—2ninf;; B([RWi][P;W]) (A25)
1<i<j<|W|

which goes to zero for [W| = poly(n) if 0 < inf; ; B([P;W;], [PjW;]). This corresponds to the
fourth bound in (24).

Decoding Step. After finding the permutation of users in the active blocks, we can go
ahead with the third stage of the achievable scheme to find the transmitted messages of the
users using a maximum likelihood decoder. In this stage, we can group each set of users
(with group size N;, j € [[W]] defined in (25)) who have similar channel W;. In each block
of each group we have to distinguish among e® i
proof of Theorem 1, we have

messages and with similar steps as the

IP[ Decoding error | No synchronization, No identification error, No-collision|

W
Decodi f e . ife - . .
< Z IP’[ users with hanmel ;v]| No synchronization and identification error, No-c0111s10n]
j=1
W W
< ) Wje B (REvBIG) N7 (=B (R B W) (A26)
j=1 j=1

which retrieves the second bound in (24). Finally, as for a synchronous channel and since
we have to distinguish among e® "/ messages in each block for some € > 0, we must have

R+vj+e <I(P, W)),vj e [[WI], (A27)

which corresponds to the last bound in (24).

Finally to conclude the proof, we should note that the bounds derived in (A23), (A26)
and (A27) are all achievable bounds for each user for large enough block length # (say for
n = ng). Since we need the intersection of the achievable bounds for all users while the
number of users itself increases with 71, we need to express the asymptotic bound with the
definition of n going to infinity. By expressing the achievable set for all users as .A; defined
in (24) by the equivalence of lim infy o Ay = U, _1 (yZ, An and by noting that for some
ng every region Ay, is achievable by our achievability scheme previously introduced
here, we see that (23) is indeed achievable.

Remark A2. Note that the existence of € > 0 in our bounds are due to the fact that we have
a summation that depends on n and our exponent also decays exponentially with n while the n
multiplier depends on the summation arguments. By including a constant € > 0 that multiplies n,
we guarantee that the summation as a whole decays to zero.

Remark A3. The achievability proof of Theorem 1 relies on constant composition codes whereas the
achievability proof of Theorem 3 relies on i.i.d. codebooks. The reason for these restrictions is that
in Theorem 3 we also need to distinguish different users and in order to use the result of [13], we
focused our attention on i.i.d. codebooks.

Appendix G. Proof of Theorem 4
For the proof of Theorem 4, we use an ML decoder sequentially to perform the
synchronization, identification and decoding all together, for each block.

Proof. Codebook generation: Each user i € [K,] generates an ii.d. random codebook
according to the distribution P;.
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Probability of error analysis: For each block s € [A;], the decoder outputs

gk (11|
P arg 0y s ),
where xj = .
We now find an upper bound on the probability of error given the hypothesis H(!)
in (A4) for this decoder as follows

(n) Qi(Y! | xj'(m)) (1)]
Fe i s > 0|H A28
EK ,MZM [ a7 xm) " (A282)
i (Y] | (m))
* Z Z Z [log’ > OIH(”} (A28b)
i€[Ky] ]e[p Kn] me[My] Qz( | X; (1))
J#L
. Yl’l Tl
+ ) o P[IOgW - OH(l)] (A280)
s€[Ky+1:An] j€[Kn] me[My] Q. (Y2)

— t
Q-(Y-\X-)>
—nsup, — logE A
< Z R, Pt 3 {(inﬂx,») }
i€[Ky]

QX'
_nsupt—logE[<Q].<Y‘X‘)>
SV o
i€[Ky] jE[0:Ky ]
j#i
Q(xsIx)\ !
_nsupt—logE[< ]Q*;Ys)] )]

+ ™ 2 ¢"Re ,

jelKul

where Py 5(x, x") = Px(x)Px(x’). The term given in (A28a) is due to decoding error, (A28b)
is due to identification error and finally (A28c) is due to synchronization error. The last
inequality is by the Chernoff bound. In order for each term in the probability of error upper
bound to vanish as # grows to infinity and by the explanation in the proof of Theorem 3 for
the inclusion of n — o0 in our bounds, we find the conditions stated in the theorem. [

Appendix H. Proof of (28)
To see (28a), we note that due to the symmetry in

C(P,Q P,Q) = Sup—log >, PEPE)QIx) Q)

!
x,xy

the supremum is achieved at the midpoint f = % hence C(P,Q,P,Q) = y(%) Moreover,
we find an upper bound on C( ., Qx, P;, Q;) by noting that y ,;(t) defined in (12b) is concave
in t with g ;(1) = 0 and

5#0,i(t)| _
ar "=

Hence p(t) is always less than (I(P;, Q;) + D([P;Q;] || Q«+))(1 —t)and for0 <t <1
it is always less than I(P;, Q;) + D([P;Q;] || Qx)-

—I(P;, Qi) = D([P;Qi] || Q«) <O
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Appendix L. Proof of Theorem 5

We first define the following special shorthand notations that we will use throughout

this proof
F, := M,K,, i) = Qiy" [} (m)), (A29a)
K My (@2, M) (@)
Pyn(y") = 72 > QL P, ") 1= —— . —, (A29)
== Sy (1, m) Qe
—_ Ky My D (O q,my 11—t
P(/z})(yn) = sz IT" (yn) = (Pyﬁ )) <Q*(y )) 4 (A29C)
! Zlmzl i ") Sy (P () (Qa(ym)'
") = H Qu(yi)- (A29d)
i=1

We use the optimal ML decoder to find the location of the “active’ blocks. In this stage,
we are not concerned about the identity or the message of the users. In this regard, the
decoder output is determined via

Ka Pyn (Y]')
ar max log ——. (A30)
& (i) 1221 gQ’Z(Y{j)

Il Vit]
l;e[An]i€[Ky]

Given the hypothesis that the users are active in blocks [K}], denoted by HW in (A4),
the corresponding error events for the ML decoder are given by

yn Ky
{error|H(1)} = l LJI {Zl ) 210 I;Y:((Y ))}
oA K

Pyn (Y]") Pyn (Y1)

2 U {log {1 > log

a Qi(Y7") Q”( ")
je[Kn[ff:]An] :

Pyn (Y1) Pyn (Y
= log —_->T T>1 i
) {j [ U Q) ~ }ﬂ{ie[ Q)

e[Kn+1:A,] K]

}, (A31)
for any T € R. We take T to be

- —% % (D(Qy, 11Q2) = D (@, 1)), (A32)

nllml

for different A; € [0,1],i € [Ky].
We also find the following lower bounds

Pyw _ (K T
Q3[10 g (") > T] > ¢ (B D@ QIR - (R4 +1G2) (A33a)
Pyn|: o (Y”) T] > eiéi” Z,K:nl D(Qi/\,-HQi\Pi)I (A33b)

which are proved in Appendix K.
By using the inequalities in (A33a) and (A33b), we find a lower bound on the proba-
bility of (A31) as follows
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IP’[ U H(l)} (A34a)
jel

j€ Kn+1An]

Pyn (Y]') Pyn (Y1)
=P ) log—t=>THO | T=log =i |HY (A34b)
[j [Kn+1:A4] Qx( ]) ] [ie[Kn] Qx(Yf)
= P[Zy > 1]P[Z2 > 1] (A340)
Var Var[Z;]
(1 ><1 i ) (A34d)
1
<1 - = ) (A34e)
] K +1 [C:] = 1] Zi=n1 P[gi = 1]
<1 fmerKn S D(Qip, 11Q4 |P) = (R+v) (17 )+h(’”))> (1 IS i D(QmilQiPi)>/ (A34f)

where (A34b) follows by independence of Y/ and Y]ﬁ whenever i # j,Vi,j € [A,] and the
inequality in (A34d) is by Chebyshev’s inequality, where we have defined

A
" Py
3og, g = Ber(Q* [log N D (A35a)
j=Kn+1 Qx
S 510 P
Zy = Z Ci, (i := Ber (Pyn [log o (Yin) < T:|), (A35Db)
i=1 *
where {¢ "0 i} are mutually independent. We can see from (A34f) that if for some € > 0
K‘H
V> — Z D(Qiy, Il QilP:) + (A36a)
a>—2D (Qir, | QulP;) = (1= F)(v +R) +€, (A36b)
miz

then the probability of error is strictly bounded away from zero and hence the region
specified by (A36) (first bound in (31)) is impermissible.

We now focus only on decoding error probability, with the assumption that we have

identified the active blocks. This is hence a lower bound on the overall probability of error.

We have
P[Decoding error |No synchronization error| (A37a)
=P Ej Decoding error in block i (A37b)
i=1
= T ! (A37¢)
" 5%, Fl0i]
>1- ZZK:”l e_nlEsp(R/Pi/Qi) , (A37d)
=>1- ! (A37e)

Kn ginKln Z Esp(R b Qz)

o (v— L K ,0;
(e B (R0 (A37f)
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where
Dy := Decoding error in block i,

and where (A37c) can be derived using the same technique used in (A34). Finally, (A37d)
is by lower bounding the probability of decoding error as in [14] where we defined E;)
in (14). (A37e) is by Jensen’s inequality and finally as it can be seen in (A37f), if v >
(K%, Zfi"l Esp(R, P, Q,r)) + € for an € > 0 the lower bound to the probability of decoding
error is bounded away from zero for large values of n and this retrieves the second bound
in (31). In addition, the usual converse bound on the rate of a synchronous channel also
applies to any asynchronous channel and hence the region where R > I(P, Q) + € is also
impermissible. This concludes the proof.

Appendix J. Proof of Theorem 6
User i € [K,] has a codebook with M,, = "R codewords of length 1. Define for i € [K,,]
an ‘extended codebook’ consisting of A, M, codewords of length nA, constructed such
that Vm € [M,,] and Vt; € [A,]
X (g ) o= [ fimg) o0,

1

as depicted in Figure A4.
1 M,
T af@) |+ |+ | Ay *7 RO\ A A IO I *
I ICI PETE0Y IR IR [NEC o) s | s [ |
ATL n n n n n ‘,[H,(l) *71 *n *Tl *’II *77 TTY ( \[ >
*i *; *7 * *i ; 3 i i 3 i i (Mn

Figure A4. Extended codebook.

By using Fano'’s inequality, i.e., H(XfA",. .. ,Xﬁf” Y1) < ney, : €, — 0asn — oo, for
any codebook of length nA;, we have
H(X;zAn, .. .,X?(f”) = H(H’ll, tl/ .. .,mKn,tKn)
= nK,(a + R)
= H(XJ, . XA [y 1(Xp A, Xy

< ney +ne™ Y| =
log(1+ 43 R; log( 1+ et
( aK, ~i€[Ky] 1) <a+ ( e |y),

n n

v+

tog(1+ 7 Yiei Ri)
n

log(1+ enﬁ%)
n

> 0and > 0 vanish as n goes to infinity.

where

Appendix K. Proof of (A33a) and (A33b)

Before deriving lower bounds on (A33a) and (A33b), we note that by the Type-
counting Lemma [19], at the expense of a small decrease in the rate (which vanishes in
the limit for large blocklength) we may restrict our attention to constant composition
codewords. Henceforth, we assume that the composition of the codewords for user i € [K;,]
is given by P;. Moreover, to make this paper self-contained, we restate the following
Lemmas that we use in the rest of the proof.
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Lemma A2 (Compensation Identity). For arbitrary r; Zfil 7t; = 1 and arbitrary probability
distribution functions P; € Py,i € [K], we define P(x) = Zlel 7t;P;(x). Then for any probability
distribution function R we have

K K
D(P || R)+ Y, mD(P; || P) = > mD(P||R). (A38)
i=1 1

Lemma A3 (Fano). Let F be an arbitrary set of size N. For P = % we have

72 (P || P) = (1—7)log(N (17))+7log<l\lj\l_}71>, (A39)
0eF
where
= inf Z Po{T # 6} (A40)
GeF

in which the infimum is taken over all possible estimators T.

We now continue with the proof of (A33a). Using the Chernoff bound we can write

" Ky, M, o Chernoff
Q% |log Igﬂ F Z Z D( L, I Q*)— ( ZMM I PY")] eme e Supr A() (A41)
" i=1m=1
The Chernoff bound exponent, sup, A(t), is expressed and simplified as follows
&y - Pyn !
: FnZ}Zl (Qy, 11Q2) = D(Qly | Pyn)logEQz[(Q <Y">)]
1 m
S 100 7 os D) g 3 (B Q2
"R 2 2 2 Qi 108 Gy 1082
(P () (@)™
_ 1 & Zyn (Pyn () (QE(y )™
121,;1;@’“ Q)
Kn My Pyn ( )
S DIPIIN <Qi>
i=1m=1y"
Kn My -
= 230> D(Qy 1Q1) = D(Qy, Il (Br),)
"i=1m=1
K?’l T’I
- —EnD Qi 1 Q:IB) = £ 35 >, D(Qhy, 1| (B),), (A42)
i=1m=1

where (A42) is the result of the constant composition structure of the codewords. As a result,

Yl M1l

supA —ZnD Qi || QulP) - mf{ 3y D(Q fn, | Pyn)t)}. (A43)

nzlml

Moreover,
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mf—ii ( Ema, I Pyn)t)

i’l

i=1m=1
Ky My (y'rl)
1nf7222Q1m/\ 10g i ”
Fu i=1m=1 y" ( )t(y )
Kn My <yn) P(_) (y”)
=E 33 20 2 1Og( T
i=1m=1y" v Pyn ( n)
K)l V! _ IR
mf* IR < Py, | P(ﬁ)) +D<P§Q> I (pyn)t>
nz 1m=1
KYl Ml‘l _)\
22 2 D(Qhy, 1Y),
L4

Note that Pl(f") is the average of Q¥
Lemma A3, we have

Ky My o B ) . Fﬁ
72 2 < ?,m l P@) = (1—rn)log(Fn(1_rn)>+rnlog(FnTnl>

”zlml

iy, OVerm, i’s (m € [My],i € [Ky]) and hence based on

> (1—-71y)logFy — h(7y).

As a result
sup A(t) ZHD Qin, | QulPy) = n(R+v)(1 —7y) + h(7y).
nizq

Now we continue with the proof of (A33b). Again, using the Chernoff bound we have

P [logg: FHE" 5 D(Qly, 11Q2) = D(Qy | Pw)]

i=1m=1
Q* 3 & n D n n - ,—sup;B(t)
B Pyn llog Pyn Pn 121;1121 ( imy; H PY") B D( ima; H Q*)l = t !
where
B o sup 5 Jog WP (B ()™
sup sup—Z Z ZQ”M ng OgZ Qily Y”(y ))
i=1m=1y"
SN (Pyn);_(y")
= Py, log ————~
sup 2, P (") log =5 0

—supD( v’ || Pyn ) D(R%) | (m)l—t>

1 K M
N o Ky My 72; ! le ( )
< D(pw [ Pw) :Z< 25 25 Qi >1°g<Flan1 o )

i=1m=1 F. =1 Q?,m( n)

K, My Q?’l Ky My
SONLDIPICANT log% 2 2 (i, 1 %) (As4)
yr T i=lm=1 i=1m=1

Kﬂ

ZnD Qir, 1 QIP),
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and where the inequality in (A44) is by the Log-Sum inequality.

Appendix L. Proof of Lemma 1

We will prove the Lemma by contradiction. Define
t; = Number of users in block 1.

Assume that the arrangement with highest probability (let us call it .A) has at least two
blocks, say blocks 1,2, for which t; — t, > 1. This assumption means that the arrangement
with the highest probability is not the non-overlapping arrangement.

The probability of this arrangement, P(A), is proportional to

P(A)oc(K") <Kn - t1> B K,! (Kp — 1)!

t tr - t1, (Ky — )! tz!(Kn—tl—t2>!
_ K,!
B !t (Ky —t1 — 1p)! '

We now consider a new arrangement, Anew, in which f1 pew = t1 —1and typew = f2 + 1
and all other blocks remain unchanged. This new arrangement is also feasible since we have
not changed the number of users. The probability of this new arrangement is proportional to

Ky \ (Ky—t —1
P(Anew)oc(tl - 1) ( ta+1 )

Ky! (Ky — t1 +1)!
(-1 (Ky—t1 + D! (a+ 1)1 (Ky — £1 — )]
Ky!
T D+ D) (Ky—t — )

Comparing P(A) and P(Apew) we see that P(A) < P(Apew) which is a contradiction
to our primary assumption that .A has the highest probability among all arrangements.
Hence there do not exist two blocks which differ more than one in the number of active
users within them in the arrangement with the highest probability.
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