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Abstract: The distribution of entangled states is a key task of utmost importance for many quantum
information processing protocols. A commonly adopted setup for distributing quantum states envis-
ages the creation of the state in one location, which is then sent to (possibly different) distant receivers
through some quantum channels. While it is undoubted and, perhaps, intuitively expected that
the distribution of entangled quantum states is less efficient than that of product states, a thorough
quantification of this inefficiency (namely, of the difference between the quantum-state transfer
fidelity for entangled and factorized states) has not been performed. To this end, in this work, we
consider n-independent amplitude-damping channels, acting in parallel, i.e., each, locally, on one
part of an n-qubit state. We derive exact analytical results for the fidelity decrease, with respect to
the case of product states, in the presence of entanglement in the initial state, for up to four qubits.
Interestingly, we find that genuine multipartite entanglement has a more detrimental effect on the
fidelity than two-qubit entanglement. Our results hint at the fact that, for larger n-qubit states, the
difference in the average fidelity between product and entangled states increases with increasing
single-qubit fidelity, thus making the latter a less trustworthy figure of merit.

Keywords: entanglement distribution; open quantum systems; multipartite entanglement; quantum-
state transfer

1. Introduction

Distributing entangled states among several distant recipients is a task of paramount
importance in a variety of quantum-information processing protocols, ranging from n-party
quantum key distribution [1] to distributed quantum computing [2]. In many of these
protocols, an n-partite entangled state is created at location S (the sender’s location), and
its parts are distributed among m ≤ n receivers, generally at different locations (which we
dub R, the receivers’ location).

The special case of distributing a bipartite entangled state was already considered in
the seminal paper by Bose on quantum-state transfer (QST), where the transfer protocol is
employed to send (the state of) one party of a two-qubit Bell state to the opposite edge of a
spin chain [3]. After this first instance, a considerable amount of research, both theoretical
and experimental, has been performed in order to improve the transfer performance
and optimize the Bell state distribution protocol [4–10]. Moreover, with the increasing
exploration (and exploitation) of the fascinating realm of quantum correlations by quantum
technological applications, the distribution of n-partite entangled states, with n > 2, has
become a very active research topic [11–15].

At variance with the entanglement of two-qubits, which is the only system whose
entanglement properties have been fully characterized both for pure and mixed states,
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for n > 2 there are only a handful of closed, analytical results for the quantification
of entanglement [16], making the task of evaluating the efficiency of an entanglement
distribution protocol very difficult to assess.

Here, we address the distribution of an n-partite entangled state utilizing the fidelity
between the sender’s and the receivers’ state as a figure of merit for the quality of the proto-
col. Although the fidelity is not a bona fide tool to characterize quantum resources [17,18], it
is nevertheless widely employed in constructing entanglement witnesses following the idea
that states close to an entangled state must be entangled as well [19]. Hence, building on
recent results [20,21] reporting the fidelity of an n-qubits QST (n-QST) protocol for arbitrary
quantum channels, we investigate the effect of the presence of entanglement on the n-QST
fidelity, which is evaluated when each qubit is subject to an independent U(1)-symmetric
quantum channel, e.g., an amplitude-damping channel. In particular, we find that the
presence of entanglement in the sender state is detrimental to the efficiency of the n-QST
protocol. It is not surprising that independent quantum channels acting on n qubits tend to
destroy their quantum correlations, thus lowering the transmission fidelity. We are able to
provide a quantification of the fidelity reduction as a function of different entanglement
monotones. In particular, we show that genuine multipartite entanglement, as quantified,
e.g., by the three-tangle, has a more pronounced effect on lowering the n-QST fidelity than
bipartite entanglement between two qubits, as quantified by the concurrence [22].

The paper is organised as follows: in Section 2, we introduce our model and provide
a brief recap of the n-QST fidelity; in Section 3, we apply the developed formalism to the
case of n = 2, 3, 4 qubits; finally, in Section 4, we draw our conclusions.

2. n-QST Fidelity for Independent Amplitude-Damping Channels

Let us consider an n-qubit quantum-state transfer protocol as depicted in Figure 1. A
sender, located at position S, prepares an n-qubit arbitrary state and wants to transfer each
party to different receivers to which the sender is connected by different quantum channels.
Without a loss of generality, let us assume the sender state to be a pure state, ρS = |Ψ〉〈Ψ|n.
The state at the receivers’ location reads

ρR(t) = [Φ1 ⊗Φ2 ⊗ · · · ⊗Φn](t)(ρS). (1)

The fidelity between the sender and the receivers’ state is given by the Uhlmann–Jozsa
fidelity [23]

F(|Ψ〉, ρ(t)) = 〈Ψ|ρ|Ψ〉 . (2)

Expressing an arbitrary input state in the computational basis

|Ψ〉 =
2n

∑
i=1

ai|i〉, (3)

the elements of the receivers’ density matrix read (sum over repeated indexes is assumed)

ρR
ij = Anm

ij ρS
nm (4)

yielding the fidelity

F(|Ψ〉, ρ) =
d−1

∑
ijnm=0

a∗i ajana∗m Anm
ij , (5)

where all of the amplitudes a refer to the initial state of the sender.



Entropy 2023, 25, 46 3 of 12

For the case represented in Figure 1, the total map is given by the tensor products of
n independent maps as in Equation (1). Hence, Equation (4) can be cast in the following
form: [24]

ρR
i1i2 ...in ;j1 j2 ...jn = Ap1 p2 ...pn ;q1q2 ...qn

i1i2 ...in ;j1 j2 ...jn ρS
p1 p2 ...pn ;q1q2 ...qn , (6)

where i, j, p, q = 0, 1 and the corresponding subscript refers to the i’s qubit, with

Ap1 p2 ...pn ;q1q2 ...qn
i1i2 ...in ;j1 j2 ...jn = Ap1;q1

i1;j1
Ap2;q2

i2;j2
. . . Apn ;qn

in ;jn . (7)

Each A in Equation (7) comes from a single qubit map connecting the sender qubit si
and the receiver qubit ri, which, for an U(1)-symmetric channel, can be expressed as

ρ00
ρ01
ρ10
ρ11


ri

=


1 0 0 1−

∣∣ f ri
si

∣∣2
0 f ri

si 0 0
0 0

(
f ri
si

)∗ 0
0 0 0

∣∣ f ri
si

∣∣2



ρ00
ρ01
ρ10
ρ11


si

, (8)

where f ri
si is the transition amplitude for the excitation initially on si to reach ri. A widely

used U(1)-symmetric quantum channel is given by the so called XXZ spin- 1
2 Hamiltonian,

H = ∑
i,j

Jij

(
σx

i σx
j + σ

y
i σ

y
j

)
+ ∆ijσ

z
i σz

j + hiσ
z
i (9)

where σα
i (α = x, y, x) are Pauli matrices and i, j are the position indexes on an arbitrary d-

dimensional lattice. Assuming that each quantum channel is fully polarized, for the sender
state, the map Φi reduces to an amplitude-damping channel [25]. In particular, for f ri

si = 1,
the map Φi entails a SWAP operation. Therefore, our formalism also describes entanglement
swapping protocols via imperfect operations [26]. Finally, to express Equation (6) in the
form of Equation (4), it is sufficient to express the bit strings in decimal notation.

By making use of Equations (4), (7) and (8), it is straightforward to evaluate the average
fidelity [13] of an arbitrary quantum state |Ψ〉

〈F〉 = 1
Ω

∫
Ω

dΩ F(|Ψ〉, ρ(t)), (10)

with Ω denoting the space of pure states and, with an abuse of notation, its volume and the
measure of it.

An average with respect to an n qubit system will be denoted as 〈Fn〉. In the case of n
independent channels, making use of the transition amplitude f introduced in Equation (8),
one arrives at the expression,

〈Fn〉 =
1

2n + 1
+

1
2n(2n + 1)

|1 + f |2n . (11)

Notice that the average fidelity 〈Fn〉 ≤ ∏n
i=1〈F1〉, with equality holding only for f = 0, 1.

While the left-hand side of the latter inequality gives the average over all possible pure
input states, its right-hand side, on the other hand, gives the average restricted to fully
factorized states only, i.e., to product states of the form |Ψ〉n =

⊗n
i=1|ψ〉i, thus not including

the entangled states. Hence, we conclude that, when n ≥ 2, in the set of all pure input
states, entangled states have a lower n-QST fidelity than the product state. In the next
sections, we will provide a quantitative analysis for this intuitive observation.
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Figure 1. A quantum router. A dispatch center, encircled in red, creates an n-qubit entangled state
(red spheres) with the aim to send each party to a different receiver (green spheres) along independent
quantum channels (blue spheres).

3. n-QST Fidelity as a Function of Entanglement

This Section contains our main result, namely, that the presence of entanglement
reduces the transfer fidelity. Below, we illustrate this idea separately for two, three, and
four qubit transmissions. In particular, we will show that, in the presence of entanglement
in the states to be sent, a reduction factor exists, which we dub Rn, such that the average
fidelity for the QST of n-qubits can be generically written

〈Fn〉 = 〈F1〉n − En Rn.

Here, 〈F1〉n gives the average fidelity for the transfer of factorized states (indeed, intuitively,
qubits can be transferred one by one, in this case), so that the difference 〈Fn〉 − 〈F1〉n is
entirely due to the fact that entangled states are possibly transferred. The coefficient En is an
entanglement quantifier that changes with n. It is given by twice the square of concurrence
for n = 2, while for n = 3 it is proportional to a linear combination of the invariant
polynomials identifying the different classes of entangled states. Finally, the factor Rn
(defined below for the various cases) gives the weight of entanglement-induced fidelity
decrease, and it also enters the fidelity averaged over specific entanglement classes of states
(for n = 3, 4).

3.1. Two Qubits

Adopting the (Schmidt-)parametrization of two-qubits pure states in terms of their
entanglement [27], we write

|Ψ(s)〉 =
√

1 + s
2
|00〉+

√
1− s

2
|11〉 (12)

where the parameter s ∈ [−1, 1] is related to the concurrence [22] via C =
√

1− s2, and
every two-qubit pure state can be obtained from Equation (12) via local, unitary operations
|Φ(s)〉 = U1U2|Ψ(s)〉, with Ui ∈ SU(2) acting on qubit i = 1, 2. Below, we obtain the
average fidelity for a two-qubit QST protocol with independent channels as a function of
the amount of entanglement of the sender state, which is invariant under local unitaries,
and which we denote as 〈·〉U⊗2

This average fidelity (which, to say it shortly, is averaged at fixed values of entangle-
ment) reads

〈F2〉U⊗2 =
1

36

(
3 + | f |2 + 2| f | cos φ

)2
− 1

18

(
| f |2 + 2| f | cos φ

)(
3− | f |2 + 2| f | cos φ

)
C2 (13)
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where we expressed the complex transition amplitude f as f = | f | eiφ.
Following the procedure outlined by Bose [3], in order to maximise Equation (13), one

sets cos φ = 1, which, physically, can be obtained, e.g., by a uniform magnetic field applied
over the spin chain. Hence, the average two-qubit fidelity F2 can be cast in the form

〈F2〉U⊗2 =
1

36

(
3 + | f |2 + 2| f |

)2
− 1

18

(
| f |2 + 2| f |

)(
3−

(
| f |2 + 2| f |

))
C2. (14)

From Equation (14), since 0 ≤ | f | ≤ 1, one can readily appreciate that the more concurrence
the sender’s pure state contains, the lower the fidelity with the received state. Equation (14)
can also be rewritten as a function of the single-qubit QST average fidelity

〈F1〉 =
1
6

(
3 + 2| f |+ | f |2

)
, (15)

to read

〈F2〉U⊗2 = 〈F1〉2 − 2
(
〈F1〉 −

1
2

)
(1− 〈F1〉)C2 = 〈F1〉2 − 2R2C2. (16)

Again, as 1
2 ≤ 〈F1〉 ≤ 1, the average fidelity 〈F2〉 decreases with the amount of concurrence

of the sender state.
From Equation (16), we see that the average 2-QST fidelity is reduced in the presence

of the squared concurrence by a factor of

R2 =

(
〈F1〉 −

1
2

)
(1− 〈F1〉) , (17)

which is reported in Figure 2 (left panel), together with the two-qubit average fidelity 〈F2〉,
displayed for different values of the squared concurrence as a function of the one-qubit
fidelity 〈F1〉 (right panel).

0.6 0.7 0.8 0.9 1.0

0.01

0.02

0.03

0.04

0.05

0.06

0.6 0.7 0.8 0.9 1.0

0.4

0.6

0.8

1.0

Figure 2. (Right) Reduction factor (17) for entangled states of the 2-QST average fidelity 〈F2〉 (16) as
a function of the 1-QST average fidelity 〈F1〉. The dotted, vertical line reports the maximum of R2

attained at 〈F〉1 = 0.75 (Left).

3.2. Three Qubits

Having obtained a quantitative expression giving the reduction in the transmission
fidelity due to the presence of entanglement for two qubits, we move to the more intricate
three qubit case in order to try and obtain similar relations.

3.2.1. Three-Qubit Pure-State Entanglement

Let us now consider a system of three qubits A, B, and C. A three-qubit pure state can
be written in canonical form as [28]

|Ψ〉ABC = λ0|000〉+ λ1eiφ|100〉+ λ2|101〉+ λ3|110〉+ λ4|111〉, (18)
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where λi ≥ 0, 0 ≤ φ ≤ π, and the normalisation condition reads ∑i λ2
i = 1.

In terms of the coefficients of the state in Equation (18), one can introduce five invariant
polynomials, allowing to identify different entanglement classes [29]:

J1 =
∣∣∣λ1λ4eiφ − λ2λ3

∣∣∣2 , J2 = λ2
0λ2

2 , J3 = λ2
0λ2

3 (19a)

J4 = λ2
0λ2

4 , J5 = λ2
0

(
J1 + λ2

2λ2
3 − λ2

1λ2
4

)
. (19b)

The relation between invariant polynomials and entanglement measures is given by

C2
jk = 4Ji, (20)

for i 6= j 6= k = 1, 2, 3, and where now, (1, 2, 3) = (A, B, C) holds on the LHS of Equa-
tion (20). At variance with the two-qubit case, no single entanglement measure can capture
genuine three-partite entanglement as three qubits can be entangled in two inequivalent
ways [30].

One type of entanglement is quantified by the three-tangle [31],

τ2
3 = 4J4 , (21)

while an inequivalent type of genuine multipartite entanglement (GME) is quantified by
the so called GME concurrence, CGME [32], defined, in terms of invariant polynomials, for
a three-qubit pure state as:

CGME = 4(min{J2 + J3, J1 + J3, J1 + J2}+ J4). (22)

Hence, three qubit states can be sorted in the following entanglement classes [30]:

• Product states. All Ji = 0, resulting into A− B− C (class 1). All entanglement mea-
sures vanish.

• Biseparable states. All Ji = 0 except (i) J1 for A− BC, (ii) J2 for B− AC, and (iii) J3 for
C− AB (class 2a). Only the concurrence for one single pair of qubits is different from
zero.

• W-states. CGME > 0 and τ3 = 0

1. J4 = 0 and J1 J2 + J1 J3 + J2 J3 =
√

J1 J2 J3 = J5
2 (class 3a).

2. J4 = 0 and
√

J1 J2 J3 = J5
2 (class 4a).

• GHZ-states. CGME > 0 and τ3 > 0, with 5 possible cases:

1. All Ji = 0 except J4 (class 2b).
2. J1 = J2 = J5 = 0, or J1 = J3 = J5 = 0 or J2 = J3 = J5 = 0 (class 3b).
3. J2 = J5 = 0 or J3 = J5 = 0 (class 4b).
4. J1 J4 + J1 J2 + J1 J3 =

√
J1 J2 J3 = J5

2 (class 4c).

5.
√

J1 J2 J3 = |J5|
2 and (J4 + J5)

2 − 4(J1 + J4)(J2 + J4)(J3 + J4) = 0 (class 4d) ,

where, with the notation X − Y, we indicate that subsystems X and Y do not share any
type of entanglement.

Notably, for 3-qubit pure states, a monogamy relation exists between the amount of
entanglement that can be shared among the parties [31]

C2
A|BC = C2

AB + C2
AC + τ2

3 . (23)

3.2.2. Fidelity of 3-QST

Here, we derive the fidelity of the QST of a tree-qubit pure state. First, we average
the state in Equation (18) over single-qubit, local operations U, and use the notation 〈·〉U⊗3 ,
in order to indicate the average fidelity at given values of (and, thus, as a function of) the
entanglement quantifiers. Subsequently, utilizing the averages of the invariant polynomials
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obtained in reference [29], we derive the average fidelity of each three-qubit class and use
the notation 〈·〉.

The 3-QST fidelity, expressed in terms of the single-qubit average, reads

〈F(|Ψ〉, ρ0)〉U⊗3 = 〈F1〉3 − 8〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
J1 + J2 + J3 +

3
2

J4

)
. (24)

Since 1
2 ≤ 〈F1〉 ≤ 1, and 0 ≤ Ji ≤ 1

4 , the second term on the right hand side of the
latter equation is always negative, so that one sees at once that entanglement reduces the
3-QST fidelity.

Introducing the reduction factor R3,

R3 = 〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉) , (25)

we can write

〈F(|Ψ〉, ρ0)〉U⊗3 = 〈F1〉3 − 8 R3

(
J1 + J2 + J3 +

3
2

J4

)
. (26)

Now, using the averages of the invariant polynomials obtained in reference [29],
〈J4〉 = 1

12 and 〈Jk〉 = 1
24 (k = 1, 2, 3), the average fidelity 〈F3〉 (with average taken over the

full three qubit Hilbert space) is given by

〈F3〉 = 〈F1〉3 − 2R3 (27)

Here, we see that, at fixed single-particle average fidelity, entanglement is responsible
for a decrease in the 3-QST average fidelity by twice the reduction factor R3.

In particular, the fidelities for the canonical states belonging to the different entangle-
ment classes read

• class 1 (product state)

〈Fc1〉U⊗3 = 〈F1〉3 (28)

〈Fc1〉 = 〈F1〉3 (29)

• class 2a (biseparable states)

〈Fc2a〉U⊗3 = 〈F1〉3 − 2〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)C2

jk (30)

〈Fc2a〉 = 〈F1〉3 −
R3

3
(31)

where i 6= j 6= k = 1, 2, 3;
• class 2b (GHZ-states)

〈Fc2b〉U⊗3 = 〈F1〉3 − 3〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)τ2

3 (32)

〈Fc2b〉 = 〈F1〉3 − R3 (33)

• class 3a (J4 = 0 and J1 J2 + J1 J3 + J2 J3 =
√

J1 J2 J3 = J5
2 )

〈Fc3a〉U⊗3 = 〈F1〉3 − 2〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
C2

BC + C2
AC + C2

AB

)
〈Fc3a〉 = 〈F1〉3 − R3 (34)
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• Class 3b (J1 = J2 = J5 = 0 or J1 = J3 = J5 = 0 or J2 = J3 = J5 = 0)

〈Fc3b〉U⊗3 = 〈F1〉3 − 〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
2C2

BC + 3τ2
3

)
〈Fc3b〉 = 〈F1〉3 −

4
3

R3 (35)

• Class 4a J4 = 0 and
√

J1 J2 J3 = J5
2

〈Fc4a〉U⊗3 = 〈F1〉3 − 2〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
C2

BC + C2
AC + C2

AB

)
〈Fc4a〉 = 〈F1〉3 − R3 (36)

• Class 4b (J2 = J5 = 0 or J3 = J5 = 0)

〈Fc4b〉U⊗3 = 〈F1〉3 − 〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
2
(

C2
BC + C2

AC

)
+ 3τ2

3

)
〈Fc4b〉 = 〈F1〉3 −

5
3

R3 (37)

• Class 4c (J1 J4 + J1 J2 + J1 J3 + J2 J3 =
√

J1 J2 J3 = J5
2 )

〈Fc4c〉U⊗3 = 〈F1〉3 − 〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
2
(

C2
BC + C2

AC + C2
AB

)
+ 3τ2

3

)
〈Fc4c〉 = 〈F1〉3 − 2R3 (38)

• Class 4d (
√

J1 J2 J3 = |J5|
2 and (J4 + J5)

2 − 4(J1 + J4)(J2 + J4)(J3 + J4) = 0)

〈Fc4c〉U⊗3 = 〈F1〉3 − 〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
2
(

C2
BC + C2

AC + C2
AB

)
+ 3τ2

3

)
〈Fc4d〉 = 〈F1〉3 − 2R3 (39)

Comparing Equation (30) with Equation (32), it turns out that, for an equivalent
amount of the entanglement monotone C2

jk and τ2
3 , at fixed 〈F1〉 (or, equivalently, at a fixed

transition amplitude f ), the fidelity of the canonical state in class 2a is greater than that in
class 2b. This is in line with our intuition that the more entangled a state is, the harder it is to
achieve high fidelity in our parallel QST protocol, as shown in Figure 3 (right panel), where
we plot the average fidelity for different three qubit classes. In the left panel of Figure 3 we
report the reduction factor R3 of Equation (25) as a function of the single-particle average
fidelity 〈F1〉.
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Figure 3. (Left) Reduction factor for the average fidelity in the presence of entanglement as in
Equation (25). (Right) Average fidelity for the three-qubit classes. The dotted, vertical line is at

〈F〉1 = 1
2

(
1 + 1√

3

)
' 0.789.
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From the above equations of the average fidelity of the three-qubit classes, we see that
the average fidelity is decreased, with respect to the product state class, whenever there
is two-qubit concurrence or genuine multipartite entanglement, both as CGME and as τ3.
Moreover, per equal amount of squared two-qubit concurrence C2 and genuine multipartite
entanglement CGME, the reducing factor is respectively 2 and 3 times R3. As a consequence,
we state that, at fixed amount of entanglement, GME states are harder to transfer than
biseparable states.

3.3. Four Qubits

While for two and three qubits, the entanglement of pure states has been fully char-
acterized, for four (or more) qubits there are infinitely many inequivalent entanglement
classes [30,33] under SLOCC operations (stochastic local operations and classical communi-
cation).

Here, we consider the fidelity of specific four-qubit states averaged over random local
unitaries on each qubit. Whereas this does not account for all entangled states within a
given class, as the group of stocastic local operations includes deterministic local operations,
SU(2) ⊆ SL(2, C) (with equality holding for pure states), the results nevertheless hint at
the fact that the average fidelity decreases with the entanglement of the sender state and
that the reduction factor depends on the type of entanglement contained in the state.

We will consider the three irreducibly balanced states [34]: the 4-qubits GHZ-state, the
cluster, and X4 :

|GHZ4〉 =
1√
2
(|0000〉+ |1111〉) (40a)

|Cl4〉 =
1
2
(|0000〉+ |0111〉+ |1011〉+ |1100〉) (40b)

|X4〉 =
1√
6

(√
2|1111〉+ |0001〉+ |0010〉+ |0100〉+ |1000〉

)
(40c)

and two additional entangled states: the product of two-Bell states and the 4-qubit W-state:

|B2〉 = |Φ〉12 ⊗ |Φ〉34 (41a)

|W4〉 =
1
2
(|0001〉+ |0010〉+ |0100〉+ |1000〉) . (41b)

The average fidelities of the states reported in Equations (40) and (41), expressed in
terms of 1-QST average fidelity, read

〈
FGHZ4

〉
U⊗4 =

〈
FB2

〉
U⊗4 = 〈F1〉4 − 2〈F1〉

(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
1− 3〈F〉+ 4〈F〉2

)
(42a)

〈
FCl4

〉
U⊗4 =

〈
FX4

〉
U⊗4 = 〈F1〉4 − 4〈F1〉2

(
〈F1〉 −

1
2

)
(1− 〈F1〉) (42b)

〈
FW4

〉
U⊗4 = 〈F1〉4 − 3〈F1〉2

(
〈F1〉 −

1
2

)
(1− 〈F1〉) . (42c)

Notice that the reduction factor for the states |Cl4〉, |X4〉, |W4〉 is the same, although with
different weights, and differs from the reduction factor for the states |GHZ4〉, |B2〉, read-
ing, respectively,

R4a = 〈F1〉
(
〈F1〉 −

1
2

)
(1− 〈F1〉)

(
1− 3〈F〉+ 4〈F〉2

)
(43a)

R4b = 〈F1〉2
(
〈F1〉 −

1
2

)
(1− 〈F1〉) . (43b)
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A possible reason may be that, if one considers the four-tangle as an entanglement
measure, although it is not a measure of genuine multipartite entanglement, the first set
of state has zero four-tangle, whereas for the second one it is non-zero. In Figure 4 (left
panel) we report the reduction factors in Equation (43), while in the right panel we report
the average fidelity of Equation (42).

0.6 0.7 0.8 0.9 1.0

0.01

0.02

0.03

0.04

0.05

0.06

0.6 0.7 0.8 0.9 1.0

0.2

0.4

0.6

0.8

1.0

Figure 4. (Left) Reduction factor for the average fidelity in the presence of entanglement as in
Equation (43). (Right) Average fidelity for the entangled classes as reported in Equation (42). The
blue and red dotted, vertical lines are, respectively, at 〈F〉1 = 0.82 and 〈F〉1 = 0.85.

4. Discussion

We have shown that the QST of an entangled n ≥ 2 quantum state across parallel,
independent U(1)-symmetric quantum channels, as, e.g., embodied by an XXZ spin- 1

2
Hamiltonian, leads to a lower average fidelity than that of the QST of a product state at
fixed one-qubit QST average fidelity, or, equivalently, at fixed transition amplitude. For
the case of n = 2, we have expressed the average fidelity reduction in terms of the squared
concurrence times a reduction factor. Similarly, for n = 3, we obtained that the presence
of entanglement, both bipartite and multipartite, has a detrimental effect on the average
fidelity. In particular, we obtained that the reduction factor has a greater weight in the
presence of genuine three-partite entanglement, i.e., three-tangle and GME concurrence,
than in the presence of two-qubit squared concurrence for specific canonical classes of the
three-qubit pure state. Finally, we have considered specific cases of 4-qubit entangled states,
which, again, result in an average fidelity reduction due to the presence of entanglement in
the initial state.

Our work clearly shows that for entanglement distribution in a routing configuration,
where parties are sent over independent quantum channels, the single-qubit average fidelity
is not a reliable figure of merit. This calls for more investigations into the properties of
quantum channels able to faithfully distribute multipartite entangled states.

Author Contributions: All Authors have contributed equally to the research. All authors have read
and agreed to the published version of the manuscript.

Funding: T.J.G.A. acknowledges funding through the IPAS+ (Internationalisation Partnership Awards
Scheme+) QUEST project by the MCST (The Malta Council for Science & Technology). M.C. acknowl-
edges funding from the Tertiary Education Scholarships Scheme and from the Project QVAQT
financed by the Malta Council for Science & Technology, for and on behalf of the Foundation for
Science and Technology, through the FUSION: R&I Research Excellence Programme REP-2022-
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Abbreviations
The following abbreviations are used in this manuscript:

GHZ Greenberger–Horne–Zeilinger
GME Genuine multipartite entanglement
QST Quantum-state transfer
n-QST n-qubit quantum-state transfer
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21. Apollaro, T.J.G.; Lorenzo, S.; Plastina, F.; Consiglio, M.; Życzkowski, K. Quantum transfer of interacting qubits. New J. Phys. 2022,
24, 083025. [CrossRef]

22. Wootters, W.K. Entanglement of formation of an arbitrary state of two qubits. Phys. Rev. Lett. 1998, 80, 2245–2248. [CrossRef]
23. Jozsa, R. Fidelity for Mixed Quantum States. J. Mod. Opt. 1994, 41, 2315–2323. [CrossRef]
24. Bellomo, B.; Lo Franco, R.; Compagno, G. Non-Markovian Effects on the Dynamics of Entanglement. Phys. Rev. Lett. 2007,

99, 160502. [CrossRef] [PubMed]
25. Bose, S. Quantum communication through spin chain dynamics: an introductory overview. Contemp. Phys. 2007, 48, 13–30.

[CrossRef]
26. Pan, J.W.; Bouwmeester, D.; Weinfurter, H.; Zeilinger, A. Experimental Entanglement Swapping: Entangling Photons That Never

Interacted. Phys. Rev. Lett. 1998, 80, 3891–3894. [CrossRef]

http://doi.org/10.1103/PhysRevA.59.1829
http://dx.doi.org/10.1049/iet-qtc.2020.0002
http://dx.doi.org/10.1103/PhysRevLett.91.207901
http://www.ncbi.nlm.nih.gov/pubmed/14683398
http://dx.doi.org/10.1126/science.1085593
http://dx.doi.org/10.1103/PhysRevA.77.020303
http://dx.doi.org/10.1103/PhysRevLett.106.140501
http://dx.doi.org/10.1142/S0217979213450355
http://dx.doi.org/10.1103/PhysRevA.96.032315
http://dx.doi.org/10.1007/978-3-319-53412-1_10
http://dx.doi.org/10.1038/s41534-019-0238-8
http://dx.doi.org/10.1016/j.physleta.2020.126536
http://dx.doi.org/10.1103/PhysRevA.100.052308
http://dx.doi.org/10.1016/j.physleta.2020.126306
http://dx.doi.org/10.1103/PhysRevLett.125.260506
http://www.ncbi.nlm.nih.gov/pubmed/33449714
https://doi.org/10.48550/arXiv.2211.06690
http://dx.doi.org/10.1088/1751-8113/47/42/424005
http://dx.doi.org/10.1103/PhysRevA.89.012305
http://dx.doi.org/10.1142/S0219749914610152
http://dx.doi.org/10.1016/j.physrep.2009.02.004
http://dx.doi.org/10.1007/978-3-031-03998-0_12
http://dx.doi.org/10.1088/1367-2630/ac86e7
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1080/09500349414552171
http://dx.doi.org/10.1103/PhysRevLett.99.160502
http://www.ncbi.nlm.nih.gov/pubmed/17995229
http://dx.doi.org/10.1080/00107510701342313
http://dx.doi.org/10.1103/PhysRevLett.80.3891


Entropy 2023, 25, 46 12 of 12

27. Apollaro, T.J.G.; Lorenzo, S.; Sindona, A.; Paganelli, S.; Giorgi, G.L.; Plastina, F. Many-qubit quantum state transfer via spin
chains. Phys. Scr. 2015, T165, 014036. [CrossRef]

28. Acín, A.; Andrianov, A.; Costa, L.; Jané, E.; Latorre, J.I.; Tarrach, R. Generalized Schmidt Decomposition and Classification of
Three-Quantum-Bit States. Phys. Rev. Lett. 2000, 85, 1560–1563. [CrossRef]
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