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Abstract: In this paper, we present the concept of the logical entropy of order m, logical mutual
information, and the logical entropy for information sources. We found upper and lower bounds
for the logical entropy of a random variable by using convex functions. We show that the logical
entropy of the joint distributions X and Xj is always less than the sum of the logical entropy of the
variables X; and X,. We define the logical Shannon entropy and logical metric permutation entropy
to an information system and examine the properties of this kind of entropy. Finally, we examine the
amount of the logical metric entropy and permutation logical entropy for maps.
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1. Introduction and Basic Notions

Entropy is an influential quantity that has been explored in a wide range of studies,
from applied to physical sciences. In the 19th century, Carnot and Clausius diversified the
concept of entropy into three main directions—entropy associated with heat engines (where
it behaves similar to a thermal charge), statistical entropy, and (according to Boltzmann and
Shannon) entropy in communications channels and information security. Thus, the theory
of entropy plays a key role in mathematics, statistics, dynamical systems (where complexity
is mostly measured by entropy), information theory [1], chemistry [2], and physics [3] (see
also [4-6]).

In recent years, other information source entropies have been studied [7-9]. Butt et al.
in [10,11] introduced new bounds for Shannon, relative, and Mandelbrot entropies via
interpolating polynomials. Amig and colleagues defined entropy as a random process and
the permutation entropy of a source [1,12].

Ellerman [13] was the first to take credit for introducing a detailed introduction to the
concept of logical entropy and establishing its relationship with the renowned Shannon
entropy. In recent years, many researchers have focused on extending the notion of logical
entropy in new directions/perspectives. Markechova et al. [14] proposed the study of
logical entropy and logical mutual information of experiments in the intuitionistic fuzzy
case. Ebrahimzadeh [15] proposed the logical entropy of a quantum dynamical system
and investigated its ergodic properties. However, the logical entropy of a fuzzy dynamical
system was investigated in [7] ( see also [16]. Tamir et al. [17] extended the idea of logical
entropy over the quantum domain and expressed it in terms of the density matrix. In [18],
Ellerman defined logical conditional entropy and logical relative entropy. In fact, logical
entropy is a particular case of Tsallis entropy when q = 2. Logical entropy resembles
the information measure introduced by Brukner and Zeilinger [19]. In [13], Ellerman
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introduced the concept of logical entropy for a random variable. He studied the logical
entropy of the joint distribution p(x,y) over X x Y as:

h(x,y) =1-=Y [p(x,y))*

XY

The motive of this study was to extend the concept of logical entropy presented in [13]
to information sources. Since estimating entropy from the information source can be
difficult [20], we defined the logical metric permutation entropy of a map and used it to
apply for an information source.

In the article, (I', G, u) is a measurable probability space (i.e., I' # @ and G enjoys the
structure of o-algebra of subsets of I' with y(I') = 1). Further, if X is a random variable of
I' possessing discrete finite state space A = {ay,...,a,}, then the function p : A — [0,1]
defined by

p(x) =p{y €l X(y) = x}

is a probability function. H,(X) = — Y,c 4 p(x) log p(x) denotes the Shannon entropy of
X [1]. If (X, )54 is a sequence of the random variables on T, the sequence X}, is called an
information source (also called the stochastic process [S.P]). Similarly, if m > 1, then we
define p : A™ — [0,1] by

p(x1, .o, xm) =p{y €T : Xe(y) =x1,..., Xm(y) = xm }.

We know that

Z p(x1,...,xm) =u) =1

xl,...,xmeA

for every natural number m. A finite space S.P, X = (X;)?"_; can be recalled as a stationary
finite space S.P if

P(xl/~ . -/xm> = l’l{ly € r : Xk+1(7) = xl/' . -er+m(7) = xm}/

for every m, k € N. In an information-theoretical setting, one may assume a stationary S.P,
X as a data source. A finite space S.P, X is strictly a stationary finite space S.P if

p(xi, .o xm) = p{y €T X (7) = x1,- ) X,y (1) = Xm },

for every {kl, e, km} C N. The Shannon entropy of order m of source X is defined by [1,12]

H,(X{") = — Z p(x1,...,xm)logp(x1,..., Xm).

X1, XmEA

The Shannon entropy of source X is defined by h;,(X) = limy—e0 (& H, (X1)). If we
assume that the alphabet A from source X accepts an order <, so that (A, <) is a totally
ordered set, then define another order < on A by [1]

tl-—<t]-<:>tl-<tjor(ti:tjandi<j).

We say that a length-m sequence t’,ﬁ*mfl = (tx,...,tx1m_1) has an order pattern 7

if, trin0) = tan) < o = tpn(m-1), Where t;,t; € A,k € Nandi # j. Toa S.P,
X = (Xu)neN, We associate a probability process R = (Ry)uen, defined by Ry (y) =
700(Xi(r) < Xu(v)). The sequence R defines a discrete-time process that is non-
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stationary. The metric permutation entropy of order m and the metric permutation entropy
of source X are, respectively, defined by [1,12]

_ _ -1 _ _
() = Hu(RE) = ——= Y pl ) logp(r ),

105 m—1
and 25(X) = limsup,,_, ., H3(Xz ).

2. Main Results

In this section, we use the symbol x7" for (x1,...,%p) to simplify the notation.

Definition 1. Reference [13]. Let X be a random variable on T with discrete finite state space
A=A{m,...,a,}. Then,

Hy(X) =) p(x)[1-p(x)] =1- 3 [p(x))?

xeA xeA

is called the logical Shannon entropy of X.

Theorem 1. Reference [21] If f is convex on I and { = ming<j<,{y;}, 1 = maxq<j<,{y;}, then

—2f(&n n , no
fO+ ) =2f(51) _ 1zlnf(yz) _f(Ez:lyl)Sf@Jrf(ﬂ)_zf(é%).

n - n

Theorem 2. Suppose that X is a random variable on T with a discrete finite state space A =
{a1,...,an}, C = minj<;<,{p(a;)} and § = maxy<j<,{p(a;)}, then

Y B 2
o<a@y =< p 0 < w1 _uag )

2

Proof. Applying Theorem 1 with f(x) = x* — x, we obtain

L@ -0)+ 02— -2y - )

Yoo - ) — (L (BN

1
Sf
n= n n

<@-0+ 0 - -2AET T,

Putting y; = p(a;), it follows that

L@ -0+ - -2 - )

i=1 n
<@-0+07-n)-2(F -5
Thus,
@0+ 2 2 £
< LR~ 5 Lple) ~ G = )
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Hence,
@ -0+ - 2 - £
< LU= Hy (X))~ 7~ (- — )
@0+ -n-2AET -

After some calculations, it turns out that

2 on— 2
A(é,ﬂ) = (g 477) < nl_Hﬂl(X)<nu'

O

Lemma 1. Let X be a random variable with alphabet A = {ay,...,a,}. Then, 0 < Hyl(X) <
=1 and equality holds if and only if p(a;) = p(a;) for every 1 < i,j < n.

Proof. Using Theorem 2, we obtain 0 < ) < . Now, let H,(X) = =
”/

Hyy (X
the use of Theorem 2, we have M({, ) = (G- O and, thus, { = 7. Therefore,
maxi<i, p(a;)} = miny <<, {p(a)}. Thus, p(a;) = pla j) for every 1 <i,j < n. On the
other hand, if p(a;) = p(a;) for every 1 <i,j < n, then § =1,s0 M({,n) = 0 and by the
use of Theorem 2, we obtain Hy;(X) — 1=l — 0. Hence, Hy(X) = k= S

n n

Definition 2. The logical Shannon entropy of order m of source X is defined by

Huy(X{") = Hy(X1,..., Xw) == Y, px,.o,xm) (1= p(xe,..., xm)),
X1, Xm €A
=1- Y (p(x,.. L xm))?
X1, XmEA

It is easy to see that may be p(x1,x2) # p(x2,x1) but for every two random variables
x1, %2 we have Hy;(x1,x2) = Hy(x2,x1).

Definition 3. Let m be a natural number and 1 < iy, ..., in < n. We define the sets A; ;, ., by
Aiiy iy =1y €T X0 () = a3, X2(7) = aiy, ..., Xiu(¥) = a3, }-
and p(Ajiy...ip) = Qiyiy...ipy-

Moreover, Ajj, i, NV Ajjy..jw = © for every (i1, iz, ..., im) # (j1,j2,---,jm) and for

every m € N. Furthermore, if ¢ € U};l Aisiy..ingjs then v € Ajj, i, for some jo €
{1,...,n}. Hence,

Xi(y) =ai, o Xin(y) = @i, X1 (7) = a;,

Moreover, if v € A; then

lliz...imi

for some jo € {1,...,n} and, thus, v € A;j, i,

Xl(’)/) =iy, -- /Xm(’)/) = 4aj,,-

Define Xy, 1(y) = aj,. Therefore,

Xl('Y) = ailr R Xm(')’) = ain,er+1(')’) = {1]‘0.
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Hence, v € A; for some jo € {1,...,n} and, thus, y € U}Ll Aiiy...imj SO,

111‘2.‘.1‘ij
n
Airip.oine = U Abrig.im
j=1
and, therefore, I' = Uy, ;, i Aii,..i,,- Hence, we obtain

2 ailiZA--im =1

iyineim
and
isiy ..y = W Aiyiy. i) = V(U7—1Ai1iz inf)
n
= Z 1112 1m] Zalllz Jimj (1)

j=1

forevery 1 <iy,ip, ..., in < n.
We now prove the following Theorem by employing Lemma Al (see Appendix A):

Theorem 3. If Xy and X are two random variables on I, then
max{H,;(X1), H(X2)} < Hy (X1, X2) < Hy(X1) + Hy(X2). )
Proof. Suppose A = {ay,...,a,}. Forevery 1 <i,j < n, we consider
Bi={yel:Xi(v)=ai}, C;={7v €T: Xo(7) = a;}, Ajj =BiNC,
bi = u(B;), cj:== u(C)), a;j = u(Ay).

Moreover, C;NC; = @ and B; N B; = @ for every 1 <i # j < n; thus, Aij NAy =@
for every ordered pair (i, j) # (k,1). For obvious reasons, B; = U}“:lAi]- foreach1 <i<n
and Cj = Ul A;j foreach1 < j <n,andI' = U; ;A;;. So, we have }; ; a;; = 1 and for every
1<i,j<n,

n n
b; = u(B;) :V(UAIJ) ZV(AU) - Zall’
j=1 j=1 j=1
and
¢j =u(C) = (Ui Ay) = ZV Eal}
i=1

With the use of Lemma A1, we have
n

non n
YL i)+ L) < 1+ Ve,

=1 ] : =1 ,]

Therefore,

b? +

1

M-
M-

I

—
.

I

2 2
1c]- <1+) a4
L]
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Consequently,
é(u(&))z # L) < 1+ DA
and
- Dln4y)? < 1- i_ilwi))z ]ilw]))z
Hence,

1= (u(A)? < (1= Y (n(B))?) + (1~ i(ﬂ(cj))2)/

ij i=1 j=1

it follows that Hyl(Xlr X;) < Hyl(Xl) + Hyl(XZ)-
Now, we prove the left-hand inequality. Since

n

b =(8) = K(U A4y) = L i) = i”ﬁ
j= j=

j=1

forevery1 <i <mn, bi2 = (Z}Z=1 al-j)z > Z};l ‘112]" Therefore,

(u(B)) > i(y(Ai»)Z,
L

and, thus,

1

(1B = 1 Y04y

i=1j=1

SO, Hyl(Xl) < Hyl(XerZ)-
Similarly, H,;(X2) < H,;(X1, X2). Consequently,

maX{H}ll(Xl)/ H],ll(XZ)} S Hyl (Xlr XZ)
O

Corollary 1. If X is an information source, then
max{H,;(X;) : 1 <i <k} < Hy(Xy,..., X)) <) Hu(X;), (Vk e N).

Proof. This follows from Theorem 3. [

Definition 4. The logical metric permutation entropy of order m of source X = {Xo, X1,...}
defined by

n(Xg ) =Ha(Rg™H =1~ 3 (p(rg™"))™

705 'm—1

Lemma 2. Fora S.P, X, the sequence of { H,;) (X{") } m increases. Thus, limy,eo Hy,y (X]") exists.
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Proof. According to (1),

p(x1,..., xm) = Z p(X1, o) X, Xii1)

Xm4+1

for every m € N. Therefore,

(P, xm))? = (30 p(xe, o m, Xmrn))?

X1
S Z (p(xl’ <o Xmy xm—i—l))z/
X1
and
Z(P(xb. . .,xm))2 < 2 (P(x1,~--/xm,xm+1))2_
x;n xin+1
This means that
Hy(X}) =1-Y (p(x1,.., xm))?
x{”
=1- Z (p(x1,- - Xm, Xmp1))* = Hyl(XinH).
x;'H»l
O

Definition 6. The logical metric permutation entropy of source X = {Xo, X1, ...} is defined by
200 = lim Hyy ().
Remark 1. Let m be a positive integer number. Then 0 < H, (X{") < 1and 0 < h,(X) < 1.

Lemma 3. Let X = (X1, X1, Xy, .. .) be an information source. Then the following holds:
1. Hy(Xy,Xy,...,X1) = Hy(Xy), for every m € N.
m times
2. hu(X) = Hu(X).
Proof.
1. IfX = (Xerl/Xll .. .), then

[ px1) mp=Exa=...=xy
p(xl,x2,...,xm){0 X; # xj, forsome 1 <i # j <m.
Hence,
Hy (X1, Xm) = Z p(x1, o X)) (L —p(x1,.. ., Xm))
X1, XmEA
= Y pla)(1—p(x1))
xleA

= Hy(X1). ®3)
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2. We derive from (3) that

hw(X) = lim Hyl(Xll- . .,Xm)

m—00

= lim Hyl(Xlr‘ . .,X1)

m—o0

= lim Hy,;(X1) = Hy(Xq).

m—o0
O
Theorem 4. Suppose that X represents an information source on I with the discrete finite state
space A = {ay,...,a,}.
Lo IfGm = mingica{p(x1")} and nm = maxgre a{p(21')}, then

nm—1
nm

0 < A(Gm,1tm) < — Hyy(x1") < n™A(Gm, 1), 4

2. limpy—eo A(Cm, i) < 1— hyl(X) < limyy—s00 1" A(Cim, i) -

Proof.
1. The result follows from Theorem 2.

2. Taking the limit as m — oo in (4), consequently (2) holds. [

Lemma 4. Let X represent an information source on I with the discrete finite state space A =
{a1,...,an}, then 0 < Hy(X{") < %, and equality holds if and only if p(x]') = p(t}") for
every xi', " € A™.

Proof. By Theorem 4, 0 < H,(X{") < L A [ Hy(X{') = %, then by the use of

n"l
Theorem 4 we obtain A({y, fm) = M = 0. Hence {;, = 1. Therefore max,qneA{p(x’f1 )}

= mingea{p(x7")}. Thus p(x]") = p(t]") for every x{',#]' € A™. On the other hand if
p(xf") = p(t7") for every x7', t1' € A™, then { = 11y Therefore A(Cm, 7m) = 0 and by
Theorem4has H}IZ(XT) — M — 0 and thus H}ll(X{n) _ Vlm—]. D

nm nWl

Definition 7. Let p(x) # 0, the conditional probability function defined by p(y|x) := prg(rxy)) In gen-

eral, for p(x1,...,xn) # O, the conditional probability function is defined by p(x1|x2, ..., Xy41) =

p(xlrxz,-wanrl)
p(x2/x3r~~-zxn) ’
Lemma 5. Let x1,xp,...,X,41 be a word. Then
m+1
P(Xpi1, Xmy e v, X1) = H p(xilxi_1,...,x1),
i=1

where m € Nand p(x1]xg) := p(x1).
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Proof. We prove the lemma by induction. If m = 1, have p(x1,x2) = p(x1) x p(x1]x2).
Thus, the statement is true for m = 1. Now suppose the statement is true for m = k — 1, we
give reasons for m = k.

k+1 k

Hp(xi\xi,l,...,xl) Hp(xi\xi,l,...,xl) X p(xXpi1|xe, - ., x1)
i=1 i=1

Xgy X1, -+, X1) X P(Xpa1|Xps -+, X1)
p(Xka1, Xgr- -, X1)
p(xk/ Xk—1/-- .,X])

= p(

= p (X, Xg—1, -, X1) X

= p(Xkt1, X -+, X1),
which completes the proof. [

Definition 8. Let X; and X, be two random variables on I'. We define the conditional logical
entropy of Xp given X1 by

Hy(X2]X1) := Y (p(x1))?(p(x2) — (p(x2]x1))?).

Note: if p(x1) = 0, define (p(x1))?(p(x2) — (p(x2|x1))* = 0.

Definition 9. Suppose X1, Xo, . .., X are m random variables on T. Define the conditional logical
entropy of Xy, given Xq,..., X1 by

Hy (X | X1, -, X2, X1) 1 = E(P(xmq,---,xz,xl))z

!
[p(xm) = (p(Xm|Xp—1,. -, x1))?)-
Lemma 6. Suppose X1, Xa, ..., Xy are m random variables on I, then

Hyl(Xm|Xm71/ ceey XZI Xl)
= Z (p(xm—1,---, %2, xl))z - Z(P(Xm,- <o X2, xl))z

— m
an 1 xf

= Hy(Xm, Xin—1, -+, X2, X1) — Hyy(Xin—1, ..., X2, X1).
Proof. According to Definition 9, we obtain

Hy (Xu| X1, - -, X2, X1)
= Xm)(i?(xm-b. e, x2,21) P (p(xm) = (P |Xm-1, -, 1))

1
= Zp(xm—1/~ . '/x2/ xl))zp(xm)
xff!
=Y (e x2,20)) 2 (p (o X1, -, 21))
xm

= ( Z p(xm—lf' '-/x2/x1))2)(zp(xm)>

anfl Xm

_ Xp—1,---,%X2,X 2 p(xm,xm_l,...,xl) 2
;P( m—1 2,%1))7( 2o 1,11 )

=) (p(xmr,- . X,x1)) — Z(P(xm,.--,xz,xl))z.

m—1 xm
Xl 1
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Lemma 7. Let X be a stationary finite space S.P, then
Z(P(xn/-~-/x2))2 = Z (P(xn—l/-~-1x2/x1))2~ (5)
x5 x;ﬂ*l

Proof. Since X is stationary,

which yields (5). O

Theorem 5. Let X be a stationary finite space S.P, with discrete finite state space A = {aq,...,an}.
Then the sequence of conditional logical entropies Hyj(Xm|Xin—1, ..., X1) decreases.

Proof. Under the notation of Definition 3, define
{Ai1i2...im : 1 S illiZ/ .. /im S n} = {Dll DZ/ .. /DM}/
and u(D,) = d, where M = n™. Furthermore, assume that

Dij=D;( {7 €T : xi(7) = a;}, p(Dyy) = djj,

Dijr = Dij[ v € T xi(y) = ak}, u(Dijge) = dij,

wherel <i< Mand1 <jk <n. ItiseasytoseethatDiﬂDj = Qforeveryl <i#j<m,
and D;; N Dys = O for every ordered pair (i,j) < (r,s). Therefore, Dijjx N Drst = @ for every
(i,j,k) # (r,s,t). For obvious reasons, D; = U?leij foreach 1 <i <n, D;; = Uy_, Djj for
everyl <i,j<mandI = U;;;Djj. Consequently,}; dijr = 1and

4 = (D) = (| Dy) = Y. u(Dy) = idij

j=1 j=1 j
and
n n n
dij = u(Dyj) = n(U Dij) = Y n(Dipx) = }_ dije
k=1 k=1 k=1

forevery1 <j<M,1<i<n.
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Using Theorem A1l and Lemma 7, we deduce that

n n

2 (pComya,- -, x2,%1)) Z Z Z dZ]k Zdz]k

x¥1+2 i= 1] 1k=1

M n
Yo (pComans o x,x1)) 2 = ) Zdlzj -

n
Y= Z Z i)
i,j k=1

il i=1j=1
) M ’ M n

Z(p(XMr“'rXZ/xl)) = Zdl Z Z dl]k

' i=1 1 jk=1

Z (p(merZr oo ,XZ))Z - (p(xm+1, ..o, X2, xl))2 = Zd%}

X'2n+2 x71?1+1 1,]

With the use of Theorem A1, we obtain

Hyl (Xm+2‘Xm+1r ey XZ/ Xl)

= Z (P(merlr---/erxl))z - Z (p(xm+2,...,x2,x1))2.
m+1 m+2
1 1
n
= del]k 2(2 dije)?
i, k=1
n M n
> Y () dip)? Z Y dij)?
ij k= i=1 jk=1
= Z(P(xmf . .X'2,.X'1))2 Z ( (me,...,xz,xl))z
m xan+1

= Hy (X1 Xm, - -+, X2, X1),
this means that the sequence of conditional logical entropies
Hyy (Xm | X1, -+, X1)
is decreasing, so
0<...<Huy(Xms1|Xm, -, X1) < Hyy (X X1, -, X1) < ..
O

Corollary 2. Let X =
exists.

Lemma 8. Let X = (X;,)5_, be a stationary finite space S.P. Then

Y (p(Xpgt | X, -, %2))% = Y (p (Xm|Xpm_1, ..., x1))%

1 m
Xgl+ X7

< Hy(Xy).

(X1, X2, X3, .. .) beasource. Then the limit 1imy, ;o Hyy (Xn| Xpp—1, - - -

, X1)
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Proof. Since X is stationary,

Z (P(xm+1|xm,---,x2))2

m+1
X3

_ Z (p(xm+1,xm,...,x2))2

e p(Xm, ..., X2)

_ 2 (V({'Y erl: xm+l(')’) = Xm+1, -,xz(r = x2}) )2
X H{T €T xm(T) = xm, ..., x2(7) = x2})

Ly (U ET ) =t = )
i n{ry €T i xpu1(y) = xm, ..., x1(7) = x2})

- Z(P(xm‘xmflr L /x1)>2/
!

which completes the proof. [

Theorem 6. Let X = (X,)5°_, be a stationary finite space S.P. Then

H

1 (K1) Xy -+, Xa) = Hy (X X1, X1)

Proof. According to Lemma 7,

Hy (X1 | Xms -, X2) = Y (p(xms -, x2))2 = Y (p(xm, - ., x2))?

xg’ x;H—l
= Z (P(xm&p--,xl))z - Z(P(xm/-~-lxl))2
m—1 xn
X1 1

= Hyl(Xm |Xm—l/ vy XZr Xl)
Theorem 6 is thus proved. O

Theorem 7. Let X1 and X be two random variables on I'. Then the following hold:
1. Hy(Xa2|Xq) = Hy (X1, X2) — Hyu (X).
2. Hyl(XZ‘Xl) + Hyl(Xl) = Hyl(Xl|X2) + Hyl<X2)~

Proof.
1. Using the definition of condition logical entropy, we deduce

Hy(X2|X1) = (L (p(x1))?) = ) (p(x1,x2))°

X1 X1,X2

= (1= ) (plar,x2))%) = (1= Y(p(x1))?)

X1,X2 X1

= Hy (X1, X2) — Hu(X1),

which completes the proof.

2. From the previous part, and since H,;(X1, X2) = H,;(Xa, X1), we have

Hy(X2|X1) + Hpu(X1) = Hu (X1, X2)
(X2, X1)

= Hy,(X1|X2) + Hy (X2).
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Theorem 8. Let X = (X1, X1, Xy, .. .) be an information source. Then

o8

Il
—_

Hyy (X1, X)) = Y Hu(Xi| X1, ..., X1),

where Hyl(Xl |X0> = Hyl(X1)~

Proof. According to Lemma 6, we obtain

m

Y Hu(XilXi,...,X1)

i=1
m

= Hy(X1) + Zé(Hyl(Xif o X1) = Hy(Xicq, -0, X1))
i=

=Hy (X1, -, Xm),
hence the theorem is proven. [J

Theorem 9. Let X = (X1, Xp, X3, .. .) be an information source. Then

o)

ha(X) =Y Hu(XilXiq, ..., X1).
i1

Proof. By the use of Theorem 8, we obtain

n
Iyt (X) = lim 2Hyl(xi|Xi,1,...,X1) =
1= 1

ngk:

Hy (Xil Xi—1, ..., X1),

1

which completes the proof. [

Definition 10. An independent information source, X = (X1, Xo, X3, .. .), is a source with the
following property

p(x1,x2, ..., Xm) = Hp(xi)

m

i=1

for all xI".

Theorem 10. Let X = (Xy, Xp, X3, .. .) be an independent information source. Then
Hy (X1 X, -, X1) = (L= Hy (X, - - -, X1) ) Hy (Xin1)

for every m € N.
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Proof. Since X = (X1, X3, X3, . ..) is an independent random variables, we have

Hyl(Xm+1|Xm/"'/X1)
= Y (P, x0))PPC0nr1) = Y (P(xmg, o, 21))?

= ;(P(xm,---,xl))zp(xmﬂ)— ;(P(xmﬂ,---,m)z

= j;:l(l?(xm/---rxl))zp(me)_ j;,l(P(Xm,-..,x1))2(P(xm+l))2

= ;EH(P(xmw--rxl))z(P(me) —1(P(xm+1))2)

= (;(P(xm/-'wxl))z)(le(P(xm—H) — (p(xm41))?))

= (117 Hyu (X, . .,xl));d(xmﬂ). ©)

The result follows from (6). [

Theorem 11. Suppose that X = (Xy,Xa, X3, ...) is an independent information source and
limy, Hyy(Xn) # 0. Then hy(X) = 1.

Proof. In view of Theorem 10 and Lemma A2, we conclude that

lim Hyy(X41|Xo, -, X1) = lim (1= Hy (X, -, X1)) Hya (X 41)
= 11711‘1‘1(1 — Hyl(Xn/ . ,Xl)) X h};nHyl(Xn-‘rl) =0.

Since lim,, HH,(XH) # 0, lim, (1 — Hyl(Xn, ..., X1)) = 0. Hence,

hy(X) = lim Hy (Xp, ..., X1) = 1.

n—o0

O

Theorem 12. Let X = (X, Xp, X3, .. .) be an independent information source. Then

Hy (X, ..., X1) =1~ ﬁ(l — H,(X;))
i=1

for every m € N.

Proof. Since X is an independent source,

Hy (X, X)) =1—= Y (p(x1,...,xm))>?

=1- L (qIrwr=1- & (1ee)?)
= 1= TTE ) = 1- 110 - (%),

which is the desired result. [

Theorem 13. If X = (X1, Xy, X3, .. .) is an independent information source, then
1. limnﬁoo H?:l(l — Hyl(Xi)) =1- hyl(x)'
2. Ifthereexists k € N, such that Hy (Xy) = 1, then h,;(X) = 1.
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Proof.
1. This follows from Theorem 12.
2. Let H,(Xy) = 1 for some k € N. Since H,;(Xy) = 1,

n
1= hy(X) = ,}g{}on(l — Hu(Xi)) = 0.
1=
Hence, 1 (X) =1. O

Definition 11. Let X; and X, be two random variables on I'. Define the logical mutual information
of Xo and X; by

Lu(X1, X2) := Hyy(X1) — Hu (X1]X2).

Lemma 9. Let Xy and Xp be two random variables on I'. Then the following hold:
1. 1y(Xy, X2) = Hy(X2) — Hy (X2 X1).

Li(X1, X2) = Hyy (X1) + Hyy (X2) — Hyi (X1, X2).

Lu(Xq, X2) = L (X2, X1).

Iyl(Xl/ Xl) = H;tl(Xl)'

If Xy and Xy are independent random variables, then

ISARN RSN

Iyl (Xll XZ) = H;tl(Xl)Hyl(XZ)'

Proof. 1-3 follows from Definition 11 and Theorem 7.
4. According to Lemma 3, H,;(X1, X1) = H,;(X1). Therefore,

Ly(X1,X1) = Hyy (X1) + Hy (X1) — Hyu (X1, Xa)
=2H,(X1) — Hyu(X1)) = Hyu(X1).

5. It follows from Lemma 12 that

Hy (X1, X2) =1~ (1= Hy(X1))(1 - Hy(X2))
= yl(Xl) + Hyl(XZ) - Hyl(XﬂHy (XZ)

Hence, the result follows from 2. O

Definition 12. Let X = (X, X2, X3, .. .) be an information source. Define the logical mutual
information of Xy,...,Xm by

s

I
—

Iyl(Xll-‘-/Xm) = Hyl(Xi)_Hyl(Xll---/Xm)‘

Lemma 10. Let Xy and X, be two random variables on T'. Then
0 < Hy(X2|X1) < Hy(X2).
Proof. It follows from Theorem 8 that
Hyi (X1, X2) = Hy(X1) + Hyu (X2|X1)
and from Theorem 3 that H,; (X1, X2) < Hy;;(X1) + H,;(X2). Hence,

Hyy(X1) + Hy (X2|Xq) < Hy(X1) + Hy (X2).
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This means that H;(X|X1) < Hy(X2). O
Theorem 14. Let X and X; be two random variables on I'. Then the following holds:
0 < Ly(X1, X2) < min{H,;(X1), Hy(X1)}-
Proof. From Lemma 9, it follows that
Li(X1,X2) = Hy (X1) + Hy (X2) — Hy (X1, X2).
Furthermore, Theorem 3 yields H,;(X2) < H,;(X1, X2). Hence,

Luy(X1,X2) = Hy (X1) + Hyu(X2) — Hyu (X1, X2)
< Hy(X1) + Hy(Xq, X2) — Hy (X1, X2)
= Hyl(Xl)'

Similarly, Iyl(Xl, X3) < Hyl(Xz) ; therefore,
Li(X1,X2) < min{H,,;(X1), Hu(X1)}
On the other hand, (2) yields
Hyl(XZ) + Hyl(XZ) - Hyl(XerZ) > 0.
Therefore, Iﬂl(Xl,Xz) > 0 and, thus,
0 < Ly(X1, X2) < min{H,;(X1), Hy(X1)}-
O

3. Logical Entropy of Maps

Definition 13. Let f : I — T be a measurable function and « = {ay,...,a,} be a partition
of I'. The logical metric entropy of order m of f with respect to the partition « is defined by

am(fa) =1— 3 (ulaxy N0 f 7 ) N0 f" (), )

1<xg,....xm<n

and the logical metric entropy of f with respect to the partition « is defined by
hyl(f/a) = rrlllir;o hyl,m(f/ 0‘)' 8

The limits in (7) and (8) exist (see Theorem (15)). The logical metric entropy of f is defined by
hyl(f) = sup, hyl(f,(x).

Remark 2. 0 < hy,(f) < 1.

Let I be an interval, h : | — I be a function and x € I. For the finite orbit {h" (x) :
0 <n < L—1}, we say that x is of type ordinal L-pattern 7 = 7t(x) = (7, ..., 1) if

W (x) < W™ (x) < ... < h'1(x).
We denote P the set of x € I that are of type 7.

Definition 14. The logical metric permutation entropy of order m of f is defined by

i (f) =13 (u(px))%

TESH
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and the logical metric permutation entropy of f is defined by
* 1; * _ : 2
a(f) = lim Hy () =1— lim }° (u(pr))*.
TeESH
Theorem 15. Given A ={0,1,...,n — 1} with Xy, : [0,1] — A, is defined as follows:
Xm(x) =i <= f"(x) € a;.
Then hy (f, &) = hy, (X) where Xis a stationary process (Xo, X1, - - .)-
Proof. Since
n—1 )
Hyy(Xm) =1= ) (n({x: f"(x) € ;}))
i=0
n—1 )
=1-=) (u(f ")),
i=0
we have
p(xo, ..., xm) = u({x:xo(x) = x0,..., xm(x) = xm})
=pu({x:x €ayy, ..., f"(x) €ax,})
= paey (V7 ox) 0 ) f 7 ()
Hence,
Hu(Xg') = 1= 3 (g () f ) ()" () ©)

xy
and so (9) implies that 1, (f, &) = hy(X). O

4. Examples and Applications in Logistic and Tent Maps

Example 1. Let g(x) = 4x(1 —x) : [0,1] — [0, 1] be the logistic map (see Figures 1 and 2 and

Table 1). Then

3 3
Po1) = (0’1)’ Pa0) = (1,1),
1 15-+5 5—+/5 3
Poa,2) = (0, 4), Po21) = (Z’ 3 ) ooy = ( 3 11)/
3 5++/5 5+45
P02 = (1/ 3 ), P20 = ( 3 1), P2,1,0) =0
Therefore,
2_ 30,1, 5
Y (m(pa)) = () + (7 =3
TES,
« 5
Hia(8) =1 g = 0/375,
o, 3-VBn 145, VB, 35
Y (1(pr))? = (32 + (g2 4 ()2 (224 (2R
TES;
_17-6V5

32
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and
. . 17-6V6 _154+6V5
Hyjs(g) = 1— =12 = 202 ~ 0/888.
1
[
|
I|
|
I!
|'
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I|
0
Figure 1. x, g(x), and g%(x).
£
(9]
3
c 27
[=)
-
£
1 1"
T . °
®
s °
0 1 2 3 4 5 5 '
m

Figure 2. H;l,m (g), and h;} (g m).
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Table 1. Logical metric permutation entropy and metric permutation entropy [1] for the logistic map
up to order m = 3.

m 1 2 3
H (8) 0 0/375 0/888
h3i (8, m) 0 0/28 0/39

_ [0 fA"(x) € a,
) ={ 3 Fan) o

for every m > 0. Let

a0 =[0,3) = {x €ag: A(x) € ao}amn = (3, 5] = {x €0 Alx) € a1}

210 = [2,1] —fxca AR aohan = (5,0) = {xcay: Alx) € my)

Given a;, ,,, wherem € N, set

Wiy 0 = iy iy [ {X €[0,1] - A" (x) € ag},

Wiy it = iy [ {X €[0,1] : A" (x) € a1},

and

m
. kg
Rigiy.oiy = ﬂ A K-
k=0

Therefore,
1 11 31 13
Xoo0 = [Olg], apo1 = (g, Zﬂ’ X010 [gl 5]' X011 (ZL’ é)'
7 37 15 53
a100 = [grl]r a101 = [Elg)/l’éno = (Eré]/ a1 = (g’i)’
1 11 3 1 1 3
&oo00 = [0, R]’ Xooo1 = (E’ g}, 0010 [16’ Z]’ 0011 (8’ 16)’
7 1 3 7 15 53

Xo100 = [E/ E]/ X0101 = [gl R)’ Xo110 = (*, 1z

15
a1000 = [R’l]’ Q1000 = |5,

)
100 = (5 72) @101 = (5 gl oo = [ 7). = (2,5
1100 — 216" 1101 — 16’ 8" 1110 — 16’ 4"’ 1111 —
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o - 05

0

©
o
a

os 1

Figure 3. A, AZ and AS.

The sets {wj,._;, .} are identical to the binary sequences of 0, 1 in length m.
Hence, p(a;y i, ) = % and, thus,

_ 1
Hy(Xg ) =1- ‘ Z (o i) =1-Y" (271)2
10 Iyp—1 i(r)nfl
1 2m —1

So, hyy(X) =1, hyy (A, &) = Land hy (A) = 1. Furthermore, if
X=(Xy,X1,Xy,...),

then Hy (X, ..., X1) = Hy(Xq) and by (X) = 3.

E
<
1 "y
- 2+
<
E
3
T 44
8 L]
[ ] ™ ®
0 1 2 3 4 5 6
m

Figure 4. H,; ,,(A), and hy (A, m).

Table 2. Logical metric entropy and metric entropy [1] for the tent map up to order m = 3.

m 1 2 3 m

Hyp () 0 0/75 0.875 1— o

(A, m) 0 In2 In2 In2
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Example 3. Reference [1]. Consider the symmetric tent map in Example 2, we obtain (Figures 5

and 6 and Table 3)
2 2
Po1) = (Ofg)/ Pao) = (gr )
1 12 22
P12 = (015)/ P21) = (5/5), P01 = (5/5),
2 4 4
P(1,02) (315)/ P20 = (511)/ P10 =9
1 11 12 21
P0123) = (0,8), Po132) = (6’5)’ P0312) = (g:g) U (5,5),
22 12 2 4 4 3
PGo12) = (5,7), P0213) = (grg)/ P(2031) = (gfg) U (7@):
4 4 32 2 4
P2,3,01) = (5,5), Po13) = (§r§>/ P31,02) = (gfg)r
45 6 8 56 8
P1,32,0) = (5/5)/ P(1,2,03) (7/5)/ P(1,23,0) = (8’7) U (511)
Therefore,
2 1 5
Y (n(p)* = (302 +(3)* = 5 = 0/556,
reS,
2
5 4
HZI,Z(A) =1- 5% ~ 0/444,
1 1 4 2 1 11
2 ity Lo x40 Lo ML
3
NP S . O
yl/3(A) =1 il ke 0/756,
2 (;4(pn))2 ~ 0.106,
TeES,
;IA(A) ~ 0/894.
Furthermore,
i (A) = Im HE L (A) =1 = hy(A)
1
0 0.5 1

Figure 5. x, A(x), A%(x) and A3(x).
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£
<
-kj_ ﬁ“
= i
<
E
3 4
T 1 . o
® 9
L ]
®
0 1 2 3 4 5 6
iy

Figure 6. H;l,m(A)' and hy, (A, m).

Table 3. Logical metric permutation entropy and metric permutation entropy [1] for the tent map up
to order m = 4.

m 1 2 3 4
He) (A 0 0/444 0/756 0/894
15 (A, m) 0 0/32 0/41 0/59

Example 4. Let I = [0, 1] endowed with the measure v,

1
v =xa)={y Hea

and let f : [0,1] — [0,1] be a function. Then h,(f,a) = 0 for every partition «. Hence,
hyi(f) = 0.

5. Concluding Remarks

We introduced the concept of the logical entropy of random variables. In addition,
we found a bound for the logical entropy of a random variable. We also extended the
Shannon and permutation entropies to information sources. Finally, we used these results
to estimate the logical entropy of the maps. In this article, we only introduced the concept
of logical entropy for information systems. In future studies, researchers can find methods
that calculate or estimate the numerical value of this type of entropy. It is pertinent to
mention that, in the future, Rényi’s metric entropy and Rényi’s permutation entropy can be
generalized for information sources. Another important problem is to extend this idea for
quantum logical entropy, as it is a good direction to investigate the existence of such results.
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Appendix A

In this appendix, we prove the following results that we need in the paper.

Lemma Al. Let M = [Gij]nxn be a matrix that 0 < 6;; < 1 for every 1 < i,j < n and
Zi,]' 61] =1, then

n n n n

Y0+ () 6y)* <1+ 65

i=1 j=1 j=1 i=1 i,j
Proof. Since

Y () 05 Zn: Xn:9ij)2229?j+(29ij)2*2 Y O

i=1 j=1 j=1 i=1 i,j i,j i#k,j<lI

= 292 +1-2 Y 60y <1+ 67,

i£kj<l ij

the assertion is proved. O

Theorem A1l. Let Ajjk be real numbers and ajjx > 0foreveryl <i < mnj, 1 <1< npand
1 <i<mns Then

2Y (Y aip)* < Zafjk + Y (Y ). (A1)
ik ik iy

Proof. Since

22 Do) =2 (L asaiy) =2 3 aieti

ij kr i,jkr
< Z Aijk ity = Z Eaijk
ij bk i
< Z}(al]k + Z Zal]k
ij, i

which completes the proof of the theorem. [

Lemma A2. For an information source X = (X1, X2, X3, ...),

lim H (Xn|Xn,1,...,X1) =0.

n—oo

Proof. According to Theorem 9, the series }3” 1 Hy;j (X |X;—1, ..., X1) converges and, thus,
limy oo Hy (X X1, ., X1) = 0. O
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