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Abstract: Quantum verification has been highlighted as a significant challenge on the road to scalable
technology, especially with the rapid development of quantum computing. To verify quantum
states, self-testing is proposed as a device-independent concept, which is based only on the observed
statistics. Previous studies focused on bipartite states and some multipartite states, including all
symmetric states, but only in the case of three qubits. In this paper, we first give a criterion for the
self-testing of a four-qubit symmetric state with a special structure and the robustness analysis based
on vector norm inequalities. Then we generalize the idea to a family of parameterized four-qubit
symmetric states through projections onto two subsystems.
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1. Introduction

In recent years, quantum technology has developed rapidly and is expected to gain
new real-world applications in communication, simulation, sensing, and computing [1-4].
Quantum devices promise to effectively solve some problems that are difficult to deal with
in the classical field [5,6]. However, it also brings a thorny problem. How do we verify
the solutions? The task of ensuring the correct operations of quantum devices in terms of
accuracy of output is known as quantum verification [7], which is attracting more attention.

A common quantum state verification technology was quantum state tomography (QST) [8]
in the past. It has been implemented in systems with few components, but unfortunately, it
becomes unfeasible for larger systems because the complexity grows exponentially with the
system size. To solve this problem, another alternative technique called self-testing [9] was
proposed. These two techniques could be used to verify the quantum systems.

Self-testing is a device-independent approach to verifying that the previously un-
known quantum system state and uncharacterized measurement operators are to some
degree close to the target state and measurements (up to local isometries) based only on
observed statistics, without assuming the dimension of the quantum system. The device-
independent (DI) approach [10] is important in practical quantum communications. One of
the main applications of self-testing is quantum key distribution (QKD) [11,12], which is
of great interest because of its high security. For the users, the quantum key distribution
system is purchased from the device providers. However, if a device provider deliberately
creates a “dishonest” quantum device, which does not perform key distribution according
to the correct protocol, then the key distribution performed with such a device will be
insecure. Therefore, it is imperative to test the trustworthiness of quantum cryptographic
devices. Fortunately, based on the idea of self-testing quantum systems, it is possible to
design device-independent quantum cryptography protocols. For example, in the device-
independent QKD protocols, even if the device provider is not trusted, the user can still
ensure that the keys generated by the device are secure. The essence is that the user self-
tests the quantum device and uses its output as the key under the condition that the test is
passed, and the key must be trusted in this case. In addition to quantum key distribution,
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various protocols, such as random number generation [13], and entanglement witness [14],
have been designed in a device-independent framework so far.

Let us consider a scenario where N distant observers share an unknown N-partite
quantum state |¥). Each party can perform uncharacterized measurements {M;'} on
the state with their quantum devices, where i marks different parties, x; marks different
measurement settings for party i, and a; marks the corresponding measurement outcomes.
In a device-independent scenario, the process of measuring an unknown quantum state
can be viewed as a black box for the N observers: they can only query their devices with
possible measurement settings x;, and to any query, the black box produces a corresponding
outcome. As we do not assume the dimension of the quantum system, the dimension of
the Hilbert space is not fixed. Without loss of generality, we assume that the unknown
state is pure. There is no loss of generality because an extra system can be added to
some of the parties, if necessary, to purify the state, and the purification of the state can
be included in the black boxes. Similarly, we can further assume that the measurement
operators are projective without loss of generality, as an auxiliary system in some known
state can be added to the measured system to replace a general POVM on this system
by a projective measurement on the extended system [9]. According to the postulates of
quantum mechanics [15], the data they observe are given by

P(alra2/' t ,ﬂN | x11x2/' o /xN> = <1F|I\/Ililcl1 ®M§22 ®M;}7\\I] ‘T>I (1)

which is referred to as a correlation [16] based on the quantum nonlocality [17] of entangled
states [18]. As the possibility to self-test quantum states and measurements usually relies
on quantum nonlocality, only the entangled states can be device-independently verified by
self-testing techniques. The self-testing problem consists of deciding if the knowledge of
the correlation allows us to deduce the structure of the unknown quantum system.

Symmetric states [19] have been found useful in many quantum information tasks,
such as measurement-based quantum computation (MBQC) [20], as they are not too entan-
gled to be computationally universal. Due to the important role of symmetry in the field of
quantum entanglement, it is important to explore the properties of symmetric states.

This paper is organized as follows. The basic definitions and preliminaries are given
in Section 2. In Section 3, we prove analytically that a particular symmetric four-qubit
state can be self-tested and give bounds that are robust to inevitable experimental errors.
In addition, we show the self-testing of a family of parameterized four-qubit symmetric
states, which are superpositions of four-qubit Dicke states through projections onto two
subsystems in Section 4, and we give the conclusions in Section 5.

2. Basic Definitions and Preliminaries

In this section, we present the definitions of self-testing [21] and give the known results
as several lemmas, which may be used as building blocks for our work.

Definition 1 (Self-testing). A known correlation allows for self-testing the state |‘I’/) and mea-

surements {M/Z }; if any state and measurements |¥) and { My} reproduce the correlation, there
exists a local isometry & such that

O(¥)) = |junk) @ |¥'),

X X x . /X1 1X2 / (2)
O(May ® Ma; @ -+ - @ Moy |¥)) = [junk) @ (M gy @ M, @ --- @M, [1)),

where the state |junk) is an auxiliary state which will be traced out and thus not taken into
consideration.

The currently known self-testing protocols are mainly tailored for bipartite
states [22-26]. We first review two-qubit self-testing. As given in [23,24], all pure two-qubit
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entangled states can be self-tested by observing the maximum violation of the tilted CHSH
inequality [27]

B(a, Ao, A1, Bo, B1) = wAg + Ao(Bo + B1) + A1(Bo — By) <2 +a, ®3)

where 0 < a < 2 and A; and B; are observables with outcomes +1. The maximal violation
is given by b(a) £ maxy (¢| B(w, A, A1, Bo, B1) |¢) = V8 + 242,

Lemma 1. Any pure two-qubit states in their Schmidt form |¥g) = cos € |00) + sin 6 |11) can be
self-tested by achieving the maximal quantum violation of the tilted CHSH inequality Equation (3).
The corresponding measurements A; and B; for two distant parties, Alice and Bob, are set as

A1 = 03, By = cos o, + sin poy,

_ _ . 4)
Ap = 0y, By = cos po, — sin poy.
Here, sin20 = 4/ i‘r—zi and p = arctan sin 26.
Especially for the maximally entangled two-qubit states in the form w, there
exist another two criteria [25].
Lemma 2 (Mayers—Yao criterion). Consider five unknown dichotomic measurements {Xy4,
Za; Xp, Zp, Dg}. If the following statistics are observed
(Y1ZaZp |¥) = (Y[ XaXp[¥) =1,
(Y[ XaZp|¥) = (Y| ZaXp[¥) =0, ®)

1
Y| ZsDp |¥) = (Y| XaDp |¥Y) = —,
(¥ ZaDy [¥) = (¥ XaD5[¥) =

then up to a local isometry, the state |'¥) is self-tested into the maximally entangled two-qubit state
%, and the measurements are the suitable complementary Pauli operators.

Lemma 3 (XOR game). Consider four unknown operators { Ay, A1, By, B1 } with binary outcomes

+1and let Exy, = (Y| AxBy |¥) = cosayy,. The state |'¥) can be self-tested into the maximally

entangled two-qubit state w

of merit Y. fxyExy if it satisfies agp + a19 = a1 — a11. The coefficients fyy are constructed
2

by winning the binary nonlocal XOR game defined by the figure

(xy)€(01)
by
foo sin~! 00
fo | _ | —sin~" (oo +aio +an) ©)
f1o sin!ayg
f11 Sil‘l_1 X117

However, the self-testing of multipartite scenarios has not been fully explored. In this paper,
we work on the four-qubit symmetric entangled states.

Definition 2 (Symmetric states). Symmetric quantum states preserve invariance under any
permutation of their subsystems. We say that an n-partite state |¥) is symmetric if P |¥) = |¥)
forall P € Sy, where Sy, is the symmetric group of n elements. The n-qubit Dicke states |S,, ;) are
typical examples of symmetric state, which are the equally weighted sums of all permutations of
computational basis states with n — k qubits being |0) and k being |1):

n —-1/2
S =(3) L 00 0min.... o)

Permutation
n—k k
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—— — —
{[000..-00),(000...01),---,[10...00),---,|007T..

|T1> = 5

Let |'¥) be a state vector in an N-fold tensor product space S1 ® - - - @ Sy, where dimS; =
<o =dimSy =d > 2and N > 3. As the generalization of the Schmidt decomposition given
in [28], if d = 2, any multipartite states can be written in the expansion as

¥)= X i) [ia) [is) - fin), ®)

i1,ip, - ,in€{0,1}
where some coefficients satisfy

(01111 10111 11110 ) ©)

and the rest 2N — N orthogonal product states

N-1 N-1 N-2 N-2 N

N N A— 1
1), ,[11...100), [111...11)} (10)

can be seen as a set of local bases. To characterize the symmetric multi-qubit states, we only need to
make the rest coefficients have properties

(00001 _ (00010 _ . __ 410000

: (11)
(00111 _ 401011 _ . _ 411100

3. Self-Testing of a Four-Qubit Symmetric State

In this section, we focus on a four-qubit symmetric state with a special structure by
using the known results. In the case of N = 4, as given in Equation (10), the set of local
bases is

{/|0000), |0001) , 0010) , |0100) , |1000) , |0011) ,

12
0101), 0110) , [1001),[1010), |1100) , [1111)} (12)

3.1. Self-Testing of a Specific Four-Qubit Symmetric State
The specific four-qubit symmetric state we consider is

(10000) 4 ]0011) + |0101) + [0110) + |1001) + |1010) + [1100) + [1111)) apcD, (13)

which is shared by four distant observers, Alice, Bob, Charlie and David.
Rewrite the state as
/ 1 1 1

¥1) :ﬁ[ﬁ 100) 4p @ E(IOW +[11))cp +V2(01) 45 ® \ﬁ(IOD +110))ep
1

+V210) 45 ® ﬁ(|01> +[10))cp + V2[11) 45 ® ﬁ(|00> +[11))epl-

The concept of partial measurements [29] is involved in our scheme, which appears
very often in reality. A similar approach for quantum nonlocality chracterization is given
in [30], where quantum imcompatibility is used to characterize nonlocality. According
to the partial measurement postulate given in [29], if any two parties, without loss of

generality, e.g., Alice and Bob, each measure in the ¢, basis, the remaining two parties share
|00)+(11)

. (14)

a maximally entangled two-qubit state conditioned on the outcome “00” and “11”,

respectively, which can be self-tested combining Lemma 2.

We construct the local isometry ® as Figure 1. Here, H is the usual Hadamard gate.
Obviously, if Z; = 0, X; = 0y, we can extract the essential information on the unknown
state into auxiliary systems. Inspired by this, Z; and X; should act analogously to the Pauli
operators on |¥1) to guarantee the feasibility of the protocol. However, in order to make
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the protocol device-independent, we cannot directly consider Z; and X; of each party as
Pauli operators, but should construct them with the measurements {M,'} properly. We
sum the result up as below.

0, — & H
Z4 X4

0, | a H
Zp Xp

[W1) 0)y — H H
Zo X,

0, — a H
Zp Xp

Figure 1. Swap circuit of the isometry ® to self-test the target state |‘I”1>

Result 1. Consider four spatially separated parties, Alice, Bob, Charlie and David, each performing
three measurements {Xs, Zs, Ms } (s € {A, B, C, D}) with binary outcomes on an unknown shared
quantum state |¥1). The target symmetric state |‘I”1) is self-tested if the statistics are observed as
the following:

(PAPgPEPD) = (PaPPEPL) = (PaPyPEPh) = (PaPgPEPD)

1 (15)
= (PAP3PCPD) = (PaPPCPD) = (PaPRPEPh) = (PAPRPEPD) = ¢,

1
(PAPEXcXp) = (PAPyZcZp) = £

1
(PPPYXi X)) = (PP ZiZy) = 7 1

4

1 1

POPYX, M) = (PPPPZ . M,) = ——,§ (PLP X -Mp) = (PLPLZ-Mp) = , (16)

(PP XMy) = (P P ZeMy) Wi (PAPpXcMp) = (PyPgZcMp) Wi
<Pi1Pj1XkZl> =0

(PPPYXZ;) =0

where (i,j,k,1) = {(A,B,C,D),(A,C,B,D), (A D,B,C),(B,C,AD),(B,D,
A,C),(C,D,A,B)yand P? £ Py _ 4 = 1% Pl 2 p, _ | = 1o wheres € {A,B,C,D}
are projectors for the Z; measurement.

Proof. To begin with, the output after the isometry given in Figure 1 is

‘q{l> = (I)(|‘Y1> ‘0000>A/B/C/D/>
= Y X4XGXEXHPAPEPEPY Y1) |abed) . (17)
ab,c,de{0,1}

Observation Equation (15) implies that

(PAPRPCPD) + (PAPRPEPD) + (PR PRPCPD) + (PR PRPCPD)

(18)
+ (PAPRPCPD) + (PyPRPEPD) + (PAPRPCPD) + (PyPPEPD) =1,
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and thus P4 P5PSPY [¥1) = O for other eight projectors. Based on the fact that (y|¢) = 1
implies |¢) = |¢), observation of Equation (16) implies

PPP)Xy [¥1) = PPPYX; [¥1), PPP)Zy [¥1) = PPPZ; [¥1)

PYP)Xi [¥1) L PPPYZi [¥1), PPPYX) [¥1) L PPP)Z; [¥4) a9
POPIX; [¥1) + POPYZ, [¥1)  POPYX, [¥1) + POPOZ, [¥1)

V2 - V2

PYP)M, [¥1) =

and
PyPyXc [¥1) = PyPyXp [¥1), PAPEZc [¥1) = PyP3Zp [¥1)
PiPyXc [¥1) L PyPyZc [¥1), PyPyXp [¥1) L PiPyZp [¥1)
PiPXp [Y1) + PyPiZp |[¥1)  PiPEXc[¥1) + PAPiZc|¥1)
V2 V2
Obviously, we have (POPOM,)2 V1) = PZ.OP]QMIZ |¥1). Since X?> = 72 = M? = |,

PPOX-',-Z ¥ POPY(X;+2;)2| ¥
we have PP} [¥1) = ( il Rk i a ) Hence, we obtain the following

anti- commutatlon relation

. (0)
P4 PgMp |¥y) =

PYPOXZi [¥1) = — PP Z X, [¥1)

(21)
PIP)X1Z; [¥1) = —P)PYZ;X; [¥1)

forall (4,j,k,1) = {(A,B,C,D),(A,C,B,D),(A D,B,C),(B,C,AD),(B,D,AC),(CD
A, B)}, and similarly,

PyPyXcZc [¥1) = —PiPyZcXc [¥1)

1 pl 1pl (22)
PLPLXpZp |¥1) = —P\PLZpXp [¥1).

All these properties of the operators will help to reduce the output Equation (17). By us-
ing Equation (21), XcXpPYPIPLP}L|Y¥1) is equal to PQPYP2XcPPXp|¥1).
As PO PIXc [¥1) = PYPIXp |¥1) shown in Equation (19), this term becomes P0 Py P0 PY [¥q).
We can simplify the other five terms similarly. For the last term, we can obtain P1 P} P% CPY |¥1)
using Equations (20) and (22), which can also be simplified to Pg Pg Pg Pg [¥1). As a reminder,
there are eight terms equal to zero. Hence, the output Equation (17) is reduced to

[¥7) =P PIP2PY |¥1) (]0000) + |0011) + [0101) + |0110) + |1001) + [1010) + |1100)
+ [1111))

and can be normalized into the form of |junk) ® |‘I”1>,here |junk) = 2/2PS PIPPY [¥1). O

(23)

3.2. Robustness Analysis Based on the L, Norm

In this section, we give the analysis of robustness based on the vector norm inequality.
Result 1 relies on the observation of Equations (15) and (16) exactly; however, which may
be impossible in actual experiments due to the inevitable deviation from the ideal case.
Suppose each observation in Equations (15) and (16) admits a deviation at most € around
the ideal value. We say that the self-testing of |‘I’/1> is robust [31] if the isometry still extracts
a state close to it and satisfies

|1¥1) — |junk) @ [¥7) || < f(e), (24)

where f(e) — 0 when e — 0.
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We show that

| [%1) — |junk) @ [¥)) || < f(€) = 265.98¢ + 348.45¢1 + 94.8762 + 60.70es  (25)
in Appendix A, which proves the robustness of Result 1.
4. Self-Testing of a Family of Parameterized Four-Qubit Symmetric States
In this part, we consider a more general state

[¥,) = [/0000) + £(|0001) + |0010) + [0100) + |1000)) + |0011)

1
V8t 4i2 (26)
+(0101) 4 [0110) + |1001) + [1010) + [1100) + [1111)] apcp

where t > 0 and t # 1. The parameterized state is a superposition of W state, GHZ state
and |S4,) state, where the ratio of the coefficient of GHZ state and |S, ») state is a constant
value, which is equal to % Rewrite the states as

/ 1 1
Y,y =——[V2+2t2]|00) 4 @ ——(]|00) + £ |01) + £ [10) + |11
[¥2) =5 (V24262 [00) 4 & s (100) + £]01) + £]10) + [11))c

1
+vV2+12|01 ® ———=(t|00) + |01) + |10
| >AB m( | > | > | >)CD

1
+V2+ 12|10 ® ———=(¢|00) + |01) + |10
| >AB m( | > | > | >)CD
1

+V2(11) 45 ® ﬁuom +[11))cp).

(27)

Denote

1
1) = \/ﬁ(\om +t[01) +¢[10) + [11))cp,

) = é<|oo> + 1)) ep.

The state |¢;) in its Schmidt form is

(28)

1) = cos B107)c [07)p +sin BT} 1), 29)
where cos = \/%,sinﬁ = % Here, {|i/>c}, {\i,)D},i € {0,1} are the correspond-
ing new bases for C and D. (See detail in Appendix C).

If t = 1, |¢1) is not an entangled state and the lack of nonlocality may result in the
failure of the self-testing. Following the framework of [32], we intend to divide the four
parties into two parts, and one of them performs local measurements on [¥3). If we divide
ABCD randomly into groups that each have two parties, for example, AB and CD, as
a result, the projection measurements may collapse the state shared by the remaining
parts into some unknown pure bipartite entangled states. Then the remaining two parts
should check whether the projected state they share violates maximally Equation (3) for
the appropriate . Without loss of generality, if A and B perform the measurement in the
0 bases, |¢1) and |ip,) should be self-tested by C and D, respectively, and simultaneously
conditioned on the outcomes “00” and “11”.

Following the result given in Lemma 1, 1) can be self-tested by reaching the maximal
violation of the tilted CHSH Bell inequality

b(a) = /8 + 242 = 2\/51(\/%21) (30)
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a2
where @ = 2,/ STHZZ’E and the optimal measurement are set as Lemma 1 with
1+sin” 28
2 . - . .
tanp = % Meanwhile, |,) is still a maximally entangled two-qubit state under the

same transformation of bases

1 . r_!

=—(00)+ |11 , 31
|2) ﬁ(| )+ 111))ep (31)
and hence, we can use the same measurement settings as ;). As the definition given
in Lemma 3, agp = p,&01 = —p, k10 = 5 — #,&11 = —5 — p, and thus it will satisfy the

condition «gy + 190 = &1 — X11-

Define
0, t<1

t) = . 32
o {1, L )

Then |y7) can be self-tested by winning the XOR game and we give the criterion to
self-test |‘I”2> as the following Result 2.

Result 2 (See proof in Appendix B). Consider four spatially separated parties, Alice, Bob, Charlie
and David, each performing five measurements with binary outcomes denoted as A;, B, Cy,

D;(i,j, k1 € {0,1,2,3,4}) on an unknown shared quantum state |'¥,). The target state |‘I’/2> is
self-tested if the statistics are observed as the following

(PAPRPePD) = (PAPRPePp) = (PaPRPCPD) = (PRPRPEPD) = (PyPRPCPD)

1
1 1 pl 1 plpl pl
- AR = R = R = s o
12
(PO PIP2PL) = (PQPIPEPY) = (PYPAPAPY) = (PLPIP2PY) = e
0 p0 241 5
<PMPNB(0¢/ QO/ Ql/RZI R3)> = mm
(PYPRQo(Ry — R3)) =0 , b
(PyPYRo)  (P)PYRs) PR
2sinpu - 2sinp (=) (Py Py Ry)
2
i€(0,1),j€(2,3) (2+12) sin2u
(PYPLCo(D2 — D3)) =0 , (35)
(PAPiD,)  (PLPiDs)
- _ (—1)/0(pLpip
2sinpu 2sinpu (=1)7" (P4 PgD1)
t
(PUPRPOPRRo) = B 36)

where (M, N, Q,R) € {(A, B,C,D),(A,C,B,D),(A,D,B,C),(B,C,D,A),(B,D, A,C), (C,
D,A,B)}, P02 Py =% Pl 2p, _ | =15 wheres € {A,B,C,D} are projectors
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for the Zs measurement and sin y = \/‘%, cos i = \/% At the same time, we find a proper

construction of the local isometry ®, where Zs and X are based on the measurement settings

Ay — A Ay + A
T A= (1) fBOA2 T4 g 2T A8
A 1 ( ) Zsln]/l ’ A 0 ZCOS‘M ,
Zy =By = (—1)fwB =B g B2t Bs
2siny 2cosu 37)
G -C C+C
C Cl ( ) ZSIH‘u ’ C CO 2COSV P
Zp =Dy = (—1fwB2=Ds b D2t Ds
Zsiny Zcosy

and thus makes the protocol device-independent. In addition, each party may need another fifth
measurements Ay = ZpXa,Bs = ZpXp, Cy = ZcXc, Dy = ZpXp to obtain the observation of
Equation (36). Since 070x = ioy, the fifth measurements are feasible in practical experiments.

5. Conclusions

In this paper, we propose schemes to self-test a large family of four-qubit symmetric
states. The target states we focus on are the superposition of the four-qubit Dicke states.

We first present a procedure for self-testing of a particular four-qubit symmetric state
with a special structure, and this procedure makes use of the self-testing of the maximally

00)

entangled two-qubit state % At the same time, we prove that this protocol is robust

against inevitable experimental errors based on norm inequality. In addition, we propose an
approach to self-test a one-parameter family of four-qubit pure states through projections
onto two systems. Here in our work, only the simplest Pauli measurements are used, which
is quite helpful in the experiments.

It would also be of interest to work on a more general state with two parameters by
using the swap method and semidefinite programming (SDP) [26] in the form

|¥) = cosbcosp |GHZ) + cosfsinp |Ssp) +sinf [W), (38)

where 6 € [0,%],0 € [0,%], which may provide better robustness than the analytical
bounds. What is more, our work could potentially be generalized to a higher dimension
scenario. These are reserved for our future work.
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Appendix A. Proof of the Robustness
In this section, we give the proof of Equation (25) based on the L, norm. Rewrite the

norm Equation (24) as
| [#1) — |junk) @ [¥7) || = || [¥1) — [¥7) + [¥7) — |junk) @ [¥7) |

il _ : (A1)
< ¥ = [F) [+ [1¥7) = [junk) @ [¥7) |-
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Obviously, we need to find the upper bounds for || [¥1) — [¥%) || and || [¥F) — |junk) @
%)) || respectively. Suppose each observation in Equations (15) and (16) has a deviation at
most € around the ideal value. Then we can obtain some inequalities, for instance
1
rrdy < Lo, (Prxcxy) >

1
—€ —¢€, (PYPYZcZp) > 1°©

IN

. (42)
(PaPRXcZp) <€, (PAPRXcMp) > v
In addition, for convenience and rigorous of the derivation, we assume that

(PAPRPCPD) < €, (PAPRPLPD) < €, (PAPPCPD) <€, (PRPRFCPD) <,
(PAPAPLPY) <<, (P PhPAPY) < c, (PhPAPLPY) < e, (PhPRLRG) <,

which may not direct the observation statistics. We can now write

I(PAPEXc — PAP5Xp) [¥1) |

= /I (¥1] PYPIXCXCPYPY + PYPYXpXpPYPY — 2P PYXCXpPYPY[¥1) |

(A4)
:\/ | (¥1| PQPIXcXcPOPY Y1) + (¥1| PYPIXpXpPYPY [¥1) — 2 (¥1| PYPIXcXpPYPY [ 1) |

1 1 1
S\/4+4e+4+4e—2(4—e) = V10e = €4,

and similarly,
I(PAP3Zc — PyPyZp) [¥1) || < v10e. (A5)

In addition,

Xc+Zc
popy e =
H A" B \ﬁ

1
:\/ 5 | (1] PRPRXcXcPL Py + PAPRXpXp Py Py + 2P PRXc Zc Py Py 1) | (A6)

1.1 1 [ 1 1 [ 1
<A =[5 +4e+ > +4de+2 10e(~ + 4¢€))] =1/ = 10e(~ + 4
_\/2[4+ e+ tdet (e + Oe(4+ €))] \/4+5e+ Oe(4+ €),

where (¥| PQPIXcZcPOPY [¥1) < €+ 4/10e(] + 4€) from

[¥1) |l

(¥1| PYPYXcZcPOPY [¥) — (¥q| PSPSXcZpPoPY [¥y) < 10e(i + 4e) (A7)
by using the Cauchy-Schwarz inequality [33] and Equation (A5). Hence, we obtain

Xc+Zc
PO POMp W) — PApoZC T =C
|[PAPgMp [¥1) — P4 Pg 7

:\/| (¥1| P{PSMpMp — v2P§ Py (MpXc + MpZc) [¥1) + |

[¥1) ||

PYPRXc + P4 PRZc
V2

[¥1) 117 |

(A8)
1 1 1 1
<4/ = — — — - —

_\/4+4e+4+5€+ 10e( -+ 4e) 2\/§x(4ﬁ €)

:\/(9 +2v2)e + 10e(i +4e)=¢.
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Since the norm of the projectors is equal to 1, we have

:(C ZC
— ¥

Xc+Z¢c

<||PAPEMDp ||eo| | PR PRMD [¥1) — P?xpgiﬁ [¥1) ||
Xc+Z
0 C C

<|[PAlloolP3loo [ Mp [l ool P4 PEMp [¥1) — P4 Ph 7

XC+ZC
=[P4 llco| PR llco | PR1 = Paslloo PR PEMp [¥1) — PngT

<[1P4leo | Phlleo (Il PR lloo + | Paglloo) P4 PEMD [¥1) — P4 P

|PSPY(Mp)? [¥1) — P PIMp

1) | (A9)

[¥1)

XC+ZC

V2

¥1) || = 2¢.

Similarly,

||pgng

V2

Xc+Zc

7 2 ¥1) || < 2v2€, (A10)

Mp [¥1) — Py Py(
which implies
TR )| < (24 22)é

V2 (A11)
0 p0 0 p0 f !
= ||PAPgXcZc [¥1) + PaPpZcXc [Y) || < 2(242v2)e.

IPAPE [¥1) — P4 Ph(

Finally, since

1
|PYPYZc X [¥1) — PQPIZcXp [¥1) || < 10¢(; +de)
0 p0 0 p0 1
|PAPEXpZc [¥1) — PAPRXpZp [¥1) || < 1/ 10e(5 + 4e)

= ||PAPRZcXc [¥1) — PAPRXpZp [¥1) || <24/ 106(% + 4e). (A13)

Similarly,
IPAPgXcZc [¥1) — PAPRZpXp [¥1) || < 24/ 106(% +4e), (Al4)

therefore we can obtain

) [ 1
|PQPSXpZp [¥1) + PSPYZpXp [¥1) || < 2(242V2)e +4 10e(; +4e)

(A12)

=2(2+2V2) \/(9 +2v2)e + \/106(3L +4€) + 4\/106(}1 + 4e) (A15)
1,942v/2+2v10, 1 V10, .1
<2(2+ V2)(10€) ( 710 (€)2+1) +4(—5—(e)? +2v10¢) = 2e;.

Hence, we obtain
IPPPY Xy [¥1) = PPPYX) [¥1) || < e
IPPP)Zy [¥1) = BPP)Z; [¥1) | < &
IPYPOX, Z [F1) + PPPYZi X [F1) || < 2€5”
IPPPYX,Z; [¥1) + PPPYZiX) [¥1) || < 2e2

(Ale)
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and 1 pl 1 pl
[PaPpXc [¥1) — PaPgXp [¥1) [| < &1

|PAPRZc Y1) — P4PyZp [F1) || < &
|PAPiXcZc [¥1) + PLPYZe X [¥7) || < 2er
IPAPXpZp [¥1) + P4PEZpXp [¥1) || < 26,

where (i,,k,1) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C,A,D),(B,D,A,C),(C,D,
A, B)}. In addition, we have

(A17)

|Xp P PRP2PY, [¥1) [0001) + Xc P PRPEPY [¥1) [0010)
+ Xp P4 PEP2PY [¥1) |0100) + X 4 P4 PIP2PY [¥1) [1000)
+ XpXcXpPY PEPEPL [¥1) [0111) + X4 Xc XpPL PIPLPY [¥1) |1011)
+ X4 XpXpPy PyPEPh [¥1) [1101) + X4 XpXcPj PgPEPD [¥1) [1110) ||
<[ Xp PR PRPEP [¥1) [0001) || + || X P PRPEPD [¥1) 0010) |
+ || XpP PR PEPD [¥1) [0100) || + [ X4 P4 PRPEPD [¥1) [1000) ||
+[|XpXcXp P PRPEPY [¥1) [0111) || + [ XaXcXpPAPRPEPY [¥1) [1011) ||
+[|XaXpXpPy PgPEPh [¥1) [1101) || + || X XpXc Py PgPEPD [¥1) [1110) |
= | (PRPRPePY) | + | (PAPRPEPD) | + | (PAPRPEPD) | + | (PAPRPEPD) |
+ | (PYPABEPY) | + | (PYPRPLPY) | + | (PAPYPLPY) | + | (PLPAPLPR) |< se.

(A18)

With a similar derivation in [34], we have | (PQPJZc) |< €1 + €, and | (P4 PYZp) |<
€1 + €3, which implies that

IPAPR(1+Zc) (1 + Zp)||

=2,/ (P4PY) + (P4PYZc) + (P4PIZp) + (PG PYZc Zp)

(A19)

1 1
32\/4 +4e+€1+e+€; +ez+1+e,

and thus

I 1+ZA) A+ Zg)(1+Zc)(1+ Zp) = Png(l +Zc)(1+ Zp) H
42 V2 (A20)
< \/1+10€+4(€1+€2) < 145e+2(e1 +€).

We now can write

IT¥1) = [¥7) | < 8 x (e1+ €2) +8e = 8(e1 + €2+ €),

oL , (A21)
[ [¥7) — ljunk) @ [¥7) || < 5e +2(e1 + €2),

which implies

f(e) = 13¢ + 10(e1 + €2) = 265.98¢ + 348.45¢ + 94.87¢2 + 60.70€%. (A22)
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Appendix B. Proof of the Self-Testing of a Family of Parameterized Four-Qubit
Symmetric States

Observation Equation (33) implies that

(PAPRPCPD) + (PAPRPCPD) + (PAPRPEPD) + (P3PRPCPD) + (PAPRPCPD)
+ (PAPRPCPD) + (PAPRPCPD) + (PAPRPCPD) + (PyPRPCPD) + (PAPRPCPD)  (A23)
+ (PAPyPEPY) + (PAPEPEPY) =1,

and thus P4 PPEPE |¥,) = 0 for other four projectors.

For convenience, we use (M, N, Q,R) = (A, B,C, D) as an example to prove Result 2.
Define the operators for party C and D as

Xe = Co, Ze = C1, Ze = Co, X = C,
Dy+Ds v _ Dy—Ds (A24)

Xp=Do,Zp=D1,Zp = =2, Xp = 2 —>.
b 0D 1D 2cos b 2sinyu

The maximal violation of the tilted CHSH inequality as Equation (34) implies

PAPRZc [¥2) = PAPRZp [¥2), (A25a)

POPYZ X [¥2) = —P4PIXZc [¥2), (A25b)
! ! 1 ! !

PRPgXc(I+Zp) [¥a) = @PngXD(I —Zc) [¥2). (A25c)

Then we have 00 00

(A26)
POPYXcZc |¥a) = —PQPZcXc [¥a)
by Equations (A25a) and (A25b). The observation of Equation (34) implies
POPRZc[¥a) L PYPRX), ), (A27)

and combined with the relation Equation (A25a) from the tilted CHSH inequality, we have
PAPRZp [¥a) L PYPRXp [¥2) . (A28)
We can write the Zp |¥,) in the subspace of P4 PJ as
PYPYZp [¥2) = (—1)f O PYPIX), [¥2) (A29)
by Equation (34) and thus we can define the vector Xp |¥;) orthogonal to Zp |¥>) as
PAPRXp [¥2) = PAPRZp [¥2) - (A30)
From Equations (A25a) and (A25c), we obtain
PYPRZpXp [¥a) = —PGPRXpZp ). (A31)
Hence, we obtain

PAPXpZp [¥2) = PAPRZpX ) [¥2) = ~PAPRXpZp [¥2) = ~PAPRZpXp[¥2). (A32)
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Similarly, we obtain the following relations

PYPYXq [¥2) = PyPRXR [¥2),
PuPRXoZg [¥2) = —PYPRZoXg [¥2), (A33)
PYPYXRZR |¥a) = —PYPYZrXR |¥2)
forall (M, N,Q,R) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C,AD),(B,D,A,C),
(C,D, A, B)}. The maximal violation of the XOR game Equation (35) implies
PAPRZc[¥2) = PAPYZp [Y2),
PyPyXc [¥2) = PAPRXp [2),
PyPyZcXc [¥2) = ~PAPhXcZc [Ya),
PAPYZpXp [¥2) = —PAPRXpZp [¥2) -

(A34)

We can use a similar method as above and obtain

PyPsXc [¥2) = PyPyXp [¥2),
PP XcZc |¥,) = —PYPiZcXc |¥2), (A35)
PiPiXpZp [¥2) = —PLPLZpXp |¥2) .

At last, the observation Equation (36) implies that
PYPRPYPRXR [¥2) = tP PR PP [¥2) (A36)

forall (M,N,Q,R) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C,AD),(BD,AC),
(C,D,A,B)}.

We construct the local isometry similar to Figure 1: just replace |¥1) with [¥;). The
output after the isometry is

‘1?2> = CD(PY2> ‘0000>A/B/C/D/)

= Y X4XSXEXHPLPEPEPY %) |abed) . (A37)
ab,c,de{0,1}

By using Equation (A26), XpPY PIP2P), |¥,) is equal to PQPIPAPY Xp [¥2). Combin-
ing with Equation (A36), one can simplify this term to tP§ PYPEPY |¥,). The third to fifth
terms share a similar simplification process.

In addition, XCXDPB‘PgPéP%) |'¥2) is equal to PngPgXCPgXD |'¥>) and then can be
replaced by P4 PIP2PY |¥,) using Equation (A33). Terms from the seventh to eleventh are
similar. For the last term, we can obtain P} PLP2PY [¥,) using Equation (A35), which is
then the same as the eleventh term. We remind that there are four terms equal to zero.
Finally, the output is reduced to

[¥3) =P34 PRPEPY ['¥2) (|0000) + #]0001) -+ ¢ [0010) + ¢ |0100) + ¢ [1000) (A38)
+]0011) + |0101) + |0110) + |1001) + |1010) + |1100) + |1111)),

which can be normalized to the form |junk) @ [¥,), here |[junk) = v/8 + 4r2P9 PIP2PY |¥5).

Then the unknown state |¥5) is self-tested as |‘Y/2>, which proves that Result 2 holds with

the required observations Equations (33)-(36). The protocol is also robust by a norm-

inequality-based analysis similar to the Result 1 and the detailed derivation process is

omitted here.
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Appendix C. Relations between Pauli Operators and the Unknown Measurements

In this section, we give details of the relations between Pauli operators and the un-
known measurements in Result 2 by Schmidt decomposition.

1
= ———(|00) +¢|01) +£|10) + |11)). A39
The coefficient matrix of |i7) is
1 1 t
A= — , A40
v2+2ﬂ<t 1> (A4
which has the Schmidt decomposition A = USV, where
1+t 0
s__<vﬁfﬂ 1t|> (A41)
V24212
and
a1
u_v_<? VQ) if t<l
V2o V2
Pt It : (A42)
u= {2 V2 |v=[ v V2] if t>1
V2oV2 V2 V2
Hence, if t <1, we have
/ 1 1
004 =500+ 1004 {1005 = —=(10) + 1)s
1 , 1 (A43)
1)a= 50001004 | 105 =—=(10) = 1)s
Ift>1,
/ 1 / 1
004 =700 +11))a 1005 =5 (10) +11))s
| : f (A44)
1 —(lo) — |1 1) =—=(1)— |0
104 ﬂu>|m 1)5 ﬁﬂ>|m

Now we can consider the relation between operators 7' and X' with new bases and
Pauli operators for part A,

Za=10)40[4 = [1)a(T]4=10)4 (1 4+ 1) 4 (0] 4 = 0%,
XA = |0 >A <1 \A + \1 >A <0 |A = |O>A <0|A - |1>A <1|A = 0z.

For part B,ift <1,

(A45)

Zy = 0y, Xp =03, (Ad6)

andift>1,
Zp =0y, Xg = —0. (A47)
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Hence, if the operators performed by each party are the same as Lemma 1 with new
bases, they can be transformed into Pauli matrices

A= (A= As o AstAs
oz =M= (1) 2sinp X = Ao = 2cosp
UZ:Blz(_l)f(t)Bz BS/UX: 0= B2+BBI
2sinu 2cosu
G -C C+C (A48)
Uzzclz(_l)f(t)iz. 2ox=Co= 2,
2sinpu 2cos
0y =D = (—1)f(t)u,0'x =Dy = M
2siny 2cosu
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