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Abstract: Quantum verification has been highlighted as a significant challenge on the road to scalable
technology, especially with the rapid development of quantum computing. To verify quantum
states, self-testing is proposed as a device-independent concept, which is based only on the observed
statistics. Previous studies focused on bipartite states and some multipartite states, including all
symmetric states, but only in the case of three qubits. In this paper, we first give a criterion for the
self-testing of a four-qubit symmetric state with a special structure and the robustness analysis based
on vector norm inequalities. Then we generalize the idea to a family of parameterized four-qubit
symmetric states through projections onto two subsystems.

Keywords: Bell inequality; self-testing; symmetric states; device independent

1. Introduction

In recent years, quantum technology has developed rapidly and is expected to gain
new real-world applications in communication, simulation, sensing, and computing [1–4].
Quantum devices promise to effectively solve some problems that are difficult to deal with
in the classical field [5,6]. However, it also brings a thorny problem. How do we verify
the solutions? The task of ensuring the correct operations of quantum devices in terms of
accuracy of output is known as quantum verification [7], which is attracting more attention.

A common quantum state verification technology was quantum state tomography (QST) [8]
in the past. It has been implemented in systems with few components, but unfortunately, it
becomes unfeasible for larger systems because the complexity grows exponentially with the
system size. To solve this problem, another alternative technique called self-testing [9] was
proposed. These two techniques could be used to verify the quantum systems.

Self-testing is a device-independent approach to verifying that the previously un-
known quantum system state and uncharacterized measurement operators are to some
degree close to the target state and measurements (up to local isometries) based only on
observed statistics, without assuming the dimension of the quantum system. The device-
independent (DI) approach [10] is important in practical quantum communications. One of
the main applications of self-testing is quantum key distribution (QKD) [11,12], which is
of great interest because of its high security. For the users, the quantum key distribution
system is purchased from the device providers. However, if a device provider deliberately
creates a “dishonest” quantum device, which does not perform key distribution according
to the correct protocol, then the key distribution performed with such a device will be
insecure. Therefore, it is imperative to test the trustworthiness of quantum cryptographic
devices. Fortunately, based on the idea of self-testing quantum systems, it is possible to
design device-independent quantum cryptography protocols. For example, in the device-
independent QKD protocols, even if the device provider is not trusted, the user can still
ensure that the keys generated by the device are secure. The essence is that the user self-
tests the quantum device and uses its output as the key under the condition that the test is
passed, and the key must be trusted in this case. In addition to quantum key distribution,
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various protocols, such as random number generation [13], and entanglement witness [14],
have been designed in a device-independent framework so far.

Let us consider a scenario where N distant observers share an unknown N-partite
quantum state |Ψ〉. Each party can perform uncharacterized measurements {Mxi

ai } on
the state with their quantum devices, where i marks different parties, xi marks different
measurement settings for party i, and ai marks the corresponding measurement outcomes.
In a device-independent scenario, the process of measuring an unknown quantum state
can be viewed as a black box for the N observers: they can only query their devices with
possible measurement settings xi, and to any query, the black box produces a corresponding
outcome. As we do not assume the dimension of the quantum system, the dimension of
the Hilbert space is not fixed. Without loss of generality, we assume that the unknown
state is pure. There is no loss of generality because an extra system can be added to
some of the parties, if necessary, to purify the state, and the purification of the state can
be included in the black boxes. Similarly, we can further assume that the measurement
operators are projective without loss of generality, as an auxiliary system in some known
state can be added to the measured system to replace a general POVM on this system
by a projective measurement on the extended system [9]. According to the postulates of
quantum mechanics [15], the data they observe are given by

p(a1, a2, · · · , aN | x1, x2, · · · , xN) = 〈Ψ|Mx1
a1 ⊗Mx2

a2 ⊗ · · ·M
xN
aN |Ψ〉 , (1)

which is referred to as a correlation [16] based on the quantum nonlocality [17] of entangled
states [18]. As the possibility to self-test quantum states and measurements usually relies
on quantum nonlocality, only the entangled states can be device-independently verified by
self-testing techniques. The self-testing problem consists of deciding if the knowledge of
the correlation allows us to deduce the structure of the unknown quantum system.

Symmetric states [19] have been found useful in many quantum information tasks,
such as measurement-based quantum computation (MBQC) [20], as they are not too entan-
gled to be computationally universal. Due to the important role of symmetry in the field of
quantum entanglement, it is important to explore the properties of symmetric states.

This paper is organized as follows. The basic definitions and preliminaries are given
in Section 2. In Section 3, we prove analytically that a particular symmetric four-qubit
state can be self-tested and give bounds that are robust to inevitable experimental errors.
In addition, we show the self-testing of a family of parameterized four-qubit symmetric
states, which are superpositions of four-qubit Dicke states through projections onto two
subsystems in Section 4, and we give the conclusions in Section 5.

2. Basic Definitions and Preliminaries

In this section, we present the definitions of self-testing [21] and give the known results
as several lemmas, which may be used as building blocks for our work.

Definition 1 (Self-testing). A known correlation allows for self-testing the state |Ψ′〉 and mea-
surements {M

′ xi
ai
}; if any state and measurements |Ψ〉 and {Mxi

ai } reproduce the correlation, there
exists a local isometry Φ such that

Φ(|Ψ〉) = |junk〉 ⊗ |Ψ′〉 ,

Φ(Mx1
a1 ⊗Mx2

a2 ⊗ · · · ⊗MxN
aN |Ψ〉) = |junk〉 ⊗ (M

′ x1
a1
⊗M

′ x2
a2
⊗ · · · ⊗M

′ xN
aN
|Ψ′〉),

(2)

where the state |junk〉 is an auxiliary state which will be traced out and thus not taken into
consideration.

The currently known self-testing protocols are mainly tailored for bipartite
states [22–26]. We first review two-qubit self-testing. As given in [23,24], all pure two-qubit
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entangled states can be self-tested by observing the maximum violation of the tilted CHSH
inequality [27]

B(α, A0, A1, B0, B1) ≡ αA0 + A0(B0 + B1) + A1(B0 − B1) ≤ 2 + α, (3)

where 0 ≤ α < 2 and Ai and Bi are observables with outcomes ±1. The maximal violation
is given by b(α) , maxφ 〈φ| B(α, A0, A1, B0, B1) |φ〉 =

√
8 + 2α2.

Lemma 1. Any pure two-qubit states in their Schmidt form |Ψθ〉 = cos θ |00〉+ sin θ |11〉 can be
self-tested by achieving the maximal quantum violation of the tilted CHSH inequality Equation (3).
The corresponding measurements Ai and Bi for two distant parties, Alice and Bob, are set as

A1 = σz, B1 = cos µσz + sin µσx,

A2 = σx, B2 = cos µσz − sin µσx.
(4)

Here, sin 2θ =
√

4−α2

4+α2 and µ = arctan sin 2θ.

Especially for the maximally entangled two-qubit states in the form |00〉+|11〉√
2

, there
exist another two criteria [25].

Lemma 2 (Mayers–Yao criterion). Consider five unknown dichotomic measurements {XA,
ZA; XB, ZB, DB}. If the following statistics are observed

〈Ψ| ZAZB |Ψ〉 = 〈Ψ|XAXB |Ψ〉 = 1,

〈Ψ|XAZB |Ψ〉 = 〈Ψ| ZAXB |Ψ〉 = 0,

〈Ψ| ZADB |Ψ〉 = 〈Ψ|XADB |Ψ〉 =
1√
2

,

(5)

then up to a local isometry, the state |Ψ〉 is self-tested into the maximally entangled two-qubit state
|00〉+|11〉√

2
, and the measurements are the suitable complementary Pauli operators.

Lemma 3 (XOR game). Consider four unknown operators {A0, A1, B0, B1} with binary outcomes
±1 and let Exy ≡ 〈Ψ| AxBy |Ψ〉 = cos αxy. The state |Ψ〉 can be self-tested into the maximally

entangled two-qubit state |00〉+|11〉√
2

by winning the binary nonlocal XOR game defined by the figure
of merit ∑

(x,y)∈(0,1)2
fxyExy if it satisfies α00 + α10 = α01 − α11. The coefficients fxy are constructed

by 
f00
f01
f10
f11

 =


sin−1 α00

− sin−1 (α00 + α10 + α11)
sin−1 α10
sin−1 α11

. (6)

However, the self-testing of multipartite scenarios has not been fully explored. In this paper,
we work on the four-qubit symmetric entangled states.

Definition 2 (Symmetric states). Symmetric quantum states preserve invariance under any
permutation of their subsystems. We say that an n-partite state |Ψ〉 is symmetric if P |Ψ〉 = |Ψ〉
for all P ∈ Sn, where Sn is the symmetric group of n elements. The n-qubit Dicke states |Sn,k〉 are
typical examples of symmetric state, which are the equally weighted sums of all permutations of
computational basis states with n− k qubits being |0〉 and k being |1〉:

|Sn,k〉 =
(

n
k

)−1/2

∑
Permutation

|0〉 |0〉 . . . |0〉︸ ︷︷ ︸
n−k

|1〉 |1〉 . . . |1〉︸ ︷︷ ︸
k

. (7)
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Let |Ψ〉 be a state vector in an N-fold tensor product space S1 ⊗ · · · ⊗ SN , where dimS1 =
· · · = dimSN = d ≥ 2 and N ≥ 3. As the generalization of the Schmidt decomposition given
in [28], if d = 2, any multipartite states can be written in the expansion as

|Ψ〉 = ∑
i1,i2,··· ,iN∈{0,1}

ti1i2···iN |i1〉 |i2〉 |i3〉 · · · |iN〉 , (8)

where some coefficients satisfy

t011···11 = t101···11 = · · · = t111···10 = 0, (9)

and the rest 2N − N orthogonal product states

{|
N︷ ︸︸ ︷

000 . . . 00〉 , |
N−1︷ ︸︸ ︷

000 . . . 0 1〉 , · · · , |1
N−1︷ ︸︸ ︷

0 . . . 00〉 , · · · , |00

N−2︷ ︸︸ ︷
1 . . . 11〉 , · · · , |

N−2︷ ︸︸ ︷
11 . . . 100〉 , |

N︷ ︸︸ ︷
111 . . . 11〉} (10)

can be seen as a set of local bases. To characterize the symmetric multi-qubit states, we only need to
make the rest coefficients have properties

t000···01 = t00···010 = · · · = t100···00,
...

t001···11 = t0101···1 = · · · = t11···100.

(11)

3. Self-Testing of a Four-Qubit Symmetric State

In this section, we focus on a four-qubit symmetric state with a special structure by
using the known results. In the case of N = 4, as given in Equation (10), the set of local
bases is

{ |0000〉 , |0001〉 , |0010〉 , |0100〉 , |1000〉 , |0011〉 ,

|0101〉 , |0110〉 , |1001〉 , |1010〉 , |1100〉 , |1111〉}
(12)

3.1. Self-Testing of a Specific Four-Qubit Symmetric State

The specific four-qubit symmetric state we consider is

|Ψ′1〉 =
1

2
√

2
(|0000〉+ |0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉+ |1111〉)ABCD, (13)

which is shared by four distant observers, Alice, Bob, Charlie and David.
Rewrite the state as

|Ψ′1〉 =
1

2
√

2
[
√

2 |00〉AB ⊗
1√
2
(|00〉+ |11〉)CD +

√
2 |01〉AB ⊗

1√
2
(|01〉+ |10〉)CD

+
√

2 |10〉AB ⊗
1√
2
(|01〉+ |10〉)CD +

√
2 |11〉AB ⊗

1√
2
(|00〉+ |11〉)CD].

(14)

The concept of partial measurements [29] is involved in our scheme, which appears
very often in reality. A similar approach for quantum nonlocality chracterization is given
in [30], where quantum imcompatibility is used to characterize nonlocality. According
to the partial measurement postulate given in [29], if any two parties, without loss of
generality, e.g., Alice and Bob, each measure in the σz basis, the remaining two parties share
a maximally entangled two-qubit state |00〉+|11〉√

2
conditioned on the outcome “00” and “11”,

respectively, which can be self-tested combining Lemma 2.
We construct the local isometry Φ as Figure 1. Here, H is the usual Hadamard gate.

Obviously, if Zi = σz, Xi = σx, we can extract the essential information on the unknown
state into auxiliary systems. Inspired by this, Zi and Xi should act analogously to the Pauli
operators on |Ψ1〉 to guarantee the feasibility of the protocol. However, in order to make
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the protocol device-independent, we cannot directly consider Zi and Xi of each party as
Pauli operators, but should construct them with the measurements {Mxi

ai } properly. We
sum the result up as below.

Figure 1. Swap circuit of the isometry Φ to self-test the target state |Ψ′1〉.

Result 1. Consider four spatially separated parties, Alice, Bob, Charlie and David, each performing
three measurements {Xs, Zs, Ms}(s ∈ {A, B, C, D}) with binary outcomes on an unknown shared
quantum state |Ψ1〉. The target symmetric state |Ψ′1〉 is self-tested if the statistics are observed as
the following:

〈P0
AP0

BP0
CP0

D〉 = 〈P0
AP0

BP1
CP1

D〉 = 〈P0
AP1

BP0
CP1

D〉 = 〈P0
AP1

BP1
CP0

D〉

= 〈P1
AP0

BP0
CP1

D〉 = 〈P1
AP0

BP1
CP0

D〉 = 〈P1
AP1

BP0
CP0

D〉 = 〈P1
AP1

BP1
CP1

D〉 =
1
8

,
(15)


〈P0

i P0
j XkXl〉 = 〈P0

i P0
j ZkZl〉 =

1
4

〈P0
i P0

j Xk Ml〉 = 〈P0
i P0

j Zk Ml〉 =
1

4
√

2
〈P0

i P0
j XkZl〉 = 0

,


〈P1

AP1
BXCXD〉 = 〈P1

AP1
BZCZD〉 =

1
4

〈P1
AP1

BXC MD〉 = 〈P1
AP1

BZC MD〉 =
1

4
√

2
〈P1

i P1
j XkZl〉 = 0

, (16)

where (i, j, k, l) = {(A, B, C, D), (A, C, B, D), (A, D, B, C), (B, C, A, D), (B, D,
A, C), (C, D, A, B)} and P0

s , PZs=+1 = 1+Zs
2 , P1

s , PZs=−1 = 1−Zs
2 , where s ∈ {A, B, C, D}

are projectors for the Zs measurement.

Proof. To begin with, the output after the isometry given in Figure 1 is

|Ψ̃1〉 = Φ(|Ψ1〉 |0000〉A′B′C′D′ )
= ∑

a,b,c,d∈{0,1}
Xa

AXb
BXc

CXd
DPa

APb
BPc

CPd
D |Ψ1〉 |abcd〉 . (17)

Observation Equation (15) implies that

〈P0
AP0

BP0
CP0

D〉+ 〈P0
AP0

BP1
CP1

D〉+ 〈P0
AP1

BP0
CP1

D〉+ 〈P0
AP1

BP0
CP1

D〉
+ 〈P1

AP0
BP0

CP1
D〉+ 〈P1

AP0
BP1

CP0
D〉+ 〈P1

AP1
BP0

CP0
D〉+ 〈P1

AP1
BP1

CP1
D〉 = 1,

(18)
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and thus Pa
APb

BPc
CPd

D |Ψ1〉 = 0 for other eight projectors. Based on the fact that 〈ψ|φ〉 = 1
implies |ψ〉 = |φ〉, observation of Equation (16) implies

P0
i P0

j Xk |Ψ1〉 = P0
i P0

j Xl |Ψ1〉 , P0
i P0

j Zk |Ψ1〉 = P0
i P0

j Zl |Ψ1〉

P0
i P0

j Xk |Ψ1〉 ⊥ P0
i P0

j Zk |Ψ1〉 , P0
i P0

j Xl |Ψ1〉 ⊥ P0
i P0

j Zl |Ψ1〉

P0
i P0

j Ml |Ψ1〉 =
P0

i P0
j Xl |Ψ1〉+ P0

i P0
j Zl |Ψ1〉

√
2

=
P0

i P0
j Xk |Ψ1〉+ P0

i P0
j Zk |Ψ1〉

√
2

, (19)

and
P1

AP1
BXC |Ψ1〉 = P1

AP1
BXD |Ψ1〉 , P1

AP1
BZC |Ψ1〉 = P1

AP1
BZD |Ψ1〉

P1
AP1

BXC |Ψ1〉 ⊥ P1
AP1

BZC |Ψ1〉 , P1
AP1

BXD |Ψ1〉 ⊥ P1
AP1

BZD |Ψ1〉

P1
AP1

B MD |Ψ1〉 =
P1

AP1
BXD |Ψ1〉+ P1

AP1
BZD |Ψ1〉√

2
=

P1
AP1

BXC |Ψ1〉+ P1
AP1

BZC |Ψ1〉√
2

. (20)

Obviously, we have (P0
i P0

j Ml)
2 |Ψ1〉 = P0

i P0
j M2

l |Ψ1〉. Since X2 = Z2 = M2 = I,

we have P0
i P0

j |Ψ1〉 =
P0

i P0
j (Xk+Zk)

2|Ψ1〉
2 =

P0
i P0

j (Xl+Zl)
2|Ψ1〉

2 . Hence, we obtain the following
anti-commutation relation

P0
i P0

j XkZk |Ψ1〉 = −P0
i P0

j ZkXk |Ψ1〉

P0
i P0

j XlZl |Ψ1〉 = −P0
i P0

j ZlXl |Ψ1〉
(21)

for all (i, j, k, l) = {(A, B, C, D), (A, C, B, D), (A, D, B, C), (B, C, A, D), (B, D, A, C), (C, D,
A, B)}, and similarly,

P1
AP1

BXCZC |Ψ1〉 = −P1
AP1

BZCXC |Ψ1〉
P1

AP1
BXDZD |Ψ1〉 = −P1

AP1
BZDXD |Ψ1〉 .

(22)

All these properties of the operators will help to reduce the output Equation (17). By us-
ing Equation (21), XCXDP0

AP0
BP1

CP1
D |Ψ1〉 is equal to P0

AP0
BP0

CXCP0
DXD |Ψ1〉.

As P0
AP0

BXC |Ψ1〉 = P0
AP0

BXD |Ψ1〉 shown in Equation (19), this term becomes P0
AP0

BP0
CP0

D |Ψ1〉.
We can simplify the other five terms similarly. For the last term, we can obtain P1

AP1
BP0

CP0
D |Ψ1〉

using Equations (20) and (22), which can also be simplified to P0
AP0

BP0
CP0

D |Ψ1〉. As a reminder,
there are eight terms equal to zero. Hence, the output Equation (17) is reduced to

|Ψ∗1〉 =P0
AP0

BP0
CP0

D |Ψ1〉 (|0000〉+ |0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉
+ |1111〉)

(23)

and can be normalized into the form of |junk〉 ⊗ |Ψ′1〉, here |junk〉 = 2
√

2P0
AP0

BP0
CP0

D |Ψ1〉.

3.2. Robustness Analysis Based on the L2 Norm

In this section, we give the analysis of robustness based on the vector norm inequality.
Result 1 relies on the observation of Equations (15) and (16) exactly; however, which may
be impossible in actual experiments due to the inevitable deviation from the ideal case.
Suppose each observation in Equations (15) and (16) admits a deviation at most ε around
the ideal value. We say that the self-testing of |Ψ′1〉 is robust [31] if the isometry still extracts
a state close to it and satisfies

‖ |Ψ̃1〉 − |junk〉 ⊗ |Ψ′1〉 ‖ ≤ f (ε), (24)

where f (ε)→ 0 when ε→ 0.
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We show that

‖ |Ψ̃1〉 − |junk〉 ⊗ |Ψ′1〉 ‖ ≤ f (ε) = 265.98ε + 348.45ε
3
4 + 94.87ε

1
2 + 60.70ε

1
4 (25)

in Appendix A, which proves the robustness of Result 1.

4. Self-Testing of a Family of Parameterized Four-Qubit Symmetric States

In this part, we consider a more general state

|Ψ′2〉 =
1√

8 + 4t2
[|0000〉+ t(|0001〉+ |0010〉+ |0100〉+ |1000〉) + |0011〉

+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉+ |1111〉]ABCD

(26)

where t > 0 and t 6= 1. The parameterized state is a superposition of W state, GHZ state
and |S4,2〉 state, where the ratio of the coefficient of GHZ state and |S4,2〉 state is a constant
value, which is equal to 1√

3
. Rewrite the states as

|Ψ′2〉 =
1√

8 + 4t2
[
√

2 + 2t2 |00〉AB ⊗
1√

2 + 2t2
(|00〉+ t |01〉+ t |10〉+ |11〉)CD

+
√

2 + t2 |01〉AB ⊗
1√

2 + t2
(t |00〉+ |01〉+ |10〉)CD

+
√

2 + t2 |10〉AB ⊗
1√

2 + t2
(t |00〉+ |01〉+ |10〉)CD

+
√

2 |11〉AB ⊗
1√
2
(|00〉+ |11〉)CD].

(27)

Denote
|ψ1〉 =

1√
2 + 2t2

(|00〉+ t |01〉+ t |10〉+ |11〉)CD,

|ψ2〉 =
1√
2
(|00〉+ |11〉)CD.

(28)

The state |ψ1〉 in its Schmidt form is

|ψ1〉 = cos β |0′〉C |0
′〉D + sin β |1′〉C |1

′〉D , (29)

where cos β = 1+t√
2+2t2 , sin β = |1−t|√

2+2t2 . Here, {|i′〉C}, {|i
′〉D}, i ∈ {0, 1} are the correspond-

ing new bases for C and D. (See detail in Appendix C).
If t = 1, |ψ1〉 is not an entangled state and the lack of nonlocality may result in the

failure of the self-testing. Following the framework of [32], we intend to divide the four
parties into two parts, and one of them performs local measurements on |Ψ2〉. If we divide
ABCD randomly into groups that each have two parties, for example, AB and CD, as
a result, the projection measurements may collapse the state shared by the remaining
parts into some unknown pure bipartite entangled states. Then the remaining two parts
should check whether the projected state they share violates maximally Equation (3) for
the appropriate α. Without loss of generality, if A and B perform the measurement in the
σz bases, |ψ1〉 and |ψ2〉 should be self-tested by C and D, respectively, and simultaneously
conditioned on the outcomes “00” and “11”.

Following the result given in Lemma 1, |ψ1〉 can be self-tested by reaching the maximal
violation of the tilted CHSH Bell inequality

b(α) =
√

8 + 2α2 =
2
√

2(t + 1)√
1 + t2

, (30)
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where α = 2
√

1−sin2 2β

1+sin2 2β
and the optimal measurement are set as Lemma 1 with

tan µ = 1−t2

1+t2 . Meanwhile, |ψ2〉 is still a maximally entangled two-qubit state under the
same transformation of bases

|ψ2〉 =
1√
2
(|0′0′〉+ |1′1′〉)CD, (31)

and hence, we can use the same measurement settings as |ψ1〉. As the definition given
in Lemma 3, α00 = µ, α01 = −µ, α10 = π

2 − µ, α11 = −π
2 − µ, and thus it will satisfy the

condition α00 + α10 = α01 − α11.
Define

f (t) =

{
0, t < 1
1, t > 1

. (32)

Then |ψ1〉 can be self-tested by winning the XOR game and we give the criterion to
self-test |Ψ′2〉 as the following Result 2.

Result 2 (See proof in Appendix B). Consider four spatially separated parties, Alice, Bob, Charlie
and David, each performing five measurements with binary outcomes denoted as Ai, Bj, Ck,
Dl(i, j, k, l ∈ {0, 1, 2, 3, 4}) on an unknown shared quantum state |Ψ2〉. The target state |Ψ′2〉 is
self-tested if the statistics are observed as the following

〈P0
AP0

BP0
CP0

D〉 = 〈P0
AP0

BP1
CP1

D〉 = 〈P0
AP1

BP0
CP1

D〉 = 〈P0
AP1

BP1
CP0

D〉 = 〈P1
AP0

BP0
CP1

D〉

= 〈P1
AP0

BP1
CP0

D〉 = 〈P1
AP1

BP0
CP0

D〉 = 〈P1
AP1

BP1
CP1

D〉 =
1

8 + 4t2

〈P0
AP0

BP0
CP1

D〉 = 〈P0
AP0

BP1
CP0

D〉 = 〈P0
AP1

BP0
CP0

D〉 = 〈P1
AP0

BP0
CP0

D〉 =
t2

8 + 4t2

, (33)


〈P0

MP0
NB(α, Q0, Q1, R2, R3)〉 =

t2 + 1
2t2 + 4

√
8 + 2α2

〈P0
MP0

NQ0(R2 − R3)〉 = 0

〈P0
MP0

N R2〉
2 sin µ

−
〈P0

MP0
N R3〉

2 sin µ
= (−1) f (t)〈P0

MP0
N R1〉

, (34)



∑
i∈(0,1),j∈(2,3)

fij〈P1
AP1

BCiQj〉 =
2

(2 + t2) sin 2µ

〈P1
AP1

BC0(D2 − D3)〉 = 0

〈P1
AP1

BD2〉
2 sin µ

−
〈P1

AP1
BD3〉

2 sin µ
= (−1) f (t)〈P1

AP1
BD1〉

, (35)

〈P0
MP0

N P0
QP0

RR0〉 =
t

4t2 + 8
, (36)

where (M, N, Q, R) ∈ {(A, B, C, D), (A, C, B, D), (A, D, B, C), (B, C, D, A), (B, D, A, C), (C,
D, A, B)}, P0

s , PZs=+1 = 1+Zs
2 , P1

s , PZs=−1 = 1−Zs
2 , where s ∈ {A, B, C, D} are projectors
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for the Zs measurement and sin µ = |1−t|√
2+2t2 , cos µ = 1+t√

2+2t2 . At the same time, we find a proper
construction of the local isometry Φ, where Zs and Xs are based on the measurement settings

ZA = A1 = (−1) f (t) A2 − A3

2 sin µ
, XA = A0 =

A2 + A3

2 cos µ
,

ZB = B1 = (−1) f (t) B2 − B3

2 sin µ
, XB = B0 =

B2 + B3

2 cos µ
,

ZC = C1 = (−1) f (t) C2 − C3

2 sin µ
, XC = C0 =

C2 + C3

2 cos µ
,

ZD = D1 = (−1) f (t) D2 − D3

2 sin µ
, XD = D0 =

D2 + D3

2 cos µ
,

(37)

and thus makes the protocol device-independent. In addition, each party may need another fifth
measurements A4 = ZAXA, B4 = ZBXB, C4 = ZCXC, D4 = ZDXD to obtain the observation of
Equation (36). Since σZσX = iσY, the fifth measurements are feasible in practical experiments.

5. Conclusions

In this paper, we propose schemes to self-test a large family of four-qubit symmetric
states. The target states we focus on are the superposition of the four-qubit Dicke states.

We first present a procedure for self-testing of a particular four-qubit symmetric state
with a special structure, and this procedure makes use of the self-testing of the maximally
entangled two-qubit state |00〉+|11〉√

2
. At the same time, we prove that this protocol is robust

against inevitable experimental errors based on norm inequality. In addition, we propose an
approach to self-test a one-parameter family of four-qubit pure states through projections
onto two systems. Here in our work, only the simplest Pauli measurements are used, which
is quite helpful in the experiments.

It would also be of interest to work on a more general state with two parameters by
using the swap method and semidefinite programming (SDP) [26] in the form

|Ψ〉 = cos θ cos ρ |GHZ〉+ cos θ sin ρ |S4,2〉+ sin θ |W〉 , (38)

where θ ∈ [0, π
2 ], ρ ∈ [0, π

2 ], which may provide better robustness than the analytical
bounds. What is more, our work could potentially be generalized to a higher dimension
scenario. These are reserved for our future work.
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Appendix A. Proof of the Robustness

In this section, we give the proof of Equation (25) based on the L2 norm. Rewrite the
norm Equation (24) as

‖ |Ψ̃1〉 − |junk〉 ⊗ |Ψ′1〉 ‖ = ‖ |Ψ̃1〉 − |Ψ∗1〉+ |Ψ∗1〉 − |junk〉 ⊗ |Ψ′1〉 ‖

≤ ‖ |Ψ̃1〉 − |Ψ∗1〉 ‖+ ‖ |Ψ∗1〉 − |junk〉 ⊗ |Ψ′1〉 ‖.
(A1)
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Obviously, we need to find the upper bounds for ‖ |Ψ̃1〉 − |Ψ∗1〉 ‖ and ‖ |Ψ∗1〉 − |junk〉 ⊗
|Ψ′1〉 ‖ respectively. Suppose each observation in Equations (15) and (16) has a deviation at
most ε around the ideal value. Then we can obtain some inequalities, for instance

1
8
− ε ≤ 〈P0

AP0
BP0

CP0
D〉 ≤

1
8
+ ε, 〈P0

AP0
BXCXD〉 ≥

1
4
− ε, 〈P0

AP0
BZCZD〉 ≥

1
4
− ε,

〈P0
AP0

BXCZD〉 ≤ ε, 〈P0
AP0

BXC MD〉 ≥
1

4
√

2
− ε, 〈P0

AP0
BZC MD〉 ≥

1
4
√

2
− ε.

(A2)

In addition, for convenience and rigorous of the derivation, we assume that

〈P0
AP0

BP0
CP1

D〉 ≤ ε, 〈P0
AP0

BP1
CP0

D〉 ≤ ε, 〈P0
AP1

BP0
CP0

D〉 ≤ ε, 〈P1
AP0

BP0
CP0

D〉 ≤ ε,

〈P0
AP1

BP1
CP1

D〉 ≤ ε, 〈P1
AP1

BP0
CP1

D〉 ≤ ε, 〈P1
AP0

BP1
CP1

D〉 ≤ ε, 〈P1
AP1

BP1
CP0

D〉 ≤ ε,
(A3)

which may not direct the observation statistics. We can now write

‖(P0
AP0

BXC − P0
AP0

BXD) |Ψ1〉 ‖

=
√
| 〈Ψ1| P0

AP0
BXCXCP0

AP0
B + P0

AP0
BXDXDP0

AP0
B − 2P0

AP0
BXCXDP0

AP0
B |Ψ1〉 |

=
√
| 〈Ψ1| P0

AP0
BXCXCP0

AP0
B |Ψ1〉+ 〈Ψ1| P0

AP0
BXDXDP0

AP0
B |Ψ1〉 − 2 〈Ψ1| P0

AP0
BXCXDP0

AP0
B |Ψ1〉 |

≤
√

1
4
+ 4ε +

1
4
+ 4ε− 2(

1
4
− ε) =

√
10ε = ε1,

(A4)

and similarly,
‖(P0

AP0
BZC − P0

AP0
BZD) |Ψ1〉 ‖ ≤

√
10ε. (A5)

In addition,

‖P0
AP0

B
XC + ZC√

2
|Ψ1〉 ‖

=

√
1
2
| 〈Ψ1| P0

AP0
BXCXCP0

AP0
B + P0

AP0
BXDXDP0

AP0
B + 2P0

AP0
BXCZCP0

AP0
B |Ψ1〉 |

≤

√
1
2
[
1
4
+ 4ε +

1
4
+ 4ε + 2(ε +

√
10ε(

1
4
+ 4ε))] =

√
1
4
+ 5ε +

√
10ε(

1
4
+ 4ε),

(A6)

where 〈Ψ| P0
AP0

BXCZCP0
AP0

B |Ψ1〉 ≤ ε +
√

10ε( 1
4 + 4ε) from

〈Ψ1| P0
AP0

BXCZCP0
AP0

B |Ψ〉 − 〈Ψ1| P0
AP0

BXCZDP0
AP0

B |Ψ1〉 ≤
√

10ε(
1
4
+ 4ε) (A7)

by using the Cauchy–Schwarz inequality [33] and Equation (A5). Hence, we obtain

‖P0
AP0

B MD |Ψ1〉 − P0
AP0

B
XC + ZC√

2
|Ψ1〉 ‖

=

√
| 〈Ψ1| P0

AP0
B MD MD −

√
2P0

AP0
B(MDXC + MDZC) |Ψ1〉+ ‖

P0
AP0

BXC + P0
AP0

BZC√
2

|Ψ1〉 ‖2 |

≤

√
1
4
+ 4ε +

1
4
+ 5ε +

√
10ε(

1
4
+ 4ε)− 2

√
2× (

1
4
√

2
− ε)

=

√
(9 + 2

√
2)ε +

√
10ε(

1
4
+ 4ε) = ε

′
.

(A8)



Entropy 2022, 24, 1003 11 of 17

Since the norm of the projectors is equal to 1, we have

‖P0
AP0

B(MD)
2 |Ψ1〉 − P0

AP0
B MD

XC + ZC√
2
|Ψ1〉 ‖

≤‖P0
AP0

B MD‖∞‖P0
AP0

B MD |Ψ1〉 − P0
AP0

B
XC + ZC√

2
|Ψ1〉 ‖

≤‖P0
A‖∞‖P0

B‖∞‖MD‖∞‖P0
AP0

B MD |Ψ1〉 − P0
AP0

B
XC + ZC√

2
|Ψ1〉 ‖

=‖P0
A‖∞‖P0

B‖∞‖P0
M − P1

M‖∞‖P0
AP0

B MD |Ψ1〉 − P0
AP0

B
XC + ZC√

2
|Ψ1〉 ‖

≤‖P0
A‖∞‖P0

B‖∞(‖P0
M‖∞ + ‖P1

M‖∞)‖P0
AP0

B MD |Ψ1〉 − P0
AP0

B
XC + ZC√

2
|Ψ1〉 ‖ = 2ε

′
.

(A9)

Similarly,

‖P0
AP0

B
XC + ZC√

2
MD |Ψ1〉 − P0

AP0
B(

XC + ZC√
2

)2 |Ψ1〉 ‖ ≤ 2
√

2ε
′
, (A10)

which implies

‖P0
AP0

B |Ψ1〉 − P0
AP0

B(
XC + ZC√

2
)2 |Ψ1〉 ‖ ≤ (2 + 2

√
2)ε

′

=⇒ ‖P0
AP0

BXCZC |Ψ1〉+ P0
AP0

BZCXC |Ψ1〉 ‖ ≤ 2(2 + 2
√

2)ε
′
.

(A11)

Finally, since
‖P0

AP0
BZCXC |Ψ1〉 − P0

AP0
BZCXD |Ψ1〉 ‖ ≤

√
10ε(

1
4
+ 4ε)

‖P0
AP0

BXDZC |Ψ1〉 − P0
AP0

BXDZD |Ψ1〉 ‖ ≤
√

10ε(
1
4
+ 4ε)

(A12)

=⇒ ‖P0
AP0

BZCXC |Ψ1〉 − P0
AP0

BXDZD |Ψ1〉 ‖ ≤ 2

√
10ε(

1
4
+ 4ε). (A13)

Similarly,

‖P0
AP0

BXCZC |Ψ1〉 − P0
AP0

BZDXD |Ψ1〉 ‖ ≤ 2

√
10ε(

1
4
+ 4ε), (A14)

therefore we can obtain

‖P0
AP0

BXDZD |Ψ1〉+ P0
AP0

BZDXD |Ψ1〉 ‖ ≤ 2(2 + 2
√

2)ε
′
+ 4

√
10ε(

1
4
+ 4ε)

=2(2 + 2
√

2)

√
(9 + 2

√
2)ε +

√
10ε(

1
4
+ 4ε) + 4

√
10ε(

1
4
+ 4ε)

≤2(2 +
√

2)(10ε)
1
4 (

9 + 2
√

2 + 2
√

10√
10

(ε)
1
2 + 1) + 4(

√
10
2

(ε)
1
2 + 2

√
10ε) = 2ε2.

(A15)

Hence, we obtain

‖P0
i P0

j Xk |Ψ1〉 − P0
i P0

j Xl |Ψ1〉 ‖ ≤ ε1

‖P0
i P0

j Zk |Ψ1〉 − P0
i P0

j Zl |Ψ1〉 ‖ ≤ ε1

‖P0
i P0

j XkZk |Ψ1〉+ P0
i P0

j ZkXk |Ψ1〉 ‖ ≤ 2ε2

‖P0
i P0

j XlZl |Ψ1〉+ P0
i P0

j ZlXl |Ψ1〉 ‖ ≤ 2ε2

, (A16)
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and 
‖P1

AP1
BXC |Ψ1〉 − P1

AP1
BXD |Ψ1〉 ‖ ≤ ε1

‖P1
AP1

BZC |Ψ1〉 − P1
AP1

BZD |Ψ1〉 ‖ ≤ ε1

‖P1
AP1

BXCZC |Ψ1〉+ P1
AP1

BZCXC |Ψ1〉 ‖ ≤ 2ε2

‖P1
AP1

BXDZD |Ψ1〉+ P1
AP1

BZDXD |Ψ1〉 ‖ ≤ 2ε2

, (A17)

where (i, j, k, l) = {(A, B, C, D), (A, C, B, D), (A, D, B, C), (B, C, A, D), (B, D, A, C), (C, D,
A, B)}. In addition, we have

‖XDP0
AP0

BP0
CP1

D |Ψ1〉 |0001〉+ XCP0
AP0

BP1
CP0

D |Ψ1〉 |0010〉
+ XBP0

AP1
BP0

CP0
D |Ψ1〉 |0100〉+ XAP1

AP0
BP0

CP0
D |Ψ1〉 |1000〉

+ XBXCXDP0
AP1

BP1
CP1

D |Ψ1〉 |0111〉+ XAXCXDP1
AP0

BP1
CP1

D |Ψ1〉 |1011〉
+ XAXBXDP1

AP1
BP0

CP1
D |Ψ1〉 |1101〉+ XAXBXCP1

AP1
BP1

CP0
D |Ψ1〉 |1110〉 ‖

≤‖XDP0
AP0

BP0
CP1

D |Ψ1〉 |0001〉 ‖+ ‖XCP0
AP0

BP1
CP0

D |Ψ1〉 |0010〉 ‖
+ ‖XBP0

AP1
BP0

CP0
D |Ψ1〉 |0100〉 ‖+ ‖XAP1

AP0
BP0

CP0
D |Ψ1〉 |1000〉 ‖

+ ‖XBXCXDP0
AP1

BP1
CP1

D |Ψ1〉 |0111〉 ‖+ ‖XAXCXDP1
AP0

BP1
CP1

D |Ψ1〉 |1011〉 ‖
+ ‖XAXBXDP1

AP1
BP0

CP1
D |Ψ1〉 |1101〉 ‖+ ‖XAXBXCP1

AP1
BP1

CP0
D |Ψ1〉 |1110〉 ‖

= | 〈P0
AP0

BP0
CP1

D〉 | + | 〈P0
AP0

BP1
CP0

D〉 | + | 〈P0
AP1

BP0
CP0

D〉 | + | 〈P1
AP0

BP0
CP0

D〉 |
+ | 〈P0

AP1
BP1

CP1
D〉 | + | 〈P1

AP0
BP1

CP1
D〉 | + | 〈P1

AP1
BP0

CP1
D〉 | + | 〈P1

AP1
BP1

CP0
D〉 |≤ 8ε.

(A18)

With a similar derivation in [34], we have | 〈P0
AP0

BZC〉 |≤ ε1 + ε2 and | 〈P0
AP0

BZD〉 |≤
ε1 + ε2, which implies that

‖P0
AP0

B(1 + ZC)(1 + ZD)‖

=2
√
〈P0

AP0
B〉+ 〈P0

AP0
BZC〉+ 〈P0

AP0
BZD〉+ 〈P0

AP0
BZCZD〉

≤2

√
1
4
+ 4ε + ε1 + ε2 + ε1 + ε2 +

1
4
+ ε,

(A19)

and thus

‖ (1 + ZA)(1 + ZB)(1 + ZC)(1 + ZD)

4
√

2
‖ = ‖

P0
AP0

B(1 + ZC)(1 + ZD)√
2

‖

≤
√

1 + 10ε + 4(ε1 + ε2) ≤ 1 + 5ε + 2(ε1 + ε2).

(A20)

We now can write

‖ |Ψ̃1〉 − |Ψ∗1〉 ‖ ≤ 8× (ε1 + ε2) + 8ε = 8(ε1 + ε2 + ε),

‖ |Ψ∗1〉 − |junk〉 ⊗ |Ψ′1〉 ‖ ≤ 5ε + 2(ε1 + ε2),
(A21)

which implies

f (ε) = 13ε + 10(ε1 + ε2) = 265.98ε + 348.45ε
3
4 + 94.87ε

1
2 + 60.70ε

1
4 . (A22)
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Appendix B. Proof of the Self-Testing of a Family of Parameterized Four-Qubit
Symmetric States

Observation Equation (33) implies that

〈P0
AP0

BP0
CP0

D〉+ 〈P0
AP0

BP0
CP1

D〉+ 〈P0
AP0

BP1
CP0

D〉+ 〈P0
AP1

BP0
CP0

D〉+ 〈P1
AP0

BP0
CP0

D〉
+ 〈P0

AP0
BP1

CP1
D〉+ 〈P0

AP1
BP0

CP1
D〉+ 〈P0

AP1
BP0

CP1
D〉+ 〈P1

AP0
BP0

CP1
D〉+ 〈P1

AP0
BP1

CP0
D〉

+ 〈P1
AP1

BP0
CP0

D〉+ 〈P1
AP1

BP1
CP1

D〉 = 1,

(A23)

and thus Pa
APb

BPc
CPd

D |Ψ2〉 = 0 for other four projectors.
For convenience, we use (M, N, Q, R) = (A, B, C, D) as an example to prove Result 2.

Define the operators for party C and D as

XC = C0, ZC = C1, Z
′
C = C0, X

′
C = C1,

XD = D0, ZD = D1, Z
′
D =

D2 + D3

2 cos µ
, X
′
D =

D2 − D3

2 sin µ
.

(A24)

The maximal violation of the tilted CHSH inequality as Equation (34) implies

P0
AP0

BZ
′
C |Ψ2〉 = P0

AP0
BZ
′
D |Ψ2〉 , (A25a)

P0
AP0

BZ
′
CX

′
C |Ψ2〉 = −P0

AP0
BX

′
CZ

′
C |Ψ2〉 , (A25b)

P0
AP0

BX
′
C(I + Z

′
D) |Ψ2〉 =

1
tan β

P0
AP0

BX
′
D(I − Z

′
C) |Ψ2〉 . (A25c)

Then we have
P0

AP0
BXC |Ψ2〉 = P0

AP0
BXD |Ψ2〉 ,

P0
AP0

BXCZC |Ψ2〉 = −P0
AP0

BZCXC |Ψ2〉
(A26)

by Equations (A25a) and (A25b). The observation of Equation (34) implies

P0
AP0

BZ
′
C |Ψ2〉 ⊥ P0

AP0
BX

′
D |Ψ2〉 , (A27)

and combined with the relation Equation (A25a) from the tilted CHSH inequality, we have

P0
AP0

BZ
′
D |Ψ2〉 ⊥ P0

AP0
BX

′
D |Ψ2〉 . (A28)

We can write the ZD |Ψ2〉 in the subspace of P0
AP0

B as

P0
AP0

BZD |Ψ2〉 = (−1) f (t)P0
AP0

BX
′
D |Ψ2〉 (A29)

by Equation (34) and thus we can define the vector XD |Ψ2〉 orthogonal to ZD |Ψ2〉 as

P0
AP0

BXD |Ψ2〉 = P0
AP0

BZ
′
D |Ψ2〉 . (A30)

From Equations (A25a) and (A25c), we obtain

P0
AP0

BZ
′
DX

′
D |Ψ2〉 = −P0

AP0
BX

′
DZ

′
D |Ψ2〉 . (A31)

Hence, we obtain

P0
AP0

BXDZD |Ψ2〉 = P0
AP0

BZ
′
DX

′
D |Ψ2〉 = −P0

AP0
BX

′
DZ

′
D |Ψ2〉 = −P0

AP0
BZDXD |Ψ2〉 . (A32)
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Similarly, we obtain the following relations

P0
MP0

N XQ |Ψ2〉 = P0
MP0

N XR |Ψ2〉 ,

P0
MP0

N XQZQ |Ψ2〉 = −P0
MP0

N ZQXQ |Ψ2〉 ,

P0
MP0

N XRZR |Ψ2〉 = −P0
MP0

N ZRXR |Ψ2〉
(A33)

for all (M, N, Q, R) = {(A, B, C, D), (A, C, B, D), (A, D, B, C), (B, C, A, D), (B, D, A, C),
(C, D, A, B)}. The maximal violation of the XOR game Equation (35) implies

P1
AP1

BZ
′
C |Ψ2〉 = P1

AP1
BZ
′
D |Ψ2〉 ,

P1
AP1

BX
′
C |Ψ2〉 = P1

AP1
BX

′
D |Ψ2〉 ,

P1
AP1

BZ
′
CX

′
C |Ψ2〉 = −P1

AP1
BX

′
CZ

′
C |Ψ2〉 ,

P1
AP1

BZ
′
DX

′
D |Ψ2〉 = −P1

AP1
BX

′
DZ

′
D |Ψ2〉 .

(A34)

We can use a similar method as above and obtain

P1
AP1

BXC |Ψ2〉 = P1
AP1

BXD |Ψ2〉 ,

P1
AP1

BXCZC |Ψ2〉 = −P1
AP1

BZCXC |Ψ2〉 ,

P1
AP1

BXDZD |Ψ2〉 = −P1
AP1

BZDXD |Ψ2〉 .

(A35)

At last, the observation Equation (36) implies that

P0
MP0

N P0
QP0

RXR |Ψ2〉 = tP0
MP0

N P0
QP0

R |Ψ2〉 (A36)

for all (M, N, Q, R) = {(A, B, C, D), (A, C, B, D), (A, D, B, C), (B, C, A, D), (B, D, A, C),
(C, D, A, B)}.

We construct the local isometry similar to Figure 1: just replace |Ψ1〉 with |Ψ2〉. The
output after the isometry is

|Ψ̃2〉 = Φ(|Ψ2〉 |0000〉A′B′C′D′ )
= ∑

a,b,c,d∈{0,1}
Xa

AXb
BXc

CXd
DPa

APb
BPc

CPd
D |Ψ2〉 |abcd〉 . (A37)

By using Equation (A26), XDP0
AP0

BP0
CP1

D |Ψ2〉 is equal to P0
AP0

BP0
CP0

DXD |Ψ2〉. Combin-
ing with Equation (A36), one can simplify this term to tP0

AP0
BP0

CP0
D |Ψ2〉. The third to fifth

terms share a similar simplification process.
In addition, XCXDP0

AP0
BP1

CP1
D |Ψ2〉 is equal to P0

AP0
BP0

CXCP0
DXD |Ψ2〉 and then can be

replaced by P0
AP0

BP0
CP0

D |Ψ2〉 using Equation (A33). Terms from the seventh to eleventh are
similar. For the last term, we can obtain P1

AP1
BP0

CP0
D |Ψ2〉 using Equation (A35), which is

then the same as the eleventh term. We remind that there are four terms equal to zero.
Finally, the output is reduced to

|Ψ∗2〉 =P0
AP0

BP0
CP0

D |Ψ2〉 (|0000〉+ t |0001〉+ t |0010〉+ t |0100〉+ t |1000〉
+ |0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉+ |1111〉),

(A38)

which can be normalized to the form |junk〉 ⊗ |Ψ′2〉, here |junk〉 =
√

8 + 4t2P0
AP0

BP0
CP0

D |Ψ2〉.
Then the unknown state |Ψ2〉 is self-tested as |Ψ′2〉, which proves that Result 2 holds with
the required observations Equations (33)–(36). The protocol is also robust by a norm-
inequality-based analysis similar to the Result 1 and the detailed derivation process is
omitted here.
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Appendix C. Relations between Pauli Operators and the Unknown Measurements

In this section, we give details of the relations between Pauli operators and the un-
known measurements in Result 2 by Schmidt decomposition.

|ψ1〉AB =
1√

2 + 2t2
(|00〉+ t |01〉+ t |10〉+ |11〉). (A39)

The coefficient matrix of |ψ1〉 is

A =
1√

2 + 2t2

(
1 t
t 1

)
, (A40)

which has the Schmidt decomposition A = USV, where

S =

( 1+t√
2+2t2 0

0 |1−t|√
2+2t2

)
(A41)

and 
U = V =

 1√
2

1√
2

1√
2
− 1√

2

 if t <1

U =

 1√
2

1√
2

1√
2
− 1√

2

, V =

 1√
2

1√
2

− 1√
2

1√
2

 if t >1

. (A42)

Hence, if t <1, we have
|0′〉A =

1√
2
(|0〉+ |1〉)A

|1′〉A =
1√
2
(|0〉 − |1〉)A

,


|0′〉B =

1√
2
(|0〉+ |1〉)B

|1′〉B =
1√
2
(|0〉 − |1〉)B

. (A43)

If t >1, 
|0′〉A =

1√
2
(|0〉+ |1〉)A

|1′〉A =
1√
2
(|0〉 − |1〉)A

,


|0′〉B =

1√
2
(|0〉+ |1〉)B

|1′〉B =
1√
2
(|1〉 − |0〉)B

. (A44)

Now we can consider the relation between operators Z
′

and X
′

with new bases and
Pauli operators for part A,

Z
′
A = |0′〉A 〈0

′ |A − |1
′〉A 〈1

′ |A = |0〉A 〈1|A + |1〉A 〈0|A = σx,

X
′
A = |0′〉A 〈1

′ |A + |1′〉A 〈0
′ |A = |0〉A 〈0|A − |1〉A 〈1|A = σz.

(A45)

For part B, if t < 1,
Z
′
B = σx, X

′
B = σz, (A46)

and if t > 1,
Z
′
B = σx, X

′
B = −σz. (A47)
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Hence, if the operators performed by each party are the same as Lemma 1 with new
bases, they can be transformed into Pauli matrices

σZ = A1 = (−1) f (t) A2 − A3

2 sin µ
, σX = A0 =

A2 + A3

2 cos µ
,

σZ = B1 = (−1) f (t) B2 − B3

2 sin µ
, σX = B0 =

B2 + B3

2 cos µ
,

σZ = C1 = (−1) f (t) C2 − C3

2 sin µ
, σX = C0 =

C2 + C3

2 cos µ
,

σZ = D1 = (−1) f (t) D2 − D3

2 sin µ
, σX = D0 =

D2 + D3

2 cos µ
.

(A48)
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21. Šupić, I.; Coladangelo, A.; Augusiak, R.; Acín, A. Self-testing multipartite entangled states through projections onto two systems.

New J. Phys. 2018, 20, 083041. [CrossRef]
22. Coladangelo, A.; Goh, K.T.; Scarani, V. All pure bipartite entangled states can be self-tested. Nat. Commun. 2017, 8, 15485.

[CrossRef] [PubMed]
23. Yang, T.H.; Navascués, M. Robust self-testing of unknown quantum systems into any entangled two-qubit states. Phys. Rev. A

2013, 87, 050102. [CrossRef]
24. Bamps, C.; Pironio, S. Sum-of-squares decompositions for a family of Clauser-Horne-Shimony-Holt-like inequalities and their

application to self-testing. Phys. Rev. A 2015, 91, 052111. [CrossRef]
25. Wang, Y.; Wu, X.; Scarani, V. All the self-testings of the singlet for two binary measurements. New J. Phys. 2016, 18, 025021.

[CrossRef]
26. Navascues, M.; Pironio, S.; Acín, A. A convergent hierarchy of semidefinite programs characterizing the set of quantum

correlations. New J. Phys. 2008, 10, 073013. [CrossRef]
27. Acín, A.; Massar, S.; Pironio, S. Randomness versus nonlocality and entanglement. Phys. Rev. Lett. 2012, 108, 100402. [CrossRef]
28. Carteret, H.A.; Higuchi, A.; Sudbery, A. Multipartite generalization of the Schmidt decomposition. J. Math. Phys. 2000,

41, 7932–7939. [CrossRef]

http://doi.org/10.1098/rsta.2003.1227
http://www.ncbi.nlm.nih.gov/pubmed/12952679
http://dx.doi.org/10.1038/nphoton.2007.22
http://dx.doi.org/10.1103/RevModPhys.86.153
http://dx.doi.org/10.1103/RevModPhys.89.035002
http://dx.doi.org/10.1103/PhysRevA.99.022301
http://dx.doi.org/10.1103/PhysRevA.104.022418
http://dx.doi.org/10.1038/s42254-020-0186-4
http://dx.doi.org/10.1038/ncomms1147
http://dx.doi.org/10.26421/QIC4.4-3
http://dx.doi.org/10.1103/PhysRevLett.105.230501
http://dx.doi.org/10.1103/PhysRevA.65.032302
http://dx.doi.org/10.1007/s43673-021-00017-0
http://dx.doi.org/10.1038/nature09008
http://www.ncbi.nlm.nih.gov/pubmed/20393558
http://dx.doi.org/10.1103/PhysRevLett.106.250404
http://dx.doi.org/10.1103/PhysRevA.91.022115
http://dx.doi.org/10.1016/0375-9601(92)90711-T
http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1007/BF00398595
http://dx.doi.org/10.1038/nphys1157
http://dx.doi.org/10.1088/1367-2630/aad89b
http://dx.doi.org/10.1038/ncomms15485
http://www.ncbi.nlm.nih.gov/pubmed/28548093
http://dx.doi.org/10.1103/PhysRevA.87.050102
http://dx.doi.org/10.1103/PhysRevA.91.052111
http://dx.doi.org/10.1088/1367-2630/18/2/025021
http://dx.doi.org/10.1088/1367-2630/10/7/073013
http://dx.doi.org/10.1103/PhysRevLett.108.100402
http://dx.doi.org/10.1063/1.1319516


Entropy 2022, 24, 1003 17 of 17

29. Long, G. Collapse-in and collapse-out in partial measurement in quantum mechanics and its wise interpretation. Sci. China Phys.
Mech. Astron. 2021, 64, 280321. [CrossRef]

30. Zhang, X.; Qu, R.; Chang, Z.; Quan, Q.; Gao, H.; Li, F.; Zhang, P. A geometrical framework for quantum incompatibility resources.
Assoc. Asia Pac. Phys. Soc. Bull. 2022, 32, 17. [CrossRef]

31. Wu, X.; Cai, Y.; Yang, T.H.; Le, H.N.; Bancal, J.-D.; Scarani, V. Robust self-testing of the three-qubit W state. Phys. Rev. A 2014,
90, 042339. [CrossRef]

32. Li, X.; Wang, Y.; Han, Y.; Qin, S.; Gao, F.; Wen, Q. Self-Testing of Symmetric Three-Qubit States. IEEE J. Sel. Areas Commun. 2020,
38, 589–597. [CrossRef]

33. Bhatia, R.; Davis, C. A Cauchy-Schwarz inequality for operators with applications. Linear Algebra Appl. 1995, 223–224, 119–129.
[CrossRef]

34. McKague, M.; Yang, T.H.; Scarani, V. Robust self-testing of the singlet. J. Phys. A Math. Theor. 2012, 45, 455304. [CrossRef]

http://dx.doi.org/10.1007/s11433-021-1716-y
http://dx.doi.org/10.1007/s43673-022-00047-2
http://dx.doi.org/10.1103/PhysRevA.90.042339
http://dx.doi.org/10.1109/JSAC.2020.2968994
http://dx.doi.org/10.1016/0024-3795(94)00344-D
http://dx.doi.org/10.1088/1751-8113/45/45/455304

	Introduction
	Basic Definitions and Preliminaries
	Self-Testing of a Four-Qubit Symmetric State
	Self-Testing of a Specific Four-Qubit Symmetric State
	Robustness Analysis Based on the  Norm

	Self-Testing of a Family of Parameterized Four-Qubit Symmetric States
	Conclusions
	Appendix A
	Appendix B
	Appendix C
	References

