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Abstract: In this paper, we propose a new optimal control model for uncertain systems with jump. In
the model, the background-state variables are incorporated, where the background-state variables
are governed by an uncertain differential equation. Meanwhile, the state variables are governed by
another uncertain differential equation with jump, in which both the background-state variables and
the control variables are involved. Under the optimistic value criterion, using uncertain dynamic
programming method, we establish the principle and the equation of optimality. As an application,
the optimal investment strategy and optimal payment rate for DC pension plans are given, where
the corresponding background-state variables represent the salary process. This application in DC
pension plans illustrates the effectiveness of the proposed model.

Keywords: optimal control; uncertainty theory; optimistic value; defined contribution pension plan;
background-state variable

1. Introduction

Since [1] first discussed the problem of stochastic control with jump, the problem of
stochastic optimal control with jump has become an important branch of control theory.
From the perspectives of theory and applications, especially including in finance and
insurance, the involved stochastic differential equations with and without jump have been
extensively studied. For example, see [2-20], and the references therein.

The above-mentioned references are based on probability models. However, in reality,
the finance markets usually are of model uncertainty, which means that it is difficult to
determine the specific probability. Therefore, it is of great importance to study uncertainty
theory with its applications in finance and insurance. For general theory and applications
about uncertainty theory and optimal control of uncertain systems, we refer to [21-31] and
the references therein. For the applications of uncertainty theory in option pricing theory
and portfolio selections, see [26-29,32-35], and the references therein. For the applications
of uncertainty theory in insurance, especially in pension plans, see [22,36]. In the study of
optimal control of uncertain systems, the optimality criteria mainly include four criteria:
expected value criterion, optimistic value criterion, pessimistic value criterion, and Hurwicz
criterion. Under the optimistic value criterion, the principle of optimality and the equation
of optimality for uncertain systems without jump were discussed by [26]. Recently, Ref. [27]
studied the optimal control of uncertain systems with jump under the optimistic value
criterion, where the state variables are governed by an uncertain differential equation with
jump. Later, Ref. [37] extended those of [27] to the multidimensional setting. Nevertheless,
from both the theoretical and practical point of view, the state variables are usually also
affected by the environment factors except the control variables. Therefore, it is interesting
and necessary to consider the optimal control of uncertain systems by incorporating the
environment factors into the optimal control models under the optimistic value criterion.

Entropy 2022, 24, 734. https:/ /doi.org/10.3390/e24050734

https://www.mdpi.com/journal/entropy


https://doi.org/10.3390/e24050734
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/entropy
https://www.mdpi.com
https://doi.org/10.3390/e24050734
https://www.mdpi.com/journal/entropy
https://www.mdpi.com/article/10.3390/e24050734?type=check_update&version=2

Entropy 2022, 24, 734

20f18

In this paper, we propose a new optimal control model for uncertain systems under
the optimistic value criterion. Namely, the environment factors are first understood as
background variables. Then we assume that the background-state variables are governed
by an uncertain differential equation, and further we assume that the state variables are
also governed by another uncertain differential equation with jump in which both the
background-state variable and the control variables are involved. By making use of the
uncertain dynamic programming method, both the principle and the equation of optimality
are established. Finally, as an application, the optimal investment strategy and the optimal
payment rate for DC pension plans are discussed, where the corresponding background-
state variables represent the salary process. This application in DC pension plans illustrates
the effectiveness of the proposed model.

The rest of the paper is organized as follows. In Section 2, we introduce preliminaries,
including basic notations of uncertainty theory. In Section 3, the optimistic value models
for uncertain systems with jump are introduced and the principle of optimality is provided.
Section 4 is devoted to the equation of optimality. In Section 5, as an application of the
proposed optimal control model in DC pension plans, the optimal investment strategy and
the optimal payment rate are obtained. Section 6 presents numerical analysis to illustrate
our results. Finally, the conclusions are summarized.

2. Preliminary
2.1. Uncertainty Space

In this subsection, we collect some basic definitions of uncertainty theory which are
from [21,23,24].

Let I be a nonempty set, and £ a c-algebra over I'. Each element A € L is called an
event. A set function M defined on the o-algebra £ over I' is called an uncertain measure
if it satisfies the following four conditions:

M M{ry=1,
(i) M{A}+M{A} =1foranyevent A € L,
(i) M{UZ, A} < Y2y M{A;} for every countable sequence of events A;.
(iv) Let (T, Lk, M) be uncertainty spaces for k = 1,2, - - - n. The product uncertain mea-
sure is
n
Ap p = mi Ay}

M{E k} Join M{A}
Definition 1. Let I be a nonempty set, £ a o-algebra over I' and M an uncertain measure. Then
the triplet (T, L, M) is called an uncertainty space.

Definition 2. An uncertain variable is a function  from an uncertainty space (T, L, M) to the
set of real numbers such that { € B} := {y € I' | {(y) € B} s an event for any Borel set B.

Definition 3. The uncertainty distribution ® : R — [0, 1] of an uncertain variable ¢ is defined by
P(x) : = M{¢ <x}, xeR.

The following lemma is a characterization of an uncertainty distribution, which is
from [25].

Lemma 1. A function ®(x) : R — [0,1] is an uncertainty distribution if and only if it is a
monotone increasing function except ®(x) = 0 and ®(x) = 1.

Definition 4. Lef ¢ be an uncertain variable. Then the expected value of ¢ is defined by

E[¢] := /:oo./\/l{(f > x}dx — /.OOOM{C < x}dx,



Entropy 2022, 24, 734

30f18

provided that at least one of the two integrals is finite.

Definition 5. Let & be an uncertain variable with finite expected value E[Z]. Then the variance of
¢ is defined by
V[g] = E[(§ — E[2])?)-

Definition 6. The uncertain variables ¢1,Co, . . ., Gy are said to be independent if

M{ (G e Bi)} = min M{¢; € B},

i=1
for any Borel sets By, By, - - -, By, of real numbers.

2.2. Optimistic Value and Pessimistic Value

Definition 7. Let ¢ be an uncertain variable, and a € (0,1]. Then syp(a) := sup{r | M{¢ >
r} > a} is called the a-optimistic value to &; and &ine(a) := inf{r | M{& < r} > a} is called the
a-pessimistic value to ¢.

The following lemma is about properties of optimistic value, which is from [21,24].

Lemma 2. Assume that ¢ and i are independent uncertain variables and « € (0, 1]. Then we have
(i) if A >0, then (AG)sup (&) = Asup (&), and (AQ)ing() = Aing(a);

(”) A< O/ then ()\g)sup(“) = /\ginf(“)/ and (/\g)inf(‘x) = Agsup(“);

(iii)) (& +1)sup (&) = Csup (&) + Hsup (@) , (& + 17)ine(@) = Gine(&) + Hine ().

Definition 8. An uncertain process C; is said to be a Liu process if

(i)  Co = 0and almost all sample paths are Lipschitz continuous,

(i)  Cy has stationary and independent increments,

(iii) every increment Cs1y — Cs is a normal distributed uncertain variable with expected value 0
and variance t2, whose uncertainty distribution is

d(x) := (1 —|—exp<?f7;c)>_1, x € R.

Let C; be a Liu process, and ¢ := AC; := Ciypr — Cr. Thenforany 0 < a0 < 1,
a-optimistic and a-pessimistic values of § are

_VBAt 1-—a
érsup(“) =1 In tx 1)
and /3
3At, 1—a
Gne(a) =~ =%, @

respectively, for example, see Example 1.7 of [30] or (1) and (2) of [27].
The following definitions are about optimal control with jump of uncertainty theory,
which are from [38].

Definition 9. An uncertain process V; is said to be a V jump process with parametrs rq and rp
0<r<r<l)fort>0if

i V=0,

(i) Vi has stationary and independent increments,
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(iii) every increment Vs — Vs is a Z jump uncertain variable Z(rq,72,t), whose uncertainty
distribution is

ifx <0,
7y, ifo<x<j,
¥(x) = o+ 20 ()t <x <, ©
1, ifx > t.

Let V; be a V jump uncertain process, and 7 = AV; = Viipa — Vi. Then for any
« € (0,1), it follows from the definition of a-optimistic value and a-pessimistic value that

(1— 55i7)At if0<a<l—r,

2(1-rp)
USup(D‘): %’ ifl_r2§“<1—7’1, (4)
%Ah ifl—r <a<l,
and
7 AL, ifo<a<r,
At .
Hinf(®) = ¢ 27 ifry <a<ry, 5)
(1 - giy)At, ifrp <a <1,
respectively.

Definition 10. Suppose that C; is an Liu process, f and g are two functions. Then
dXy = f(t, Xp)dt + g(t, X;)dC (6)

is called an uncertain differential equation. A solution is a uncertain process X; that satisfies (6)
identically in t.

Remark 1. The uncertain differential Equation (6) means the solution Xy meets the uncertain
integral equation

t t
Xt:XO+/O f(t,XQdS*FA g(t,Xt)dCs.

Definition 11. Suppose that C; is a Liu process, V; is an uncertain 'V jump process, and g1, g2
and g3 are some given functions. Then

dXt :gl(t/Xt)dt+g2(t/ (Xt)dCt-'—g:%(t,Xt)d‘/t (7)

is called an uncertain differential equation with jump. A solution is an uncertain process X; that
satisfies (7) identically in t.

3. Optimistic Value Model under Background-State of Uncertain Optimal Control
with Jump

In the problem of uncertain optimal control, we should determine some optimization
criteria to optimize objective function of involving uncertain variables and convert the
uncertain objective to its definite equivalent goal. In the uncertain optimal control, there are
many criteria, for example: expected value, optimistic value, pessimistic value and Hurwicz
criterion. Under [27], they discussed optimal control problem of uncertain dynamic systems
with jump under the optimistic value criterion. In this paper, we involve the background-
state variables and discuss optimal control problem under the optimistic value criterion for
this kind of systems, where both the background-state variables and the control variables
are involved.
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Assume that C; is a Liu process, V; is an uncertain V-jump process with parameters r;
and rp (0 < 71 < rp < 1), where C; and V; are independent. The confidence level « € (0,1).
For any 0 < t < T, an optimistic value model of uncertain optimal control problem with
jump as follows

J(t,x,1) = sup
D;eD

subject to (8)
dXs = U(Sr Xs, Ls, Ds)ds + )\(Sr Xs, Ls, Ds)dCs + X(S/ Xs, Ls, Ds)st/
dLs = m(Ls)ds + n(Ls)dCs, Xi=1x, Li=]1,

T
/tf(s,Xs,Ls,Ds)ds+G(T,XT,LT) («)

sup

where X; is the state variable, L is called the background-state variable, D; is the control
variable and it subject to a constraint set D. The function f : [0,T7] x Rx R x R — Ris
the objective function, and the function G : [0, T] x R x R — R is the terminal reward.

1, tT f(s,Xs,Ls, Ds)ds + G(T, X7, L1)]sup () denotes the a-optimistic value to the uncertain
variable in middle bracket. v, A, x are three functions of time s, state X;, background-state
Ls and control Ds. Furthermore, m, n are two functions of L. All functions mentioned
are continuous. Now we give the following principle of optimality to solve the proposed
model.

Theorem 1. Forany (t,x,1) € [0,T) x R x R, At > 0 with t + At < T, we have

J(t,x,1) = sup {f(t,x,1, D) At + J(t + At, x + AXy, [ + ALt) + 0(At) Fsup(a),  (9)
DieD

where x + AXy = Xpoar, 1+ ALy = Ly s

Proof. We use J(t,x,1) to denote the right side of (9). It follows from the definition of
J(t,x,1) that

t+At
J(t,x,1) 2{/t f(s, Xs, Ls, Ds |t 41at))ds

T
[ P& X L Dilgn s+ GOT, X L) | (a),

sup
for any Ds, where Ds|(; ;4 o) and Ds |1 a¢,7) are the values of decision variable D restricted

on [t,t + At) and [t + At, T], respectively.
For any At > 0, by using Taylor series expansion, we get

t+At
/t F(5,Xo, Lo, Dsligsan)ds = F(£ %1, D(t,x,1)) At + o(AF).

Thus
J(t,x,1) >f(t,x,1, D) At + o(At)

T 10
+{ f(s,xs,Ls,Dsnw,ﬂ)ds+G<T,XT,LT>} @. 10
t+At sup

Taking the supremum with respect to Ds|(;; 1) in (10), then we get

T
sup { f(s,Xs, Ls, Ds|pa,1)ds + G(T, X, LT)} (a) = J(t+ A, x + AX;, 1+ ALy).
DieD t+At sup
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Then the right side of (10) becomes that

sup {f(t, x,1, D) At + J(t + At,x + AX;, 1 + ALy) + o(At)} () = J(t,x,1).
D;eD sup

Now we get J(t,x,1) > J(t, x,1).
On the other hand, for all D, we have

{ /tTf(s, X;,Ls, Ds)ds + G(T, X, LT)} ()

sup

T
= f(t,x,1, D) At +o(At) + { /HAtf(s,XS,LS, D!y ar1))ds + G(T, XT,LT)} (@)

sup
f(t,x,1, D) At + o(At) + [J(t + At, x + AXy, | + ALy)]
J(t, x,1).

Hence, J(t,x,1) < J(t,x,1), and then J(t,x,1) = J(t,x,1). Theorem 1 is proved. [

<
<

4. Optimality Condition
We derive the following equation of optimality by the principle of optimality above.

Theorem 2. Let [(t,x,1) be twice continuously differentiable on [0, T] X R x R. Then we have

1—n

—Jt = sup {f+1/]x+m(Lt)Iz +§ln

DieD

|(ATx +n(Le) )] + kx| } (11)

where Ji, [ and ], are the partial derivatives of the function [ (t,x,1) in t, x and I, respectively, and f, v,
/\/ X/ ]t/ ]JC/ ]lr ]tt/ ]xx/ ]ll/ ]tX/ ]tl/ ]Xl den0t6f<tl x/ ll Dt)/ V(tl xr l/ Dt)/ )\(t/ xl l/ Dt)r X(t/ x/ l/ Dt)/
]t(t/ x/l)/ ]x(t/ xll)/ Il(tl xrl)/ ]tt(tr xll)/ ]Xx(t/ x/l)/ ]ll(tl xll)/ ]tX(tl xll)/ ]tl(tr xll)/ ]xl(t/ x/l)/

respectively, and

(1) whenx]x>0,(i)if0<oc<1—r2,thenk:1—%_rz),(ii)ifl—r2§a<1—r1,then

> 1
k=1 (Gi)if1 —r <a <1, thenk =52
(2) when xJx < 0, ()if 0 < & < ry, then k = £, (ii) if 1 < « < 1y, then k =}, (i) if

rz<zx<1,thenk:1_z(llfforc2)'

Remark 2. Suppose state variable X; does not depend on Ly, the ] in (8) is a function of (t,x),
therefore Theorem 2 goes back to the classic setting, for example, see the model in [37].

Proof. For any At > 0, note that there exist constants K; > 0 and K, > 0, such that
AX; < KjAt and ALy < KpAt, by Taylor series expansion, we have that

J(t+ At x + AXy, 1+ AL = J(tx,1) + Jo(t, x, 1) At + Jo (£ x, ) AX; + J; (£, x,1) ALy
3t DAL + STt % DAXE + 3 Ju(t, 3, )AL

+ ]tx(t/ X, Z)AtAXt + ]tl(t/ X, Z)AtALt + ]xl(t/ X, Z)AXtALt
+o(At?),

(12)

where the infinitesimal o(At?) satisfies that

o(Af?)

im =0.
A0 A2
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Note that AXt = I/(t, Xt, Lt, Dt)At + )\(t,Xt, Lt, Dt)ACt + X(t, Xt, Lt, Dt)AVt,
ALy = m(L¢)At + n(L¢) AC;. Substituting (12) into (9) yields that

J(t,x,1) = sup {f(t,x, I, Dy)At + [](t,x,l) + Ji(E x, DAL+ T (8, x, 1) AX;
DieD

1 1 1
+ 5Tt x, 1AE + 5 Jux (£, AX? + SJult, x,1)AL?

(13)
+ ]l(t/ X, Z)ALt + ]tx(t/ x/l)AtAXt + ]tl(t/ X, Z)AtALt
+ T (t, x, 1) AX; ALy —l—o(Atz)} (oc)}.
sup
Then we have
0= sup {f(t/xlll Dt)At+ It(t/x/l)At + []X(t/x/l)AXt + ]l(t,x,l)ALt
D;eD
1 2, 1 > 1 2
+ = Ju(t, x, DA + = e (8, 2, D)AXF + =] (t, x, 1) AL
2 2 2 (14)

+ Jex (8,2, DAEAX; + Ty (8, x, D)AEALy + T (8, x, ) AX ALy (@)

sup
+0(At2)}.

Let uncertain variable { = ACy, 1 = AV, then it follows from the uncertain differential
equation in model (8), that

AX; = vAt+ AE+xn, ALy = m(Li)At + n(Ly)E, (15)

where v, A, x denote v(t, Xy,Lt, D), A(t, Xt, Ly, Dy), x(t, Xt, Ly, Dy ), respectively.
Substituting (15) into (14) yields that

0 = sup {f(t, x,1, D) At + [iAt + v At + m(Ly) Ji At + KMX + n(Ly)J; + vAJxx At
D;eD

+ m(Li)n(Lt) JuAt 4+ AJixAt +n(Lt) JyAt +vn(Lt) [ At + /\m(Lt)]xlAt> ¢

(3% (L P+ AL )€
1 (16)
+ <X]x + VX ex At + XJix At + m(Lt)x]szt) n+ (ZXZIXX> "

+ (Axlxx +H(Lt)7(]xl>‘:77] () +"(At2)}

sup

= sup {fAt + Jist + v A+ m(Ly) [IAE + {aé‘ +bE?% + py + q172 +f§17}
DieD

(@) + o(Atz)},

sup

where

a = MJx + V]xxAt + JixAt +m(Le) JqAt] +n(Le) [J; + m(Le) JuAt + Ju At + v At],

b= A2 (;hx) + %n(Lt>2]ll + An(Lt) ],

p = X[Jx + V]xxAt + JixAt + m(Lt) [ At],

_ 21
g=x (2]xx>/

f=MJxx +n(Le) X -
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Let Q(&,17) = ag + bg% + pn + qu* + f&n, thus the equation becomes

0= sup {fAt—l—]tAt+v]xAt+m(Lt)]lAt+ [Qlsup () +o(At2)}, (17)
DieD

where [Q(g,iy)]sup(zx) is denoted by [Q]sup(oc).
Since [b5%| < 3[b|(&% + %), qn?| < 3lal(* +n?), |fEnl < 31 fI(&* + 1), we have

o+ py | b1+ 170G + LA+l | < a2+ 62 4 py + i+ £

(18)

<z o+ |61+ 5108 + GIA+ 1D

It follows from the independence of ¢ and 7 that
oz pn = {1+ 510+ Gl +lab} | (o)
sup
< [ag + b8 + piy + qn” + fEnlsup (a) (19)
< Jag-+pr+ {0+ U0+ Gl + b} | o)
sup

According to Theorem 4 in Sheng and Zhu (2013), for any £ > 0 small enough, we

have
g+ pr= (01 3108 @2 L0t el (2 SRl + 5108 0)
sup
1 3. 1— 3. 2— 1
g+ pr o1+ 3170P] @ < 2t el (L0 2028+ L @

sup
According to Theorem 5.1 in Deng et al. (2018), we have
(1) if p >0, then

(1— 2(10‘72))”“* (lql+ DA, ifo<a<1-—r,

1 .
{p”_“q'*ﬂf')’?z} (@) > pAt—(|q]+ 3|f1)AP, ifl—r <a<1-r, (22)
SipAt—(lq| + 31f1)AR, if1—r <a<l,

(1= a5 )pAt+ (lgl + 3IfDAL, 0 <a<1-r,

1 .
o+ ol + 51007 @) < dpars ol + 3is0ar fl-n<a<l-n, @)
sup
TEpAt+ (lq] + 3| f1)A8, ifl-rn<a<l,
(2) ifp <0, then
A=pAt—(lg] + 3f) A, if0 < a<ry,
1 .
pr— (gl + 51 Dn?| (@) = 2pat— (gl + 31f)A2, ifr) <a<r, (24)

sup

(1= gy pdt = (gl + 3 |f1)A2, ifry <a <,
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a=pAt+(lg) + 3 1) AR, if0 <o <ry,
1 .
P77+(|q|+§|f|)772 () <9 zpAt+(lq] + 3 1f)A8, ifry <a<ry, (25)
sup
(1 gh=)pAt+ (gl + 3fDAR, ifry <a <ry,
Therefore,

(1) ifp >0, then

2 In 12828 a] + (1 — 55)pl At — hAR, if0 <& <1-1,,
V31n — LA, o1 _
[¥2 In 1282¢a| + L8 p] At — hAP, ifl—r <a<l,
[ In 1555 o] 4 (1 — 5 )plAt+hAR, 0 < <11,
V31, 1-at 1 2 1 _
(Qleup(@) < [¥21n 22 |a| + 5 p] At + hAL, fl-rn<a<l-r, 27)
(3 In L2tk | 4 Loa p) At + hAR, ifl-r <a<l,
(2) ifp <0, then
(2 In 1582¢ o + S p] AL — KAR, f0<a<l—ry,
(V3 1n oa=¢|a| 4 1p]At — hAR, fl-rm<a<l-n
[Q]sup(“) 2 T oc+s 2 — 4 (28)
(2 In 15825 a] + (1 — =25 )plAt —hAR, if1—r <a <1,
Vip It |g) 4 & pIAL 4 hAE, 0 <a<1—ry,
T Zr
V31, 1= loate 2 1 e < _
[Q]sup(ﬂé) < [ = In |Il| + 5 p]At+hAt ifl—rm<a<l-r, (29)
[éln%|a|+(l—ﬁ)pmt+hmz, ifl—-r<a<l,

where h = [(X2 In Z=€)2(|p| + 3| £]) + |q] + Lf].

s
(1) If p > 0, then by (17), (27), for At > 0,if 0 < & < 1 — 1y, there exists a control u = u, A
such that

—eAt < fAt+ 1At + V] At +m (L) 1At 4 [Qlsup () + 0(Al)

31
< FAE+ JiAt + V] At +m(Ly) At + %mﬂmm (30)

I 2
+ <1 2(1r2)>pAt+hAt +o(At).
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Since

= MJx + V]xxAt + JrxAt + m(Le) g At] + n(Le) [J; + m(Le) [y At + JyAt + v At],
p = XlJx + V]xxAt + JixAt + m(Ly) [ At].

Substituting them into (30) and dividing both sides of the above inequality by At, we get

3. 1-—
—s§f+h+vjx+m(Lt)h+%lna+jg

Ay +n(Le)]; + hl(At)‘

+ (1 - 2(1“_@) |:X]x + hz(At)} + h3 (g, At)

{f—I—V]x-l-m(Lt)]l-l-\;fan

(31)

<Ji+ sup
D;eD

+ (1 - 2(1“_72)> |:X]x + hz(At)} } + ha(e, At),

A + (L)) + m(m)\

where

hy(At) = Av]xx Dt + JixAt +m(Le) [ At) + n(Le) (m(Le) JuAt + JyAt + v At),
( ) = (V]xxAt + Jax At + m(Lt)]xlAt),
hy(e, AL) = hAt,

and hy(At) — 0, hp(At) — 0, h3(e, At) — 0 as At — 0. Letting At — 0 and thene — 0
results in

0 <Ji+ sup {f+1/]x +m(L); + ﬁlnl_“‘ ()L]x +n(Lt)]l)
DieD T x

(-t ey

ifx/y >0and 0 <a <1—r.
In the same way, by (17) and (26), we can get

0>]J; + sup {f—l—v]x +m(L)]; + \@Inl_a‘ (/\]x +n(Lt)]l>
DieD T u

(-t ey

ifxJy >0and 0 <a <1—ro.
Combining (32) and (33), we obtain

(32)

(33)

—Ji = sup {f+vjx+m(Lt)h + flnla"“ </\Jx+n(Lt)]z> ‘ + <1 - 2<1"‘_r2))x1x}, (34)

DieD

ifxJy >0and 0 <a <1—71s.
According to (17), (26) and (27) , using the similar techniques, we have

= sup {f+one o+ 2 m = (pnwon) [+ 2o 6

DieD

ifx/xy>0,1—-rn<a<1l-r;and

- = sup {f+V]x + m(Lt)]l + \flnlza‘ </\]x + n(Lt)]l>

DieD

1—a
+ %X]x}/ (36)
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dX(t) = [1 - w(t)]X(t)

ifx[y >0and1—r <a <1

(2) If p < 0, similar to the above method, we use (17), (29), (33) to derive the equation of
optimality for xJx < 0. Therefore, Theorem 2 is proved. [

5. An Optimal Control Problem of DC Pension Fund

In recent years, pension fund management has become a popular and significant
subject to retirees because it plays an essential role in the financial market and in the social
security system. The dynamic control-theoretical framework was first applied to a pension
fund problem by [4] by assuming that the pension fund can be invested in a risk-free asset
and a risky asset whose return follows random jump-diffusion processes. Ref. [27] assumed
risk asset returns follow an uncertain process with jump and made use of optimistic value
criterion to optimize objective function of involving uncertain variables. We assume that
the contribution of pension is related to the salary factors of members, then the DC pension
plan control problem may be solved by the optimistic value model of uncertain optimal
control with jump.

5.1. Finance Market

We assume that the financial market consists of two assets, a risk-free asset (i.e., the
bank account or bond), and a single risk asset (i.e., stock).
The price of the risk-free asset Sy(t) at the time t evolves according to the following
uncertain process
dSo(t)
So(t)
where r is a constant and represents the risk-free interest rate.
The price of the risk asset S(t) at the time ¢ evolves according to the following uncertain
process with jump

= rdt, (37)

——2 = pdt + 01dC(t) + »dV (1), (38)

where y is the appreciation rate of the risk asset and o, 03 is the volatility rate, y, oy, and
0y are all positive constants, and C(t) is a canonical process, V (t) is a V-jump uncertain
process. In general, we assume that y > 7.
The salary level is denoted by L(t) at time t. We assume that L(t) follows a uncertain
growth given by
dL(t)
—2F = ypdt dC(t 9
oo M +ordC(t), (39)
where ] is the expected rate of return on salary, oy is the salary volatility caused by the
fluctuation of risk asset.

We assume that the pension contribution rate is 0L(t), where 0 < 6 < 1 is a constant.

5.2. Wealth Process

Assuming that the plan managers can invest in both the risk-free and the risky assets
described by (37) and (38), respectively, and use the fund to pay retirement benefits. Let x
denote the initial wealth of this fund, w(t) denote the investment proportion that the plan
managers invest in the risky asset at time ¢, and X(t) denote the wealth of the pension fund
at time t after adapting the investment strategy w(t), B(t) is the pension payment rate at
time ¢. Then the fund’s value follows the dynamics
dSo(t) das(t)

So() w(t)X(t)W + OL(#)[prdt + o dC(t)] — B(¢)dt, (40)

Using (37)—(39), we can easily rewrite (40) as
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dX(t) = [X(t)r+ (u —r)w(t) X(t) + OuLL(t) — B(t)]dt + [ (t) X (t) + o OL()]dC(¢)
+ [w(t)X(t)or]dV (1), (41)
XO = XQ-

5.3. Optimization Model

Our goal is to seek the optimal investment strategy w(t) and payment rate B(t)
to minimize the accumulated losses, thus we establish the following optimal model of
pension fund.

Jxh) = min { | e mB(s) - ba)? + ax(@(s)X() — %, ds} ()
subject to

aX(t) = [X(t)r+ (u —r)w(t) X(t) + Oup L(t) — B(t)]dt + [y (t) X (t) + o OL()]dC(¢)
+ [w(t)X(t)on)dV (1),
dL(t) = L(t)[prdt +ordC(t)], Xi=x, L(t)=1,

inf

(42)

where, #7 > 0,4y > 0,and a7 +ap = 1. & € (0, 1) denotes a given confidence level, p > 0
denotes the discount rate. by, denotes the constant target contribution rate and x, denotes
the constant target funding level.

It follows from Lemma 2 that model (42) is equivalent to the following model (43).

J(t,x,1) = max : { /too —e 8 {ucl(B(s) —bm)? + o (w(s)X(s) — xp)z}ds} ()

w(t),B(t

sup
subject to
dX () = [X(O)r + (1 — ) ()X (1) + 0ur L(t) — BE)]dt + [or0(8) X () + 01 0L(1)]AC(H) (43)
+ [w(t)X(t)o]dV (t),
dL(t) = L(t)[urdt + opdC(t)], Xi=x, L(t) =1
5.4. The Solution to the Model
By applying the equation of optimality (11), we get
—Jr= g}aﬁt) { — e Pay(B(t) — bm)* + aa(w(t)x — xp)?] + [xr + (4 — r)w(t)x + Ourl — B(t)]]x
+ Ll + g In . ; Yo (t)x + 1015 + o1l + kcu(t)xazjx} (44)

= H(w(t),B(t)),
w%%w(WU (1)
where H(w(t), B(t)) represents the term in the brackets.
Now we solve the (44)

(1) If (qw(t)x +010l)]x + opl]; > 0, we differentiate the expression in brackets with
respect to w(t) and B(t) to find that

9H(w(t), B(t)) V3 1-a

= —2¢ Play(w(t)x — xp)x + (u —1)x)c + ?3 In

o1xJx + kxoo [ (45)

oH(w(t), B(t))
0]

Solving Equations (45) and (46), we get

= —2¢7P'ay(B(t) = bw) — Jx = 0. (46)

1 1

1
—;[xp—l—

_= TPt = _ = Pt
2a2ke Jx], B(t) = by, 20(16 T+,

w(t)
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where k = y—r+§ln%(ﬁ+kcfz.
Substituting them into (44) implies

— Ji = ae’' ]2 + (xr + 0¢l + b) ] +¢lJ;, (47)

where i = ﬁ+ﬁl}2, b=kxp,— by, 5:VL+§1n{%agL'

Multiplying both sides of equation by ef*
— ety = a@(eP'T)? + (xr 4 021 + b)eP' [, + clef'],. (48)

Next we solve the partial differential Equation (48).
Supposing J(t,x,1) = e P'Q(x,1), then differentiating both sides with respect to ¢,
x, and I, then J; = —pe ?'Q(x,1), Jx = e P'Qy, J; = e P'Q;. Substituting them
into (48) yields

0Q(x, 1) = Q% + (xr 4 6l + b)Qx + clQ;. (49)

Assuming Q(x,1) = A(x? + 2hxl + bl> + ax + gl + u), then Qy = 2Ax + 2Ahl + Aa,
Q; = 2Abl +2Ahx + Ag). Substituting them into (49) yields

(pA —4A% —2Ar)x* + (pAa — 4A%ai — Aar — 2Ab)x
+ (0Ab — 4A%H?a — 2Ah0E — 2AbE)1? + (pAg — 4A%had — AafE — 2AhD — Age)l (50)
+ (20Ah — 8A%hi — 2 Ahr — 2A0¢ — 2AhE)xl 4 (0Au — A%a%G — Aab) = 0.
Decomposing Equation (50) obtains
pA —4A%i —2Ar =0, pAa—4A%i— Aar —2Ab =0,
pAb — 4A%1*G — 2Ah0¢ — 2AbE =0, pAg — 4A%hai — AafE — 2Ahb — Agé = 0, (51)
20Ah — 8A%hd — 2Ahr —2A0¢ — 2AhE =0, pAu — A%a®G — Aab = 0.
By solving Equation (51), we get

_ . 5 \2 be P2
AP 2r’ azz—, b 9C~’ b=(9C5>, - 29bcc~ 0= e

?

47 r r—¢ r— r(r—¢)’ 12
Thus,
Jx= ei‘oth,
Oy = Z(Ax + Z)Ahl + z?a | ’ | (53)
_(p—2r 0e(p —2r b(p—2r
=T T 2a(r — ¢) L 2ar
Then,
_ —pt[le—2r)  6c(p—2r),  b(p—2r)
Jo=e [ 2 T = T | )
So the optimal investment rate and the payment rate are determined, respectively, by
. 1 1.
W (1) = Ly + 5T o
_1 1o ((p—2r)  6e(p—2r), b(p—2r)
_x[xp+21x2k( 2w Zﬁ(r—c”)l+ 2ir ’
B*(t) = by, — ieﬁ”]
" 2061 * 56
b1 [l=2) o2, blp-20) 56
S 2w | 2a 2i(r — é) 2ar
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(2) If (mqw(t)x +016l)]x + orl]; < 0, then applying the similar method to the above

processes, we can get results (55) and (56), where k= u—r— g In %01 + koy.

Theorem 3. For the optimization model (43), the optimal investment strategy is given by

w*(t)zl[xp+1k((p—%)”%(p—%)H5(9—20)}

24 24(r—¢) 24r

(P 1 [(p—2r)  0c(p—2r),  b(p—2r)
B(t) = bn 207 [ 2w 2i(r — é) L 2ar |
where /3
.1 1.5 & = B . 73 11—«
a—m Ek, b =kxp — by, c—yL—i—?Tln or.

If (mw(t)x +0100)]x +0rl]; >0,

IE:y—H—glnl_ o1 + koo,
if(mw(t)x—l-qel)]x—i-ql]l <0,
Izzy—r—ﬁlnl_a(ﬁ—l—k@.
T o

Remark 3. The optimal payment rate B*(t), the optimal investment proportion w*(t) and the
optimal value ] (t,x,1) depend on the parameters xp, by, 01,%2,0,7,0,1, 4, pir, 01,02, 01, and the
fund amount x.

6. Numerical Analysis

In this section, we provide a numerical analysis to characterize the dynamic behavior
of the optimal investment strategy and the optimal payment rate. We fix the parameter
values according to the modeling background. » = 0.02, 4 = 0.05, o7 = 0.15, 0, = 0.2,
pr = 0.03,0p =0.06,60 =0.02, &« =095, a1 = 0.6, 00 =1—w1,x0 =0,xp =5, pu =5,
p=2005r =02r=07whena =02,k=1—-a/(2(1—ry)), whena = 0.5,k = 0.5,
whena = 0.8,k = (1 —a)/(2r1).

Figure 1 shows the effect of parameter a on the optimal investment proportion w*(t)
and the optimal payment rate B*(t). From Figure 1a,b, we can see that both w*(t) and
B*(t) increase when « increases, with all other parameters being fixed. The confidence
level « reflects the risk preference of a pension fund manager. Larger « means that the
pension fund manager is risk averse. In other words, the pension fund manager would like
more prudently to run the fund to achieve his/ her expected management targets. Figure 1
says that for a prudent manager, he/she can invest more in the financial market so that can
make more profit, while he/she can also pay more money to the retirees.
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Figure 1. (a) Effect of a on the optimal investment proportion w*(t); (b) Effect of a on the optimal
payment rate B*(f).

Effects of model main parameters y, 07 and 0, on w*(t) and B*(t) are shown in
Figure 2. The graphs in Figure 2a—f plot the values of the optimal investment proportion
w*(t) and the optimal payment rate B*(t) with respect to the wealth x at time 0, when
the parameters y, 0 and o, influencing the stock’s price change. From Figure 2a,b, we
can find that the values of w*(t) and B*(t) increase as p increases. This is consistent with
the intuition that when the return rate y of the stock becomes higher, the pension fund
manager would naturally like to invest more in the stock to make more profit. At the same
time, the pension fund manager is able to pay more to the retirees who participate in the
plan. From Figure 2c—f, we can see that w*(t) and B*(t) decrease as 7 and 03 increases,
respectively. The corresponding economic explanation is as follows. Higher values of ¢;
and oy represent higher uncertainty of the fluctuation of the price of the stock. In other
words, the higher the values of 07 and 0y are, the more risky the stock is. Therefore, a risk
averse pension fund manager would most likely to reduce the amount invested in the stock,
and has to lower the payment rate to the pension members because of the reduction of the
profit from the stock market.
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Figure 2. (a) Effect of y on the optimal investment proportion w*(t); (b) Effect of y on the optimal
payment rate B*(t); (c) Effect of &7 on the optimal investment proportion w*(t); (d) Effect of o7 on
the optimal payment rate B*(t); (e) Effect of 0» on the optimal investment proportion w*(t); (f) Effect
of 0, on the optimal payment rate B* ().

In Figure 3, we examine the sensitivity of w*(f) and B*(t) with respect to the parame-
ters influencing salary level. From Figure 3a-d, we can see that both w*(t) and B*(t) are
insensitive to y and o7.

@) (b)

al oL

() (d)
Figure 3. (a) Effect of j; on the optimal investment proportion w*(t); (b) Effect of yi; the optimal
payment rate B*(t); (c) Effect of 07, on the optimal investment proportion w*(t); (d) Effect of o7 the
optimal payment rate B*(t);

7. Conclusions

In this paper, we have proposed a new optimal control model for uncertain systems.
Unlike the classic optimal control model for uncertain systems, the proposed new optimal
control model takes into account environmental factors. Under the optimistic value cri-
terion, we have established the principle and equation of optimality. As an example, an
application to DC pension plans has been given to illustrate the proposed optimal control
model for uncertain systems. Numerical studies are also given to show the sensitivity
analysis of the optimal solution to the model parameters. For further topics, it would be
interesting to consider the principle and equation of optimality under other optimality
criteria such as the Hurwitz criterion.
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