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Abstract: In this paper, four stabilized methods based on the lowest equal-order finite element
pair for the steady micropolar Navier-Stokes equations (MNSE) are presented, which are penalty,
regular, multiscale enrichment, and local Gauss integration methods. A priori properties, existence,
uniqueness, stability, and error estimation based on Fem approximation of all the methods are proven
for the physical variables. Finally, some numerical examples are displayed to show the numerical
characteristics of these methods.
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1. Introduction

The MNSE is a coupling system of the conservation of mass, the conservation of linear
momentum, and the conservation of angular momentum. Over the past few decades,
micropolar fluids are frequently used in chemistry, physics, mechanical engineering, and
medicine with the development of engineering applications. For instance, it can be used in
modern lubrication theory, porous media theory, liquid crystals, suspensions, and animal
blood. In this paper, let (2 be a bounded domain in R”, n = 2,3, with a sufficiently smooth
boundary d(), the following MNSE in a dimensionless form will be considered:

—1Au+Vp=2yrotw+f, inQ,
divu =0, in 0, @M
—nAw+4v,w =2y rotu+ g, inQ),

where the fluid variables u, w, p are the linear velocity, angular velocity, and pressure,
respectively. The symbols v, v, ¢4, ¢; are used to represent some definitely given physical
parameters, where v; = v 4 v, V2 = ¢; + ¢4 [1]. The external forces f and g are predefined.
When appropriate boundary conditions are supplied to (1), the equations are well-posed.
For the simplicity, we consider the following homogeneous boundary conditions:

u=0,w=0,0on Q. (2)

There are many relevant results about mathematical analysis of the problem, such as
the existence, uniqueness of the solution, regularity, and so on see reference [1]. In this paper,
we mainly focus on numerical methods and numerical simulations of problem (1). Noting
that the Galerkin variational problem of problem (1) is still a saddle-point problem, so from
the viewpoint of theoretical analysis and numerical simulation, the variables, velocity, and
pressure must satisfy the LBB condition either in discrete version or continuous version. The
correspondingly mixed finite element spaces for these methods must be carefully chosen
so that they satisfy the LBB condition. Although some stable pairs of finite elements have
been studied and used widely for many years [2,3], the lowest-order finite element pairs
with some supplied stabilized terms that do not meet the LBB condition also perform well.
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The relevant literature about stabilized mixed finite element methods for the Navier-Stokes
equations are abundant, the reader can refer to [4-7] and the corresponding literature.
However, the stabilized methods of the MNSE are not currently available in the literature,
so it is of great significance to study these methods about the micropolar fluid.

The analysis of solutions of the MNSE has the following typical difficulties, such
as incompressibility, nonlinearity, strong coupling, and multi-field coupling. Based on
the above difficulties, direct numerical simulation of the MNSE will lead to a large-scale
nonlinear discrete system. Therefore, it is necessary to design an efficient, accurate, and
unconditionally stable numerical algorithm for the MNSE.

In this paper, the following stabilization methods, penalty method, regular method,
multiscale enrichment method, and local Gauss integration method, are mainly consid-
ered [8]. Stabilized finite element methods usually have the desirable property of improving
numerical stability of the standard Galerkin methods while maintaining accuracy. The
stability of regular and local Gauss integration methods is achieved by introducing sym-
metric definite or semidefinite stabilized terms [9,10]. In [11-14], the multiscale enrichment
method stabilizes the p; — p; pair on both finite elements and their boundaries for the
Stokes equations by using a multiscale approach. In [15], variational multiscale methods
combined with artificial compressibility are presented for the nonstationary Navier—Stokes
equations. In this paper, the above stable finite element methods will be employed for
the steady micropolar flow based on the lowest order pair. Furthermore, a numerical
comparison between these methods will be presented. In the case of nonlinear and non-
homogeneous boundaries, we also do some related examples, and the related theoretical
results are discussed in another paper.

The rest of this paper is organized as follows: In Section 2, some notation and prelimi-
nary results for the stationary micropolar equations are introduced. Then several stabilized
mixed finite element methods and their key stabilization techniques are presented. Stability
and error estimates of these stabilized finite element solutions are derived in Section 3.
Comparisons between these stabilized methods are performed numerically in Section 4.
Finally, conclusions are stated in Section 5. Hereafter, ¢, c;(i = 0,1,...) is used to indicate a
generic constant, which may represent different values in different situations.

2. Problem Statement

In this section, we introduce some notations and the well-posedness of the weak
solution for continuous and discrete variational formulations of problem (1) and (2). The
norm in the standard Sobolev H"(Q)), m = 0,1,2,..., is denoted by || - ||;». Specially,
if m = 0, the space H(Q) is the general Hilbert L?(Q)), endowed with L?(Q)-scalar
product (-, -) and norm || - [|p. The Sobolev space H} () is the subspace of H!(Q) with
homogeneous boundary condition. For the convenience of analysis, the following Sobolev
spaces are introduced,

X = HY{Q)" = {v € HY(Q)" : v = 0 on 9O}, 3)

M:Lg(n):{qeLZ(Q);/qux:o}. )

From the Poincaré inequality, we know that Vo € X, || Vv||o and ||v||; are equivalent norm
in H'(Q)". And H~!(Q)" denotes the dual space of X with the norm:

Hf“*l = Ssup HUH
0#£veX 1

where (-, -) denotes duality product. Next, let introduce the following integration by parts
formula for the rot operator,

(rotw,u) = (w,rot u),Vu,w € X. (5)
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The weak formulation for the steady micropolar Equation (1) reads: Find (u, w, p) €
X x X x M, such that for all (v,s,9) € X x X x M,

a1(u,v) —d(v,p) +d(u,q) = 2v,(rot w,v) + (f,v), ©)
ay(w,s) +4v,(w,s) = 2v,(rotu,s) + (g, ),
where
a1(u,v) =11(Vu, Vo),
ay(w,s) =1v2(Vw, Vs),
d(v,p) = (p,div v).
In addition, Young's inequality will be frequently used in our analysis below:
_r
ab < %a’” + %bq, a,b,p,q,€€ RY, ;17 + ; =1, p,ge(1,00). ?)

In order to obtain the existence and uniqueness of the weak solution of the problem (6), we
should introduce the following LBB condition [2].

. d(v,q)
inf su > B, (8)
DS Tollal = P

where B > 0 is a constant. Based on the general theory of saddle-point problem, the
variational problem (6) is well-posed, and the following theorem holds [1,2,16]:

Theorem 1. Let f € L*(Q)", g € L?>(Q)", then there exist a unique solution (u,w,p) €
X x X x M of the problem (6), which satisfies

[ully + llewlls + llpllo < e(ll £l -1+ llgll-1)- ©)

Moreover, if () is regular of class C2, then the following regularity result holds [17]:

l[ull2 + [lwll2 +lIplls < el fllo + 18llo)- (10)

Next, we consider the discrete problem. Let 7, be a regular triangulation of () made
up of triangles K. Let hx = diam{K},h = max {hx : K € T, }. Associated with 7, the
finite element spaces (X}, M},) are defined:

Xy ={veC®Q)"NX:vlg € (P (K))",VK € Ty},
M, ={q€C’(Q)NM:q|x € P(K),VK € Ty}

Then, the Galerkin finite element formulation of the problem (6) is to seek (uy, wy, p) €
(Xh/ Xy, Mh), Y (v, sp, %) S (Xh/ X, Mh) such that

{ ay(up, o) — d(oy, pp) +d(up, 1) = 2vy(rot wy, vp) + (f, on), 1)
az(wy, sp) + 4vy(wy, sp) = 2vr(rot up, s,) + (8, 5n)-

From the classical finite element theory [2,18,19], the following assumption is reasonable
Assumption 1. There exist interpolation operators Iv € X, such that
lo = Lollo +hllo = hyolly < ch?[lo]]a, (12)

Furthermore, there exist the projection operator 1, : M — My, for any given p € M,
(p—rup,q) =0,Vq € My, (13)
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then the following inequality holds:
lp = rupllo < chliplls. (14)

Now, we will consider the local interpolation operator.

2k < ch%|[v|lak, Yo € H"(K),

lo = yollox + hxllo = Lol + B llo — Iy
3 .
o= Iyollo,z + hzllo — Ioll1,z < chiloll, g, Vo € H'(K),  (15)
forVK € 7,,Z €T kj, where K= U{K € T}, Z C 0K}. For pressure interpolation, we will
use the Clément interpolation operator [2,20], Cj, : H'(Q) — Mj, satisfying

g —Ch(@) e < ' lqllh,0, Vg € H'(Q), (16)

fort =0,1.

3. Stabilized Mixed Element Methods

Noticing that the variational problem (6) is still a saddle-point problem, u and p
are restricted by the LBB condition. In order to avoid this restriction, we introduce four
stabilized methods to convert the saddle-point problem into an elliptical problem.

3.1. Penalty Method

The penalty method for the micropolar problem (6) is defined as: find (i, we, pe) €
(X, X, M), such that V(v,s,q) € (X, X, M),

a1(ue,v) — d(v, pe) = 2vy(rot we, v) + (f,v),
{ A(ue, q) + €(pe,g) =0, (17)
a(we, s) +4vy(we, s) = 2v,(rot ug,s) + (g,s).

or equivalent

B((ue, we, pe), (v,5,49)) = F(v,5,9), (18)

where

B((ue, we, pe), (v,8,9)) = a1(ue, v) — d(v, pe) — 2v,(rot we, v)
+d(ue, q) + €(pe, q) + a2(we, s) + 4vy(we, s) — 2vy(rot ug,s),  (19)

F(v,s,q) = (f,0) + (& 5)- (20)

Theorem 2. Suppose f,g € H Y(Q)", then there exists a unique solution (ue, we, pe) €
(X, X, M) of the problem (17) which satisfies

l[uelly + llwells + [pello < el fll-1 + lI8l1-1)- (21)

Proof. Obviously, B((ue, we, pe), (v,5,4q)) is continuous and coercive, then by using the
Lax-Milgram theorem, we get the existence and uniqueness of solution. Next, taking
U = U, 5 = We,§ = Pe in problem (17) to get

viluellF + vallwel[F + 4vellewel[§ — 4veluee 1 [lewello + el pe I

2> Vil | + vallwel|F > min{v, va}(Jluellf + [lcwe7)-
villuell§ +ellpell§ < 2velluellillwello + 11 fl|-1luellr, (22)

va|we|§ + 4vy[wel§ < 2vrlluell1llewello + lIg -1 llwellr- (23)
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Adding (22) and (23), we get
min{v, vo}([Juelf + llweld) + ellpell§ < I £l -alluells + 1]l -1llewell
< gmin{v, va el + gmin{v,va} fI2 + gminfy, o} el + zmin{y, v} g,
thus, we obtain
min{v, va}([[uell} + llwell}) + 2l pell§ < min{v, v} (I £12 + lIgl124)-
Then,
luells + llwely < min{v,v2} =2 (£l + ligll-1).
On the other hand, by the LBB condition, taking g = 0 in (17),
Blipello < max{vy, 2vr} ([[ueell1 + llwellr) + [1fll -1 < eCllfll -1+ lIgll-1)-

O

Let consider the relationship between the penalty problem and the solution of the
variational problem.

Theorem 3. Suppose (1, w, p), (e, we, pe) are the solutions of (6) and (17) respectively, then
there exist

[ = uelly + llw = well + [lp = pello < cve. (24)

Proof. Subtracting (17) from (11), we get
a1 (u —ue,v) —d(v,p — pe) +d(u — ue, q) — e(pe, q) = 2v,(rot (W — we),v),

25
Ay (w — we, ) + 4vr(w — we, s) = 2v,(rot (u — ug),s). ()
Takingv = u — g, s = W — we, § = p — pe in (25),
a1 (u — ug, u — Ue) + Az (W — We, W — W) + 4V, (W — We, W — W)
—4v,(w — wg, ot (u—ug)) — e(pe, p — pe) =0, (26)

Furthermore, we have
ap(u — g, — Ug) + a2 (W — We, w — W) + 40 (W — We, W — W)
—4vy(w — we, 1ot (U — ue)) + €(pe, pe) = €(pe, P),

Thus

€ £
vlu = e} + vallew — wellf < SNpllG+ 5 l1pell3-
By using (9) and (21),
vlju—uell} + vallw — wellf < e(lfll-1 + ligl-1)*

On the other hand, taking g = 0 in (25). For the penalty method, d(v, q) still satisfies the
LBB conditions, an estimate of the pressure can be obtained

V.o, l|p—
Bllp = pello < sup 2P = pell)
veX HU”l
< sup a1 (u — e, v)| + |2vy(rot (w — we),v)|
veX ”le

< VlH“ - uEHl +2\f2VrHW - we”l
< max{vy,2v2v, }([[u — uelly + [lw — wel|1),
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which implies that

max v,2ﬁv
1P = pello < {1ﬁr}<||u_u€|1+||w_wg|1>. @)

O

Next, let consider the corresponding discrete weak form of the penalty method (17):
find (ugy, wep, peh) € (X, Xy, My,) such that for all (v, q, s) € (X, Xp, My,),

{ al(”shrv) - d(v, Peh) + d(uehr q) + £<P£hr q) = 2V?<r0t wshrv) + (frv)r (28)
aZ(wehr S) + 41/?‘ (wﬁh/ S) = 21/7‘ (I'Ot Ueh, S) + (g/ S)‘

Theorem 4. The problem (28) exists a unique solution (i, wey, pen) € (Xp, Wi, My,) such that

lugnll1 + lwenlls + Vellpenllo < c(llfIl-1 + lIgll-1)- (29)
Proof. Choosing (v,s,q) = (Ug, Wep, Per) in (28), we obtain

vi[[uenl[§ + vallwenlT + €ll penll§ + 4vrllwen 1§
< vy |lugy |1 l|wenllo + 1 fI1 =1 lluenllr + I8l -1 lcwenll1-

By using Young’s inequality (7), we have
vplluenllilwenllo <velluenI? + 4vel|wenlI5,

1 . _ 1 .
Ll -allttenlls <5min {v, v} M| £]2 4 + Smin {v, vo}|uen]3,

1 . _ 1 .
I8l -1llwen ]l <5min {v,v2}~[lg]2 1 + Smin {v, va}|wenlF,

Then, carrying the above inequalities to get
2 2 2
Vlluenlly + vallwenllt +ellpenllo < [1£ll-1lluenlls + lIgll-1llcwenllr, (30)

and hence,

min {v,v2}(|[uenllf + lwen ) + el penll3
1 . _ 1 . 1 . _
<gmin {v,12} " fI + gmin (v, 00+ Jmin {1,127 ]2,
1 .
+ gmin {v,v2} wg
thus,
in v, V2§ ({|ten |7 enlln enllo < min v, a5 “1 ~1)s
min {v, v2} ([t |1} + lwen7) + 2ellpenll§ < min {v, v2} 7 (1 £1121 + lIgl121)
the above inequality implies that

7

min {v, v2} ey [T <min {v, v2} 71 (1F]2 + 1812

lotenll <min {v, v2} " (I1f -1+ llgll -1

AR+ g2
(

lwenllr <min {v, v} ([ fll-1 + lIgll -1

7

min {v,1,} sthH% <min {v,v,}

7

~— — ~— —

On the other hand, we obtain from (30)

Vellpenllo < c(llfll-1 + Igll-1)-
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Theorem 5. Let (ue, we, pe) and (Ugp, Pep, wep, ) be the solution of (17) and (28), respectively. Then
the error satisfies

e = ttenll1 + lwe — wenll1 + Vellpe = panllo < c(h+ —), (31)

==

Proof. Subtracting (28) from (17) yields

a1 (e — gy, vy) — A(Op, Pe — Pen) + (e — Uep, q) + €(Pe — Pen, q) =2vr(rot (we — W), vp),
aZ(C‘JE — Weh, Sh) + 41/7’(((‘)8 - weh)fs) :zyf(rOt (wf - wsh)rsh)' (32)

Denoting (e, 0, 1) = (Iue — gy, [jwe — wep, 1y pe — pen) With (e,6,717) = (v,s,q), we have

vilel|2 +el|7113 <|vi(V (ue — Iyue), Ve)| + 2vy(rot 8, e) + [2v,(rot (we — Iywe), e)]
+ |d(e, pe — rnpen)| + |d(ue — Iyuien, )| + €l (pe — rupe, 1)1,
V2|07 + 4, [16[15 <[va(V(we — Lywe), 0)| + [4vr(we — Lywe), 0)| 4 2vy(rot ¢, 0)
+ 2v,(rot (ue — Iue),0).

Adding the above two formulas together and simplifying, we get

vlelld + v2l|6]1F + el 71§ <|vi(V (ue — Iyue), Ve)| + [2vy (rot (we — Iywe), €) + d(e, pe — ripen)
+ |d(ue — Iyugn, 17)| + €l (pe — rupe, )| + v2| (V(we — Iywe), 0)]
+ 4v,(rote, 0) + 2v,(rot (ue — Iyue),0)
<ch(llellx + [18]l1 + chl[nllo) ([lue — uell1 + [|we — Tywel1 + l|pe — rnpello),

Now, by using Holder and Young’s inequalities, we obtain

lell + 10111 + Vellyllo < &

Applying the triangle inequality to gain

h
lue — ten |1 + [|we — wenll1 + Vel pe — penllo < c(h + ﬁ)'

O

Theorem 6. Under the Theorems 3 and 5, the errors ||u — ugp||, ||w — wep || and || p — per || satisfy

h
[ — e |l1 + llw — wanll1 + Vellp = penllo < cle+h+ —=).

Ve
Proof. The result based on (24) and (31), we get the above inequality. O

3.2. Regular Method

The variational problem (6) of the regular method is: find (ugy,, Wrp, Pri) € (Xp, Xin, My,)
such that

By ((urn, Wrn, Pr1), (0,5,9)) = F(v,8,9), V(v,5,q9) € (Xp, Xy, My), (33)

where

Ba((urn, Wrns PrA), (0,5,0)) = a1(ugn, 0) + az(wrp, s) + 4vr(wpp, 5) = (div 0, prp)
+ (div ugp, q) — 2vy(rot wgy, v) — 2vy(rot ugy, s)
+ 1% Y (Vpry — 2vrot wgy, Vq)k. (34)
KeTy,

F(v,5,9) = (f,0) +(g,5)+ ) (£, Va),

KeTy,



Entropy 2022, 24, 454

8 of 25

2
where the stabilized parameter tx = K%. For the pressure variable p € M, we define the
mesh-dependent norm

%,K} : (35)

Next, let prove the following continuous and elliptical properties for bilinear form
By ((ugn, wen, pan), (0.5,4)).

Iplln = {TK Y. lp

KeT,

Lemma 1. The bilinear form By ((ugp, wrn, Pri), (0,5,9)), ¥(v,s,q) € X, x Wy, x My, satisfies
the continuous property:

By ((urn, wrn, Pr1), (0,8,9)) < c([|urnlls + [lwrnllt + Il prallo) (1ol + lIsll1 + 1I9llo). (36)

and the elliptical property:

Bo((urn @rns PrA), (R wrn PrI)) = (g3 x + lwornlli g + Iprallz)- (37)

V(urn, Wrn, PRE) € Xp X Wiy X My,

Proof. The continuous property is obvious. Let first consider the restriction of B, (-, -) on
each element K, by using Schwarz’s inequality,

Ba ((uRrn, Wrhs PRI, (URR, WRRs PRR))K
2 2 2 2
=v1[|ugnllL x +vallwrnllt x + 4vrllwrnllox + Tl PrullT x

— 2vp(rot Wy, Urp )k — 2y (rot Ugy, Wrp )k (38)

2V1””Rh|l%,l< + V2||“"Rh”%,l< + 4vy||wgp %,K + TKHpRhH%,K

— dvy (wRp, TO URY K-
Applying Young's inequality with € = 1, we can get the following estimate of (38)

By ((tRn, Wrn, PRI), (URR, WRR, PRI))K

2v,
> (vy — 2vs€) |lugnl|} x + vallwrnllf x + (4vr — 77)||th|\%,1< + 7k prall k

>min {v, v} ([[ugnlf x + lwrnlli &) + Tl pralli k.

on each K, and the proof is finished by adding K € T;,. [

We introduce the following approximation properties [4].

Lemma 2. Let (v,s,q) € [H?(Q) NH(Q)]" x [H>(Q) N H{(Q)]" x [H(Q) N L§(QY)], there
exists an interpolation Ijv such that

lo—Dollf+ Y o= Lol§x < ch?[lol3 - (39)
KeTy,

Theorem 7. Let (u,w, p) € [H2(Q) N H(Q)]" x [H*(Q) N HY(Q)]" x [H(Q) N L3(Q)] be
the solution of (1), then the finite element solution (ugy, wrp, Pry) to (33) satisfies the following
error estimate

lu —ugpll0 + |0 —wrnlla + Ip — prulln < ch([ull2,a + |wll20 +Iplle)  (40)

Proof. Let
e=ugy —Iyu, n=prp—rnp, 0=wpry— hw,

(41)
e, =u— Iyu, M=p—"1p, 0y =w— Lw,
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Then, from Lemma 1, using the definition of B,, we obtain

By ((e,0,1), (e,0,17) = Ba((en, O, 1), (e, 6,17))
=v1(Vep, Ve)a +12(V0y, VO)q +4v,(0;,0)q — (dive, 1,)q
+ (diV 6;,,1’])0 - 21/r(rot 9;1,6)0 - 21/,(rot en, 9)0
+ 1k Y, (Vi — 2verot 6, Vip)k,
KeTy,

but, since ¢, vanishes on 9Q) (since u belongs to H} (Q))"), after integration by parts
Ba((e,6,77), (e, 6,77)
=v1(Vey, Ve)a +12(Vy, VO)a + 4v,(6), 0)q — 2vr(rot 6y, e)a — 2vy(rot ey, 0) 0
= (dive,m)a — (en, Vi)a + 1 3, (Vi Vi)k

KeTy,
s{ )

KeTy,

2k 2vrlenf

+ ||Tlh||01< T

5 e

KeTy,

+ ||div el ¢ + 713« + TK||’7|%,K}

(v2 +2v,) [|04]17 ¢ +4Vr||971“01<

<c[ ¥ (20l + o |
KeTy,

T lmalB + rKnnhn%,K}

Nl—=

Z (1/1 -I—l)

KeTy,

7

from the above inequalities,
min {v, v} (e} + 615 + ||n||,%)

Sc{ > (v +2v)|lenllf e+ — ”ehHOK + (v2+2v0) 041k + 4064115
KeTy,
1

2,}2
AP CRBIT

KeTy, }

Nl

||€h||01<

gc\/max {v1 +1,2vy, 1,6V, } [ Y (1 +2y)
KeTy,
1

2
+(V2+21/7) 2’ :|
1
[llel3 2ol

and hence, dividing by the last term we get
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lells + 11011 + /7l

- vmax {v; + 1,2, cq, 614}
- min {v,v,}

1
T

llen

Y (v 42v)|lenllT g + 0.

KeTy,
1

+ (v2 4+ 20) 104113 + 40 105 & + I + Tl

<ch(|[ullzq + lwl2a+ lIp

1,0)

Finally, since u —uy, = ¢, —e,w — wy, = 0, — 0 and p — p;, = 1, — 11, with the triangle
inequality yields

llu — uy,

10+ [lw —wpllia + lp = pulln < ch([ullza + lwll2.a + IpllLo)-

O

An Improved Error Estimate

Noting that the above estimation of pressure is still depend on the mesh parameter #,
we can modified it into mesh independent. The main idea of proof can refer to the similar
result of [9,21].

Theorem 8. Let (u,w, p) € [H2(Q) N H(Q)]" x [HX(Q) N HY(Q)]" x [H(Q) N L3(Q)] be
the solution of (1). Then, the error satisfies

0,0 < ch(|u

lu —ugplli0+ o —wrilla+ lp — pPra 20+ w20+ 1pllLa)-

Proof. Noting that, if we choose 7z = 0 in the multiscale enrichment method of the next
subsection, then we can recover the regular method from the multiscale enrichment method.
The proof is omitted. O

3.3. Multiscale Enrichment Method
Find (upmn, @i, Pman) € (Xn, Wi, M), such that

B3 ((upmn, Wmn, pan), (0,8,9)) = F(v,5,4), (42)
where

B ((umn, wmn, Pyn), (v,5,9))

=ay(upp, 0) + a2 (Wi, ) + 4vr(wWpmn, s) — (div o, pagn) + (div upp, q)
— 2vp(rot W, v) — 2v,(rot tupgy, S)
+ ), w(Vpan — 2vrot wam, Vi)k

KeTy,
+ 2 Tz ([VOntnnl, [VOnv]) 7, (43)
Zel"kj
F(v,5,9) = (f,0)a+ (&s)a+ Y, w(f, Vi (44)
KeT,
2
K = ﬁK}ll/If’ Tz = ,Be%, (45)

where 1 and 77 are the positive stabilization parameters, the quantity h; = |Z| is the
length of the edge Z, Z C 9K, and [v] denotes the jump of v across I';. Define the mesh-
dependent norms

IlllF = nllolia+ Y wllvendllfz (46)
zel"kj
lqllf = Y- wlqllf k- (47)

KeT,
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Before analyzing the stability of the method given by (42), we introduce the following local
trace theorems

6k + hxllo

o 1K)- (48)

dax < el [0
Lemma 3. The bilinear form Bs((upmn, Wan, Pvn), (0,5, 9)) satisfies the continuous property

Bs((untn, W, Pamn)- (0,5,9)) < cllupnlln + lwnn |+ 1paanllo) (ol + (sl + [lqllo)- (49)
for all (upty, Wptn, Pavn) € (Xn, X, M), (v,8,9) € (X, Xy, M), and the elliptical property

B3 ((unth, Wntns Paan), (Ui @i Pmn))

>c(lupnlia+ Y 2l vionumn]li§ 2 + lwmn
Zel“kj

%,Q+ lpamll7)- (50)

Proof. The continuous property follows using (48) and Cauchy-Schwartz inequality.

B3 ((tntn, wnins Pan), (Ui, Wiy Pan) ) K
=v1|Jupnl|1§ x + vallwmnll x + 4vellwnnl§ x + Tl panl5

—dve(wpp rot upm)k + Y, Tzl [vidntam] |15 2
Zel“kj

2 2 2 2
1k T vallwnmll1x + 4vellwnm o x + Tl Pamm o,k

— vl lloxl| Vunmllox + Y tzll[vidnuam] 15 2-
Zel"kj

> ||t

Since 2ab < %az + eb? with € > 0, we see that
B3 ((vptn, wnins ), (Unans Wty Pyin) ) K

2v
2 2
1k + (4vr — ?r)”thHO,K

> (v1 — 2ve€) lupmn|Ii x + vallwan

+ Y wlpmnllix+ Y tzllvidnun
KEE ZGrk]‘

2
0,2

Finally, taking € = % to obtain

B3 ((uat, @nns Paan ) (s Wt PMn) ) K

EVHuMhH%,K+V2||“’Mh“%,[<+ Y TI<||PA/111H%,1<+ Y TZH[Vlan”Mh]H%,Z
KeT, ZeTy;

>c(lumnllix + Y wlvionumnlllg,z + lomnllix + lpamll7)-
ZeI"kj

O

Next, we introduce the interpolation error about the Clément interpolation operator.

Lemma 4. Let (v,s,9) € [H2(Q) N H(Q))? x [H2(Q) N H(Q))* x [HY(Q) N L3(QY)], and
Gn = Cn(q) — %, such that

o= Lol + ¥ wicllo = Lol < cnillol3q, G1)
KeTy,
9=l + =l — dullo < dh—Ia] ©2)
q—aqnlln \/17117 qnllo,0 = \/ﬂfil,o.
Proof. The result comes from the norm definition and uses || — i ll0,0 < |19 — Cr(9) /0.0

to combine with (15) and (16). O



Entropy 2022, 24, 454

12 of 25

Theorem 9. Let (u,w,p) € [H?(Q) N H{(Q)]" x [HX(Q) N H{(Q)]" x [HY(Q) N L3(Q)]
be the solution of (1), and (upg,, Wpty, Pmn) the solution of (42). Then, the following error
estimate holds
1
= usnllln + llw = wmnllia + e = pvnlln < ch(vVnllulo + llwll0 + ﬁ“?’“l,ﬂ)-
Proof. For the sake of simplicity, let i1, = Iu, @, = Lw, (1, 19,4)) = (u— iy, w —
@p, p— Pr). Then

villug — 3+ Y w2 lvi0n (uaan — @) 13,7 + vallwnmn — @ullF + | paan — Pll3
Zel"k]-

<Bs((umn — tlp, Wnin — @n, Prvan — Pr), (Unn — B, Wpgn — @ns Prvan — Pi))

=Bs((njt, 70,10, (uaan — @, wpgn — @n Pain — Pi)

=v1(Vigy,, V(upn — ) )a + va (Vg V(wmn — @n))o +4vr (13, wmn — @n)o
— (div (upg — @), 15) 0 = (73, V (Paan — Pn))a = 2ve (vt 1 ttpmn — )

— 2y (rot 7, Wy — @)+ Y (VL V(P — Pr))k
KeTy,

+ ) wz([viouny], [vidw (uamn — n)])z
ZETy,

< [vllliﬁfllio + 2l 1 o + 4vellngy 15,00 + 2ve 75 15,00 + 20 i 13 2 + 7y .

A P A [ i A | P %
ZErk]'

' [V1||MMh — 1§ + vallwomn — @nllF o + 6vellwnn — @ull§ o + 2valluan — @i

2
+2 3wl Vipmn — PGk + L w2l [v1dn(uam *ﬁh)]”az}
KET, Zely

1
2
<c [I it 117+ vallil 13 0 + 13 15 0 + 6vellid 15 0 + Ml 150 + IIU}fIIi}

1

s = w1+ vallwnas = @l + s — ]
Hence, dividing by the last term we get

ptn — |||+ vollwomn — @nllio + 1pvn — Prlln
1

2
<c {Illmﬁ‘llli + g 13 o + k13 o + 6velln 13,0 + I 5.0 + ) 117

<ch(y/v1][ull,0 + [lw

1
20+ WHP 1,0)-

Finally, combing above inequalities with the triangular inequality gives the following result.

1
1l = waanllle + v2llw = wrmmllne +llp = pamnlln < h(Vrllullzn +llwlla + —=llpla)-

N
O
Remark 1. Because of the norm definition, we cannot guarantee convergence of pressure. The

next result shows that we have an independent optimal error estimate of h in the natural norm
of pressure.
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Theorem 10. Let (u,w,p) € [H2(Q) N H{(Q)]" x [H*(Q) N H(Q))* x [HY(Q) N LE(Q)]
be the solution of (1), and (upgy, Wpm, Pun) the solution of (42). Then, the following error
estimate holds

lp = pmulloa < ch(vllull,a + [[wll2za + lIpllLa)-

Proof. Known by the continuous inf-sup condition, there exists ¢ € X such that V- ¢ =
p—pmn and [|@ll1,a < cllp — pmnlloq- Let ¢, = Cp(9) € X, we obtain

Ip = pmnllga =(V-@.p = pmn)a = (V- (@ = o), p — pan)a + (V- @, p — Pan)a
<= Y (¢— o, V(p—pmn))k +vi(V(u—1up), Vor)o

KGTh
—2v(rot (w — wpn), en)a + Y, T2 ([v1dn(u — upp)], [110n94])o,z
ZErk]'
< Y o= eulloxllp — pa)llig +vallu — unnllnollemnllio
KeTy
+ 20 |w — W llallemullon + Y, Tzl [v10n (1 — wupm)]llo,z 1 [v10n@nlllo,z

Zel"kj

1

S[ Y e = eullik +ullenlia +2vllonllfa+ Y- Tzllnduenlll 2

KeT, Zely;

' [ Y illp — pa) B+ vt — nanlZ 0 + 20l — wonanlBia
KeT,

+ ) w2l[vidn(u — w3 2
Zerk]'

1
<evvi([||u = upml|ln + llw — wsmllna + P = pan) 1) (90 + lonllia)?

1
<ch/in(vrllulba + [wlaa + ——plha)lp - puslloa,
Vi

Then divide by the last term to get the result. [

3.4. Local Gauss Integration Method

The center idea of this method is to add two local Gauss integrals to the original
discrete formulation, seek (ugp,, wan, Par) € (Xpn, Xp, My,) such that

a1(ucn,v) —d(v, pen) + d(ucn q) + G(pon,q) = 2vr(rot wey, v) + (f, ), (53)
ax(wgp, s) + 4vr(wgp, s) = 2vy(rot ugy, s) + (g, 9),

By((uGn wen, pan), (v,s,q)) = F(v,s), (54)
where
By ((ucn, wan, pan), (v,5,9))
=B((ucn, wcn, pcn), ((v,8,q)) — G(pcn.q)
=v1(Vugy, Vo) + 1n(Vwgy, Vs) — (div v, pgy,) + (div ugp, q)
+ 4vy(wgn, s) — 2vy(rot wgyp, v) — 2vr(rot ugy, s) — G(pan,9), (55)

F(v,s) = (f,0) + (&9), (56)
G(pgn, q) is defined by

G(pen q9) = (pern — Mpgr,q —11q), (57)

forall (v,s,q) € (X;, X, My), and ITis a L? projection operator with the following properties:
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(p.q) = (IIp,q), Vp € L*(Q),q € Ry, (58)

ITTpllo < clipllo, Vp € L2(Q), (59)

lp —Tpllo < ch|lpll1, Vp € H(QY), (60)

where Ry C L?(Q) denotes the piecewise constant space associated with the triangula-
tion 7j,.

Obviously, this method does not require a complex computation or a stabilization
parameter. It is only necessary to compute the block G, with simple Gauss integrals. The
stabilization term is defined as follows:

Gpenq) = / dx — / d } 61
(PGnq) K;j(]{ o Pentdx— | panqdx (61)

where [ . pcpqdx indicates a local Gauss integral over K that is exact for polynomials of
degree i,i = 1,2. Obviously, the bilinear form G(pgy, 9) is symmetric and semi-definitely
generated on each local set K.

Theorem 11. The bilinear form By((1.gy, wan, Pcn), (v,5,q)) satisfies the continuous property
By ((ugn, wen pan), (v,8,q)) < c(llugnlls + llwenllr + Ipcnrllo) Cllolls + [Islli + llgllo)  (62)
where ¥ (ugp, wgn, Par), (0,5,q) € (X, Xy, My,), and the coercive property

su |B4((”Gz,wch, Zch),(U,ZSIﬂ)ﬂ ZB(
@sqexpwWi M, (oI5 + lIslly + llqll5)2
(tGh, weh, pch) € (Xp, Xn, My,), (63)

1
lucnlli + lwenll + lIpenll§)?,

where B is a positive constant depending only on Q).
Proof.

|Ba((uGn, wan, pan), (v,5,9))]
=[v1(Vugp, Vo) +v2(Vwey, Vs) —d(v, per) + d(ucn, 9)
+4v,(wgp, s) — 2vy(rot wgy, v) — 2vp(rot ugy, s) — G(pgn, 9)|
<c(llucnllrllolly + llwenllxllsll + lucnlllisll + llwerll vl
+ lloll1llpenllo + lucnllxllgllo + llpcrllollgllo)
<c(llugnllr + llwgnllr + l[pcnllo) (1ol + lIsll1 + llqllo)-

Thus it suffices to show the continuous property.
For the coercive property of By, Vpg;, € M, there exists a positive constant Cy and
z € X such that [2]

(div z, pn) = llpcnllf, (64)
Izll1 < collpenllo- (65)

Setting the finite element approximation zgy, € X, of z, we have

lzenllh < cillpenllo- (66)

Then, for any pg, € My, we choose any (v,s,q9) = (ugy — Azgn, wgh, —Par), where 0 <
/\ < 2(1—C1)

C1

vy
Obviously, it follows from (58)-(61), (65) and (66) and the Young inequality that
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By((ucn, wen, pan), (v,8,9)) = Ba((ucn, wen, Pon), (en — Azon, wen, Pan))
=ay (ugp, ucn) — aa1(ugn, zan) + a2(wen, wen) + Ad(zgn, pon)

+ vy (wen, won) — 4vr(wen, rotucy) + 2avy(rotwen, zgn) + G(Pon, PGn)
>v1||ugnlli + vallwanlli + G(pan pen) + 4vrllwenlld — Avillugnll1llzanll

—4vil|wenllollucnllh — 2vrllwanllollzenllr + Ad(zen — 2z, pen) + Ad(z, pon)

2
v VyX
ZEH”Gh”% +wallwenl3 + G(pen por) + AMlpenlls — rT”ZGhH%

—Mper — Hpenllillpenllo

A2 g 1
3 Zr — 4T)HPGhH% + EG(thrth)

>cs([[ugnli + llwanlF + llpenllp)- (67)

v
> Nlucnll +vallwenll + (A —

Finally, we remark that
[ollx + lIsll + llgllo = lluen — Azanllr + llwenllr + [Ipcnllo
1
< co(llucnlli + lwenlld + Ipcnl§)?,
setting B = E—Z, which finishes the proof. O

Theorem 12. Let (u,w, p) € [H>(QY) NH(Q)]" x [H2(Q) N H(Q)]" x [HL(Q) NL(QY)] be
the solution of (1), the stabilized finite element solution (1, wgn, par) satisfies the error estimates:

[t = ucnll + llw = wenlly + lp = penllo < ch([lull2 + llwllz + liplh)- (68)

Proof. Subtracting (54) from (6), we have

By((u — ugn,w — wen, p — pan), (v,5,9)) = G(p,q). (69)

By setting (e,6,17) = (Iyu — ugy, Iyw — wgn, tp — Pan), it follows from, we can see that

By((e,0,1), (v,5,9))
=G(p,q) — Ba((u — yu,w — Lyw, p —r,p), (v,5,9))
<|G(p, @) + [Ba((u — Iyu,w — Iyw, p —1p), (,5,9))]
<cllp —Tplloliqllo + c(l[u = Iyull1 + [[w — Lwl1 + [[p — rupllo) ([ollr + lIsll1 + llqllo)
<ch|[plla([lollr + lIsllx + llqllo) + ch(llull2 + [lwll2 + [Ipll) (ol + sl + llqllo)
<ch([lull2 + llwll2 + pl) (ol + lIsll1 + llqllo)- (70)

Obviously, it follows from (63) and (70) that

~ 1 B 619/ 0,8,
B3+ 61 +InlRt < sup  ABallefm) (s o)
bttty ([ol2+ [sI2 + [12)3

<ch(llullz + [lwll2 + l[pll)- (71)

Thanks to (71) and the triangle inequality

lu —ugplli + [lw — wenllh + lp — penll
<|Ju — ull1 + [|w — Liwl|ly + [[p — rupllo + llells + (18111 + [[7]lo
<ch(llull2 + [[wll2 + llpll1)-
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4. Numerical Experiments

In this section, we numerically compare the performance of the various stabilized
mixed finite element methods discussed in the previous section for two examples. It is
numerically solved by the stabilized mixed methods on uniform meshes (see the first
picture in Figure 1). The second example solves the same problem on unstructured meshes
(see the last picture in Figure 1). We recall that in our computations, the pressure and
velocity are approximated by piecewise linear finite elements. All these computations have
been based on the package FreeFem++, with some of our additional codes. The stabilized
term of the regular must be controlled by carefully designed mesh-dependent parameters,
whose optimal values are often unknown.
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Figure 1. Two kinds of mesh.

We now report the convergence rates for the penalty, regular, multiscale enrichment,
and local Gauss integration methods for the steady micropolar equations solved by using
the lowest equal-order element p; — p; — p1 on the first uniform triangular mesh (see the
first panel in Figure 1). The errors in the relative L?(Q)- and H'!(Q)-norms for the velocity,
angular velocity, and the relative L?(Q))-norm for the pressure and their corresponding
convergence rates are given in Tables 1-4. In addition, the theoretical convergence rates
should be of order O(h?) and O(h) for the velocity and angular velocity in the L?(Q)- and
H'(Q)-norms, respectively, and of order O(h) for the pressure in the L?(Q)-norm by using
all these stabilized methods. It follows from Tables 14 that the theoretical results are
confirmed for the velocity. Except for the penalty method, the speed and convergence order
of the other methods have reached the results of theoretical analysis.

Table 1. Typical structured mesh with ¢ = O(h%) for the penalty method.

u—u w—w -
CPU W up1-Rate W wpy1-Rate W pr2-Rate

12 0.071 1.512 x 10° 8.828 x 1071 9.606 x 1072
24 0.320 0.4089 1.139 x 10° 0.4948 5.615 x 1071 0.6529 6.817 x 1072
36 0.846 0.4332 9.555 x 101 0.4873 4.405 x 101 0.5985 5.595 x 102
48 1755 0.4440 8.409 x 1071 0.4841 3.740 x 10~1 0.5683 4867 x 1072
60 3.185 0.4505 7.605 x 1071 0.4826 3.309 x 1071 0.5497 4370 x 1072
72 5332 0.4551 6.999 x 10~1 0.4819 3.000 x 1071 0.5373 4.003 x 102

S

Table 2. Typical structured mesh with e = 10~ for the penalty method.

+ crU W urs-Rate % ug1-Rate W wis-Rate W pr2-Rate
12 0.046 8.656 x 1072 2.848 x 1071 3419 x 1072 1.912 x 10!

24 0225 2137 x 1072 2.018 1.412 x 107! 1.012 8.601 x 1073 1.991 1.012 x 10~} 0.917
3 0.668  9.447 x 1073 2.014 9.386 x 1072 1.008 3.825 x 103 1.999 7.059 x 1072 0.890
48 147 5298 x 1073 2.010 7.027 x 1072 1.006 2152 x 1073 2.000 5.549 x 102 0.836
60 2.806 3.385x 1073 2.008 5.615 x 1072 1.005 1.377 x 1073 2.001 4671 x 1072 0.772
72 4965 2348 x 1073 2.005 4.675 x 1072 1.005 9.560 x 1074 2.001 4109 x 102 0.704
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Table 3. Typical structured mesh for the regular method.

3+ cpPU W urs-Rate W ug1-Rate W wis-Rate w pr2-Rate
12 0.053 1.641 x 10! 4.454 x 1071 3.225 x 1072 3.045 x 1072

24 0281  4.069 x 1072 2.012 1.800 x 10! 1.307 8.121 x 1073 1.990 9.207 x 103 1.726
36 0734 1.797 x 1072 2.016 1.077 x 1071 1.268 3613 x 1073 1.998 4675 x 1073 1.671
48 1517  1.001 x 1072 2.013 7.565 x 1072 1.226 2.033 x 1073 1.999 2916 x 1073 1.641
60 2768  6.430 x 1073 2.011 5.794 x 1072 1.195 1.301 x 1073 2.000 2.032 x 1073 1.619

72 465 4457 x 1073 2.010 4,680 x 102 1.171 9.034 x 1074 2.000 1517 x 1073 1.604

Table 4. Typical structured mesh for the multiscale enrichment method.

3+ cpPU W urs-Rate % ug1-Rate W wis-Rate W pr2-Rate
12 0.1 1.723 x 107! 4387 x 1071 3.394 x 1072 3.116 x 1072

24 0529 4429 x 1072 1.960 1.777 x 107! 1.304 8.847 x 1073 1.940 9.466 x 103 1.719
36 1446  2.021 x 1072 1.936 1.067 x 1071 1.259 4.063 x 1073 1.919 4814 x 1073 1.668
48 3112 1170 x 1072 1.900 7.520 x 1072 1.216 2.361 x 1073 1.888 3.005 x 103 1.638
60 5755 7.718 x 1073 1.863 5.775 x 1072 1.183 1.561 x 1073 1.853 2.095 x 1073 1.617
72 9652 5533 x1073 1.825 4,676 x 1072 1.158 1.121 x 1073 1.817 1.564 x 1073 1.602

4.1. Problems with Smooth Solutions

Setting Q) = [0,1]?, equation parameters v = v, = ¢, = ¢; = 0.1, we take penalty
parameter ¢ = 107% and ¢ = O(h%) in Tables 1 and 2 respectively, f; = 100, B> = 100,
B3 = 150, and the exact solution (u, w, p) is with the right-hand side function f generated
by the exact solution:

uy(x,y) =10 (x = 1)%y(y — 1) (2y - 1),
ua(x,y) = — 10x(x — 1)(2x — Dy — 1)
w(x,y) =10x*(x = 1)%y(y — 1)(2y — 1) = 10x(x — 1) (2x — )y (y — 1)%,
p(x,y) =10(2x —1)(2y — 1).

It can be seen from Tables 2-5 that, except for the multiscale enrichment method, the
velocity and angular velocity convergence order of the other methods have reached the
result of theoretical analysis. The velocity and angular velocity L?(Q)-norm convergence
order of the multiscale enrichment method do not reach O(h?) with the refinement of the
grid. The convergence speed of the L?(Q))-norm of the pressure of the regular method, the
local Gauss integration method, and the multiscale enrichment method has almost reached
O(h1'5), which are better than the expected results of the theoretical analysis.

Table 5. Typical structured mesh for the local Gauss integration method.

1 lu—ucnllo _ lu—ucnllx _ lwo—wenllo ~ lp—=panllo _
7 CPU Talo ur>-Rate Tl ug1-Rate Tl wio-Rate el pi2-Rate
12 0054 2127 x10°! 4612 x 1071 3.313 x 1072 2.909 x 1072

24 0256 5273 x 1072 2.012 1.753 x 107! 1.396 8.336 x 1073 1.991 8.306 x 1073 1.809
3  0.682  2.335x 1072 2.009 1.036 x 107! 1.297 3.707 x 1073 1.999 4103 x 1073 1.739
48 1357 1311 x 1072 2.006 7.269 x 1072 1.232 2.085 x 1073 2.000 2561 x 1073 1.700
60 2403 8.385x 1073 2.003 5.575 x 1072 1.189 1.334 x 1073 2.001 1.733 x 1073 1.672
72 3938 5.823x1073 2.000 4513 x 1072 1.159 9.264 x 1074 2.001 1.282 x 1073 1.652

Additionally, note the CPU time listed in Tables 2-5, all our calculations are performed
under the same computing platform. From Tables 2-5, as the grid is encrypted, the
multiscale enrichment method consumes the most time, while the local Gauss integration
method consumes the least time.
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In addition, take the other exact solution as follows:

uy(x,y) = msin?(7x) sin(27y),

up(x,y) = —msin(2mx) sin®(ry),
p(x,y) = cos(7tx) sin(my),
w(x,y) = mwsin?(x) sin?(my).

Given unstructured triangular mesh of () with different 1 = 0.270282, 0.14633, 0.073319,
0.0368164, 0.0188245, the errors are listed in Tables 6-9.

Table 6. Unstructured mesh for the penalty method.

% ||“Eu””e:||0 ur»-Rate ||”Eu””elh||1 up1-Rate lel_wuljleohllﬂ wis-Rate ”pll_pﬁle:”‘] pLz-Rate
0.270282 1.0559 x 100 1.0587 x 1070 1.1639 x 101 9.5639 x 102
0.14633 1.7658 x 101 291 6.6212 x 10! 0.77 2.6803 x 1072 2.39 9.9276 x 1073 3.69
0.073319  2.1140 x 102 3.07 1.7191 x 101 1.95 6.6651 x 1073 2.01 2.5280 x 1073 1.98
0.0368164  3.3790 x 1073 2.66 5.6879 x 102 1.61 1.6494 x 103 2.03 7.4832 x 10~* 1.77
0.0188245  7.3197 x 10~* 2.28 2.5374 x 1072 1.20 41029 x 104 2.07 1.8817 x 104 2.06
Table 7. Unstructured mesh for the regular method.
B Ut weRee  Ppph  weRae Mgk ewRee Bk paRee
0.270282  1.8999 x 101 4.0094 x 107! 1.4119 x 101 6.1590 x 10°
0.14633 5.0548 x 102 2.16 1.9939 x 101 1.14 3.3420 x 1072 2.35 2.0315 x 10° 1.81
0.073319  1.2644 x 102 2.01 9.8450 x 1072 1.02 8.3367 x 1073 2.01 5.4865 x 107! 1.89
0.0368164  3.1384 x 1073 2.02 4.8764 x 1072 1.02 2.0596 x 103 2.03 1.5511 x 101 1.83
0.0188245  7.9530 x 1073 2.05 2.4324 x 102 1.04 5.1178 x 104 2.08 4.8886 x 1071 1.72
Table 8. Unstructured mesh for the multiscale enrichment method.
% 7”uﬂ:m)"”° uy-Rate 7”"_:('"1"”1 ug1-Rate 7“‘4’-:}01\::”0 wis-Rate 7””]5%"”0 pr2-Rate
0.270282  5.3045 x 1071 5.7977 x 10° 1.9495 x 101 3.9490 x 10°
0.14633 1.6679 x 101 1.89 2.8543 x 109 1.15 5.3267 x 1072 2.11 1.6592 x 100 1.41
0.073319  4.9313 x 102 1.76 1.3982 x 100 1.03 1.4854 x 1072 1.85 4.9800 x 1071 1.74
0.0368164  1.5745 x 1072 1.66 6.9553 x 101 1.01 4.3683 x 1073 1.78 1.6378 x 1071 1.61
0.0188245  5.8796 x 1073 1.47 3.5345 x 107! 1.01 1.4678 x 1073 1.63 6.3343 x 1072 1.42
Table 9. Unstructured mesh for the local Gauss integration method.
% 7””ﬁ;”50"”° uy-Rate 7””H'”G1"”1 ug1-Rate 7”“1[:;](;"”0 wis-Rate llp—penllo ﬁ;”‘;””” pr2-Rate
0.270282  1.8272 x 1071 3.9585 x 10~} 1.4450 x 101 4.6246 x 100
0.14633 45578 x 10~2 2.26 1.9863 x 101 1.12 3.4643 x 1072 2.33 1.9980 x 10° 1.37
0.073319  1.1183 x 102 2.03 9.8443 x 102 1.02 8.6578 x 1073 2.01 6.1863 x 10! 1.70
0.0368164  2.7425 x 103 2.04 4.8775 x 1072 1.02 2.1423 x 1072 2.03 1.9223 x 10! 1.70
0.0188245  6.8186 x 104 2.07 2.4329 x 1072 1.04 5.3335 x 10~* 2.07 6.5361 x 1072 1.61

4.2. The Lid-Driven Flow

This gives the lid-driven flow on a square area, which has a boundary condition of no-
slip, and only at the upper boundary {(x,1) : 0 < x < 1} satisfiesu; = 1,up = 0,w = 1. We
assume that the normal component of velocity is zero on d(), and the tangential component
is zero, except that y = 1 is set to 1. In Figures 2—-6, we show the pressure levels and velocity
streamlines with ¢ = 107°,1/h = 20 based on these four methods. It can be seen from
Figures 2-6 that only the Gauss method can get the resolved pressure.



Entropy 2022, 24, 454

19 of 25

0.8

3
w©
30
Y
10
o
10
2
30

)

S0

0.6

0.4

0.2

:
A S NN N
[

)

0.2 0.4 0.6 0.8
X

0.2 0.4 0.6 0.8
X

Figure 5. Pressure level lines and velocity streamlines for the local Gauss intergration method.
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Figure 6. Pressure level lines and velocity streamlines for the local Gauss intergration method
of plb-p1-plb.

4.3. The Co-Axis Bearing Lubrication

In this example, we extend these stabilized methods to the nonlinear co-axis bearing
lubrication problem. In Figure 7, the typical fluid domain, boundary conditions, and structured
grid are drawn. The fluid domain is an angular domain between outer boundary I'y with
radius r1 and inner boundary I'; with radius ;. The outer boundary is steady, and the inner
body surrounded by I'; is supposed to rotating along axis with rotating angular velocity w;.
So the homogeneous boundary condition uy = u, = w = 0 on I'y, shearing velocity boundary
condition 1y = —raw,sin(wyt), uy = rowycos(w,t) and w = 0 on T are added.
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Figure 7. Survey region (left) and typical structured mesh (right).

In this example, the parameters are selected as r; = 1,7, = 0.5, mesh size h = 1/200,
j=v =1 =c = c; =01, equation parameters v = v, = ¢, = ¢; = 0.1, ¢ = 1078,
B1 = 100, B, = 100, B3 = 150. Some numerical results with rotating angular velocity

w; = 100,500,1000 are shown in Figures 8-23. We observe that the pressure is well
obtained by the local Gauss integration method.

o T
0.5 1

Figure 8. w;, = 100,500, 1000, pressure level lines for the penalty method.
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Figure 12. w, = 100,500, 1000, pressure level lines for the regular method.
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Figure 16. w, = 100,500, 1000, pressure level lines for the multiscale enrichment method.
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Figure 20. w;, = 100,500, 1000, pressure level lines for the local Gauss integration method.
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Figure 23. w, = 100,500,1000, angular velocity for the local Gauss integration method.

From the above figures, as the rotation speed increases, the magnitude of fluid com-
ponents horizontal velocity, vertical velocity, angular velocity, and pressure also increase.
When w;, = 100, the pressure of the local Gauss integration method performs better. Taking
different values of wy, the fluid field is still smooth, correspondingly, the non-linearity on
the boundary also increases. It can also be applied to practical problems and has a wide
range of applications.

5. Conclusions

In this paper, based on the lowest equal-order finite element space pair, a variety of
stable mixed finite element methods are numerically studied for the stationary micropolar
equations. The following conclusions are drawn through numerical comparison. The
stability and efficiency of all these methods depend on their parameter values. As far as the
penalty method is concerned, The smaller the parameter value, the more stable the method.
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However, for the regular and multiscale enrichment methods, their performance largely
depends on the choice of the stabilization parameters. In fact, it is difficult to choose fine
parameters. The local Gauss integration method has no stable parameters and shows the
best performance among the considered methods on the numerical results.

Author Contributions: Formal analysis, J.L. and D.L.; Methodology, J.L. and D.L. All authors have
read and agreed to the published version of the manuscript.

Funding: The work is supported in part by research Fund from the Key Laboratory of Xinjiang
Province (No. 2022D04014) and the NSF of China grant (Nos. 12061075, 12061076).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the editor and referees for their valuable
comments and suggestions which helped us to improve the results of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Eringen, A.C. Theory of micropolar fluids. J. Math. Mech. 1966, 16, 1-18. [CrossRef]

2. Girault, V.; Raviart, PA. Finite Element Methods for Navier Stokes Equations: Theory and Algorithms; Springer: Berlin, Germany, 1986.

3. Brezzi, F; Fortin, M. Mixed and Hybrid Finite Element Methods; Springer: New York, NY, USA, 1991.

4. Douglas, J., Jr.; Wang, J.P. An absolutely stabilized finite element method for the Stokes problem. Math. Comput. 1989, 52, 495-508.
[CrossRef]

5. Bochev, P.; Dohrmann, C.; Gunzburger, M. Stabilization of low-order mixed finite elements for the Stokes equations. SIAM ].
Numer. Anal. 2006, 44, 82-101. [CrossRef]

6. Li, J; He, Y,; Chen, Z. Performance of several stabilized finite element methods for the Stokes equations based on the lowest
equal-order pairs. Computing 2009, 86, 37-51. [CrossRef]

7. Kechar, N,; Silvester, D. Analysis of a locally stabilized mixed finite element method for the Stokes problem. Math. Comput. 1992,
58, 1-10. [CrossRef]

8.  Carey, G.F; Krishnan, R. Penalty approximation of stokes flow. Comput. Methods Appl. Mech. Eng. 1982, 35, 169-206. [CrossRef]

9.  Barrenechea, G.; Valentin, F. An unusual stabilized finite element method for a generalized Stokes problem. Numer. Math. 2002,
92, 653-677. [CrossRef]

10. Li,J.; He, Y. A stabilized finite element method based on two local Gauss integrations for the Stokes equations. J. Comput. Appl.
Math. 2008, 214, 58-65. [CrossRef]

11. Araya, R.; Barrenechea, G.; Valentin, F. Stabilized finite element methods based on multiscale enrichment for the Stokes problem.
SIAM ]. Numer. Anal. 2006, 44, 322-348. [CrossRef]

12.  Franca, L.; Madureira, A.; Tobiska, L.; Valentin, F. Convergence analysis of a multiscale finite element method for singularly
perturbed problems. Multiscale Model. Simul. 2005, 4, 839-866. [CrossRef]

13. Franca, L.; Hughes, T.J.R.; Stenberg, R. Stabilized finite element methods. In Incompressible Computational Fluid Dynamics;
Gunzburger, M., Nicolaides, R., Eds.; Cambridge University Press: Cambridge, UK, 1993; pp. 87-107.

14. Baiocchi, C.; Brezzi, F.; Franca, L.P. Virtual bubbles and Galerkin-least-squares type methods. Comput. Methods Appl. Mech. Eng.
1993, 105, 25-141. [CrossRef]

15.  Yang, L.; Badia, S.; Codina, R. A pseudo-compressible variational multiscale solver for turbulent incompressible flows. Comput.
Mech. 2016, 58, 1051-1069. [CrossRef]

16. Temam, R. Navier-Stokes Equations-Theory and Numerical Analysis; AMS: Providence, RI, USA, 2001.

17.  Heywood, J.G. The Navier-Stokes Equations: On the Existence, Regularity and Decay of Solutions. Indiana Univ. ]. Math. 1980, 29,
639-681. [CrossRef]

18. Ciarlet, P.G. The Finite Element Method for Elliptic Problems; North-Holland: Amsterdam, The Netherlands, 1978.

19. Fortin, M. An analysis of the convergence of mixed finite element methods. RAIRO Anal. Numer. 1977, 11, 341-354. [CrossRef]

20. Ern, A.; Guermond, J.L. Theory and Practice of Finite Elements; Springer: New York, NY, USA, 2004.

21. Clément, P. Approximation by finite element functions using local regularization. RAIRO Anal. Numer. 1975, 9, 77-84. [CrossRef]


http://doi.org/10.1512/iumj.1967.16.16001
http://dx.doi.org/10.1090/S0025-5718-1989-0958871-X
http://dx.doi.org/10.1137/S0036142905444482
http://dx.doi.org/10.1007/s00607-009-0064-5
http://dx.doi.org/10.1090/S0025-5718-1992-1106973-X
http://dx.doi.org/10.1016/0045-7825(82)90133-5
http://dx.doi.org/10.1007/s002110100371
http://dx.doi.org/10.1016/j.cam.2007.02.015
http://dx.doi.org/10.1137/050623176
http://dx.doi.org/10.1137/040608490
http://dx.doi.org/10.1016/0045-7825(93)90119-I
http://dx.doi.org/10.1007/s00466-016-1332-9
http://dx.doi.org/10.1512/iumj.1980.29.29048
http://dx.doi.org/10.1051/m2an/1977110403411
http://dx.doi.org/10.1051/m2an/197509R200771

	Introduction
	Problem Statement
	Stabilized Mixed Element Methods
	Penalty Method
	Regular Method
	Multiscale Enrichment Method
	Local Gauss Integration Method

	Numerical Experiments
	Problems with Smooth Solutions
	The Lid-Driven Flow
	The Co-Axis Bearing Lubrication

	Conclusions
	References

