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Abstract: We developed a quantum scheme of two atoms (TAs) and field initially in a negative
binomial state (NBS). We displayed and discussed the physical implications of the obtained results in
terms of the physical parameters of the model. By considering that the TAs were initially prepared
in a maximally entangled state, and that the single-mode field was in the NBS, the dynamics of
quantum phenomena such TAs-field entanglement, TAs entanglement, and parameter estimation
were examined. We found that the quantum quantifiers exhibited randomly quasi-periodic and
periodic oscillations that depended on the success probability, photon number transition, and the
intensity-dependent coupling effect. Furthermore, we analyzed the connection between the dynami-
cal behavior of the quantifiers. This system can be compared with some other ones that are being
discussed in the literature, in order to realize the quantum entanglement, and to control the precision
of the parameter estimation.

Keywords: negative binomial states; binomial distribution; atomic systems; entanglement; parameter
estimation

1. Introduction

The simplest physical model that represents a two-level system coupled with a quan-
tized field is the Jaynes-Cummings model (JCM), which was first proposed by Jaynes and
Cummings [1] in 1963. In the JCM, the field was examined in the context of quantum
mechanics, in contrast to the methods in which the field was classically processed. For
short time intervals, Cummings noted evidence of coherence oscillation and decay of the
oscillation amplitude in this model [2]. On the other hand, it was shown for larger times
that there were succeeding revivals and periodic collapses of the atomic population [3].
The collapse and revival phenomena in the JCM have been verified experimentally [4]. The
entanglement nature of the atom—photon state in the JCM was investigated in [5]. The
dynamics of the atomic density operator of a dissipative JCM was examined in [6]. In that
paper, the authors also provided the limit for obtaining the state with maximum value of
von Neumann entropy. The dynamics of quantum entanglement for a double JCM was
examined in [7-13]. The entanglement phenomenon of sudden death in the double JCM
was observed [14]. For further studies, see [15-22]. Since the JCM is considered an ideal in
the context of quantum optics, its extension has been considered, such as in the case of a
single-mode field with multi-level atoms and the Tavis—-Cummings model [23-28].
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Quantum entanglement is a type of nonlocal correlation which is considered an
important concept in the theory of quantum mechanics; it exhibits characteristics that
differentiate quantum systems from their classical counterparts [29,30]. In recent decades,
the phenomenon of quantum entanglement has become a powerful source at the core of
quantum technologies, and has contributed to the development of many areas of physics,
such as quantum thermodynamics [31,32], quantum metrology [33-35], and physics of the
solid state [36—40]. The characterization and quantification of quantum entanglement has
aroused great research interest [29,30,41]. Recent advances in the technology of quantum
information have provided more information and increased awareness of nonlocal cor-
relation. Considerable physical phenomena, such as sudden birth of entanglement and
sudden death of entanglement, have been investigated [42,43]. Therefore, the processing
and transmission of information during quantum dynamics is limited by the decoherence
effect, where the discussion of dynamical decay and studies of entanglement stability
become very important.

Several generalizations of quantum Fisher information have been proposed so far,
such as for quantum many-body systems [44,45] and multipartite quantum Fisher infor-
mation (QFI) [46-48]. The connection between the quantum Fisher information dynamical
properties and the tomographic entropy of a single atom and field in an excited binomial
field state has been studied [49]. It is also worth noting that the QFI related to quantum
metrology is tied to local quantum uncertainty. According to the dynamics of a quantum
state, it has been shown that the skew information is the bound of the QFI in terms of the
phase shift parameter [50]. By exploring the concept of the quantum uncertainty on an
observable, a class of measures of quantum correlations of bipartite systems was investi-
gated [51]. Using QFI, Kim and et al. developed the concept of local QFI as a discord-like
measure of nonclassical correlations [52]. It was discovered that the local QFI is a crucial
tool for learning how nonclassical correlations can enhance the precision and effectiveness
of quantum metrology protocols. The dynamics of the local quantum uncertainty has been
examined [53]. The purpose of this research was to develop a quantum scheme based on
the Tavis—-Cummings model, of TAs and field initially in an NBS. By considering that the
TAs were initially prepared in a maximally entangled state and the single-mode field was
in the NBS, we analyzed the dynamics of TAs—field entanglement, TAs entanglement, and
parameter estimation.

Radiation fields with nonclassical states, such as coherent states, number states, and
phase states, have been extensively discussed; they have played an essential role since
the early days of quantum optics, with many approaches for generating these states [54].
The binomial states were introduced as states that interpolate between the most classical
coherent states and the most nonclassical number states [55-58]. They share the char-
acteristics of both and reduce each to different limits, and they are defined as a linear
combination of the number states of the harmonic oscillator, with coefficients chosen such
that the photon probability distribution is binomial. The binomial states cannot exhibit
the minimum uncertainty product for any such finite combination [59]. Some properties
of these field states, including their interaction with atom systems as well as methods
of their generation, were discussed in the literature [60-63]. Furthermore, it has been
shown that the binomial states may display distinct nonclassical properties, exhibiting
sub-Poissonian and antibunching behaviors [55]. The generalization of the concept of the
binomial states to the squeezed states [64], hypergeometric state [65], deformed states [66],
and number-phase states [67] has been explored. On the other side, the photon number
distribution with negative binomial distribution is considered in the context of negative
binomial states (NBSs) [68,69]. These states are different from the binomial states. The
NBSs are considered to be the intermediate phase-coherent states tending to coherent states
and Susskind-Glogower states in two different limits. It has been proven that the NBSs
can represent su(1,1) coherent states via Holstein Primakoff realization, and exhibit strong
squeezing effects [68].
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The remainder of the manuscript is structured as follows. In Section 2, we describe the
physical model and its solution. Section 3 introduces the measures of quantumness and its
essential concepts. In Section 4, we present and discuss the numerical results. Finally, we
summarize the research in Section 5.

2. Hamiltonian and Dynamics

The proposed Hamiltonian of the system describing the interaction of the TAs, where
each atom has the upper and lower state that are identified by |0 ) and (1;
and single-mode field is given by the following:

} M

Al s riaa = 1485 (8%2)10) (1| +f (8% )a" 1) (0,

where k is the number of contributing photons between the field and Tas, with 7 describing
the TAs—field coupling, and f is the intensity-dependent coupling. The operators 4 and &',
respectively, indicate the annihilation and creation operators of the single mode field.

The wave function corresponding to the interaction Hamiltonian is as follows:

[Y(T)) = exp [_iT{H"}“As—Field + H%As—FieldH 1Y(0)), 2)

where we have assumed that T = 7t is the scaled time. The system wave functionat T = 0
is considered to be the following:

\1@(|0102>+|1112>) ® |p; M), (©)

where the initial state of the field is defined in an NBS as [68,69] follows:

[pi M) =Y \/Bu(p, M)|n), )

Bu(p; M) = (M”_l)p”(l—p)M,nzo,l,---. 5)

1Y(0)) = [Y11A5(0)) ® |YFie1a(0)) =

with
n

where parameter M is a fixed nonnegative integer, and p is the probability of success
satisfying 0 < p < 1. The photon distribution in the NBS has the form (n|p; M) = B, (p; M).
At any time T > 0, the final TAs—field state is formulated in the following form:

(Al(n T)|1’l 0102> —|—A2(1’l T)|Vl—|—k 0112> +A3(1’l T)|n+k 0201> +A4(1’l T)|7’l+2k 1112>) (6)

In reliance to the evolution of the density matrix opas_pieid(T) = |Y(T))(Y(T)|, the
reduced matrix of the field and (TAs) denoted by 0pie14(T) (01as(T)) is given by the following:

01as(T) = Tre{oTas—Field (T

4
Z Qjm|j) (m|s @)

||
H Mus

0Field (T) = Trras{0tas—ried (T)} = Y_asl1) (I 8)
1

The density matrix elements (7) can be used to evaluate the measures related to the
TAs entanglement, TAs-field entanglement, and parameter estimation.

3. Quantumness Measures

Here, we discuss the temporal behavior of the proposed quantifiers under consid-
eration which provide the atom—field entanglement, TAs entanglement, and parameter
estimation. In this regard, we introduce the von Neumann entropy to determine atom-field
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entanglement and the concurrence for Tas entanglement. We consider the QFI to describe
the atomic parameter estimation.

The von Neumann entropy (VNE) Is presented with the TAs density matrix (8), and is
given as follows:

Stas(T) = —Tr{otas(T) In[otas(T)]}, )

Hence, the VNE formula is evaluated in terms of the eigenvalues B 534 of the TAs
density matrix as follows:

4
Stas(T) = — ) BjInp; (10)
i=1

The concurrence is employed to evaluate the nonlocal correlation between the two
qubits. It is defined by [70] as follows:

Caa :=max{0, 1 — 1y — 13 — 1g} (11)

where Hj defines the eigenvalues given in the decreasing order of 044044, and 044 is the
density matrix related to oy (Pauli matrix) and ¢% , (conjugate of 0oq) by the following:

044 = (0y ® 0y)oua(0y ® oY) (12)

The TAs are in a separable state as C4 4 = 0, while they are in the maximally entangled
state for Cp4 = 1.

The QFI relies on the estimator parameter ¢, which is the two-qubit parameter iden-
tifiedby U , = % [exp(i@)]0102)(0102] + |1112)(111,|]. Thus, the optimal target state is
U 4 |Y(0)) given by the following;:

1Y(0) ) opt = %[exp(i@)|0102><0102| + [Lil2 ) (L1 1] ® |p; M). (13)

The QFI is formulated as in [71-73]:

Fras(T) = tr{ QTAs((P/T)RTAs((P/T)Z}/ (14)

where, within the two-atom density operator, gras is related with the symmetric logarith-
mic derivative operator R(¢@, T) by [34] as follows:

dR1as (@, T)

2 oT

= 01As (@, T)R1as (@, T) + Rras(@, T) otas(@, T). (15)

For the single-atom system, we use 04 = trp{ otas} and obtain the following:
Fsa(T) = tr{ 04 (@, T)Rsa (0, T)°} (16)

dRsa (B, T)

2 oT

= 04(9, T)Rsa (@, T) +Rsa (@, T) 0a(e, T). (17)

4. Results and Discussion

The numerical results of the quantumness measures in terms of the time T with respect
to various physical parameters of the model are shown in Figures 14, for TAs initially
considered in a Bell state, and the field in the context of NBSs. We compared the effects of
parameters p and k in both cases, without and with the influence of intensity-dependent
coupling.
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Figure 1. The time evolution of the (a) VNE St,4;, (b) concurrence Cx 4, (¢) QFI Fras, and (d) QFI
Fsp for the scheme of TAs interaction with the field of radiation initially in the NBS with parameter
p =1/4for f( ) =1, with one photon transition k = 1 and M = 30. Sub-figures (e-h) are the same

as (a—d), but for the probability of success parameter p = 3/4.
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Figure 2. The time evolution of the (a) VNE St4;, (b) concurrence Cy g4, (c) QFI Fras, and (d) QFI
Fsp for the scheme of TAs interaction with the field of radiation initially in the NBS with parameter
p = 1/4for f(A) = v/ A, withk = 1and M = 30. Sub-figures (e-h) are the same as (a—d), but for

the probability of success parameter p = 3/4.
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Figure 3. The time evolution of the (a) VNE St4, (b) concurrence C4 4, (d) QFI Fr,s, and (d) QFI Fsp
for the scheme of TIAs interaction with the field of radiation initially in the NBS, with parameters
p =1/4for f(A) = 1, with two photon transitions k = 2 and M = 30. Sub-figures (e-h) are the
same as (a—d), but for the probability of success parameter p = 3/4.
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Figure 4. The time evolution of the (a) VNE St4;, (b) concurrence C4 4, (d) QFI Fr,g, and (d) QFI Fsp
for the scheme of TIAs interaction with the field of radiation initially in the NBS, with parameters
p =1/4for f(A) =/, with two photon transitions k = 2 and M = 30. Sub-figures (e-h) are the
same as (a-d), but for the probability of success parameter p = 3/4.
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In Figure 1, we display the dynamical behavior of the quantifiers in the absence of
the effect of intensity-dependent coupling for p = 1/4 and p = 3/4 with one-photon
transition. In general, we noted that the quantifiers exhibited rapid oscillations during
the dynamics. The shape of these oscillations is strongly dependent on the value of p. In
the case of p = 1/4, the VNE that measures the entanglement of the TAs—field state, after
suddenly increasing to a local maximum at the beginning of the TAs—field interaction, tends
to attain an asymptotic behavior of oscillations. We also observed that the concurrence,
which measures the entanglement of the TAs state, decreased from its maximal value and
made rapid oscillations. On the other hand, as was seen, the QFI exhibited similar behavior
to the TAs—field entanglement according to the physical parameters, with less oscillations
in the QFI of a single atom. This indicates that the precision of the parameter estimation
in the TAs and TLA state was very sensitive to the TAs—field interaction that resulted in
a change in information among subsystems during the time evolution. For the case of
p = 3/4, we observed that the different quantifiers made quasi-periodic oscillations, where
the TAs—field and TAs states became a maximally entangled state, and that QFI reached
their maximum value numerous times. Moreover, it can be seen that an increase in the
success probability can help realize and stabilize the amount of the TAs—field entanglement,
TAs entanglement, and can enhance the accuracy of the parameter estimation during
the evolution. In Figure 2, we illustrate the influence of intensity-dependent coupling,
f( 1) = v/, on the temporal evolution of the quantifiers. It is apparent that the impact of
intensity-dependent coupling causes the dynamical behavior of the various quantifiers to
stabilize with regular oscillations, where their quantifiers made quasi-periodic oscillations
accompanied by suppression of the oscillations for p = 1/4; however, for p = 3/4, their
dynamics presented periodic oscillations.

Figure 3 refers to the influence of the photon-transition parameter on the time evo-
lution of the quantumness measures in the absence of the effect of intensity-dependent
coupling for p = 1/4 and p = 3/4. Generally, quantum quantifiers are strongly affected
by the parameter k. In the case of f( i) = 1, the quantifiers represent quasi-periodic
oscillations and periodic oscillations. In this limit, the periodicity and maximum values of
the quantifiers strictly depend on the parameter p. This shows that a rise in the transition
of photons can help to stabilize and realize the degree of the TAs—field entanglement,
TAs entanglement, and can enhance the accuracy of the parameter estimation during the
evolution. When we compare Figure 3 with Figure 2, the results indicate that the physical
parameters acted on the behavior of the quantifiers in similar ways for both cases p = 1/4
and p = 3/4. In the case of k = 2 and f( i) = v/ A, as shown in Figure 4, the quantum
quantifiers exhibited quasi-periodic behavior, with rapid oscillation for p = 1/4 and a com-
plex structure of oscillations for p = 3/4 from the beginning of the TAs—field interaction.
From these results, we can deduce that the control of the quantumness measures in the
present model can be made by a convenable choice of parameters p and k in the absence
and presence of the influence of intensity-dependent coupling, showing the relationship
between the measures according to the initial parameters of the model. We note that in the
M — o0 and p — 0 limits, we recovered a dynamical behavior of the quantifiers that was
very similar to the case of the Tavis—-Cummings model in the context of Glauber coherent
states [74].

5. Conclusions

A quantum scheme, based on the Tavis-Cummings model of two atoms (TAs) and
field initially in a negative binomial state (NBS), was introduced. The density matrices of
the subsystems were obtained explicitly. Physical implications of the obtained results were
displayed and discussed in terms of the physical parameters of the model. By considering
that the TAs were initially prepared in a Bell state, and the single-mode field was in the NBS,
the dynamics of quantum phenomena such TAs—field entanglement, TAs entanglement,
and parameter estimation obtained from the whole system density matrix were examined.
We demonstrated that the quantum quantifiers exhibited randomly quasi-periodic and
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periodic oscillations, depending on the success probability, photon number transition, and
intensity-dependent coupling effect. We also showed, through the proposed model, that it
is possible to realize maximally entangled states and optimal parameter precision with a
convenable choice of the physical parameters. Furthermore, we displayed the relationship
between the different quantities according to the initial settings of the parameters. We
note that in the M — co and p — 0 limits, we recovered a dynamical behavior of the
quantifiers that was very similar to the case of the Tavis—-Cummings model in the context of
Glauber coherent states. The obtained results indicate that the developed model may be
utilized to reduce the noise impact on the quantifiers, suggesting a future examination of
the field—atom interaction in the presence of environments with finite temperature, which
is essential in the study of quantum optics.

Author Contributions: K.B.: writing—original draft, writing—reviewing and editing. M.A.: writing—
reviewing and editing. S.A.-K.: writing—original draft, writing—reviewing and editing. H.E.:

writing—reviewing and editing. All authors have read and agreed to the published version of the

manuscript.

Funding: The authors extend their appreciation to the Deanship of Scientific Research at Imam
Mohammad Ibn Saud Islamic University (IMSIU) for funding and supporting this work through
Research Partnership Program no. RP-21-09-42.

Institutional Review Board Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jaynes, E.T.; Cummings, FW. Comparison of quantum and semiclassical radiation theories with application to the beam maser.
Proc. IEEE 1963, 51, 89-109. [CrossRef]

2. Cummings, EW. Stimulated Emission of Radiation in a Single Mode. Phys. Rev. 1965, 140, A1051. [CrossRef]

3. Eberly, ]. H.; Narozhny, N.B.; Sanchez-Mondragon, ].J. Periodic spontaneous collapse and revival in a simple quantum model.
Phys. Rev. Lett. 1980, 44, 1323. [CrossRef]

4. Rempe, G.; Walther, H.; Klein, N. Observation of quantum collapse and revival in a one-atom maser. Phys. Rev. Lett. 1987, 58, 353.
[CrossRef]

5. Boukobza, E.; Tannor, D.J. Entropy exchange and entanglement in the Jaynes-Cummings model. Phys. Rev. A 2005, 71, 063821.
[CrossRef]

6. van Wonderen, A.J.; Lendi, K. Unification of the Jaynes-Cummings model and Planck’s radiation law. J. Math. Phys. 2002, 43,
4692-4720. [CrossRef]

7. Yu, T.; Eberly, ]. H. Finite-Time Disentanglement Via Spontaneous Emission. Phys. Rev. Lett. 2004, 93, 140404. [CrossRef]

8.  Masood, S.S.; Miller, A. Entanglement in a Jaynes-Cummings Model with Two Atoms and Two Photon Modes. Univ. ]. Phys.
Appl. 2014, 2, 237. [CrossRef]

9.  Wang, FQ,; Liu, W.C,; Liang, R.S. Decoherence of two qubits coupled with one-mode cavity without rotating-wave approximation.
arXiv 2008, arXiv:0806.3884.

10. Chan, S.; Reid, M.D,; Ficek, Z. Entanglement evolution of two remote and non-identical Jaynes-Cummings atoms. J. Phys. B At.
Mol. Opt. Phys. 2009, 42, 065507. [CrossRef]

11.  Vieira, A.R; G de Oliveira Junior, J.G.; Peixoto de Faria, ].G.; Nemes, M.C. Geometry in the entanglement dynamics of the double
Jaynes—Cummings model. Braz. ]. Phys. 2014, 44, 19-29. [CrossRef]

12.  Algarni, M.; Berrada, K.; Abdel-Khalek, S.; Eleuch, H. Parity Deformed Tavis-Cummings Model: Entanglement, Parameter
Estimation and Statistical Properties. Mathematics 2022, 10, 3051. [CrossRef]

13. Aldaghfag, S.A.; Berrada, K.; Abdel-Khalek, S. Entanglement and photon statistics of two dipole-dipole coupled superconducting
qubits with Kerr-like nonlinearities. Results Phys. 2020, 16, 102978. [CrossRef]

14. Yoénag, M.; Yu, T.; Eberly, ].H. Sudden death of entanglement of two Jaynes-Cummings atoms. J. Phys. B At. Mol. Opt. Phys. 2006,
39, S621. [CrossRef]

15. Sainz, I; Bjork, G. Entanglement invariant for the double Jaynes-Cummings model. Phys. Rev. A 2007, 76, 042313. [CrossRef]

16. Hu, Y.H.; Fang, M.E; Cai, ].W.; Jiang, C.L. Sudden death and long-lived entanglement between two atoms in a double JC model
system. Int. |. Theor. Phys. 2008, 47, 2554-2565. [CrossRef]

17.  Chen, Q.H,; Yang, Y,; Liu, T.; Wang, K.L. Entanglement dynamics of two independent Jaynes-Cummings atoms without the

rotating-wave approximation. Phys. Rev. A 2010, 82, 052306. [CrossRef]


http://doi.org/10.1109/PROC.1963.1664
http://doi.org/10.1103/PhysRev.140.A1051
http://doi.org/10.1103/PhysRevLett.44.1323
http://doi.org/10.1103/PhysRevLett.58.353
http://doi.org/10.1103/PhysRevA.71.063821
http://doi.org/10.1063/1.1504503
http://doi.org/10.1103/PhysRevLett.93.140404
http://doi.org/10.13189/ujpa.2014.020501
http://doi.org/10.1088/0953-4075/42/6/065507
http://doi.org/10.1007/s13538-013-0174-6
http://doi.org/10.3390/math10173051
http://doi.org/10.1016/j.rinp.2020.102978
http://doi.org/10.1088/0953-4075/39/15/S09
http://doi.org/10.1103/PhysRevA.76.042313
http://doi.org/10.1007/s10773-008-9689-y
http://doi.org/10.1103/PhysRevA.82.052306

Entropy 2022, 24, 1817 90of 10

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.

33.
34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.
46.

47.

48.

49.

50.

Tanas, R. Quantum Dynamics and Information; Olkiewicz, R., Cegta, W., Frydryszak, A., Garbaczewski, P, Jakébczyk, L., Eds.;
World Scientific: Singapore, 2010; p. 179.

Zhang, G.F,; Xie, X.C. Entanglement between two atoms in a damping Jaynes-Cummings model. Eur. Phys. ]. D 2010, 60, 423-427.
[CrossRef]

Shen, L.T.; Shi, Z.C.; Wu, H.Z.; Yang, Z.B. Dynamics of entanglement in Jaynes-Cummings nodes with nonidentical qubit-field
coupling strengths. Entropy 2017, 19, 331. [CrossRef]

Pandit, M.; Das, S.; Roy, S.S.; Dhar, H.S.; Sen, U. Effects of cavity—cavity interaction on the entanglement dynamics of a generalized
double Jaynes-Cummings model. J. Phys. B At. Mol. Opt. Phys. 2018, 51, 045501. [CrossRef]

Abdel-Khalek, S.; Berrada, K.; Eleuch, H.; Abel-Aty, M. Dynamics of Wehrl entropy of a degenerate two-photon process with a
nonlinear medium. Opt. Quantum Electron. 2011, 42, 887-897. [CrossRef]

Singh, S. Field statistics in some generalized Jaynes-Cummings models. Phys. Rev. A 1982, 25, 3206. [CrossRef]

Tavis, M.; Cummings, EW. Exact solution for an N-molecule—Radiation-field Hamiltonian. Phys. Rev. 1968, 170, 379. [CrossRef]
Tessier, T.E.; Deutsch, .H.; Delgado, A.; Fuentes-Guridi, I. Entanglement sharing in the two-atom Tavis-Cummings model. Phys.
Rev. A 2003, 68, 062316. [CrossRef]

Lopez, C.E.; Lastra, F; Romero, G.; Retamal, ].C. Entanglement properties in the inhomogeneous Tavis-Cummings model. Phys.
Rev. A 2007, 75, 022107. [CrossRef]

Guo, J.-L.; Song, H.-S. Entanglement between two Tavis—-Cummings atoms with phase decoherence. J. Mod. Opt. 2009, 56, 496.
[CrossRef]

Bashkirov, E.K.; Rusakova, M.S. Entanglement for two-atom Tavis-Cummings model with degenerate two-photon transitions in
the presence of the Stark shift. Optik 2012, 123, 1694. [CrossRef]

Nielsen, M.A.; Chuang, L.L. Quantum Computation and Information; Cambridge University Press: Cambridge, UK, 2000.

Alber, G.; Beth, T.; Horodecki, M.; Horodecki, P.; Horodecki, R.; Rotteler, M.; Weinfurter, H.; Zeilinger, R.A. Quantum Information;
Springer: Berlin/Heidelberg, Germany, 2001; Chapter 5.

Goold, J.; Huber, M.; Riera, A.; del Rio, L.; Skrzypczyk, P. The role of quantum information in thermodynamics—A topical review.
J. Phys. A Math. Theor. 2016, 49, 143001. [CrossRef]

Kibe, T.; Mukhopadhyay, A.; Roy, P. Quantum Thermodynamics of Holographic Quenches and Bounds on the Growth of
Entanglement from the Quantum Null Energy Condition. Phys. Rev. Lett. 2022, 128, 191602. [CrossRef]

Joo, J.; Munro, WJ.; Spiller, T.P. Quantum metrology with entangled coherent states. Phys. Rev. Lett. 2011, 107, 083601. [CrossRef]
Berrada, K.; Abdel-Khalek, S.; Raymond Ooi, C.H. Quantum metrology with entangled spin-coherent states of two modes. Phys.
Rev. A 2012, 86, 033823. [CrossRef]

Berrada, K. Quantum metrology with SU (1, 1) coherent states in the presence of nonlinear phase shifts. Phys. Rev. A 2013, 88,
013817. [CrossRef]

Liu, C.; Tu, T,; Li, P-Y,; Liu, X,; Zhu, X.-Y.; Zhou, Z.-Q.; Li, C.-F,; Guo, G.-C. Towards entanglement distillation between atomic
ensembles using high-fidelity spin operations. Commun. Phys. 2022, 5, 67. [CrossRef]

Castelano, L.K.; Fanchini, FE,; Berrada, K. Open quantum system description of singlet-triplet qubits in quantum dots. Phys. Rev.
B 2016, 94, 235433. [CrossRef]

Pfaff, W.; Taminiau, T.H.; Robledo, L.; Bernien, H.; Markham, M.; Twitchen, D.].; Hanson, R. Demonstration of entanglement-by-
measurement of solid-state qubits. Nat. Phys. 2013, 9, 29. [CrossRef]

Abdel-Khalek, S.; Berrada, K.; Khalil, E.M.; Eleuch, H.; Obada, A.S.E; Reda, E. Tavis—-Cummings Model with Moving Atom:s.
Entropy. 2021, 23, 452. [CrossRef]

Abdel-Khalek, S.; Berrada, K.; Aldaghfag, S.A. Quantum correlations and non-classical properties for two superconducting
qubits interacting with a quantized field in the context of deformed Heisenberg algebra. Chaos Solitons Fractals 2021, 143, 110466.
[CrossRef]

Horodecki, R.; Horodecki, P.; Horodecki, M.; Horodecki, K. Quantum entanglement. Rev. Mod. Phys. 2009, 81, 865. [CrossRef]
Eberly, ].H.; Yu, T. The end of an entanglement. Science 2007, 316, 555. [CrossRef]

Yu, T.; Eberly, ]. H. Sudden Death of Entanglement: Classical Noise Effects. Opt. Commun. 2006, 264, 393. [CrossRef]

Scheie, A.; Laurell, P.; Samarakoon, A.M.; Lake, B.; Nagler, S.E.; Granroth, G.E.; Okamoto, S.; Alvarez, G.; Tennant, D.A.
Witnessing entanglement in quantum magnets using neutron scattering. Phys. Rev. B 2021, 103, 224434. [CrossRef]

Gabbrielli, M.; Smerzi, A.; Pezze, L. Multipartite entanglement at finite temperature. Sci. Rep. 2018, 8, 15663. [CrossRef] [PubMed]
Akbari-Kourbolagh, Y.; Azhdargalam, M. Entanglement criterion for multipartite systems based on quantum Fisher information.
Phys. Rev. A 2019, 99, 012304. [CrossRef]

Hong, Y.; Qi, X.; Gao, T,; Yan, F. Detection of multipartite entanglement via quantum Fisher information. Europhys. Lett. 2021, 134,
60006. [CrossRef]

Chen, L.-P; Guo, Y.-N. Dynamics of local quantum uncertainty and local quantum fisher information for a two-qubit system
driven by classical phase noisy laser. J. Mod. Opt. 2021, 68, 217-223. [CrossRef]

Almarashi, A.M.; Algarni, A.; Abdel-Khalek, S.; Ng, H.K.T. Quantum Fisher information and tomographic entropy of a single
qubit in excited binomial and negative binomial distributions. J. Russ. Laser Res. 2019, 40, 313-320. [CrossRef]

Luo, S. Wigner-Yanase skew information vs. quantum Fisher information. Proc. Am. Math. Soc. 2004, 132, 885-890. [CrossRef]


http://doi.org/10.1140/epjd/e2010-00201-x
http://doi.org/10.3390/e19070331
http://doi.org/10.1088/1361-6455/aaa2cf
http://doi.org/10.1007/s11082-011-9498-z
http://doi.org/10.1103/PhysRevA.25.3206
http://doi.org/10.1103/PhysRev.170.379
http://doi.org/10.1103/PhysRevA.68.062316
http://doi.org/10.1103/PhysRevA.75.022107
http://doi.org/10.1080/09500340802488557
http://doi.org/10.1016/j.ijleo.2011.12.020
http://doi.org/10.1088/1751-8113/49/14/143001
http://doi.org/10.1103/PhysRevLett.128.191602
http://doi.org/10.1103/PhysRevLett.107.083601
http://doi.org/10.1103/PhysRevA.86.033823
http://doi.org/10.1103/PhysRevA.88.013817
http://doi.org/10.1038/s42005-022-00835-0
http://doi.org/10.1103/PhysRevB.94.235433
http://doi.org/10.1038/nphys2444
http://doi.org/10.3390/e23040452
http://doi.org/10.1016/j.chaos.2020.110466
http://doi.org/10.1103/RevModPhys.81.865
http://doi.org/10.1126/science.1142654
http://doi.org/10.1016/j.optcom.2006.01.061
http://doi.org/10.1103/PhysRevB.103.224434
http://doi.org/10.1038/s41598-018-31761-3
http://www.ncbi.nlm.nih.gov/pubmed/30353077
http://doi.org/10.1103/PhysRevA.99.012304
http://doi.org/10.1209/0295-5075/134/60006
http://doi.org/10.1080/09500340.2021.1887949
http://doi.org/10.1007/s10946-019-09806-3
http://doi.org/10.1090/S0002-9939-03-07175-2

Entropy 2022, 24, 1817 10 of 10

51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.

74.

Girolami, D.; Tufarelli, T.; Adesso, G. Characterizing nonclassical correlations via local quantum uncertainty. Phys. Rev. Lett. 2013,
110, 240402. [CrossRef]

Kim, S.; Li, L.; Kumar, A.; Wu, J. Characterizing nonclassical correlations via local quantum Fisher information. Phys. Rev. A 2018,
97,032326. [CrossRef]

Sbiri, A.; Mansour, M.; Oulouda, Y. Local quantum uncertainty versus negativity through Gisin states. Int. . Quantum Inf. 2021,
19, 2150023. [CrossRef]

Loudon, R. The Quantum Theory of Light; Clarendon Press: Oxford, UK, 1973.

Stoler, D.; Saleh, B.E.A.; Teich, M.C. Binomial states of the quantized radiation field. Opt. Acta 1985, 32, 345-355. [CrossRef]

Fu, H.-C.; Sasaki, R. Negative binomial and multinomial states: Probability distributions and coherent states. J. Math. Phys. 1997,
38, 3968-3987. [CrossRef]

Bergeron, H.; Curado, E.M.E; Gazeau, J.P.; Rodrigues, L.M. Symmetric generalized binomial distributions. . Math. Phys. 2013, 54,
123301. [CrossRef]

Popov, D.; Pop, N.; Maria, R. Excited binomial states for the pseudoharmonic oscillator. AIP Conf. Proc. 2012, 1472, 77-82.
Stoler, D. Generalized Coherent States. Phys. Rev. D 1971, 4, 2309. [CrossRef]

Lee, C.T. Photon antibunching in a free-electron laser. Phys. Rev. A 1985, 31, 1213. [CrossRef]

Dattoli, G.; Gallardo, J.; Torre, A. Binomial states of the quantized radiation field: Comment. . Opt. Soc. Am. B 1987, 2, 185-187.
[CrossRef]

Joshi, A.; Puri, R.R. Effects of Atomic Coherence on Collapses and Revivals in the Binomial State of the Field. J. Mod. Opt. 1989,
36, 557-570. [CrossRef]

Vidiella-Barranco, A.; Roversi, J.A. Statistical and phase properties of the binomial states of the electromagnetic field. Phys. Rev. A
1994, 50, 5233. [CrossRef]

Baseia, B.; De Lima, A .F; Da Silva, A.J. Intermediate number-squeezed state of the quantized radiation field. Mod. Phys. Lett. B
1995, 9, 1673-1683. [CrossRef]

Fu, H.C,; Sasaki, R. Hypergeometric states and their nonclassical properties. J. Math. Phys. 1997, 38, 2154-2166. [CrossRef]

Fan, H.-Y;; Jing, S.-C. Connection of a type of g-deformed binomial state with g-spin coherent states. Phys. Rev. A 1994, 50, 1909.
Baseia, B.; De Lima, A.F,; Marques, G.C. Intermediate number-phase states of the quantized radiation field. Phys. Lett. A 1995,
204, 1-6. [CrossRef]

Fu, H.-C,; Sasaki, R. Negative Binomial States of Quantized Radiation Fields. J. Phys. Soc. Jpn. 1997, 66, 1989-1994. [CrossRef]
Popov, D.; Pop, N.; Davidovic, M. Negative binomial states for the pseudoharmonic oscillator. Phys. Scr. 2013, 014051. [CrossRef]
Wootters, W.K. Entanglement of formation and concurrence. Quant. Inform. Comput. 2001, 1, 27—44. [CrossRef]

Berrada, K. Protecting the precision of estimation in a photonic crystal. J. Opt. Soc. Am. B 2015, 32, 571-576. [CrossRef]
Mohamed, A.B.; Eleuch, H.; Ooi, C.R. Quantum coherence and entanglement partitions for two driven quantum dots inside a
coherent micro cavity. Phys. Lett. A 2019, 383, 125905. [CrossRef]

Berrada, K. Quantum metrology with classical light states in non-Markovian lossy channels. J. Opt. Soc. Am. B 2017, 34,1912-1917.
[CrossRef]

Glauber, R.J. Coherent and Incoherent States of the Radiation Field. Phys. Rev. 1963, 131, 2766. [CrossRef]


http://doi.org/10.1103/PhysRevLett.110.240402
http://doi.org/10.1103/PhysRevA.97.032326
http://doi.org/10.1142/S0219749921500234
http://doi.org/10.1080/713821735
http://doi.org/10.1063/1.532102
http://doi.org/10.1063/1.4837135
http://doi.org/10.1103/PhysRevD.4.2309
http://doi.org/10.1103/PhysRevA.31.1213
http://doi.org/10.1364/JOSAB.4.000185
http://doi.org/10.1080/09500348914550671
http://doi.org/10.1103/PhysRevA.50.5233
http://doi.org/10.1142/S0217984995001698
http://doi.org/10.1063/1.531965
http://doi.org/10.1016/0375-9601(95)00404-Q
http://doi.org/10.1143/JPSJ.66.1989
http://doi.org/10.1088/0031-8949/2013/T153/014051
http://doi.org/10.26421/QIC1.1-3
http://doi.org/10.1364/JOSAB.32.000571
http://doi.org/10.1016/j.physleta.2019.125905
http://doi.org/10.1364/JOSAB.34.001912
http://doi.org/10.1103/PhysRev.131.2766

	Introduction 
	Hamiltonian and Dynamics 
	Quantumness Measures 
	Results and Discussion 
	Conclusions 
	References

